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Abstract. In many engineering problems, when studying the existence of periodic solu-
tions to a nonlinear system with a small parameter via the local averaging theorem, it is
necessary to verify some properties of the fundamental solution matrix to the corresponding
linearized system along the periodic solution of the unperturbed system. But sometimes,
it is difficult or it requires a lot of calculations. In this paper, a few simple and effective
methods are introduced to investigate the existence of periodic solutions for a kind of small
parametric systems. In order to prove the existence of periodic solutions by these ideas,
we also introduce a forced autoparametric vibrating system and a generalized model of the
tuned mass absorber with pendulum discussed by Brzeski, Perlikowski, and Kapitaniak.
Then, we also propose an averaging method to study the existence of periodic solutions.

Keywords: periodic solution; local averaging theorem; forced autoparametric vibrating
system; tuned mass absorber
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1. INTRODUCTION

In recent years, averaging theory plays an indispensable role in practical appli-
cations. Both classical averaging theorem [24] and local averaging theorem [4] pro-
posed by Buica, Francoise, and Llibre have been applied widely for various fields,
see e.g. [16], [18], [23], [6], [5], [17]. There are a lot of papers on the local averaging
theorem, see [20], [13], [21]. Recently, Llibre and Zhang [22] have proved that the
Michelson system has a zero-Hopf bifurcation periodic solution by the local averaging
theorem. In [7], Euzebio and Llibre analyse five cases of the Vallis system by the
local averaging theorem, the existence and properties of periodic orbits in each case
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are discussed in detail. These works show the important role of the local averaging
theorem in practical applications.

The nonlinear system with a small parameter used in the local averaging theorem
is

dX 9
(1.1) s =Go(t,X)+G1(t, X)e + Ga(t, X, e)e”,
where Go, G1: RxQ — R™, Ga: RxQx(—¢gg,e0) — R™ are all C? smooth functions
and T-periodic with respect to ¢, 2 is an open subset in R", g9 > 0, and ¢ is a small
parameter. In [15], some smoothness conditions in the local averaging theorem are
reduced by the topological degree theory.

It is necessary to determine some properties of the fundamental solution matrix of
the corresponding linearized system along the periodic solution of the unperturbed
system when we use the local averaging theorem to study the existence of periodic so-
lutions of a nonlinear system with a small parameter. In the papers mentioned above,
the fundamental solution matrix of the corresponding linearized system along the pe-
riodic solution of the unperturbed system is known. However, in many cases there is
no explicit expression for the fundamental solution matrix or it is not easily obtained.

To overcome the difficulties mentioned above, we only consider a special form of
system (1.1) as follows:

d

d_Jt: = FO(tﬂx) + Fl(t,x,y)z-: + FQ(taxay7€)€2v
(1.2) )

d_:ll{ - GO(thvy) + Gl(ta Z, y)E + GQ(ta Z, y75)€27

where Q C R™ and Fy: Rx R*¥ = R*, Fi: RxQ — R*, Go,Gy: R x Q — R*F,
Fy: R x Q x (—g0,60) = R¥, Go: R x Q x (—g9,60) — R" % which are all T-
periodic C? smooth functions with respect to the first variable ¢, &g > 0, and ¢ is
a parameter. Let X (¢, z,¢) be a solution of system (1.2) with the initial value z.

Note that the existence of periodic solutions of system (1.2) has been studied in [4],
Corollary 4, but it is still difficult to verify the conditions when the fundamental
solution matrix of the corresponding linearized system along the periodic solution of
the unperturbed system does not have an explicit expression. In this paper, we will
change the conditions to make the verification possible.

Assume that system (1.2) satisfies the following two conditions:
(F1) There is a bounded open set V' C R* such that for each o € V, the solution
x(t; o) of
(1.3) dr _ Fo(t,z)
dt

with the initial value « is a T-periodic solution.
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(F3) There exists a C? mapping fBo: V — R"F satisfying Z = {2, = (o, Bo(a));
a € V} € Q. For each z, € Z, the solution X (t,z4,0) of the unperturbed

system
i_f — Ry(t, ),
(1.4) 1
Yy _
dt - GQ(t,J?,Zj),

with the initial value z, is T-periodic.

The corresponding linearized system along the periodic solution X (¢, z4,0) of the
unperturbed system of system (1.2) is

d
(1.5) d—ltt = D, Fy(t, z(t; a))u,
d
(1.6) d—;’ = D,Go(t, X(t, 20, 0))u + DyGo(t, X (t, 24, 0))v.

We also consider the equation

d
(1.7) d—i’ = D,Go(t, X (t, 7, 0))v.
Let M,(t) be a fundamental solution matrix of (1.5) (M, (0) = E%) and let @, (t)
(®4(0) = Ep_k) be a fundamental solution matrix of (1.7), where E; is the ith order
identity matrix. Define the function F': V — R* by

(1.8) F(a) = /OT MY (t)Fy(t, X (L, 24,0)) dt.

The following Picard approximation principle [27] is used when we consider ap-
proximate solutions of (1.7).

Consider the differential system

dx

(1.9) T =AMz + f(t) (a<t<b),
where A(t) is a continuous and differentiable n x n matrix function, f(¢) is a con-
tinuous and differentiable n-dimensional column vector function. By the following
recursive operation

(1.10)
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one obtains the nth order approximate solution ¢y, (t) of the differential system (1.9)
with the initial value 7, which satisfies the estimate

npn+1
(1.11) lont) =60 < g (=120,

where ¢(t) is a solution of the differential system (1.9) with the initial value 7,

max AN < L, max [IF()] Inll + b—a

For the convenience of narration, we just consider the case of k = n — 2; the
general case can be discussed it similarly. Let us write the fundamental solution
matrix ®,(¢) of (1.7) in the form of block matrices as follows:

di(t; ) ha(t; a))

at) = (dg(t;a) ha(t; o)

m(t; him(t; @) .
where we use @) i to represent the mth order approximate
m t7 ) h2m t; 04
hi(
solution of < o ) < hl ) in the interval [0, T, respectively, and
;) ot
M=L=

max _{D,Go(t, X(t,24,0))}.
te[0,T),aeV

Now we state one of our results.
Theorem 1.1. Let k =n — 2 and let F;, G; (i = 0,1,2) be C? smooth functions

and T-periodic with respect to t. Assume that conditions (F1) and (F3) hold and
tr(DyGo(t, X (¢, 24,0))) = 0. If there exists a positive integer m such that

oM LT
1.12 i (T5 @) + hom (T ) + ————7— < 2
(1.12) in(T5@) + hom(T5@) + =02 <
holds for any a € V or

2M LT+
(1.13) i (T5) + ham (T 0) = === > 2

holds for any a € V, and there exists ag € V such that
F(ap) =0, det(D,F(a)) #0,

then, for every sufficiently small £ > 0, system (1.2) has at least a T-periodic solution
(x(t;€),y(t;€)), which satisfies

hm( (0;¢),%(0;¢€)) = (o, Bo(an)).

e—0
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Remark 1.1. When m is large enough, more general conditions for Theorem 1.1
can be obtained. At the same time, we conclude that the approximation method
must be able to solve this kind of difficult problem if there are some conditions
on the existence of periodic solutions of the nonlinear system. Especially, if the
period T is small enough, generally, we can obtain some results by the second-order

approximations.

