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Gr-(2,n)-ideals in graded commutative rings

KHALDOUN AL-ZOUBI, SHATHA ALGHUEIRI, ECE Y. CELIKEL

Abstract. Let G be a group with identity e and let R be a G-graded ring. In
this paper, we introduce and study the concept of graded (2,n)-ideals of R.
A proper graded ideal I of R is called a graded (2,n)-ideal of R if whenever
rst € I where r,s,t € h(R), then either vt € I or rs € Gr(0) or st € Gr(0).
We introduce several results concerning gr-(2,n)-ideals. For example, we give
a characterization of graded (2,n)-ideals and their homogeneous components.
Also, the relations between graded (2,n)-ideals and others that already exist,
namely, the graded prime ideals, the graded 2-absorbing primary ideals, and the
graded n-ideals are studied.
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1. Introduction and preliminaries

Throughout this article, rings are assumed to be commutative with 1 £ 0. Let
R be a ring, I be a proper ideal of R. By /I, we mean the radical of I which
is {r € R: r™ € I for some positive integer n}. In particular, V0 is the set of
nilpotent elements in R. Recall from [13] that a proper ideal I of R is said to
be an (2,n)-ideal if whenever a,b,c € R and abc € I, then ab € I or ac € /0 or
be € V0.

The scope of this paper is devoted to the theory of graded commutative rings.
One use of rings with gradings is in describing certain topics in algebraic geometry.
Here, in particular, we are dealing with gr-(2, n)-ideals in a G-graded commutative
ring. First, we recall some basic properties of graded rings which will be used in
the sequel. We refer to [8]-[10] for these basic properties and more information
on graded rings. Let G be a group with identity e. A ring R is called graded
(or more precisely, G-graded ) if there exists a family of subgroups {R4} of R
such that R = @gec R, (as abelian groups) indexed by the elements g € G,
and RyRp C Rgp for all g,h € G. The summands R, are called homogeneous
components and elements of these summands are called homogeneous elements.
If a € R, then a can be written uniquely a = dec ag where a4 is the component
of a in Ry. Also, we write h(R) = {J,cq Ry Let R = @ g Ry be a G-graded
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ring. An ideal I of R is said to be a graded ideal if I = P (I N Ry) =
@gec I,. An ideal of a graded ring need not be graded. If I is a graded ideal
of R, then the quotient ring R/I is a G-graded ring. Indeed, R/I = @ (R/I),
where (R/I)g = {x +I: 2z € Ry}. Let R be a G-graded ring and S C h(R)
a multiplicatively closed subset of R. Then graded ring of fractions is denoted by
SR which is defined by SR = @gec(S_lR)g where (S7'R), = {%:a € R,
s€S, g=(degs) !(dega)}.

The graded radical of a graded ideal I, denoted by Gr(I), is the set of all
T =3 ,ccTy € I such that for each g € G there exists n, € N with rg? € I.
Note that, if « is a homogeneous element, then = € Gr(I) if and only if z™ € I
for some n € N, see [12].

Let R be a G-graded ring. A proper graded ideal M of R is said to be graded
mazximal ideal of R (gr-maximal) if J is a graded ideal of R such that M C
J C R, then M = J or J = R. A proper graded ideal I of R is said to be
a graded prime (gr-prime) if whenever ry, s, € h(R) with rys, € I, then either
rg € I or s, €I, see [3], [12].

The concepts of graded primary ideals and graded weakly primary ideals of
a graded ring have been introduced in [11] and [5], respectively. A proper graded
ideal T of a G-graded ring R is called a graded primary (gr-primary) (or graded
weakly primary) ideal if whenever rg, s, € h(R) and rgs, € I (or 0 # rgsp, € I,
respectively), then either r, € I or s, € Gr(I).

Graded 2-absorbing ideals of commutative graded rings have been introduced
in [1]. According to that paper, I is said to be a graded 2-absorbing (gr-2-absorb-
ing) tdeal of a G-graded ring R if whenever rg, sp,,t; € h(R) with rgspt; € I, then
rgsn € I or rgt; € I or spt; € 1.

