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CONVERGENCE OF THE TAIL PROBABILITY
FOR WEIGHTED SUMS OF NEGATIVELY ORTHANT
DEPENDENT RANDOM VARIABLES

HAatwu HuANG, LINYAN L1 AND XUEWEN LU

In this research, strong convergence properties of the tail probability for weighted sums
of negatively orthant dependent random variables are discussed. Some sharp theorems for
weighted sums of arrays of rowwise negatively orthant dependent random variables are estab-
lished. These results not only extend the corresponding ones of Cai [4], Wang et al. [I9] and
Shen [13], but also improve them, respectively.

Keywords: negatively orthant dependent random variables, the tail probability, strong
convergence

Classification: 62G32, 60F15

1. INTRODUCTION

By weakening the assumptions of validity for strong convergence, we provide an extension

for possible applications of probability theory to various fields, especially to statistical

research areas. In many statistical theoretical frameworks, we assume that variables

are independent. But in real studies, this assumption is not plausible. Then, many

statisticians have revised this assumption in order also to consider dependent cases, such

as negative dependence structures, positive dependence structures and many others.
First, let us briefly restate some concepts of negative dependent structures.

Definition 1.1. A finite family of random variables {X;,1 < ¢ < n} is said to be
negatively associated (NA) if for every pair of disjoint subsets A; and As of {1,2,...,n}
and any real non-decreasing functions f; on R4t and fo on R42,

COV(fl (Xi,ieAl),fg (Xj,j 6142)) SO, (11)

whenever the covariance exists. An infinite family of random variables {X,,,n > 1} is
NA if every finite sub-family is NA.
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Definition 1.2. A finite family of random variables {X;,1 < i < n} is said to be
negatively orthant dependent (NOD) if all 1, xo,...,z, € R,

P(Xlgl‘l,ngl‘g,...,XnSIn H X <J,‘]7 (12)

and .
P(Xl >Z‘1,X2>$2,...,Xn>$n)§ HP(X] >ﬂ:‘j). (13)

j=1

An infinite family of random variables {X,,,n > 1} is said to be NOD if every finite sub-
family is NOD. An array of random variables {X,;,1 <i < mn,n > 1} is called rowwise
NOD if for every n > 1, {X,;,1 <4 < n} is a sequence of NOD random variables.

The concept of NA was introduced by Joag-Dev and Proschan [9], while the notion
of NOD was given by Ebrahimi and Ghosh [6]. Obviously, a sequence of independent
random variables is NA, and is also NOD. However, by taking

f(X17X27'-~7Xn71) :I(Xl S $1,X2 S 2172,...,an1 S xnfl)vg(Xn) = I(Xn S xn)a
and
f_(XlaX27"'7Xn—1) :I(Xl > Il;XQ > xQ,"'aXn—l > xn—l)ua(Xn) = I(Xn > xn)

It easily follows that NA implies (1.2) and (1.3), neither NOD implies being NA. There
are two specific examples presented, which are NOD but are not NA.

Example 1. (Wu [2I]) Let X; be a binary random variable such that P (X; =0) =
P(X;=1) = 0.5 for i = 1,2,3, and let (X1, X2, X3) be the values (1,1,1), (1,0,0),
(0,1,0) and (0,0,1), each with the probability value 0.25. It follows that all the condi-
tions of NOD hold. However,
4 3

Hence, X1, X5 and X3 are not NA.

In addition, let X = (X3, X2, X3, X4) be NOD, Joag-Dev and Proschan [9] introduced
the following example.

Example 2. (Joag-Dev and Proschan [9]) Let X; be a binary random variable such
that P(X; =1) = 0.5 for i = 1,2,3,4. Let (X1, X2) and (X3, X4) be the same bivari-
ate dlstrlbutlons, and let X = (X3, Xo, X3, X4) be joint distribution as shown in the
following table.

It follows that all the conditions of NOD hold. However,

P(Xl:1,211,2,3,4)>P(X1:X2:].)P(X3:X4:].)