In fact, when the fundamental solution matrix of the unperturbed system (1.4)
is difficult to be obtained, it is not easy to find Sy for (F3). For example, for the
unperturbed system of a nonlinear system with a small parameter as follows:

Ty = -2,
ThH = 1,

(1.14) . 1 o1 .
yi = (@1 — x2) cos? t + & (21 + x2) sin(2t) — Fy1 sin(2t) + ya sin? ¢,

= L(2y — 21)sin(2t) — (21 + z2) sin® £ — y; cos? ¢ + Ly sin(2¢),

=
G
\

it is hard to construct the mapping By: R? — R2. Here we have a corollary of
Theorem 1.1, but we need to propose a stronger condition (F3) instead of (F3).

F3) There exists a mapping ¢: R¥ — R™ % such that ¢(z(t; @) is a T-periodic
( @ ©
solution of dy/dt = Go(t,z(t;),y) for any a € V, and ¢ is a C? smooth

function in V.

The associated linearized system along the periodic solution (z(t; a), o(x(t; @)))
of the unperturbed system (1.4) is

(1.15) ((11—1; = D, Fy(t, z(t; o))y,
(116) 5 = DuGolt x(ts0), pl(t; ) + DyGolt 2(t; ), (t; )

Similarly, we also consider the equation

(1.17) S D, Golt.a(tsa), pla(t )

Let M, (t) be a fundamental solution matrix of (1.15) (M, (0) = Ey) and let @, (t)
be a fundamental solution matrix of (1.17) (®,(0) = E,_x), where E; denotes the
ith order identity matrix. Define the function F': V — R¥ by

(118) F(a) = / M) F (1, 2(t ), ola(t ) dt.
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Notice that we first need to find the function ¢. Here we use a polynomial-
undetermined-coefficient method to construct ¢, that is,

(1.19) o (@(t; ) Fo(t 2(t; ) = Go(t, x(t; ), (2 (t; @)))
according to (F3), ¢(x1,xa,...,xx) is some undetermined-coeflicient polynomial with
X1,T2,..., 2 (x; € R, i =1,...,k), then, we look for a group of appropriate coeffi-

cients. For example, we find ¢: (21,22) — (21 + 22,21 — 22) by this method for the
equation (1.14) mentioned above, where

(x1,22) = (19 cost — Tag Sint, x1gsint — xag cost),
r19 and r9g are constants.

Corollary 1.1. Let k = n — 2 and let F;, G; (i = 0,1,2) be C? smooth func-
tions and T-periodic with respect to t. Assume that (F1) and (F3) hold and
tr(DyGo(t, z(t; o), p(z(t; «)))) = 0. If there exists a positive integer m such that

2M Lt

1.2 m (T m (T “mrnr <2
(1.20) i (T3 @) + ham (T 0) + =25 <
or

2M L™+
(1.21) dim(T50) + ham (T 0) = === > 2

for any o € V, and there exists ag € V such that
F(ap) =0, det(D,F(a)) #0,

then for every sufficiently small € > 0 system (1.2) has at least a T-periodic solution
(x(t;€),y(t;€)) which satisfies

lim ((0; ), y(0; €)) = (a0, p(ao)).

e—0

Corollary 1.2. Let F;,G; (i = 0,1,2) be C? smooth functions and T-periodic

with respect to t. Assume that (F1) and (F2) hold, and the linearized system (1.5)—
(1.6) has no nontrivial T-periodic solutions for any a € V. If there exists a ag € V.
such that

F(ag) =0, det(DyF(ag)) # 0,
then for every sufficiently small ¢ > 0, system (1.2) has at least a T-periodic solution
(x(t;€),y(t;€)) such that

lim (2(0;),5(0;¢)) = (a0, Bo(a0))-

e—0

516



In order to reduce calculations, the following result is obtained.

Theorem 1.2. Assume that F;,G; (i = 0,1,2) are C? smooth functions and T-
periodic with respect to t. Let X(t,z,¢) be the solution of system (1.2) with the
initial value z and let By: V — R™* be a C? mapping with a bounded open subset
V in R*. We assume the following conditions hold.

(1) Let Z = {24 = (a,Bo(a)); a € V} C Q. For each z, € Z, the solution
X (t, z4,0) of the unperturbed system (1.4) is T-periodic.
(2) Assume that

D,Go(t, X (t,24,0)) = D™ (t,a)J(t,a)D(t, a) + C(t, a),

D(t,a)C(t,a) + %—Jf(t, a) = G(t,a)D(t, o),

where J(t,a) and G(t,«) are all diagonal matrices (or all irrelevant to t) and
T-periodic with respect to t, D(t,a) and C(t, «) are also T-periodic with respect
tot. Forany j € {1,2,...,n—k} and o € V, \; () # 2Ini (I € Z), where \j(«)
are eigenvalues of fOT [J(s,a) + G(s,a)]ds.

Consider the function F: V — R¥ defined by
T
F(a):/ ML) Fy (¢, X (2, 2, 0))
0

where M, (t) is the fundamental solution matrix of

% = DuFo(t, X(t 20, 0))u (a € 7).

If there exists ag € V' such that
F(apg) =0, det(DyF(ag)) # 0,

then, for every sufficiently small e, system (1.2) has at least a T-periodic solution
X (t,e) such that

Elig%) X(0,¢) = zay-

Remark 1.2. When D,Go(t, X (t, za,0)) is a diagonal matrix or matrix without
variable ¢, the calculations in the proof of Theorem 1.2 can be reduced.
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Let X (¢, a,¢) be the solution of system (1.1) with the initial value o and V be
a bounded open subset in R™. As a supplement for the local averaging theorem [4],
we have a trivial result as follows:

Theorem 1.3. Assume that system (1.1) satisfies the following conditions:

(1) For eacha €V, X(t,,0) is a T-periodic solution of the unperturbed system

dXx
1.22 — = X
( ) d+ GO(t7 )
of system (1.1).
(2) Define the function x: V — R™ by
(1.23) / MJ'#)G1(t, X (t,a,0))dt, a €V,

and the corresponding linearized system along the periodic solution X (t, «,0)
of the unperturbed system (1.22) is given by

Y
(1.24) ‘ii_t — DxGolt, X(t,,0))Y.

