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FRACTIONAL ¢-DIFFERENCE EQUATIONS
ON THE HALF LINE

SAID ABBAS?, MOUFFAK BENCHOHRA?C, NADJET LALEDJ?, AND YONG ZHOU?

ABSTRACT. This article deals with some results about the existence of solutions
and bounded solutions and the attractivity for a class of fractional g-difference
equations. Some applications are made of Schauder fixed point theorem in
Banach spaces and Darbo fixed point theorem in Fréchet spaces. We use
some technics associated with the concept of measure of noncompactness and
the diagonalization process. Some illustrative examples are given in the last
section.

1. INTRODUCTION

Fractional differential equations have recently been applied in various areas of
engineering, mathematics, physics, and other applied sciences [4, 6] [7, 24, BT], [29]
30, 32] and the references therein. Recently, considerable attention has been given
to the existence of solutions of initial and boundary value problems for fractional
differential equations and inclusions with Caputo fractional derivative; [6] 23].

Fractional ¢-difference equations initiated in the beginning of the 19th century
[8, [15], and received significant attention in recent years. Some interesting details
about initial and boundary value problems of g-difference and fractional ¢-difference
equations can be found in [10] [111 [19] [20] and references therein.

In [T1, 2, 3, B [6], Abbas et al. presented some results on the local and global
attractivity of solutions for some classes of fractional differential equations involving
both the Riemann-Liouville and the Caputo fractional derivatives by employing
some fixed point theorems. Motivated by the above papers, in this article we discuss
the existence and the attractivity of solutions for the following functional fractional
g-difference equation

(1) (D2u)(t) = f(tult); te Ry = [0,+00),
with the initial condition
(2) U(O) = Uo,
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where g € (0,1), a« € (0,1], up € R, f: R, x R — R is a given continuous function,
and “Dg is the Caputo fractional g-difference derivative of order a.

Next, by using a generalization of the classical Darbo fixed point theorem for
Fréchet spaces associated with the concept of measure of noncompactness, we
discuss the existence of solutions for the problem 7 in Fréchet spaces, where
ug € E, f: Ry x E — E is a given continuous function, and E is a real (or complex)
Banach space with a norm || - ||.

Finally, we discuss the existence of bounded solutions for the problem 7 on
R, by applying Schauder’s fixed point theorem associated with the diagonalization
process.

This paper initiates the study of Caputo fractional g¢-difference equations in
Fréchet spaces, the attractivity and the boundedness of the solutions of fractional
g-difference equations on the half line.

2. PRELIMINARIES

Let I :=[0,T]; T > 0. Consider the Banach space C(I) := C(I,R) of continuous
functions from I into R equipped with the usual supremum (uniform) norm

[ufloo = sup [u(#)]-
tel

As usual, L'(I) denotes the space of measurable functions v: I — R which are
Lebesgue integrable with the norm

T
ol =/0 [o(t)] dt

Let us recall some definitions and properties of fractional g-calculus. For a € R, we
set

The ¢ analogue of the power (a — b)™ is
(a—b)(o) =1, (a—b)(") :HZ;é(a—bqk); a,beR, neN.

In general,
a — bg®

(a — b)(a) = a® z():()(m

) i a,baeR.
Note that if b = 0, then a(®) = a®.
Definition 2.1 ([22]). The g-gamma function is defined by

— )&

Notice that the ¢g-gamma function satisfies I'q(1 + &) = [£],'4(£).

Definition 2.2 (|22]). The ¢-derivative of order n € N of a function u: I — R is
defined by (DJu)(t) = u(t),

(Dgu)(t) := (Dgu)(t) = —=Z———=; t#0, (Dgu)(0) = lim (Dgu)(t)
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and
(Dju)(t) = (DgDp~ u)(t); tel, ne{l,2,..}.
Set I; := {t¢" : n € N} U {0}.
Definition 2.3 (]22]). The ¢-integral of a function u: I; — R is defined by

oo

(Lu)(t) = / u(s)dgs = 3 t(1 — q)q ultq™)

n=0

provided that the series converges.
We note that (Dgl,u)(t) = u(t), while if u is continuous at 0, then
(IgDgu)(t) = u(t) — u(0).
Definition 2.4 ([9]). The Riemann-Liouville fractional g-integral of order o €
Ry :=[0,00) of a function u: I — R is defined by (Iu)(t) = u(t), and

E o gs)@—D)
(Igu)(t) = /0 (tI‘i()a)u(s)qu; tel.