Hence, X1, X2, X3 and X, are also not NA.
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(X1, Xo)
(0,0) (0,1) (1,0)  (1,1) Marginal
(0,0) .0577 .0623 .0623  .0577 .24
(0,1) .0623 0677 0677  .0623 .26
(X3, X)  (1L0)  .0623  .0677 0677 .0623 .26
(1,1) .0577 .0623 .0623 .0577 .24
Marginal .24 .26 .26 .24
Tab. 1.

From the above, NOD is a very wide scope family, which contains NA and independent
cases. A number of well-known multivariate distributions possess the NA property.
Hence, extending and improving the convergence properties of NA to the wider NOD
class is of interest in studying issues of theoretical and practical significance. Since the
concept of NOD random variables introduced, there are many applications with respect
to NOD random variables. We refer the readers to Volodin [16], Asadian et al. [2], Wu
[20, 21], Amini and Bozorgnia [I], Wu and Zhu [24], Kuczmaszewska [10], Zarei and
Jabbari [25], Huang and Wang [§], Wang et al. [I7, I8, [19], Gan and Chen [7], Shen
[13], Qiu et al. [11, 12], Zhang and Wang [26] and Sung [I5] among others.

In the following four theorems, assume that {X,;,1 < i < n,n > 1} is an array of
rowwise NOD random variables which is stochastically dominated by a random variable
X,and EX,; =0forl <a <2 (orl<a<2). Let {an,i>1,n > 1} be an array of
real numbers. b, = n'/*(log n)l/w for some vy > 0.

Wang et al. [19] extended the result of Cai [4] for NA random variables to NOD case
without assumption of identical distribution.

Theorem 1.3. Suppose that {a,;,7 > 1,n > 1} is an array of real numbers satisfying
S lani]™ = O (n®) for some § with 0 < § < 1 and some o with 0 < o < 2. If
Eexp(h|X|Y) < oo for some h > 0 and v > 0, then for ap > 1

o J
E n®?72pP [ max E Ui Xni

1<j<n |4 1

i—

n=1
Theorem 1.4. Suppose that {a,;,7 > 1,n > 1} is an array of real numbers satisfying
Yoii lani|® = O (n) for some a with 0 < a < 2. If Eexp(h|X|?) < oo for some h > 0
and v > 0, then

00 J
E n~'P | max E Qni Xni
1<j<n |“
n=1 i=1

Recently, Shen [13] also obtained two theorems of weighted sums for array of rowwise
NOD random variables.

> Ebn> <oo for Ve>0. (1.4)

> sbn> <oo for Ve>D0. (1.5)

Theorem 1.5. Suppose that {a,;,7 > 1,n > 1} is an array of real numbers satisfying
S lani]® = O (n) for some a with 0 < o < 2. Then the following statements hold:
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(1) If a > v, then E|X|” < co implies

o) n
Zﬂ71P < Zame
n=1 i=1

> 5bn> < oo for Ve > 0. (1.6)

(2) If a = 7, then E|X|*log™ | X| < oo implies (1.6).
(3) If @ < 7, then E|X|” < oo implies (1.6).

Theorem 1.6. Under the assumption conditions of Theorem if B|X |ﬂ < oo for
B > o+ 2, then (1.5) holds.

In this work, our main purpose is to further study the strong convergence properties
of the tail probability for weighed sums of NOD random variables. We establish some
sharp theorems for weighted sums of arrays of rowwise negatively orthant dependent
random variables under some mild moment conditions. These results not only extend
the corresponding ones of Cai [4], Wang et al. [19] and Shen [I3], but also improve them,
respectively.

Throughout this paper, the symbol C represents positive constant which may be
different in various places, a, = O (b,) stands for a, < Cb,, I (A) be the indicator
function of a set A. This article is organized as follows. Some important lemmas are
provided in Section 2. The main results and their proofs are presented in Section 3 and
Section 4.

2. PRELIMINARIES

In this section, we state the following definition of stochastical domination and some
important lemmas, which are applied to prove the main results.

Definition 2.1. An array of random variables {X,;,1 <i<mn,n > 1} is said to be
stochastically dominated by a random variable X if there exists some positive constant
C such that

sup P (|Xni| > ) <CP(|X|>=x) forVzx >0. (2.1)

i>1,n>1

Lemma 2.2. (Bozorgnia, Patterson and Taylor [3]) Let {X,,,n > 1} be a sequence of
NOD random variables, and let {f,,n > 1} be a sequence of all non-decreasing (or
all non-increasing) functions, then {f,(X,),n > 1} is still a sequence of NOD random
variables.