We denote by M,(t) the fundamental solution matrix of (1.24). We assume
that there exists an a € V, which satisfies x(a) = 0 and

det(%x(a}

);éo.

a=a

Then, for every sufficiently small €, system (1.1) has at least one T-periodic solution
X (t,e), which satisfies hII(l)X(O, €) =a.
e—

Remark 1.3. We remark that Theorem 1.3 is not contained in Theorem 1.3.6
of [19], which is due to the fact that

/T Gi(t, X (¢, ,0)) dt
0

and

/ M B)CL(t, X (¢, a,0)) dt

are not equivalent. When

d T
det(a/o Gl(t,X(t,a,O))dt> —0
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for the first-order average, Theorem 1.3.6 in [19] will be no longer suitable for appli-
cation. Theorem 1.3 is a degenerate form of the local averaging theorem [4], and it
cannot be proved by the method used to prove the local averaging theorem. In this
paper, we will give a concise proof of Theorem 1.3 by the local averaging theorem
and study comprehensively the existence of a periodic solution of a TMA with n pen-
dulums by Theorem 1.3. Especially, when Go(t, X) = 0, we can choose M, (t) = E,,
and obtain that the classical averaging theorem [24] is a special form of Theorem 1.3.

2. THE PROOFS OF THEOREM 1.1, THEOREM 1.2 AND THEOREM 1.3

First, we prove that the linearized system (1.5)—(1.6) has a fundamental solution

M, (t) 0
C(t) ‘Pa(t)) '

Denote the general solution of system (1.5)—(1.6) with the initial value (xo,y0) €

R* x R"* by (z(t,z0,y0), y(t, x0,yo)). Let (zo,y0) = I; (j = 1,2,...,k), where I;

represents the n-dimensional vector and only the first j coordinate are 1 and the

matrix

= (%

remaining coordinates are all zero. Therefore, the k solutions of system (1.5)—(1.6)
are obtained sequentially. It is obvious that the n X (n — k) matrix composed of these

Ma(t)
C(t)

0
vector of (tb (t)) is a solution of system (1.5)—(1.6). Then, a fundamental solution
«

M) 0
C(t)  Pa(t)

obtain its inverse matrix

Ha(t) = (—(I)_l(t)C(t)M_l(t) (I)—l(t)) .

(63 [e3% (e

column vectors can be expressed by ( ) We also prove that every column

matrix ( ) of system (1.5)—(1.6) is obtained, and also it is easy to

Obviously, the right upper corner k x k matrix of Ho(T) — H,(0) is a zero matrix,
thus, we only need to verify that the determinant of the right lower (n — k) x (n — k)
matrix ®,1(T) — &,1(0) = ®,1(T) — E,—k of Ho(T) — H,(0) is not zero. As we
know from matrix theory, the proof of det(®,'(T) — E,_;) # 0 is equivalent to
proving that 1 is not an eigenvalue of ®_*(T) for any a € V, that is, proving that 1
is not an eigenvalue of ®, (7)) for any a € V.

Proof of Theorem 1.1. Assume that 1 is an eigenvalue of ®,(T), and we can
obtain

1 — (d1(T; @) + ha(T; @) + det(®4 (T)) = 0.
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Then by Liouville’s formula, we obtain

det(®,(T)) = exp (/OT tr(DyGo(s, X (s, 2a,0))) ds) =1.

Thus, we have
di(T; o) + ho(T; ) = 2.

According to the Picard approximation principle, we obtain

2M LT

dlm(T; Oé) + th(T; 0&) - (m 4 1)[

< di(T; ) + ho(T; @)

2M LT

< . .
X dlm(Ta Oé) + h2m(T7 a) + (m ¥ 1)|

By condition (1.12) (or (1.13)), we know that d;(¢; ) + ha(t; o) # 2. Therefore, 1 is
not an eigenvalue of ®, (7)) for any a € V.
We denote the function y: V — RF by

-o{ [ (55 0) e

Obviously,

Theorem 1.1 can be proved by the local averaging theorem under the condition that
there is g € V such that F(ag) = 0 and det(D,F(ap)) # 0. Then we complete the
proof. O

Remark 2.1. To prove Corollary 1.1, we construct a C? smooth mapping 3 :
V — R* 7k, that is, Bo(a) = p(a),a € V. Let Z = {24 = (o, Bo(a)); a € V},
then Z C € according to the condition {(a,¢()); a € V} € Q. For all 2, € Z,
by the conditions (F1) and (F3) we obtain that the solution of the unperturbed
system (1.4) with the initial value z, is T-periodic. Finally, we prove Corollary 1.1
using the method in the proof of Theorem 1.1.

Remark 2.2. To prove Corollary 1.2, obviously, w(t;n) = ®,(t)n is the solution
of the linearized system (1.5)—(1.6) with the initial value n, and w(T';n) — w(0;n) =
(Po(T)—P,(0))n. We know that the equation (P, (7)— E,—)n = 0 has no nontrivial
solutions according to the condition of Corollary 1.2. Therefore, we have det(® (1) —

®4(0)) # 0.
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Proof of Theorem 1.2. Similar to the proof of Theorem 1.1, the key of prov-
ing Theorem 1.2 is that 1 is not an eigenvalue of ®,(T) for any a € V, where
D, (t) (Po(0) = E,—k) is some fundamental solution matrix of the system dv/dt =
D,Gy(t, X (t, za,0))v. Making the transformation z = D(¢, a)v, and by the equalities

D,Go(t, X (t,24,0)) = D™ (t,a)J(t,a)D(t, a) + C(t, a),

D
D(t,0)C(t,0) + 22 (1,0) = G(t, ) D{t, ),

we know that

dv

i D,Gy(t, X (t, 24,0))v
is changed into

d

= = J(ta)+G(t )l

Because J(t,«) and G(¢,«) are all diagonal matrices or irrelevant to ¢, we obtain
that the fundamental solution matrix of the system dz/dt = [J(¢, o) + G(t,a)]z is
exp(f(;5 [J(s, ) + G(s,a)]ds). Then, the fundamental solution matrix is given by

o (t) = D1 (¢ ) exp (/Ot[J(s, 0) + Gls, )] ds)D(O, a).

Notice that D~!(¢, ) is T-periodic. Then we have

Bo(T) = D10, 0) exp (/OT[J(S, 0) + G(s, )] ds)D(O, a).