Note that for a = 1, we have (Iju)(t) = (I,u)(t).
Lemma 2.5 ([27]). For a € R} and A € (—1,00) we have

T,(1+X)
It —a)M) = — 2= "7 (4 q)Mte). g t<T.
Lt=—a) =yt -9 " 0<a<ts
In particular,
1
I°1)(t) = ——— @),
(D) I,(1+a)

Definition 2.6 (|28]). The Riemann-Liouville fractional g-derivative of order
o € Ry of a function u: I — R is defined by (DJu)(t) = u(t), and

(Dgu)(t) = (DIl u)(t); teT,
where [a] is the smallest integer greater or equal to a.

Definition 2.7 ([28]). The Caputo fractional ¢g-derivative of order o € R, of a
function u: I — R is defined by (“D9u)(t) = u(t), and

(ODgu)(t) = (I}*1=*Dl*lu)(t); tel.
Lemma 2.8 ([28]). Let o € Ry. Then the following equality holds:
[a]-1 ik
(I “D2u)(t) = u(t) — ; m(p{;u)(oy
In particular, if a € (0,1), then
Iy CD((;u)(t) = u(t) — u(0).

From the above lemma, and in order to define the solution for the problem
7, we conclude with the following lemma.
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Lemma 2.9. Let f: I x R — R be continuous. Then the problem 7 18
equivalent to the problem of obtaining the solutions of the integral equation

u(t) = uo + (Ig f (- u()))(t) -
3. EXISTENCE AND ATTRACTIVITY RESULTS

By BC we denote the Banach space of all bounded and continuous functions
from R, into R equipped with the norm

[ullpe == sup [u(t)].
teR,

Let ) #£ Q C BC, and let G: Q — Q, and consider the solutions of the equation

(3) (Gu)(t) = u(t).
We introduce the following concept of attractivity of solutions for equation .
Definition 3.1. Solutions of equation are locally attractive if there exists

a ball B(ug,n) in the space BC such that, for arbitrary solutions v = v(t) and
w = w(t) of equation belonging to B(ug,n) N <), we have

(4) tlim (v(t) —w(t))=0.
When the limit is uniform with respect to B(ug,n) N €, solutions of equation

are said to be uniformly locally attractive (or equivalently that solutions of
are locally asymptotically stable).

Lemma 3.2 ([I6, p. 62]). Let D C BC. Then D is relatively compact in BC' if
the following conditions hold:

(a) D is uniformly bounded in BC,

(b) The functions belonging to D are almost equicontinuous on R,
i.e. equicontinuous on every compact subset of Ry,

(¢) The functions from D are equiconvergent, that is, given € > 0 there exists
T(e) > 0 such that |u(t) — limy_oo u(t)] < € for any t > T(€) and u € D.

In the sequel we will make use of the following fixed point theorems.

Theorem 3.3 (Schauder fixed point theorem, [21]). Let E be a Banach space and
Q be a nonempty bounded conver and closed subset of E, and let N: Q — @Q be a
compact and continuous map. Then N has at least one fized point in Q.

In this section, we are concerned with the existence and the attractivity of
solutions of the problem 7.

Definition 3.4. By a solution of the problem 7 we mean a function u € BC
that satisfies the equation on I and the initial condition .

The following hypotheses will be used in the sequel.
(Hyp) The function f: Ry x R — R is continuous.
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(H2) There exists a continuous function p: Ry — Ry such that
|f(t,u)| <p(t), for t€ R, and each u € R,

and
tlim (Igp)(t) =0.

Set

p* = sup (I7p)(t) .
t€R+

Now, we present a theorem concerning the existence and the attractivity of
solutions of our problem f.

Theorem 3.5. Assume that the hypotheses (Hy) and (Hz) hold. Then the problem
7 has at least one solution defined on Ry. Moreover, solutions of problem
7 are uniformly locally attractive.

Proof. Consider the operator N such that, for any u € BC,

(5) (Nu)(t) = uo + (I f (- u(-)) (1) -
The operator N maps BC' into BC Indeed the map N (u) is continuous on R, for
any u € BC, and for each t € R, we have

t —gs)@=1

Va0 < ol + [ SIS0l

t o a—1)
(t—gs)t
< |u +/ —————p(s)dys
| 0| 0 Fq(a) p( ) q

< |uol +p*
=R.
Thus
(6) IN)llso < R.
Hence, N(u) € BC, and the operator N maps the ball
Bgr := B(0,R) ={w € BC: |w||pc < R}

into itself.