In [4] K. Al-Zoubi and N. Sharafat introduced a generalization of graded pri-
mary ideals called graded 2-absorbing primary ideals. A graded ideal I of a G-
graded ring R is said to be a graded 2-absorbing primary (gr-2-absorbing pri-
mary) ideal of R if whenever 7y, sp,t; € h(R) with rgspt; € I, then rgsp € I or
rgti € Gr(I) or spt; € Gr(I).

Recently, K. Al-Zoubi, F. Al-Turman and S. Ceken in [2] introduced and stud-
ied the concepts of graded n-ideals in commutative graded rings. A proper graded
ideal I of a G-graded ring R is called a graded n-ideal (gr-n-ideal) of R if when-
ever rq, s, € h(R) with r4s, € I and 4 ¢ Gr(0), then s, € I.

In this paper, we introduce the concept of graded (2, n)-ideals (gr-(2, n)-ideals)
and investigate the basic properties and facts concerning gr-(2, n)-ideals.
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2. Results

Definition 2.1. Let R be a G-graded ring. A proper graded ideal I of R is called
a graded (2,n)-ideal of R if whenever rst € I where r,s,t € h(R), then either
rt € I or rs € Gr(0) or st € Gr(0). In short, we call it a gr-(2,n)-ideal.

Lemma 2.2. Let R be a G-graded ring and I a proper graded ideal of R. If I
is a gr-(2,n)-ideal, then Gr(I) = Gr(0).

PROOF: Suppose that I is gr-(2,n)-ideal. Clearly, Gr(0) C Gr(I). Now, let
rg € Gr(I) N h(R), then 7' € I for some n € Z*. It follows that 1-1-r) € I.
Since I is a gr-(2,n)-ideal of R and 1 € R, — I, we get ry € Gr(0) and so
rqy € Gr(0). Hence Gr(I) C Gr(0). Therefore Gr(I) = Gr(0). O

It is clear that every gr-(2,n)-ideal is a gr-2-absorbing primary ideal. However,
the converse is not true in general. The example of this is given below.

Example 2.3. Let R = Z[i] and G = Zy. Then R is a G-graded ring with
Ry = Z and Ry = iZ. Let I = 6R. Then I is not gr-(2,n)-ideal since we have
Gr(I) # Gr(0). However an easy computation shows that I is a gr-2-absorbing
primary ideal of R.

It is clear that gr-n-ideal is gr-(2,n)-ideal. However, the converse is not true
in general. The example of this is given below.

Example 2.4. Let G = Z,. Then R = Zg is a G-graded ring with Ry = R and
R; = {0}. Consider the graded ideal I = (0) of R. It is clear that I is gr-(2,n)-
ideal of R. However, I is not gr-n-ideal since 2,3 € h(R) = Z¢ with 2-3 € I,
2¢ 1 and 3¢ Gr(0) =0.

Theorem 2.5. Let R be a G-graded ring and I a proper graded ideal of R. Then
the following statements are equivalent:

(i) Ideal I is a gr-(2,n)-ideal of R.

(ii) Ideal I is a gr-2-absorbing primary ideal of R and Gr(I) = Gr(0).

ProoF: (i) = (ii) Suppose that I is a gr-(2,n)-ideal of R, clearly I is a gr-2-
absorbing primary ideal of R. By Lemma 2.1, Gr(0) = Gr(I).

(i) = (i) Let r,s,t € h(R) with rst € I. Then rs € I or rt € Gr(I) or
st € Gr(I) as I is a gr-2-absorbing primary ideal of R. This implies that rs € T
or rt € Gr(0) or st € Gr(0) since Gr(I) = Gr(0). Thus I is a gr-(2,n)-ideal
of R. O

Note that a gr-prime ideal is not necessarily a gr-(2, n)-ideal. For example, let
us take a G-graded ring R as in Example 2.3. Then I = 2R be a graded prime
ideal. However, I is not gr-(2,n)-ideal since we have Gr(I) # Gr(0).
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Conversely, a gr-(2,n)-ideal is not a gr-prime in general. For instance take
a G-graded ring R as in Example 2.4. The graded ideal I = (0) is gr-(2, n)-ideal
but I is not gr-prime ideal since 2-3 € I but 2¢ I and 3 ¢ I.