Lemma 2.3. (Asadian, Fakoor and Bozorgnia [2]; Wu [21]) Let {X,,,n > 1} be a
sequence of NOD random variables with mean zero and E|X,|" < oo for some M > 2
and all n > 1. Then there exists a positive constant C depending only on M such that
forallm > 1,

n M

>

i=1

E

n n M/2
<c (Y Bx M+ <Z EX?) , (2.2)
=1 =1
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max ZX

1<j<n :

n M/2
< C(log 2n)™ Z Blx;M (Z EXE) . (2:3)
i=1

Lemma 2.4. (Wu [22]) Let {X,;,1 < i < n,n > 1} be an array of random variables
which is stochastically dominated by a random variable X. For all u > 0 and ¢ > 0, the
following two statements hold:

B X" I(|Xni| <1) < C(EIX[MI(|X]| < t) +t"P(IX] > 1)), (2.4)
B X |“I(| Xni| > t) < CE[X[*I(|X] > t). (2.5)
Lemma 2.5. Let {X,;,1 < i < n,n > 1} be an array of random variables which

is stochastically dominated by a random variable X, and let {a,;,¢ > 1,n > 1} be an
array of real constants. Then for all w > 0 and ¢ > 0, the following statements hold:

Elan; Xpni| "I (|a0i Xnil <t) < C(Elan: X|"'T (|ani X| < t) +t*P (Jai X| > 1)), (2.6)

Elan; Xni"I (|a0i Xpni| > t) < CElan; X "1 (|ani X| > t). (2.7)

Proof. If a,; = 1, i.e. the above statements are Lemma [2.4} if a,; = 0, the above
statements are apparent. If a,; # 1 and a,; # 0, it follows from Lemma that

|anil

< lanil"C (E'X'”OX' < > * <|at-|> ('X' > o |)>

= O (Blan XM (janiX| < 1) + 0P (|aniX] > ).

t
Elani X" (Jan Xon] < 1) — |ans|“E| Xns|“1 €|an| < )

Similarly, the proof of (2.7) is apparent. O

Lemma 2.6. (Wu, Sung and Volodin [23]) Suppose that {a,;,i > 1,n > 1} is an array
of real constants satisfying Y .-, |an:|* = O (n) for some a > 0. Let X be a random

variable, b, = n'/*(logn)"/" for some v > 0. Then

© 10X CE‘X|O‘, for a> Y,
S0 S Blaw X[ (laniX| > by) < CEX[*log(1+ X)), for a=7,
a1 Wn i3 CE|X|, for a<n.

Lemma 2.7. (Wu, Sung and Volodin [23]) Suppose that {a,;,i > 1,n > 1} is an array
of real constants satisfying > .. | |an;|® = O (n) for some o > 0. Let X be a random

variable, b, = n'/*(logn)"/" for some v > 0. If ¢ > max {a, v}, then

oo n CE|X|~, for a> 7,
Z F Z |ani X|*I (lan; X| < bn) < ¢ CE|X|*log(1 + |X]), for a=1,
n=1""" i=1 CE|X|", for a<n.
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3. COMPLETE CONVERGENCE

In the following sections, assume that {X,;,1 < i < n,n > 1} is an array of rowwise
NOD random variables which is stochastically dominated by a random variable X, and
EX,; = 0for 1 < a < 2. Let {an;,i > 1,n > 1} be an array of real numbers.

b, = n'/%(logn)"’” for some v > 0. We establish some sharp results on complete
convergence of the maximum weighted sums for arrays of rowwise NOD random variables
without assumption of identical distribution. The idea is mainly inspired by Shen [13],
Shen and Wu [14].