From Lemma the solutions of the problem f are the fixed points of
the operator N. We shall show that the operator N: Br — Bpg satisfies all the
assumptions of Theorem [3.3] The proof will be given in several steps.

Step 1. N is continuous.
Let {un }nen be a sequence such that w, — u in Bg. Then, for each t € Ry, we
have

t _ S(oz—l)
(7) |(Nun)(t)—(Nu)(t)|§/O (trqq(L)

Case 1. If t € [0,T], T > 0, then, since u,, — u as n — oo and f is continuous, by
the Lebesgue dominated convergence theorem, equation implies

|f(s7 un(s)) — f(s7 u(s)) |dys .

IN(uy) — N(u)||lpc =0 as n— co.
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Case 2. If t € (T,00),T > 0, then from the hypotheses and , we get
"t —gs)

0 (V) (0) — V(o) <2 | I p(epds.

0
Since u, — u as n — oo and (I5'p)(t) — 0 as t — oo, then (8) gives

IN(un) — N(u)||pc = 0 as n— 0.
Step 2. N(Bg) is uniformly bounded.
This is clear since N(Bgr) C Br and Bpg is bounded.

Step 3. N(BgR) is equicontinuous on every compact subset [0,T] of Ry; T > 0.
Let t1,t5 € [0,T], t1 < t2, and let u € Br. Set p, = sup p(t). Then we have

t€[0,T7]
|(Nu)(t2) — (Nu)(t)] < /Ot1 (22 — QS)(Q_lliq?a()tl — gs)@= D) (o)) s
! / WU (s.u(s))|dys

As t; — t9, the right-hand side of the above inequality tends to zero.

Step 4. N(Bg) is equiconvergent.
Let t € Ry and u € Br. Then we have

t o s(afl)
VO] < ool + [T o6

0 Fq(a)
t —gs (a—1)
< Juol +/0 (tri()a)p(s)dqs

< |uol + (Igp)(2)-
Since (Ig'p)(t) — 0, ast — +oo, we get
[(Nu)(t)| — |ugl, as t — +o0.
Hence,
[(Nu)(t) = (Nu)(+o0)| — 0, as t — +00.

As a consequence of Steps 1 to 4, together with the Lemma [3.2] we can conclude
that N: Bgr — Bpg is continuous and compact. From an application of Schauder’s
theorem (Theorem [3.3)), we deduce that N has a fixed point u which is a solution
of the problem 1' on R,.

Step 5. The uniform local attractivity of solutions.
Let us assume that u; is a solution of problem 7 with the conditions of this
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theorem. Taking u € B(ug,2p*), we have
|(Nu)(t) —ur(t)] = |(Nu)(t) = (Nua)(t)]

ft—gs)*Y
< / Ry W) = 5,1 5)) s

E(t— gs)@D)
§2/0 (tr(i()a)p(s)dqs

<2p*.

Thus, we get
[N (u) —urllpe < 2p*.

Hence, we obtain that N is a continuous function such that

N(B(uh 2]9*)) - B(ula 2p*) .
Moreover, if u is a solution of problem 7, then

u(t) —ua ()] = [(Nu)(t) — (Nug)(t)]
t —qs)@=b

t( — S, u1ls S
< [ S (e ~ S ()l

< 2(Igp)(t) -
Thus
lu(t) —ui(t)] <2(Igp)(t) -0 as t— oc.
Consequently, all solutions of problem 7 are uniformly locally attractive. [

4. EXISTENCE RESULTS IN FRECHET SPACES

Let X := C(R4, E) be the Fréchet space of all continuous functions v from R

into a Banach space (E, | -||), equipped with the family of seminorms
[vlln = sup [lo(®)]; n e N":=N\{0},
te[0,n]

and the distance

= llu= vl
d = 2= X.
(o) =2 2" ¢ v

Definition 4.1. A nonempty subset B C X is said to be bounded if

sup ||v]|, < oco; for neN*.
veEB

We recall the following definition of the notion of a sequence of measures of
noncompactness [17, [18].