Theorem 2.6. Let R be a G-graded ring and P a gr-prime ideal of R, then the
following statements are equivalent:
(i) Ideal P is a gr-(2,n)-ideal of R.
(ii) P = Gr(0).
(iii) Ideal P is a gr-n-ideal of R.

PROOF: Since P is gr-prime, then Gr(P) = P by [11, Proposition 1.2 (5)]. It
is clear that every gr-prime ideal is gr-2-absorbing primary so the equivalence
(i) & (ii) follows from Theorem 2.5. Now, the equivalence (ii) < (iii) is just [2,
Theorem 2.4]. O

The proof of the following result is an analogue of the proof of [6, Lemma 2.18].

Theorem 2.7. Let R be a G-graded ring, I a gr-(2,n)-ideal of R and J =
@D, cc Jg be a graded ideal of R. If r,s € h(R) and g € G such that rsJy, C I
and rs ¢ I, then either rJ, C Gr(0) or sJ; C Gr(0).

PRrROOF: Let 7,5 € h(R) and g € G such that rsJ;, C I and rs ¢ I. Assume
that rJ, ¢ Gr(0) and sJ, ¢ Gr(0). Then there exist jg,jg € Jy such that
rjg ¢ Gr(0) and sjg, ¢ Gr(0). Since rsjg, € I, rs ¢ I and rj,, ¢ Gr(0), we
get sjg, € Gr(0) as I is gr-(2,n)-ideal of R. Similarly, by rsjg, € I, rs ¢ I
and sjg, ¢ Gr(0), we conclude that rj,, € Gr(0). By jg, + jg. € Jy, We get
r8(jg, + Jg,) € I. Then either r(jg, + jg,) € Gr(0) or s(jg, + jg.) € Gr(0) as
I is gr-(2,n)-ideal of R. This implies that rj,, € Gr(0) or sj,, € Gr(0) since
Tjg, € Gr(0) and sj,, € Gr(0) which is a contradiction. O

Theorem 2.8. Let R be a G-graded ring, I be a gr-(2,n)-ideal of R. Let J =
D cc Jg and K = @, Ky be two graded ideals of R. If v € h(R) and g,h € G
with rJ,Kp, C I, then either J,K;, C I orrJy C Gr(0) or rK; C Gr(0).

PROOF: Let r € h(R) and g,h € G with rJ,K), C I and J,K), € I. We show
that rJ; € Gr(0) or rK;, C Gr(0). Suppose that neither rJ, C Gr(0) nor
rKj; C Gr(0). Then there are j, € J, and kj, € K, such that rj, ¢ Gr(0) and
rky, ¢ Gr(0), but rjgkn € I so we have jgky € I since I is a gr-(2,n)-ideal of R.
Now, since JyK;, € I, there exist j; € J, and k), € K}, such that jik, ¢ I.
Since rjgk;, € I and jykj, ¢ I, we get either rj; € Gr(0) or rkj, € Gr(0) as [ is
a gr-(2,n)-ideal of R. We consider three cases.

Case 1: Suppose that rj;, € Gr(0) but rk; ¢ Gr(0). Since rj,k;, € I, rj, ¢
Gr(0) and rk;, ¢ Gr(0), we get jokj € I. Since rj; € Gr(0) but rj, ¢ Gr(0),
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we have r(j, + jg) ¢ Gr(0). By r(jy + jg)k;, € I and rkj ¢ Gr(0), we have
(Jg +g)ky, = dgky, +dgky, € I as I is gr-(2,n)-ideal of R. It follows that j kj € I
since jgk;, € I, a contradiction.

Case 2: Suppose that rkj € Gr(0) but rj, ¢ Gr(0), similar to Case 1.