Thus, the proof that 1 is not an eigenvalue of ®,(T) for any o € V is changed into
the proof that 1 is not an eigenvalue of exp(fOt[J(s, a) + G(s,a)]ds) for any a € V.
Obviously, we complete the proof using condition (2). O

Proof of Theorem 1.3. Consider the following system

% = Go(t, X) + G (t, X) + 2Ga(t, X, €,
2.1
2.) v

a7

where w: R — R. It is easy to see that system (2.1) is still a T-periodic differential
system with respect to ¢, and the equation dw/d¢ = w has only a T-periodic solution
w = 0.
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The unperturbed system of system (2.1) is

dX

- X
(2 2) dt GO(t7 )a

We construct a C? smooth function 3y: V — {0} C R, and
Z ={zq = (o, Bo(a)); a €V} CQxR.
According to condition (1) of Theorem 1.3, we know that the solution (X (¢, a, 0),0)

of the unperturbed system (2.2) with the initial value z, € Z is T-periodic. It is
easy to obtain that some fundamental solution matrix of the corresponding linearized

system
dY
E = l))(c;(()(t7 X(t, a, O))Y,
2.3
(2:3) aw_
e

along the periodic solution (X (¢, ,0),0) of the unperturbed system (2.2) is

@, (t) = (M%(t> eot) :

Obviously, the right upper corner of the matrix ®,_(T) — ®,_(0) is the n x 1 zero
matrix and the right lower e~7 — 1 satisfies e=7 — 1 # 0.
It’s easy to obtain that

P/OT<1>;;(75)<G1“’( (t,,0),0 )dt /M DGt X (£ 0, 0)) dt = y(a).

Since a € V, x(a) = 0 and det(d/da)x(a)|a=a # 0, by the local averaging theorem,
system (2.1) has at least a T-periodic solution (X (¢,¢),0) for each sufficiently small
€ > 0, which satisfies that (X(0,¢),0) — z, = (a,0) as ¢ — 0. It is easy to see that
X (t,¢e) is a T-periodic solution of system (1.1), and 1i_r>% X(0,e) = a. This completes
the proof of Theorem 1.3. ) O
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3. SOME EXAMPLES OF ENGINEERING PROBLEMS

In the following, we give two practical examples to illustrate our main results.

3.1. Periodic motions of a forced autoparametric vibrating system.
There are lots of papers related to forced autoparametric vibrating systems, see [8],
[2], [1]. The following system is based on the forced autoparametric vibrating system
in [14] and the appropriate frequency modulation is carried out:

77//+ 2G1 77/+ 1 n—
p(1+ R) p?>(1+ R) 1+R

(0" sin 6 + 6" cos )

= F COS( 1 T)
T pPP(1+R) \pWitrR /)

(3.1) 9
2(2q q .
0" + —22—0' + (————— — 1) sinf
W1t R (p2(1+R) n )
e ()
= cos T,
P’/ (1+R)R pV1+ R
where
x m Ro w k1
T (‘Ut7 n 17 R M7 kll7 p 917 1 M7
_we [k wr = ]I =G G 2
q_wl’ YN 2TV T oMy P 2milws

M, m are the masses, [ is the pendulum’s length, R is the mass ratio of the two bodies,
Q; is the natural frequency of the primary mass system, wy is the frequency of the
so-called “locked pendulum” system, ws is the natural frequency of the pendulum
alone, ¢ is the ratio of the two linear natural frequencies of the combined system,
p is the frequency ratio specifying the excitation frequency, and a prime denotes the
derivative with respect to the nondimensional time 7.

In order to study small motions around the static equilibrium position of the
unforced system, we introduce a small parameter ¢ (0 < £ < 1) such that

ﬂ:ﬁa 92?\/& 41251(‘:; C2:C2€7 F:F\E; FO:F\()gQ,

~ 1 R - - - ~ 1-—
9*&\/@‘97 ¢1=pCy, 427542-
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Then, system (3.1) is transformed into the following system:

7= - ;ﬁ—k ( cos( ! T) — 8" 0
p?(1+ R) p?(1+ R) pv1+ R p*(1+ R)
8 S 2 26 2
b )2 -
e m O ) 0
, N
~ 1 ~
32) { 0= z 0 6
(32) (p2(1+R)+p2(1+R)")+(p2(1+R) Cos(p\/1+R)
_ 49G 5 204 O . 5
pV1+ R 3p?(1+ R) 3p?R(1+ R) 3p%(1+ R)
4 N3~ D701\ 2 251 ey 2
S — 002 — —=1 .
3R R T80 p%1+R)")B+O@)

Theorem 3.1. Assume that the following inequality holds:

q4 3 3q2
(33) \/p2(1+R)+m< \/2—7_[

and ﬁ/a is small enough (see Remark 3.1), then for each sufficiently small ¢ > 0,
system (3.2) has at least a T = 2npy/1 + R-periodic solution (7j(t,¢),0(r,€)) such
that

~

RO ~ (. F
lim (77(07 6)7 n (Oa E)a 9(07 6)7 0 (07 6)) - (07 fa 07 0)

e—0 1

Remark 3.1. In [14], we described a system which is the same as (3.1) (up
to a scaling factor (py/1+ R)~!), and the existence of a periodic solution for it is
obtained by a direct application of the local average theorem in [4] because the form
of the fundamental matrix for the linearized system is known. However, in the present
case, the second equation (3.8) of the linearized system for the average system (3.5)
is a non-autonomous Hill equation and the fundamental matrix is unknown. To
overcome this difficulty, we will apply Theorem 1.1 to prove Theorem 3.1.

Moreover, we have the estimate

F _ 2py/B/@APP¢P A+ R) —pP(L+ B — 2
& 1+ p?(1+R) '

Furthermore, the interval estimate of the period is T € (0,2/+/3) under condi-
tion (3.3). For the process of choosing p, ¢, R by condition (3.3), see Fig. 1,
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where

Figure 1. The process of choosing p, ¢, R by condition (3.3).

Similar to the transformation in [1], we also introduce a small parameter ¢ (0 <
€ < 1) such that

n=ne, 6= fe, (1= Cie, Ca=C(e, F= ﬁaQ, Fo = F\()EQ,

1 R PO

~ _ —~ 1—
925 m& ¢1 = pCy, C2—§C2-

Then system (3.1) can be rewritten as

IS S F 1 2%,
= p2<1+R>”+(p2<1+R> Cos(p\/—1+RT) PA+R)
8q2 w2 2 2
4 s —
(3.4) sarmt t )5+0(e ),
~ 2 ~ 1 ~ 4q62 —~
[ S on — 0 )e + O®2).
20+ R) +( PO+ R) T oAt R )H (%)

We also get the following result:

Theorem 3.2. Assume that q ¢ N, then, for each sufficiently small ¢ > 0, the
system (3.4) has at least a T = 2npy/1 + R-periodic solution (7j(t,¢),0(7,€)) such
that

~

im (7(0,€).7(0. €), 6(0. ). & _ (0 £
lim (7(0,2), 7(0,€),6(0,), 8/ (0,¢)) = (0, 221,o,o).
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Proof of Theorem 3.1. Let

~ ~

m=n n=1n, 6 , O=0", x=(n,72), 92(517§2>a

q
= and Dy =
YT OOVITR T VILR

Rewrite system (3.2) in the form of a first-order system

d

— = Fo(r.2) + Fi(r,7,y)e + O(),
(3.5)

d

% = GO(Ta Z, y) + Gl(Ta Z, y)(—: + 0(62)7

where

2 b
Fo(r,z) = <—D%ﬁ1> » Golnay) = (— (D3 + Dii) 51) ’