Definition 4.2. Let My be the family of all nonempty and bounded subsets of a
Fréchet space F. A family of functions {u, }nen where p,: Mp — [0, 00) is said to
be a family of measures of noncompactness in the real Fréchet space F if it satisfies
the following conditions for all B, By, By € Mp:
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) {tn tnen is full) that is: p,(B) = 0 for n € N if and only if B is precompact,
) pn(B1) < pn(B2) for By C By and n € N,
) tn(Conv B) = py,(B) for n € N,

If {B;}i=1,... is a sequence of closed sets from Mg such that B;11 C B;
1,... and if iliIgo tn(B;) = 0, for each n € N, then the intersection set

By = N2, B; is nonempty.

Example 4.3 ([17, 26]). For B € Mx, z € B, n € N and € > 0, let us denote by
w"(z, €) the modulus of continuity of the function = on the interval [0, n]; that is,

w"(x,€) = sup{||z(t) —z(s)| : t,s € [0,n], |t — s| < €}.
Further, let us put

w™(B,€) = sup{w"(z,€) : x € B},
wg(B) = lim w"(B,e€),

e—0

and
pin(B) = wi (B) + sup p(B(t)),
tel0,n]

where p is the Kuratowski measure of noncompactness on the space X.
The family of mappings { i, }neny where p,: Mx — [0, 00), satisfies the condi-
tions (a)—(d) from Definition

Lemma 4.4 ([I4]). If Y is a bounded subset of a Banach space F, then for each
€ > 0, there is a sequence {yrp}32, C Y such that

n(Y) < 2u({yr i) + €,
where p is the Kuratowski measure of noncompactness on F'.

Lemma 4.5 ([25]). Let E be a Banach space, and {u}3>, C L'([0,n], E) be a
uniformly integrable sequence, then p({ur}2 () is measurable, and

t o t

,u({/ uk(s)ds}k ) < 2/ w({ug(s)}pe,)ds, for each te€[0,n],
0 =1 0

where p is the Kuratowski measure of noncompactness on E.

Definition 4.6. Let Q2 be a nonempty subset of a Fréchet space F, and let

A: Q — F be a continuous operator which transforms bounded subsets of onto

bounded ones. One says that A satisfies the Darbo condition with constants {ky, }nen
with respect to a family of measures of noncompactness {in Fnen, if

1in (A(B)) < knpin(B)

for each bounded set B C ) and n € N.
If k, < 1; n € N then A is called a contraction with respect to {, }nen-

In the sequel we will make use of the following generalization of the classical
Darbo fixed point theorem for Fréchet spaces.
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Theorem 4.7 ([I7,[18]). Let Q be a nonempty, bounded, closed, and convex subset
of a Fréchet space F' and let V: Q — Q be a continuous mapping. Suppose that V
is a contraction with respect to a family of measures of noncompactness {in }nen-
Then V has at least one fixed point in the set €.

Definition 4.8. Let ug € FE, and f: Ry x F — FE be a continuous function. By a
solution of the problem 7 we mean a continuous function u € X that satisfies
the equation on Ry and the initial condition (2).

The following hypotheses will be used in the sequel.

(Ho1) The function ¢t — f(¢,u) is measurable on I for each v € E, and the
function u +— f(¢,u) is continuous on F for a.e. t € Ry,

(Hpz2) There exists a continuous function p: I — R, such that

It )| < p()(1+||lu|); fora.e.tel, and each u € F,

(Hops) For each bounded and measurable set B C E, and for each t € R, we
have

u(f(t,B)) <p(t)u(B),
where p is a measure of noncompactness on the Banach space E.
For n € N*, let

P, = sup p(t),
te[0,n]

and consider the family of measure noncompactness X as in Example

Theorem 4.9. Assume that hypotheses (Hg1) — —(Hos) hold.
If

(9)
for each n € N*, then the problem f has at least one solution in X.

Proof. Consider the operator N: X — X defined by . Clearly, the fixed points

of the operator N are solution of the problem 7.
For any n € N*, we set

 IuollCy(1 + @) + pyn®

- D1+ o) —ppne

Ry,

b

and we consider the ball
Bgr, :=B(0,R,) ={we X : ||w||, < R.}.

For any n € N*, and each u € By, and ¢ € [0,n] we have
(a—1)

NN O < ol + / (Gl iied

Py I ) s

t _ s(ozfl)
< Jluoll + / g )1+ fu(s)]))dgs

Lg(a)
t —gs)@=1

t
. (
< Juo| + n1+Rn/ dgs
H OH p( ) o Fq(O{) q
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np;,
< —1
<R,.
Thus
(10) IN@)ln < R

This proves that N transforms the ball Br, into itself. We shall show that the
operator N: Br, — By, satisfies all the assumptions of Theorem [£.7] The proof
will be given in several steps.