Theorem 3.1. Suppose that {a,;,i > 1,n > 1} is an array of real numbers satisfying
S lan]® = O(n‘s) for some § with 0 < § < 1 and some o with 0 < o < 2. If
E|X|? < 0o for ¢ > max{a’®p,a+2,a+ alap—1)/(1 —8),a(ap—1) + 25} and ap > 1,
then

LS J
E n*?~2P [ max g ni Xni
1<j<n |4
n=1 =1

> ebn> <oo forVe>0. (3.1)

Proof. Without loss of generality, assume that a,; > 0. For fixed n > 1, define

J
Tnj - Z (avanz - EanzYnz) 5 ] = la 27 ]
1=1

Obviously, for fixed n > 1, {Y,,;,i > 1} and {Y,; — EY,;,i > 1} are still two sequences
of NOD random variables by Lemma [2.2] For Ve > 0, noting that

J J n
ZaniXm > Ebn> C <11£1j3:<xn Zanern > 5bn> U (U |Xm| > b )

max
1<j<n

which implies

J J n
P i X i <P Yo P X, .
(gjagxn ; i X >ebn> < (fgjaéxn i; AniYni >5bn) + (ZU (| Xni| > bn))
- P lréljax |T5j] > ebyp, — 1r£1Ja<xn ZZ Ea,;Y, >

+P (ZU (| Xni| > bn)>

i—1

It follows from max lani|™ < 30 ani|® = O (n°) for 0 < 6 <1 that

Z |ans|* = Z || “|ani|"~* < CnPndth=a)/e — cpdkle for Vi > a. (3.3)
- i=1
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If 0 < a <1, by (2.6) of Lemma [2.5] (3.3) (for k = 1) and the Markov’s inequality,

we have

bn max

1<]<n

< byt Z | By Yoil

Z Eap;Yp;
=1

< cb;12|am|E\X|1<|X| <b,) +OZ |ani| P (|X] > by)

=1 1=1
< Co;'nd B |X|1(1X]| < by,)+Cn®/*P(|X| > by)
< Cb, 'Y T E|X|T (b < |X| < ) + Cn®/ b E| X |
k=2
< b0 b P (1X| > br—y) + Cn/*n=9/%(logn) 7 E|X |
k=2

< Cby'n®e Z bLE|X| %%, + Cn®/on~9/*(logn) =9/

k=2
n

< Cb, 'Y kMY (log k)7 (k — 1)~/ (log(k — 1))~/

(3.4)

k=2
+Cnb/en=9/% (logn) =47
< Cnl/oti=a/a(log n)_1/7 + C’?”L‘S/O“_q/o‘(logn)_Q/7 —0 asn— oo.

Moreover, Y7 | |an;|* = O (n°) and the Hélder inequality imply that

a—k

(Z 1) <Cn for 1<k<a. (3.5)

Ifl<a<2 by EX,; =0, (2.7) of Lemma (3.5) and E|X|? < oo, we also have

Z Eanz ni

3
Q=

i=1

gmm’“ < (Z (Jani 2’)

J
< Cb," max | Bapi XpiI (| Xpi| < by)

b, ! max
1<j<n |4

1<j<n

+C > |ani| P(| Xnil > bn)
i=1

<O ani| BIX|I(1X] > by) + C Y lan:|P(1X| > by)

=1 =1
< Cb,'nE|X|I(|X]| > b,) + CnP(|X| > by,)

b,

=Cb,'n Y E|X|[I(by < |X| < bpy1) +Cn
kO:on

< Cb,'n Yy b P(IX| > be) + Cnn =9 (logn) =%/
k=n

> E|X
< Cby'n Z bit1 |bq |

< Cn?*~ Q/a(logn) v 4 on'- q/o‘(logn) 97 50 asn— oo.

+Cn 1fq/oz(10g n)fq/“/
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Z 1 EaniYni| < Eb" holds for all n large enough, which implies

Therefore, max
1<j<n

bn
> eby, ) <ZP (| X il > by, )+P<max |Tnj|>€2). (3.7)
i=1

E a/’IlZ ni

max
1<j<n

To prove (3.1), it suffices to show that

I2Y 0723 P (|Xpi| > by) < 0, (3.8)
n=1 i=1
and
eby,
J= Znap ’p ( max. |Tm\ > ) < oo. (3.9)

By the Markov’s inequality, F|X|? < co and standard computations, it follows that