Case 3. Suppose that rj, € Gr(0) and rkj € Gr(0). By rkj € Gr(0) and
rky, ¢ Gr(0), we get r(k, + k},) ¢ Gr(0). Since rjq(ky + k) € I, rj, ¢ Gr(0) and
r(kn+ky,) ¢ Gr(0), we get jg(kn+ky,) = jokn+igk), € I as Iis gr-(2,n)-ideal of R.
It follows that j,kj € I since jokn € I. By rj; € Gr(0) and rj, ¢ Gr(0), we get
7(jg +Jy) & Gr(0). Since r(jy + jg)kn € I, ky ¢ Gr(0) and r(j, + j;) ¢ Gr(0),
we have (jg +3jg)kn = jokn+jykn € I as I'is gr-(2,n)-ideal of R. This yields that
Jgkn € I since jgky € I. Now since r(jg + jg)(kn + k) € I, 7(jg + j;) ¢ Gr(0)
and r(kn +ky,) ¢ Gr(0), we get (jg + ) (kn +ky,) = Jokn +jgkn + jgky, +joki, € 1.
It follows that jgkj, € I, a contradiction. O

Theorem 2.9. Let R be a G-graded ring, I a proper graded ideal of R. Let
J=@®,ccJy K =D eq Ky and L = @, Ly be graded ideals of R. Then
the following statements are equivalent:

(i) Ideal I is a gr-(2,n)-ideal of R.

1) For every g,h, A € wit. h x C I, either A C Tor KpLyC

i) Ft h,A € G with KpJ4L 1, either JyL 1 KL
Gr(0) or K1 Jy € Gr(0).

PROOF: (i) = (ii) Assume that I is a gr-(2,n)-ideal of R. Let g,h,A € G
with KpJyLyx C I and JyLy ¢ I. Then for all k, € K, either k,Ly € Gr(0)
or kpJy € Gr(0) by Theorem 2.8. If kpJ, C Gr(0) for all k, € K, then
KpJy, € Gr(0), we are done. Similarly, if k, Ly € Gr(0) for all k, € Kj, then
KLy C Gr(0), we are done. Suppose that ky,, kn, € K, are such that ky, J, ¢
Gr(0) and kp,Lx € Gr(0). Since kp, JgLx C I, JyLx € I and kp,J, € Gr(0),
by Theorem 2.8, we get kp, Ly C Gr(0). Similarly we have kp,J; C Gr(0). By
(kn, +kn,) € Kn, we get (kp, +kp,)JgLx C I. Then either (kn, + kn,)J; C Gr(0)
or (kn, + kn,)Lx € Gr(0) by Theorem 2.8. By (kp, + kn,)Jy C Gr(0) it follows
that kp, Jg C Gr(0), which is a contradiction. Similarly by (kpn, +kn,)Lx € Gr(0)
we get a contradiction. Therefore either KLy C Gr(0) or KJ,; C Gr(0).

(ii) = (i) Assume that (ii) holds. Let rg, sp,tx € h(R) with rgspty € I. Let
J = (ry), K = (sp) and L = (), be graded ideals of R generated by 74, s, tx,
respectively. Hence KpJ,Lyx C I, by our assumption we have J,Lyx C I or
KpLy C Gr(0) or KpJ, C Gr(0). It follows that ryty € I or spty € Gr(0) or
sprg € Gr(0). Thus I is a gr-(2,n)-ideal of R. O

Theorem 2.10. Let R be a G-graded ring and I and J be two proper graded
ideals of R, if I and J are gr-(2,n)-ideals, then so is I N J.
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PROOF: Let r,s,t € h(R) such that rst € I'NJ with rs ¢ I'NJ, then rs ¢ I or
rs ¢ J, suppose for example rs ¢ I. Then rt € Gr(0) or st € Gr(0) since I is
a gr-(2,n)-ideal, hence I N J is a gr-(2,n)-ideal of R. O

Note that a gr-primary ideal is not necessarily a gr-(2,n)-ideal. For example,
let us take a G-graded ring R as in Example 2.3. Let I = 2R be a gr-prime ideal
(and so gr-primary). But I is not gr-(2,n)-ideal since we have Gr(I) # Gr(0).
Next we characterize the rings over which every gr-primary ideal (every graded
2-absorbing primary ideal, respectively) is gr-(2, n)-ideal.