Step 1. N: Br, — Bpr, 1is continuous.
Let {uy}ren be a sequence such that uy — u in Bg, . Then, for each t € [0, n], we
have

(a—1)

L O

Since up — u as k — oo, the Lebesgue dominated convergence theorem implies
that

I1f (s, ur(s)) = f(s,u(s))l|dgs -

IN(ug) — N(u)||p, =0 as k— oco.

Step 2. N(Bg,) is bounded.
Since N(Bg, ) C Bgr, and Bpg, is bounded, then N(Bg,) is bounded.

Step 3. For each bounded and equicontinuous subset D of Bg,, un(N(D)) <

En/an(D)-
From Lemmas [£.4] and [L.5] for any D C Bp, and any € > 0, there exists a sequence
{ur}72o C D, such that for all t € [0, n], we have

(a—1)

n((ND)(t)) = M({Uo + /Ot @_I‘Ci)a)f(s,u(s))dqs; u € D})

< 2u<{ /Ot @_I‘q;(li;_l)f(s,uk(s))dqs}oo ) +e

k=1

IA
W~

t o — gg)@—1)
| %u({f(auk(s»}i"—o)dqs“

IN

t g gg)@—1)
[ o))

4npy,

< mun(D) +e€.

Since € > 0 is arbitrary, then

4n*p;,
H((ND)(t)) < Wﬂn(l))-
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Thus
4nozp*
N(D)) < ——2 _4..(D).

As a consequence of Steps 1 to 3 and inequality ([0)) together with Theorem
we can conclude that N has at least one fixed point in Br,, which is a solution of

problem 7. O
5. EXISTENCE OF BOUNDED SOLUTIONS

In this section, we are concerned with the existence of bounded solutions of our
problem

(11) {(CDgu)(t) = f(t,u(t); teRy,

u(0) =up € R, u is bounded on R |

Definition 5.1. By a bounded solution of the problem we mean a measurable
and bounded function u on Ry such that u(0) = ug, and u satisfies the fractional
g-difference equation (“Dgu)(t) = f(t,u(t)) on Ry.

The following hypotheses will be used in the sequel.

(H11) The function ¢ — f(t,u) is measurable on I, := [0,n]; n € N for each
u € R, and the function u — f(¢,u) is continuous for a.e. t € I,,,

(H12) There exists a continuous function p,, : I,, — R such that

|f(t,u)| < pn(t), forae. tel,, andeach ueR.

Set

Py, = sup pn(t).
tel,

Theorem 5.2. Assume that the hypotheses (Hy1) and (H1z) hold. Then the problem
has at least one bounded solution defined on R .

Proof. The proof will be given in two parts. Fix n € N and consider the problem

CDau)(t) = f(t,u(t)); tel,
2) (CDgu)(t) = f(t,u(t); €L,
u(0) = ug .
Part 1. We begin by showing that has a solution u,, € C(I,,) with
ncxp*
lunl T,(1+a)

Consider the operator N: C(I,,) — C(I,,) defined by Clearly, the fixed points
of the operator N are solution of the problem (12).
For any u € C(I,), and each ¢ € I,, we have

t(f_ gs)@—1)
V(0] < ol + [ SIS o)

t _ a—1)
(t—gs)!
< |u +/ T pa(8)dys
| 0| 0 Fq(a) p ( ) q
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t a—1
(t—gs)le
Ny
0 Ly(a) !
np;,
< —————
T g1+ a)
Thus
(13) IN @)oo < R

This proves that N transforms the ball Bg, := B(0,R,) = {w € C(I,,) : ||w]|e <
R, } into itself. We shall show that the operator N : Br, — Bpg, satisfies all the
assumptions of Theorem The proof will be given in several steps.

Step 1. N: Br, — Bp,, is continuous.
Let {u}ren be a sequence such that uy — uw in Bg,. Then, for each t € I,,, we
have

[(Nug)(t) = (Nu)(®)]

t (g gs)@—1)
(1) < [ S s ) = o u(o)ldys.