I < cina%2 Zn:P(\X\ > by,)
n=1 i=1

= E|X|2
<Cy no‘p—1|b7qn| (3.10)

n=1
< Cz:7”L°‘p*17”fqﬂ3‘(logn)*q/"Y < 00.

n=1

For J, by the Markov’s inequality (for M > 2) and Lemma

J <C’Zna” 2y ME(maX T )

n 1

<C Z n?=%b, M (log 2n)" Z Jani| ™ B Yo

n=1 i=1

- M2
+0 5 0 Gog2n) (£ fan BVl

n=1 i=1

(3.11)

20+ s

Take some suitable constant M such that max {2, a(%gl)} < M < min {q —a, %} ;
which implies

q

M
g>a+M, *——>1q¢>do’*p—a+ Ms,
a

and

Mé M§ M
T _p+2-2251, ap—24+22 B 1 M>a
« a « a
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By (3.3), (2.6) of Lemma 2.5 and the Markov’s inequality, we obtain

i=1

Ji <CY 0P, M(log 2n)M (Z || (E|XM|MI(|Xm-|<bn)+b£‘fP(|Xm|>bn))>

n 1

<C’Znap 2 M (log 2n)M <Zam|M (BIX|MI(IX] < by) + 02 P(IX]| >bn))>

n=1 i=1

+C Z n°?=2(log 2n)MnM3/*P(|X| > b,)

n=1

S CznaP—Q-'thS/(le—LM(lOan)M ZE|X|JMI(bk,1 < |X‘ S bk)
n=1 k=2
= E|X|
+C«Zno¢p72+M6/a(lo m )M |bq|
oo n=1 %)
<O B P(IX| > by_q) Y nor 2 MO/ M/e (1og n) =M (log 2n) M

k=2 n=k
oo nepP— 24+Mb /o (log Qn)]W

+C Z nq/a (log n)q/'v
kJV[/a 10g k)M/'y e nap72+M6/a (log 2n)M

Z — 1)7/2(log(k — 1))/7 +C; na/*(logn)a/7

k=3

(3.12)
For Jo, by (2.6) of Lemma[2.5] (3.3) and the proof of (3.12), it also follows that

" M/2
Jo <Czna1) 2 M (log 2n)M <Zam|2(E|X21(|X < b,) +b2P(|X] >bn))>

=1
<C Z noP=2p=M (log 2n)M Mo/ (B X [21(|X| < bn) + b2P(IX] > by)))™*

n 1

< C’Znap 2bM (log 2n)M nMo/* (B X 2I(|X| < b,))"/?

03 nH log20) O (X > b))

n=1

<Y nP2b, M(log 2n)M MY BIXMI(|1X| < by)

n=1
+C Z n®?~2(log 2n)Mn™M%/*P(|X| > b,,)
n=1
< 0.
(3.13)
The proof of Theorem [3.1]is completed. O

The next theorem treats the case ap = 1. The proof is analogous to that of Theorem
Bl Here will omit the details.
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Theorem 3.2. Suppose that {a,;,7 > 1,n > 1} is an array of real constants satisfying
Yo lani]® = O (n) for some a with 0 < o < 2. If E|X|? < oo for ¢ > a + 2, then

o J

E n ' P | max E AniXni
1<j<n |4

n=1 =1

Remark 3.3. The moment condition E|X|? < oo in Theorem and Theorem is
much weaker than the corresponding moment condition E exp (h|X|") < oo of Wang et
al. [I9], Cai []. Since NA implies NOD, Theorem and Theorem extend and
improve the corresponding ones of Wang et al. [I9], Cai [4](by letting X,,; instead of X;
and Y1 |an:|® = O (n) for 0 < a < 2), respectively. In addition, it is worth pointing
out that the method in the proof of Theorem is different from those of Cai [4] and
Wang et al. [19].

> Ebn> <oo for Ve>0. (3.14)

4. COMPLETE MOMENT CONVERGENCE

In this section, we will discuss the complete moment convergence for weighted sums of
NOD random variables. The concept of complete moment convergence was introduced
by Chow [5] as follows: let {X,,,n > 1} be a sequence of random variables, and a,, > 0,
by, > Q, q>0. Ifforalle >0, a,E (b, | X,] — 5)1 < 00, then {X,,;n > 1} is said
to be in the sense of complete moment convergence.