0
F = ~ —~ —~
1(7:2,9) (FD% cos (D17) — 8D202 — 8D26%7, + 802 — 2@1)%@) ’

0
~ .~ 20~ AD203
FD2cos(Dy7)0; — 4C3 D505 — — D293 21
G,y = | TP PTI Al = O g
ADG3

20 o
~ 5 D63 +

2 + 80,62 — 2C, D267,

3R
Due to the fact that the parts with 7 of system (3.1) are all trigonometric functions
with the period T = 2mpV/1+ R, so Fy(T,z), Go(T,z,y), Fi(r,2,y), Gi(r,z,y),
O(e?) are all T = 2npy/1 + R-periodic functions, which are also C? smooth functions.
Obviously, system (3.5) is exactly the model discussed by Theorem 1.1. The proof
of Theorem 3.1 is given as follows.
Firstly, let

- {(ﬁm,ﬁzo); i+ <,

~

E o pVB/eOPEEA L R) - pP(+ R - qz} c RZ.
261 1+p*(1+R)

Secondly, it is easy to find the general solution of

d
(3.6) = = Fo(ra),
that is,
x(T 04) _ ( ’1/7\10 COS(DlT) + 7/7\20%1 Sin(DlT) )
’ —M1o D1 sin(Dy7) + 7o cos(D17) )’
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where o = (710, 720) is an initial value. Obviously, it is a solution with the period
T = 2mpy/1 + R, and (0,0) € R? is a rest point of

dy

(3.7) =

= Go(7,2,y).
We construct a mapping ¢: R? — (0,0) € R? , for each a € V, p(z(1;0)) isa T =
2mpy/1 + R-periodic solution of dy/dr = Go(7,z(;a),y) and ¢ is a C? smooth
function in V.

Thirdly, we prove that the fundamental solution matrix ®,(t) of

dy —

(3.8) T = DyGo(r.2(msa) p(z(r; )y (a€V)

satisfies (1.12). Let
By (r) = <d1(7,1) (7, 0))
d2(7,0)  ha(r,1)
where dq (7, 1), d2(7,0), hi(7,0), ho(,1) fulfil d1(0,1) = 1, d2(0,0) = 0, h1(0,0) = 0,
h2(0,1) = 1, respectively.
Here, we use the Picard approximation principle [27] to obtain the second-order

d12 (’7’)

approximate solution ( ) with the initial value (1,0) and the second-order

d22 (’7’)
h
approximate solution h12 ETi > of system (3.8) with the initial value (0, 1), respec-
22(T
tively, which satisfy the following estimates:
d —d 1 L373
(3.9) 12(7) — da (7, 1) < 7
de(T) —dg(T, 0) 3!
h —h L3713
(3'10) 12(T) 1(7—7 0) < 7
hQQ(T) —hQ(T,l) 3'

where L = \/1-1- (D§+D1\/M) :

According to the estimates (3.9) and (3.10), we obtain that

L3713 L3713

|di2(T) — di(T,1)| < TR |hoo(T) — ho(T,1)| < 3

Therefore, we have that

L3T3 L3T3

di2(T) + hoo(T) — 3 < di(T,1) + ho(T,1) < d12(T) + hoo(T) + 3

By condition (3.3) of Theorem 3.1, we also obtain

3T3 LS 3
= -—D2T% +

dlg(T) + hQQ(T) + +2 < 2.
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Finally, we prove that there exists an o € V such that

F(ap) =0, det(D,F(a)) #0,

where

(3.11) / My (T)Fy (7, 2(75 ), (x(7; ) dr,
- cos(D17) Dy 'sin(D17)

and M, (1) = (_Dl sin(Dy7) cos(D17) )

By (3.11), we infer that

F(a) B /T ( _%F\Dl Sin(QDlT) — 251D% Sin2 (DIT)ﬁIO —+ EIDI SiH(QDlT)ﬁQO > dr
0 ﬁD% cos?(Dy7) + ClDl sin(2D17)710 — 251Df cos?(D17)7a0
_ —GDiTio
= | FD*T R
L — (1D}

Solving the equation F'(«) = 0, we obtain ag = (0, F/2(1). Obviously,

OF (@)
8a a=ag

det #0.
Now, all conditions of Theorem 1.1 hold, system (3.5) has at least a T =
2npy/1 + R-periodic solution (z(7,¢),y(7,€)), which satisfies

~

. F
lim (2(0,), (0, 2)) = (o, a 0, o),

e— 1
that is, system (3.2) has a solution (7(,¢), é\(r, ¢)) with the period T = 2mpv/1 + R
such that

~

~ ~ F
. ~ ~ i o
1im (70, ), 7(0,2),8(0,2), (0, )) = (0, —221,070).
This completes the proof of Theorem 3.1. ([

We give the main proof of T € (0,2/1/3) in Remark 3.1. According to (3.3), we

obtain that
1/3¢2\2/3 1 [/3¢2\4/3 3¢2\2/3
- ) <o<3(2)
2<2n) 2 (n) <0<3(%
1 /3¢ 3\f
2

4/3
(—) —4¢*, 0< g < —

+ 2n
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where § = p?(1 + R). Denoting that

1/3¢2\2/3 1 [/3¢2\4/3 3v2
w0 =5(5) +3y(5r) e (0<a<l)
20 =5(5:) 3y ins ¢ <9< 37

62(g) has a maximum value 1/(37%) in ¢ = 1/(v/18%). Therefore, we have T =
2mv/§ < 2//3.
Proof of Theorem 3.2. Let

m=rmn, ﬁzzf}l, 1 =0, ‘-‘72:@, x = (N1, 72), y:(§17§2)a
1 q

= T/ D N s s
WItR 7 p/ItR

and rewrite system (3.4) in the form of the first-order system

d
— = Fy(r,x) + Fi(r,z,y)e + O(?),
dr
(3.12) q
= Golray) + Gi(ra,y)e + OE),
where
i 0>
F = G = o~
O(Tﬂx) <—D%7/]\1>’ O(Taxay) (_D§91>7
Fi(r,2,) '
Yy = = ~
16y FD? cos(Dy7) — 26, D3, — 8D202 + 802 )
0
Gi(r,z,y) = N ~ _~ .
) (—D%é’fm - 4<2D292)
It is easy to prove Theorem 3.2 by the local averaging Theorem [4]. 0

Notice that there is a periodic solution (1(7),0(7)) such that 7'(0,¢) # 0 for the
corresponding system (3.1) under the transformation

ﬂ:ﬁa 92?\/& 41251(‘:; C2:ZQ€7 F:F\E; F0:ﬁ0€2a
1 R -

~ N _ ~ 1—
925 m& ¢1 = pCy, C2:§C2

by Theorem 3.1, but we cannot ensure that when Theorem 3.2 holds.