Since up, — u as k — oo and (Hy1), then by the Lebesgue dominated convergence
theorem, equation implies

IN(ug) — N(u)||loo — 0 as k— 0.
Step 2. N(Bg, ) is uniformly bounded.
This is clear since N(Bg, ) C Bgr, and Bg, is bounded.

Step 3. N(Bg,) is equicontinuous.
Let ¢, ta € I, t1 <ty and let u € Bp,,. Thus we have

[(Nu)(t2) — (Nu)(t1)]
"t —g5) 7Y — (1 —gs)
),

)
| (s, u(s) g

Fq(a)
2 |(t, — gs)(@D)|
+/ Wb = 08) T £ () dys
t1 Fq(a) ¢
<pr /“ [(t2 = g5) ™V — (1 —gs) V]
=P ) T, () L
2 |(ty — gs)(@ V)|
+;/‘4——444fd&
Py Ty

As t; — to, the right-hand side of the above inequality tends to zero.

As a consequence of Steps 1 to 3 together with the Arzela-Ascoli theorem, we
can conclude that N is continuous and compact. From an application of Schauder’s
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theorem (Theorem , we deduce that N has a fixed point « which is a solution
of the problem .

Part 2. The diagonalization process.
Now, we use the following diagonalization process. For k£ € N let

{wk(t) =, (t); t€[0,ng,
wi(t) = Up, (nk); t € [ng,00).
Here {ny}ren+ is a sequence of numbers satisfying

O<ni<ng<..np<...loo.
Let S = {wr}72,. Notice that

|wn, (0)| < R, for te[0,n], k€N.
Also, if k € N and ¢t € [0,n1], we have
' (t = gs)@D

Wn, (t) = ug —|—/O Wf(s,wnk (s))dqgs .

Thus, for k € N and ¢, z € [0,n1], we have

[l g
—Jo Ly(a)

(5, e () das

VIt —gs) TV — (@ —gs)°7 Y]
Ly(a)

The Arzela-Ascoli theorem guarantees that there is a subsequence N7 of N and a

function z; € C([0,n1],R) with w,, — 21 as k — oo in C([0,n1],R) through N7.

Let Ny = Ny \ {1}.

Notice that

dgs.

ty (£) — 1wy ()] < 7 / '

|wn, (t)| < R, for te[0,ng], keN.
Also, if k € N and ¢, x € [0, na], we have

2t —gs) 7V — (x —gs) 7V
Ly(a)

The Arzela-Ascoli theorem guarantees that there is a subsequence N3 of Ny and
a function zo € C([0,n2],R) with u,, — 22 as k — oo in C([0,nz],R) through
Nj. Note that z; = 22 on [0,n4] since N5 C Ny. Let No = Nj \ {2}. Proceed
inductively to obtain for m = 3,4, ... a subsequence N} of N,,,_; and a function
zm € C([0, ], R) with u,, — 2z, as k — oo in C([0,n,,],R) through N¥ . Let
Nip = N7, \ {m}.

dgs.

() = wn (@) < 15 [ '

Define a function y as follows. Fix ¢t € [0,00) and let m € N with ¢t < n
Then define u(t) = 2, (t). Thus u € C([0,00),R)), u(0) = up and |u(t)] < R
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for ¢t € [0, 00).
Again fix t € [0,00) and let m € N with ¢ < n,,. Then for n € N,,, we have

Nm _ S(a—l)
) =+ [ %f(s,wnk ())dys.

Let ny — oo through N,,, to obtain

m (— gg)(@-1)
Z2m(t) = uo + /0 (tr‘qq(zl)f(&zm(s))dqs.

We can use this method for each ¢ € [0, n,,] and for each m € N. Thus
(CD,‘;u)(t) = f(t,u(t)); for €0, nm
for each m € N and the constructed function u is a solution of problem .
6. SOME EXAMPLES

Example 1. Consider the following problem of fractional i—difference equations

ez _ :
(15) ( Diu)(t) - f(t7u(t)) 3 te R+7
u(0) =1,
where )
— t ™4 sint .
f(tau)*ma tG(0,00), UGRa

Clearly, the function f is continuous.
The hypothesis (Hz) is satisfied with

=1
p(t) = S e (0,00),
p(0) =0.

All conditions of Theorem are satisfied. Hence, the problem has at least
one solution defined on R, and solutions of this problem are uniformly locally
attractive.