Theorem 4.1. Suppose that {a,;,7 > 1,n > 1} is an array of real constants satisfying
S lanil® = O (n) for some 0 < o < 2. Then the following statements hold:

(i) If @ > ~, then E|X|” < oo implies
—FE| - nan'L
SR

n=1
(ii) If & =7, then E|X|*log(1 + |X|) < oo implies (4.1).
(iii) If a < 7, then E|X|” < oo implies (4.1).

—5) <oo for Ve>0. (4.1)
+

Proof. For Ve > 0, it is easy to check that
s~ 1p( Ly “ 1
Z m (b —5) Joo <b
n=1 i=1 +
Z anz ni

(1
b i=
(bl Zanz ni
P(
i=1

Z anani > gbn)

%floo P ( Z AniXnil > bntl/a> dt
i=1

Z AniXni

Xni

—e> tl/a) dt

I
§\>—‘

HMS HM8

3\>—'

>5+t1/“) dt

Mg~
3\'—‘

>e+ tl/a> dt

Il
-

n

A
~ 4+ £M8
MR

n

n

[I>
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To prove (4.1), it suffices to prove that I < oo and J < oo. By the corresponding
theorems in Shen [13], I < oo follows directly.

Assume that a,; > 0. For fixed n > 1,4 > 1 and all ¢t > 1, define

Y= _bntl/al (anani < _bntl/a)mnaniI (|aniXi| Sbntl/a> +bnt1/al (aani >bnt1/a> ,

Zni = (anani + bntl/a) 1 (aannz < _bntl/a)+(anixni - bntl/a) 1 (anani > bntl/a) .

Obviously, for Ve > 0,

P < Zn:ame > bntl/a> < P ( Yo > b t”") +P (0 (laniXoil > bnt1/0‘>>
i=1 i=1 =
< P i — ) > by tl/a En:EY'rn)
i=1

i=1

n

+> P <|am Xnil > b tl/a)

i=1

Firstly, we prove

sup

W —0 as n— oo. (43)
t>1 Un

i=1

If 0 < o<1, by (2.6) of Lemma the C). inequality, the Markov’s inequality and
E|X|" < oo, we have

n
Z EYni
=1

n
1 1
e < Coap e & %
B - n
S ngp b tll/cy Z E |aannz| 1 (|aannz| S bntl/a)
t>1 " i=1

+Osup S° P (Ja; Xl > by, t1/o
b 4 P lam e ) (1.0

< Csup i Z a% B X T (Jan: X| < bptt/®)
+C’sup o7 Z a®, B|X|*
t>1 " =1
< C(logn) *"E|X|* -0 as n— oo.
Noting that 0 < Zni = i Xni — bt * < i Xni if s Xni > 0t 00ni Xni < Zns =

i X+ bt/ < 03 4y Xy < —bt"/. Hence, | Zni| < |ani Xnil I (|aniXni| > bat'/®).
For 1 < a <2, by EX,; =0, (2.7) of Lemma[2.5] the C, inequality and E|X|* < oo,
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we also have

> EYy;
i=1

SN EZy;
i=1

1 1
Sup —r— = sup s
t;l’ bptl/ >1 bptl/
n
S CSupb%/a Z E|Zn1‘
t>1 " i=1
< Csup L~ 3" Elani X| T (Jami X| > bt!/e (4.5)
< Csup yi7w > Elani X[ 1 (|aniX| > bat'/®)
>1 i=1
n
< ngp a7 2 a%BIX|T (Jan: X| > bt/ )
t>1 " =1

< Clogn) " E|X|* =0 as n— .