3.2. Nonlinear oscillator of a tuned mass absorber. The tuned mass damper
(TMD) was patented by Frahm in 1909. Scientists and engineers have made a lot of
effort to improve the properties of TMD by adding control, e.g., the linear (nonlinear)
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oscillator of the tuned mass absorber (TMA) proposed in [12], [9], [10], [11] is replaced
by a pendulum, which is called the classical TMA. At the same time, there are also
a lot of publications on the multiple TMA, e.g., the works of Vyas and Bajaj [25],
[26], where the authors increase the efficiency of TMA by differentiating pendulums’
lengths. In [3], Brzeski, Perlikowski and Kapitaniak discuss the dynamics of TMA
replaced by dual pendulums, see Fig. 2, the purpose of their analysis is to study
and compare energy absorption properties of the system and show that by a careful
choice of parameters one can achieve large decrease of the Duffing system amplitude.
Here our task is to investigate the existence of a periodic solution of the generalized
model (see Fig. 2) of the tuned mass absorber system discussed in [3].

F cos(wt)
k1 +ke 22
A\ Q
M

Figure 2. TMA with n pendulums (k1, k2 are linear and nonlinear parts of spring stiffness,
respectively).

The corresponding n-dimensional equations of the model are as follows:
n n
(1 + Z mw>x" + Z Imiplip (@] cosp; — ¢} sing;)
i=1 i=1

+a + kepa® + cpa’ = Fp cos(wT),
(3.13)
imiplipa’” cos 1 + smaplipe! + $miplipgp singt + cpip@) =0,

1 " 1 2 " 1 3 /
5MpDlnpx” cos oy + gmnDlanon + 5sMpplnpgp Sin @y + cpppw;, =0,
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where m;p, l;p, cpip is the mass, length and damping coefficient of the first ith
pendulum, respectively, ¢; is the angle of the first ¢ pendulum, the vertical position
of the Duffing oscillator is described by the coordinate x.

Making the transformation

— 275 — — —
c¢p =¢cp, Fp=¢“Fp, x =€, ¢; =€p;, Mip = €M;p,

cpip = €%¢pip, i=1,...,n,
we obtain
— 1 & 39D <&
7= -7+ (FD cos(wr) — epT + I ;mwﬂ TD ;mw@)e
+0(?),
., 3 _ 3gp_ 3Fp (wr) 3p_, 3 —~_ _
= — X — —F — cos\wT xr m;px
T 2 \2hp 2hp Sap =
9D ~—~__ _ 3¢p1D _/> 9
+ mMip®; + — + O(e%),
(3.14) Ship 2= Dy o2, P (€)
_ 3 _ 3gp 3 3¢p 3 <
"o o _ _ /
on 2lnD 2lnD (2lnD COS(WT) 2lnD 8l2D ; i
9 " 3%pup _
8lgD mipP; + = PZQD ’,L>€+O(52)
nD nDby D

We state some results as follows:

Theorem 3.3. Assume that w = q/p (p,q € N4 and coprime), p,/ %gD/liD ¢ N,y
(t=1,2,...,n). If w # 1, then, for every sufficiently small € > 0, system (3.14) has
at least a T' = 2pn-periodic solution

(@(7,2),P1(7:€), .., P (T,€))
such that

lim (Z(0,¢), 7 (0,), %, (0,¢),7,(0,€), ..., 5,(0,¢),%,(0,£)) = (0,0,0,0,...,0,0);

e—0

if w = 1, then, for every sufficiently small € > 0, system (3.14) has at least a T = 27~
periodic solution
(E(Ta 5); @1 (7—7 6)7 cee 7¢n(7—7 6))
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such that

lim (7(0, €),7'(0,2), 21(0,),%1(0,), - -, 8,0, ), ¥, (0, €))
SKQFD _ 3K1?D SKQFD _ 3K1?D )
2lip —3g9p’ 2lip—3gp’ " 2l,p —39p’  2lap —3gp/’

= <_K2FD7K1FD7

where
. (5 . b
e N e N
1 lip —69p
b= =S 2 09D
2ZmD2liD_3gD

1=

Remark 3.2. Obviously, Theorem 3.3 holds for %gp/lip ¢0Q4 (t=1,...,n).

Theorem 3.4. Assume that w = q/p (p,q € Ny and coprime), l;p # ljp (i # j),

1,7 € {1,...,n}, 1/%gD/ZiD =q;/pi # 1 (pi,q; € N1 and coprime, i = 1,2,...,n).
If w = 1, then, for every sufficiently small € > 0, system (3.14) has at least a T =
2p; ... ppr-periodic solution

(E(T’ 6))@1 (T7 5)7 ce 7@71(7—7 5))
such that
lim (%(0,¢),7'(0,¢),%1(0,¢), 1(0,¢), ..., $,(0,€), 2, (0, €))

e—0
= (_KQFD;KlfD;(LOa e 5070)7

ifw # 1, Q/%QD/liD #w (i = 1,2,...,n), then, for every sufficiently small € > 0,
system (3.14) has at least a T = 2pp; ... p,n-periodic solution

(E(Ta E)a@l (7—7 6)7 cee 7¢n(7—7 6))

such that

lim (Z(0,¢), 7 (0,¢), %, (0,€),7,(0,), ..., 5,(0,¢),%,(0,£)) = (0,0,0,0,...,0,0);

e—0

ifw# 1, 1/%QD/Z1D = w, then, for every sufficiently small € > 0, system (3.14) has
at least a T’ = 2pp1 . . . pp-periodic solution

(E(Ta E)a@l (7—7 6)7 cee 7¢n(7—7 6))
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such that

lim (7(0, €),7'(0,2),21(0,),%1(0,), - -, ,,(0,€), ¥, (0, €))
= (0a07a1;a2a070a .. '70a0)7
where
Ki= =2 gyt
TR T B
1 < _ lip—"6gp
b= b B9,
2 Z TPy
99pM1p
4(2Z1D — 3gD)
99pFp 3cpip
2lip(2lip — 39p) mipli,
3¢p1iD 99pmi1p
mlDllD 4(211D — 3QD)
27g%M1p 3¢p1ip
 8hip(2lip — 39p) miplip
3Cp1p 0
mlDlw .
27g%M1p 99pF b
8lip(2lip — 39p) 2lip(2lip — 3g9p)
3¢piD 9gpmip
det mlDl%D 4(2l1D - 3gD)
_ 2Tghmip 3cpip
8lip(2lip — 3gp) mipl3,

Remark 3.3. The periodicity T' = 2pr in the conclusions of Theorem 3.3 and
Theorem 3.4 above in the case of different pendulum lengths with p/p; € Ny (i =
1,2,...
implies that Theorem 1.3 and the local averaging theorem [4] are two theorems that

,n), and the conditions of Theorems 3.3 and 3.4 are mutually exclusive, which

do not contain each other.