Example 2. Let

oo
llz{u:(ul,uQ,...,uk,...):Z|uk| <oo}
k=1

be the Banach space with the norm

o0
lallie = sl
k=1

and F := C(R,,I') be the Fréchet space of all continuous functions v from R
into I', equipped with the family of seminorms

[0l = sup Jlo()]ls; n e N

€[0,n]



CAPUTO FRACTIONAL ¢-DIFFERENCE EQUATIONS 221

Consider the following problem of fractional %fdifference equations

(16) (CDiuk)(t) = fk (ta U(t)) ; tERy,
ug(0) = 0; teRy, keN,
where

cn(27F 4+ uy)t 1 sint .

64(1+ve)

u el

fk(t’u):
for each t € [0,n]; n € N*, with
cn=n il <3> ; neNT
1\ 2
f:(f17f2a"'7fka"')7 U:(Ul,UQ,...,Uk7.-~)-

Since

5
tic,

64

()l =D 1 fuls )l < (I +lluflp); te€(0,n], neN",
k=1

then hypothesis (Hpz) is satisfied with

(t) = the, t €10,n], n € N*
p - 64 k) ’n ) n N
So, for any n € N*| we have
. nic,
The condition @ is satisfied. Indeed;
1 5 1
4dn3pk Zn_%F;<§)E 47123 :i<1.
I,(1+a) 1\2/ 64 Iy (5) 16

Therefore all conditions of Theorem are satisfied. Hence, the problem has
at least one solution defined on R..

Example 3. Consider the following problem of fractional i-difference equations

- (CDJu)(t) = flt,ut); te Ry,
4
u(0) =2, u is bounded on Ry |
where
41
ft,u) = (1+u); teR,.

1+ |ul
The hypothesis (Hiz) is satisfied with p,(t) = e!*1. So, p = e"*1. Simple compu-
tations show that all conditions of Theorem are satisfied. It follows that the
problem has at least one bounded solution defined on R .

Acknowledgement. We are grateful to the referee for the careful reading of the
paper and for the helpful remarks.



222

1

2

(3

[4

5

[6

(7

COES|

[0

(10]

(11]

12
[13]
[14]
[15]
[16]
[17]
18]
[19]
[20]
[21]

(22]
23]

S. ABBAS, M. BENCHOHRA, N. LALEDJ AND Y. ZHOU

REFERENCES

Abbas, S., Benchohra, M., On the existence and local asymptotic stability of solutions of
fractional order integral equations, Comment. Math. 52 (1) (2012), 91-100.

Abbas, S., Benchohra, M., Ezistence and attractivity for fractional order integral equations

in Fréchet spaces, Discuss. Math. Differ. Incl. Control Optim. 33 (1) (2013), 1-17.

Abbas, S., Benchohra, M., Diagana, T., Ezistence and attractivity results for some fractional
order partial integro-differential equations with delay, Afr. Diaspora J. Math. 15 (2) (2013),
87-100.

Abbas, S., Benchohra, M., Graef, J.R., Henderson, J., Implicit Fractional Differential and
Integral Equations: Existence and Stability, De Gruyter, Berlin, 2018.

Abbas, S., Benchohra, M., Henderson, J., Asymptotic attractive nonlinear fractional order
Riemann-Liouville integral equations in Banach algebras, Nonlinear Stud. 20 (1) (2013),
1-10.

Abbas, S., Benchohra, M., N’Guérékata, G.M., Topics in Fractional Differential Equations,
Springer, New York, 2012.

Abbas, S., Benchohra, M., N’Guérékata, G.M., Advanced Fractional Differential and Integral
Equations, Nova Science Publishers, New York, 2015.

Adams, C.R., In the linear ordinary q-difference equation, Annals Math. 30 (1928), 195-205.

Agarwal, R., Certain fractional q- integrals and q-derivatives, Proc. Cambridge Philos. Soc.
66 (1969), 365-370.

Ahmad, B., Boundary value problem for nonlinear third order q-difference equations, Electron.
J. Differential Equations 2011 (94) (2011), 1-7.

Ahmad, B., Ntouyas, S.K., Purnaras, L.K., Existence results for nonlocal boundary value
problems of nonlinear fractional q-difference equations, Adv. Difference Equ. 2012 (2012),
14 pp.

Almezel, S., Ansari, Q.H., Khamsi, M.A., Topics in Fized Point Theory, Springer-Verlag,
New York, 2014.