Recall that a graded principal ideal of a G-graded ring R is a graded ideal of R
generated by a single homogeneous element, see [10].

Theorem 2.11. Let R be a G-graded ring, then the following statements are
equivalent:

(i) For each r € h(R), either r is unit or r € Gr(0).

) Every proper graded principal ideal is a gr-n-ideal.

) Every proper graded ideal is gr-n-ideal.

) Every gr-2-absorbing primary ideal is gr-(2,n)-ideal.
(v) Every gr-primary ideal is gr-(2,n)-ideal.

) Every gr-prime ideal is gr-(2,n)-ideal.

) Every gr-maximal ideal is gr-(2,n)-ideal.

) Ideal Gr(0) is a gr-maximal ideal of R.

PRrROOF: (i) = (ii) Let I = (r) be a proper graded principal ideal of R where
r € h(R) and let s,t € h(R) such that st € I and s ¢ Gr(0), so we have s is unit
in R, hence t € I, so I is a gr-n-ideal.

(i) = (iii) Let I be a proper graded ideal of R, and r,s € h(R) with rs € I
and r ¢ Gr(0), but rs € (rs) C I which is a gr-n-ideal of R, so we conclude
s € (rs) C I, hence I is a gr-n-ideal.

(iii) = (iv) = (v) = (vi) = (vii) Trivial.

(vii) = (viii) Let M be a gr-maximal ideal of R. By (vii) and Lemma 2.2, we
get Gr(M) = Gr(0). Since M is gr-maximal ideal, by [11, Proposition 1.2 (5)],
M = Gr(M) = Gr(0). Hence Gr(0) is the unique gr-maximal ideal of R.

(viii) = (i) Let r € h(R) which is not unit, so (r) is a proper graded ideal of R,
but Gr(0) is gr-maximal ideal of R, so Gr((r)) = Gr(0) and so r € Gr(0). O

For G-graded rings R and R/, a G-graded ring homomorphism f: R — R’ is
a ring homomorphism such that f(R,) C R for every g € G. The following result
studies the behavior of gr-(2,n)-ideals under graded homomorphism.

Theorem 2.12. Let R and R’ be two G-graded rings and ¢: R — R’ a graded
ring homomorphism. Then the following statements hold:
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(i) If ¢ is a graded onto homomorphism and I is a gr-(2,n)-ideal of R con-
taining ker o, then ¢(I) is a gr-(2,n)-ideal of R'.

(ii) If ¢ is a graded monomorphism and I' is a gr-(2,n)-ideal of R', then
e H(I") is a gr-(2, n)-ideal of R.

PROOF: (i) Suppose that I is a gr-(2,n)-ideal of R with kerp C I. Let 1/, s',t' €
h(R') such that 's't’ € ¢(I). Since ¢ is a graded onto homomorphism, there exist
r,s,t € h(R) such that ¢(r) = r',¢(s) = ¢, ¢(t) = t'. Hence ¢(rst) = 1's't' €
(1), it follows that o(rst) = (i) for some ¢ € I N h(R). Then rst € I since
rst—i € ker(p) C I. This yields that either rs € I or st € Gr(0g) or rt € Gr(0r)
as I is a gr-(2,n)-ideal of R. Hence either 's’ € ¢(I) or 't € p(Gr(0g)) C
Gr(0g/) or 't € p(Gr(0r)) € Gr(0g:). Therefore p(I) is a gr-(2,n)-ideal of R'.

(ii) Suppose that I’ is a gr-(2,n)-ideal of R’. Let r,s,t € h(R) such that
rst € o Y(I'). Then @(rst) = o(r)p(s)p(t) € I'. Since o(r), ¢(s), ¢(t) €
h(R') and I’ is a gr-(2,n)-ideal of R, we get either p(r)p(s) = ¢(rs) € I’ or
o(s)p(t) = @(st) € Gr(0r) or o(r)p(t) = @(rt) € Gr(0g/). But ¢ is a graded
monomorphism, so we have either rs € ¢=1(I') or st € Gr(0g) or rt € Gr(0g).
Therefore ¢~ (I") is a gr-(2,n)-ideal of R. O

Corollary 2.13. Let R be a G-graded ring.