Here, we only prove the case with n = 2, which is just the case discussed by
Brzeski, Perlikowski and Kapitaniak [3], the proofs of other cases are similar.

533



Proof of Theorem 3.3. Let T = x1, T = x2, §; = Y11, P) = Y12, Py = Y21,
@5 = y22. Then system (3.14) is normalized for

Ty = x9,
x'2 = -1+ <FD cos wT me% — Cpx2 + —_— Zszyn)
+0(g?),
Y = Y12,
_ 2
3 3gD 3FD 3 __ 3ED
;o _ B , _ 2D
Yio = 5y a1 = gy (211D cos(wr) + T ;mm% 5,2
(3.15)
2
99p _ 3¢p1D 9
O

T z;mzpyﬂ + o2, y12 |e + O(g7),

yél = Y22,
_ 2
3 39D 3Fp 3 . 3¢p

;o _39p , _ 2D
Yho = T T Slor Yo1 (212D cos(wT) + S ;mmm ap To

9gD Zm DYi1 + Y22 |e + O(e?)

* 3p I 12 '

The unperturbed system of system (3.15) is

x) = x4,
xlg = —I1,
Y11 = Y12,

(3.16) )3 39D
Yi2 = oL T g Y
Y1 = Yoz,

ro_ 3 r 3gD

Yoo 212D 1 — 2l = Y21-

We construct a C? smooth mapping fBp: Vo — R*, that is,

3 3 3 - 3 . )
0 oy )

Bo(z10, T20) = <39D —2l4ip 10, 3g9p — 2lip 20, 3g9p —2lap
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where

Vo = {(1’10,%20); \/1’%0 +(E%O <r,

r>Fp [1+9Z 5

iD — 39D

](K%+K§>},

and construct a set

Z ={z0 = (o, Bo()); o € Vi}.

We obtain the solution of the unperturbed system (3.16) with the initial value z, € Z
(o = (210, z20)) as follows:

T10COST + XogSin T

—X108INT + T COST
3

 2lip — 39D
3

2lip — 39p
3

" 2lap — 39D
3

2losp — 3g9p

(x10 coST + xap sin 7)
X(T; 24,0) = (z10sinT — T COST)

(210 COST + a0 SIn T)

(z10 sinT — w0 COST)

It is easy to obtain that some fundamental solution matrix of the corresponding
linearized system along the periodic solution X (7, z4,0) of the unperturbed system
(3.16) is

(3.17) M., (r) = (

where
—————COST ——(/——///@ Sin T
2lip — 3gp 2lip — 39p
3 . 3
. ——— SINnT ———— X COS T
COS Sin — _
Mol = (5T ) Catny = | Phe e 2ho S0
—SINnT7T COST .
—————COST ————SsIn 71
2lsp — 3gp 2lap — 39p
3 . 3
————S1InT ———— COS T
2lsp — 3gp 2lap — 39D
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2lip
cos /52T So Sin /52T 0 0
_ /39D 39p 39D
5T Sy / 57T COS |/ 51T 0 0

/3 [26p o /3
0 0 ST % sin /527
0 0 —y/ slﬂ sin ,/ cos Slg;;’r
According to p\/3g9p/(2lip) ¢ Ny (i = 1,2) and Theorem 1.2, we obtain that
det(®,(T) — ©,(0)) # 0. Now, we construct the function

T
= 717’ T, 2 T
a>—/0 M () f(7, 2) dr,

where

fry @, @2, y11, Y12, Y21, Y22)

Akl»—'

0
— — 2 _ 3gD 2 _ .
F p cos(wt) + Z m;pr1 — CpT2 + I > MiDYi1

i=1
Ifw#1,

_ _ 99p 2 mM;p
—CpT10 — (— Z mMip — —— 71) Z20

4 3 2Lip —3gp
12 9gD 2 m;p _
(Z;mm 1 X, -3 D)xw —epT20

F(x10,220) = pr

Solving the equation F'(z19,x20) = 0, we obtain (19, z20) = (0,0) € V such that

OF (210, 220)

det
(10, 20) 1(0,0)

£0.

According to the local averaging theorem [4], for every sufficiently small ¢ > 0,
system (3.15) has at least a T' = 2prn-periodic solution

(z1(7,€), 22(7, ), y11(7, €), Y12(7, €), Y21 (7, €), Y22 (7, €))
such that
E11_1)1((1)(:161(0,5-:),562(0,5),y11(0,5),1112(0,5),2121(0,8),yzz((),é-:)) =(0,0,0,0,0,0),
that is, system (3.14) has at least a T' = 2prn-periodic solution

(E(T, 6)7 @1 (7—7 6)7 @2 (7—7 6))
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such that

611_I>Il( (O E) (0,6),@1(0,6),53(0,6),52(0,E),@lg(o,éf)) = (0,0,0,0,0 0)

ifw=1,

(ot )

—Cprio— (- > ™M, — 7$

D410 4= 4 = 1D_3gD 20
9 2 mip

FD+( Esz E

7)3710 — CpTao
i=1 2lip — 39D

Solving the equation F(z1¢, 720) = 0, we obtain that (219, 720) = (—K2F p, K1Fp) €
V such that

OF (w10, 220)
det( 8(x10,x20) ‘(—K2FD,K1FD)> 7 0.

According to the local averaging theorem [4], for every sufficiently small ¢ > 0
system (3.15) has at least a T' = 2n-periodic solution

(xl (Ta 6)) T2 (T7 5)7 Y11 (Ta 6)) Y12 (T7 5)7 Y21 (T’ 5)) Y22 (T 6))
such that

;1_1;%(1‘1(05 5)) 1‘2(0, 5)) 911(07 5)7 912(07 5)7 921(07 5)7 922(0 6))

= (~12Fb. K1, 21?5 Q—F??gp - 21?5 I—F??gp’ 225 Q—F?)ZD ’ _225 1—Ff’aDgD)
that is, system (3.14) has at least a T' = 2n-periodic solution
(@(1,€), P1(7,€), Ba(7,€))
such that
lim (7(0, £), 7'(0, ), 2,(0,£), % (0, 2), B2 (0, £), 75(0, €))
= (~2Fp. KiF, 21?5 Q—F??gp - 21?5 I—F??gp’ 225 Q—F?)ZD ’ _225 1—Ff’aDgD)
This completes the proof of Theorem 3.3. O

Proof of Theorem 3.4. Let V be a enough big bounded open subset around
0 € RS.