Benchohra, M., Berhoun, F., N'Guérékata, G.M., Bounded solutions for fractional order
differential equations on the half-line, Bull. Math. Anal. Appl. 146 (4) (2012), 62-71.
Bothe, D., Multivalued perturbations of m-accretive differential inclusions, Israel J. Math.
108 (1998), 109-138.

Carmichael, R.D., The general theory of linear q-difference equations, American J. Math. 34
(1912), 147-168

Corduneanu, C., Integral Equations and Stability of Feedback Systems, Academic Press, New
York, 1973.

Dudek, S., Fized point theorems in Fréchet Algebras and Fréchet spaces and applications to
nonlinear integral equations, Appl. Anal. Discrete Math. 11 (2017), 340-357.

Dudek, S., Olszowy, L., Continuous dependence of the solutions of nonlinear integral quadratic
Volterra equation on the parameter, J. Funct. Spaces (2015), 9 pp., Article ID 471235.

El-Shahed, M., Hassa, H.A., Positive solutions of q-difference equation, Proc. Amer. Math.
Soc. 138 (2010), 1733-1738.

Etemad, S., Ntouyas, S.K., Ahmad, B., Existence theory for a fractional q-integro-difference
equation with g-integral boundary conditions of different orders, Mathematics 7 (2019), 1-15.

Granas, A., Dugundji, J., Fized Point Theory, Springer-Verlag, New York, 2003.
Kac, V., Cheung, P., Quantum Calculus, Springer, New York, 2002.

Kilbas, A.A., Hadamard-type fractional calculus, J. Korean Math. Soc. 38 (6) (2001),
1191-1204.



[24]

[25]
[26]
27]
28]
29]
30]
(31]

(32]

CAPUTO FRACTIONAL ¢-DIFFERENCE EQUATIONS 223

Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., Theory and Applications of Fractional Dif-
ferential Equations, North-Holland Mathematics Studies, vol. 204, Elsevier Science B.V.,
Amsterdam, 2006.

Monch, H., Boundary value problems for nonlinear ordinary differential equations of second
order in Banach spaces, Nonlinear Anal. 4 (1980), 985-999.

Olszowy, L., Existence of mild solutions for the semilinear nonlocal problem in Banach
spaces, Nonlinear Anal. 81 (2013), 211-223.

Rajkovic, P.M., Marinkovic, S.D., Stankovic, M.S., Fractional integrals and derivatives in
g-calculus, Appl. Anal. Discrete Math. 1 (2007), 311-323.

Rajkovic, P.M., Marinkovic, S.D., Stankovic, M.S., On g-analogues of Caputo derivative and
Mittag-Leffler function, Fract. Calc. Appl. Anal. 10 (2007), 359-373.

Samko, S.G., Kilbas, A.A., Marichev, O.1., Fractional Integrals and Derivatives. Theory and
Applications, Gordon and Breach, Amsterdam, 1987, Engl. Trans. from the Russian.
Tarasov, V.E., Fractional Dynamics: Application of Fractional Calculus to Dynamics of
Particles, Fields and Media, Springer, Heidelberg; Higher Education Press, Beijing, 2010.
Tenreiro Machado, J.A., Kiryakova, V., The chronicles of fractional calculus, Fract. Calc.
Appl. Anal. 20 (2017), 307-336.

Zhou, Y., Basic Theory of Fractional Differential Equations, World Scientific, Singapore,
2014.

*DEPARTMENT OF MATHEMATICS,

TAHAR MOULAY UNIVERSITY OF SAIDA,

P.O. Box 138, EN-NASR, 20000 SAIDA, ALGERIA
E-mail: labbasmsaid@yahoo.fr

bLABORATORY OF MATHEMATICS,

DJILLALI LIABES UNIVERSITY OF SIDI BEL-ABBES,
P.O. Box 89, Sip1 BEL-ABBES 22000, ALGERIA
E-mail: benchohra@yahoo.com

¢ DEPARTMENT OF MATHEMATICS,
COLLEGE OF SCIENCE, KING SAUD UNIVERSITY,
P.O. Box 2455, RIYADH 11451, SAUDI ARABIA

dFACULTY OF MATHEMATICS AND COMPUTATIONAL SCIENCE,
XIANGTAN UNIVERSITY,
HuNaN 411105, P.R. CHINA


mailto:abbasmsaid@yahoo.fr
mailto:benchohra@yahoo.com

		webmaster@dml.cz
	2021-02-23T14:58:43+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