Hence, Zﬁ:l E l/a holds uniformly for n large enough and all ¢ > 1.
p ( zn:ame > bntl/o‘> <P ( Zn: Vi — EY,)| > WW)
i=1 - i=1 2
+ 2”: P (|ame-| > bntl/a>.
i=1
To prove J < o0, it suffices to show that
Jy A Zl / ( Yi — EY)| > b"';l/a> dt < oo, (4.6)

Jo 2 Z / ZP |am Xpil > bn tl/o‘)dt<oo (4.7)

By the Markov’s 1nequahty and (2.2) of Lemma [2.3]

Jl < C Z fl bl\/ItM/a < z:: ( - nz)

n=1

M) dt (M >max{2,2})

<C

1 i=1

g M8 i

. M2
w7 s <Z E|Yi — BY,[M + (Z E|Yp; — EYm|2> ) dt

00 n M/2
<C Z_:lmlgfffo aire ;E|Ym|Mdt+C 2_:1 o tMl,a(ZlEYmF) dt

£ Ji1 + Jia.
(4.8)
For Jy2, by (2.6) of Lemma the C, inequality, 0 < a <2 and M > 21,
n N\ M/2
J12 <CZ I < maggt)q) dt

o) = n M/2

SO LT (00 (Bl (1.9)
n=1 i=1

<0 3 llogn) M2 (BIX)M < oo
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For Ji1, by (2.6) of Lemma [2.5]and (2.1), we have

Ju < Onil T ;:P (Jani Xni| > byt'/>)dt
O X e 7 b 2 Bl Xoal 1 (JosXoa] < byt1/)at
= =
<C i 2 ZnZlP (|ani X| > bot!/)dt
LC8 o e s s

=C 21 L ;P (Jani X| > byt!/>)dt

(4.10)

+O Y o [ a3 Blan XM I (|JaniX| < by)dt
n=1 " =1

o0 n
+O Y e [ e 3 Blan XM (by < |ani X| < bpt'/*)dt
n=1 " i=1
£ Ji11 + Jiz + Jiis.

For Ji11, by Y |ani| = O (n) and Lemma
i=1

(JaniX| > byt'/)dt

=~
=
=
I
3
i
I

IN

18

3=

: =
8

3 1M

(JaniX| > bytt/«) dt

<7'“";;§'“ > t) dt

E|amX| I(Jan:X|>by) <

8
3=
=

3
Il
-
-
Il
-

(4.11)

A~ IR v I

3
Il
—
o
Il

Il
Q aQ a Q
8
3=
M=
=
8

18
3
MzH

IN

3
Il
-
-
Il

For Ji12, by Lemma 2.7 and M > 2 > «,

[e’e} n s M 0o

Tz =C Y 2y B 1 (janX| < by) [ et
=1 =1 y (4.12)
Z ﬁ Z E‘amX| I(|am’X| < bn) < 00
moi=1



Convergence of the tail probability for NOD 659

Take t = 2*. By M > 2 > a and Lemma [2.6]

Jius =C Y b [ i 3 Blani X[MT (by < [an X| < but!/@)dt
n=1 " i=1
SO X g [T e M ZEIleMI(bn < Jan: X| < bpz)da
n=1
=C Z nbM Z ferl amM-t Z E‘amX| (bn < ‘aan| < bnl’)dili
n=1 " i=1
o0
<CX ww Z ma— M ZEIamX\ I (by < laniX| < by (m+1))
=C nbM Z Z E|(ImX‘ (bns < |amX| < b, (3 + 1)) Z me—M-1
n=1 i=1 m=s
<C Y E Blani XM I (bys < JaniX| < by (s + 1)) s>~ M
n=1 " i=1s=1
<CY LSS (s4+ )M s M Bl X|T (bys < |ani X| < by (s + 1))
n=1 " i=1s=1
S C Zl nlly‘; ; |aan| I(lan1X| > b )
(4.13)
The proof of Theorem is completed. 0
Remark 4.2. Under the conditions of Theorem
o > Z E(b1 37 aniXni —5)
n=1 " li=1 +
- 21% ooop(bln 2 aniXni e>t1/0‘> dt
S 1 ope” S 1/«
=2 uJo P|2X aniXni| > bat"/* +bue | dt
" = (4.14)
+ Z %fgf P Z anani > b'ntl/a + bnf‘:) de
n=1 i=1
>C Y OEQP( 2 aniXo; >2bn5)dt
> Ce® Z P( Z i X | > 2bn5> .
i=1

Since € > 0 is arbitrary. From (4.14), it is clear to see that the complete moment
convergence implies the complete convergence. Hence, Theorem improves the corre-
sponding result of Shen [I3] listed in references under the same assumption conditions.
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