(i) Let I and J be graded ideals of R with J C I. Then I is a gr-(2,n)-ideal
of R if and only if I/J is a gr-(2,n)-ideal of R/J and J C Gr(0).

(ii) If R’ is a graded subring of R and I is a gr-(2,n)-ideal of R, then IN R’
is a gr-(2,n)-ideal of R’.

ProoF: (i) Consider the natural graded ring epimorphism map n: R — R/J,
defined by m(r) = r + J. The result is clear by Theorem 2.12 (i). Furthermore
J CICGr(l)=Gr(0).

Conversely, suppose that I/J is a gr-(2,n)-ideal of R/J and J C Gr(0). Then
I/J is a 2-absorbing primary ideal of R/J and Gr(I/J) = Gr(0g/;). Thus
Gr(J)/J = Gr(Og;y) = Gr(I/J) = Gr(I)/J implies that Gr(I) = Gr(J) =
Gr(0) from our assumption. On the other hand, we conclude from [4, Theo-
rem 2.6 (i)] that I is a 2-absorbing primary ideal of R. Consequently, I is
a gr-(2,n)-ideal of R by Theorem 2.5.

(ii) Considering the natural injection i: ' — R, we conclude the result by
Theorem 2.12 (i) as i *(I) = I N R'. O

Let I be a proper graded ideal of G-graded ring R. Then G — Z;(R) =
{r € h(R): rs € I for some s € h(R) — I}.

Theorem 2.14. Let R be a G-graded ring and S C h(R) be a multiplicatively
closed subset of R.
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(i) If I is a gr-(2,n)-ideal of R, then S™'I is a gr-(2,n)-ideal of S™'R.
(i) If S7'I is a gr-(2,n)-ideal of ST'R, SN G-Zy(R) = 0, and S N G-
Z1(R) =0, then I is a gr-(2,n)-ideal of R.

PROOF: (i) Assume that I is a gr-(2,n)-ideal of R. Let s € SN T C h(R), hence
s € I C Gr(I) = Gr(0) by Lemma 2.2, it follows that s" = 0 for some n € Z™,
so 0 € S, a contradiction. Thus SN T = () and S~!I is a proper graded ideal of
S~IR. Now, let %%% € S~ for some 2, %,% € h(S7'R). So there exists u € S
such that wabc € I. Then either uab € I or be € Gr(0) or uac € Gr(0) as I is
a gr-(2,n)-ideal of R. If uab € I, then 2% = %2 ¢ =17 and if be € Gr(0),
then 2£ € S71Gr(0g) = Gr(S™'0r) = Gr(0g-1g). And if uac € Gr(0) then
e = v ¢ S-1Gr(0r) = Gr(S™'0r) = Gr(0g-1g). Therefore S™'1I is a gr-
(2,n)-ideal of ST!R.

(ii) Suppose that abc € I for some a,b,c € h(R). Then %< = 2bc ¢ g-1T,
Since S71I is a gr-(2,n)-ideal of S™!'R, we conclude that either %% € S or
be € Gr(0s-1p) or 2¢ € Gr(0s-1g). If 42 = 2 ¢ S711, then vab € I for
some v € S. Since v € S and SN G-Z(R) = 0, we have ab € I. If b¢ =
be € Gr(0s-1r) = S7Y(Gr(0g)), then there exists t € S and n € Z* such that
(tbe)™ =t™ b"c™ = 0. Since t € S, we have t" ¢ G-Zy(R). Thus b"c" = 0, and so
bc € Gr(0g). With a same argument, we can show that if ${ € Gr(0g-1p), then

ac € Gr(0g). Therefore I is a gr-(2,n)-ideal of R. O

Lemma 2.15. Let R be a G-graded ring. If P, and P, are two gr-prime ideals
of R, then P, N P» is gr-2-absorbing ideal of R.