The solution of the unperturbed system (3.16) with the initial value oo =
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(Z10, 205 Y1105 Y1205 Y210, Y220) € V. is as follows:

X(1,,0)
T10 COST + Togsin T
—X10SINT + X9 COST

3(x10€OST + T SIn T) 39D
- + Y110 cOs —T + Y120
2lip — 39D 2l1D
. 3(x108inT — 90 COST) N
= \ / ny/ —T cos
2ip — 39 — Y110 2D Y120 2l1D )
3(x10coST + 220 sinT) /3 / 3gD
%2m — 300 + Y210 COS 212 D + Y220 212D
3(x108inT — 290 COST) .
—T coS
250 — 39D — Y20y 212 4/ gy, T Y220 2l2D

where X (7, @, 0) is a T' = 2pp1pen-periodic solution of the unperturbed system (3.16).

It is easy to see that some fundamental solution matrix of the corresponding line-
arized system along the periodic solution X (7, i, 0) of the unperturbed system (3.16)
is still (3.17), and we denote (3.17) as Ho (7). Now, we construct the function

T
~ [ B0 X (a0,
0
where

f(T; x1,T2,Y11, Y12, Y21, y22)

0
Fal 1 2 3 2
Fpcos(wr) + 7 Y Mipx1 — Cpa + 2L > Mipyit
i=1 i=1
0
=\ 3F 3 2 3¢ 9 2 3¢
D . __ 9CD 9D _9CP1D
512 cos(wT) + g 121 MiDpT1 — 37>T2 + 5> 121 ipYi1 + o=y
0
3F 3 2 3¢ 9 2 3¢
D . __ ©CD gD CpP2D
5.2 cos(wT) + g 121 MipT1 — 52 %2 + g2 121 ipYi1 + 5, P20

2 2
_ 1 — 9 mi
—CDT10 — (Z Z mip — “4 E M)xm
— 1 9 2 _
_ = _
Fp+ (Z Y. mip — 52> %)xm — CpZao

Cpip 99pmip 2793 CP1D
TY11DZ2 y110+ 4(211D 39D)y120 SllD(QllD 39D)y110+ mlDZQ Y120

F(Oé) = p1p2T

3¢p2p 2795 Map CpaD
TaplZ,, Y210 + 4(212D_39D)y220 Shap (2lap—3g5) Y210 + szlz Y220
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Solving the equation F(«) = 0, we obtain that ag = (~K>2Fp, K1Fp,0,0,0,0) € V

such that
OF (a)

(0% a=agp

det # 0.

According to Theorem 1.3, for every sufficiently small £ > 0, system (3.15) has at
least a T' = 2pqpon-periodic solution

(.131 (Ta 6)) T2 (T7 5)7 Y11 (Ta 6)) Y12 (T7 5)7 Y21 (Ta 6)) Y22 (Ta 6))
such that

Elii%(atl(o, €),22(0,€),y11(0,),412(0,€),421(0,€), y22(0, €))
= (_KQFD7 K1FD7 0; 07 0) 0)7

that is, system (3.14) has at least a T' = 2p;pon-periodic solution
(E(T, 6)7 @1 (7—7 6)7 @2 (7—7 6))
such that

lim (7(0,€),7(0,€),%,(0,€),1(0,€),%,(0,€), 75(0, €)) = (~K2F p, K1Fp, 0,0,0,0);

e—0

ifw+#1, 39p/(2lLip) # w (i = 1,2), we obtain that

F(a)
2
- 1 — 9 m,
~eparo — (§ X mip — %2 Z T2 o
i=1
1 2 9 2
m. 9D miD -
— 1 mip — p— )3310 — CDX20
= pp1pP2T (4 l; 4 l; 2lip—39D
3cpip 2792Dm1D

99p™Mi1pD _ Ccp1D
T2, Y110 + 12053957 Y120 ~ Sp 2L o395y Y110 T mwlz Y120

3¢pap 99pm2p _ 2793 ™D P2D
mapl, Y210 + 4(212D—39D)y220 812D(212D—39D)y210 + mQDl Y220

Solving the equation F'(«) = 0, we obtain that ag = (0,0,0,0,0,0) € V such that

OF (o)

det
Oa a=ag

£0.

According to Theorem 1.3, for every sufficiently small £ > 0, system (3.15) has at
least a T' = 2pp1pon-periodic solution

(CL‘l (Ta E)a T2 (7—7 6)7 Y11 (Ta E)a Y12 (7—7 6)7 Ya1 (7—; E)a Y22 (Ta E))
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such that
lim (1'1 (0 5) 1'2(0, E)a y11(0, E)a le(O; E)a y21(07 6)7 y22(07 6)) = (Oa 07 Oa 07 Oa 0)7

that is, system (3.14) has at least a T' = 2pp; pan-periodic solution
(E(T, 6)7 @1 (7—7 6)7 @2 (7—7 6))

such that
. — —/ — —/ — —/ .
Eh_I)%((E(O, 5); T (Oa 5); Sol(oa 5); Sol(oa 5); SOQ(Oa 5); SOQ(Oa E)) = (07 Oa 07 Oa 07 O)a
. 3 N .
if \/59p/lip = w, we obtain that
F(a) = ppiper
2
= 1 — 99D m;
—CpT10 — (Z > Mip — =P 3 2liD,%gD)LI?20
=1 =1
1 2 9
_ m,
X (Z Zlsz - 3o DggD)Ilo — €pT20
i=
3Cpip 99p™1p DFD 2797, M1p 17305}
mipl?, Yo + 4(2l1p— 39D)y120 2lip(2lip—39p)  8lip(2lip— 3gD)y110 + ’mlDl2 Y120
3CP2D 2795, M2p Cp2D
y210 + 4(212D 3gD)y220 812D(212D73QD)Z/210 + szlz Y220

m2D

Solving the equation F(a) = 0, one obtains that ay = (0,0,a1,a2,0,0) € V such

that
OF (a) 40,

det————=
80[ a=aog

According to Theorem 1.3, for every small enough £ > 0, system (3.15) has at least

a T = 2ppipon-periodic solution
(xl (T 5) 1‘2(7' 5)7 yll(Ta 5)) le(T7 5)7 y21(7-; 5)) Y22 (T 6))

such that
lim (1'1 (0 5) X2 (07 6)7 y11(0, E)a le(O; E)a y21(0; E)a y22(07 6)) = (Oa 07 ai, Az, 07 O)a

that is, the system (3.14) has at least a T' = 2pp;pan -periodic solution

(E(Tv 5)7 @1 (T7 5)7 @2 (T7 5))

such that
7 (07 6)) = (07 O; ay, az, 07 O)

hm( (0 6) (OaE)a@l(oaE)awll(oag)a¢2(07€)7902

e—0

This completes the proof of Theorem 3.4
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Above, we use the local averaging theorem [4] to prove Theorem 3.3 which solves

the existence of a periodic solution of TMA with multiple pendulums, and prove

Theorem 3.4 by the supplemental Theorem 1.3. In some way, Theorem 3.4 supple-

ments Theorem 3.3 so that the existence of a periodic solution of TMA with multiple

pendulums has been extended.
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