PRrROOF: Straightforward. O
The set of all minimal gr-prime ideals is denoted by Ming,(R).

Lemma 2.16. Let R be a G-graded ring. If R has at most two minimal gr-
prime ideals, then there exists a gr-(2,n)-ideal. In this case, Gr(0) immediately
is a gr-(2,n)-ideal.

PROOF: Suppose that R has at most two minimal gr-prime ideals. Assume first
that R has only one minimal gr-prime ideal say I, then Gr(0) = I, hence by
Theorem 2.6, Gr(0) is a gr-(2,n)-ideal. Assume that R has exactly two minimal
gr-prime ideals say I; and I, then Gr(0) = I N I, so by Lemma 2.15, Gr(0)
is a gr-2-absorbing ideal, then Gr(0) is a gr-2-absorbing primary ideal of R and
Gr(Gr(0)) = Gr(0) by [12, Proposition 2.4]. So by Theorem 2.5, we have Gr(0)
is a gr-(2,n)-ideal of R. O

Theorem 2.17. Let R be a graded ring with |Ming(R)| < 2. If Gr(0) is not
a gr-maximal ideal of R, then the following statements are equivalent:
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(i) Every gr-(2,n)-ideal is gr-primary.
(ii) Ideal Gr(0) is a gr-prime ideal and it is the only gr-(2,n)-ideal of R.
(iii) Every gr-(2,n)-ideal is a gr-n-ideal.

PrROOF: (i) = (ii) Since |Ming(R)| < 2, by Lemma 2.16, gr-(2,n)-ideals exist
in R, and in particular Gr(0) is a gr-(2,n)-ideal of R, so Gr(0) is gr-primary
and hence Gr(0) is a gr-prime by [11, Lemma 1.8]. Now let I be a gr-(2,n)-ideal
of R. Then Gr(I) = Gr(0) by Lemma 2.2, so we have I C Gr(0). Let L be any
gr-maximal ideal of R, consider I € (L — (Gr(0)) N h(R)) and r € Gr(0) N h(R),
and set J = I + (Ir), it follows that J C Gr(0) and this implies Gr(J) = Gr(0),
it follows that Gr(J) is a gr-prime ideal of R. By [4, Theorem 2.4], we have J
is gr-2-absorbing primary ideal. Thus by Theorem 2.5, J is a gr-(2,n)-ideal, so
J is gr-primary. Since rl € J and | ¢ Gr(J) = Gr(0), r € J. Then there exist
i € INh(R) and t € h(R) such that r = i+tlr, sor(1—tl) € I. Since (1—tl) ¢ L,
(1 —tl) ¢ Gr(I) = Gr(0). So there exists g € G such that (1 —tl), ¢ Gr(I) =
Gr(0). By r(1 —tl) € I we get r(1 —tl), € I and since I is gr-primary, we get
r € I. Therefore I = Gr(0), so Gr(0) is the only gr-(2,n)-ideal of R.

(ii) = (iii) It is clear by [2, Theorem 2.4].

(iii) = (i) Since every gr-n-ideal is gr-primary, the result is clear. (]

Recall that a G-graded ring R is said to be graded field if 0 # a € h(R), then
ab =1 for some b € h(R), see [10].

Theorem 2.18. Let R be a graded ring with |Ming(R)| < 2. Then every gr-
(2,n)-ideal is a gr-prime ideal of R if and only if Gr(0) is a gr-prime ideal and
it is the only gr-(2,n)-ideal of R.

PROOF: Suppose that every gr-(2,n)-ideal is gr-prime. If Gr(0) is not a gr-
maximal ideal of R, then the result follows from Theorem 2.8. Now suppose that
Gr(0) is a gr-maximal ideal of R. Then every proper graded ideal is gr-n-ideal; so
gr-(2,n)-ideal of R by Theorem 2.11. Thus every proper graded ideal is gr-prime
by our assumption. Therefore R is a graded field by [7, Lemma 2.15], and we are
done by [7, Lemma 2.3 (iv)]. The converse part is obvious. O
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