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Abstract. In the present paper, we investigate the existence of solutions to boundary
value problems for the one-dimensional Schrédinger equation —y”' + gy = f, where ¢ and f
are Henstock-Kurzweil integrable functions on [a,b]. Results presented in this article are
generalizations of the classical results for the Lebesgue integral.
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1. INTRODUCTION

Let g be a real valued function defined on [a, b] and let L be the one-dimensional
Schrodinger operator defined by Ly = —y” + qy. In [5] an existence and uniqueness
theorem is given for initial value problems with the differential equation Ly = f,
where ¢ and f are Henstock-Kurzweil integrable functions on [a,b]. In the present
paper we use this theorem in order to give a solution to the boundary value problem

Ly=f,
(1.1) may(a) +n1y'(a) + p1y(db) + 1y’ (b) = ha,
may(a) + nay'(a) + pay(b) + g2y’ (b) = ha,

where m;, ni, pi, qi, h; € C, i =1,2 and ¢, f are Henstock-Kurzweil integrable func-
tions on [a, b].
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2. PRELIMINARIES

We say that a function f: [a,b] — C is Henstock-Kurzweil integrable (shortly,
HK-integrable), if there exists a number A € C such that for each € > 0, there exists
a function 7. : [a,b] — (0,00) (named a gauge) for which

Zf(ti)(xi —zio1)— Al <e
=1

for any partition P = {([z;—1,2;], )}, such that ¢; € [z;—1,2;] and [z;—1,2;] C

[ti—7e(ts), ti+7:(t;)] for alli = 1,2,...,n. The number A is the integral of f on [a, b]

and is denoted by fab f = A. We denote by HK([a, b]) the set of Henstock-Kurzweil

integrable functions on [a, b]. This set is a linear space over the field C, furthermore
K([a, b]) is a semi-normed space with the Alexiewicz semi-norm defined as

[ros]

The variation of ¢: [a,b] — C is defined by

[ fll{a,p) = sup
le,d]Ca,b]

Via,p) = sup{z lo(xi) —o(zim1)]: a=x0 <21 < T2 < ... < Tpo1 < Ty, = b}.
i=1

The function ¢ is of bounded variation on [a,b] if Vj, ¢ < co. The space of all
functions of bounded variation on [a, b] is denoted by BV([a, b]).

Theorem 2.1 (Multiplier Theorem, [1], Theorem 10.12). If f € HK([a,b]) and
g € BV([a,b]) then the product fg belongs to HK([a, b]) and

/a " fg = F)a(t) - / "Pg.

where F' is the indefinite integral F(x f f of f on [a,b], and the latter integral
is a Riemann-Stieltjes one.

Next, a type of Holder inequality for HK-integrable functions is given.

Theorem 2.2 ([7], Lemma 24). If f € HK([a,b]) and g € BV([a, b]), then

b
i/ f<t>dt\ 1 e Viess

b
fg‘ < inf g(t
t€(a,b]
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A function F': [a,b] — C is absolutely continuous (respectively, absolutely contin-
uous in the restricted sense) on a set E C [a,b], if for each € > 0 there exists § > 0
such that

Z |F(d;) — F(e;)| < e, respectively, ZsupﬂF(x) —Fy)|: z,y €la,di]} <e
i=1

i=1

whenever {[¢;, d;]};_, is a collection of non-overlapping intervals with endpoints in F
S

and such that > (d; —¢;) < 0. The space of absolutely continuous functions on E is
i=1

denoted by AC(FE) and the space of absolutely continuous functions in the restricted
sense on F is denoted by AC,(E).

The function F' is generalized absolutely continuous in the restricted sense on
[a,b] (F € ACG,([a,b])), if F is continuous on [a,b] and there exists a countable

o0
collection (E,,)22, of subsets of [a,b] such that [a,b] = |J E, and F € AC,(E,,) for

i=1
all n € N. This concept leads to a very strong version of the Fundamental Theorem
of Calculus:

Theorem 2.3 (Fundamental Theorem of Calculus, [3]). Let f,F': [a,b] — C be
functions and let ¢ € [a, b].

(1) If f € HK([a,b]) and F(z) = [ f for all « € [a,b], then F € ACG,([a,b]) and
F' = f almost everywhere on [a, b]. In particular, if f is continuous at x € [a, b],
then F'(z) = f(x).

(2) If F € ACG.([a,b]) and F’ = f almost everywhere on [a,b], then f € HK([a, b])
and F(z) = [ f+ F(c) for all = € [a,b].

(3) F € ACG.([a,b)) if and only if F" exists almost everywhere on [a,b] and [ F' =
F(z) — F(c) for all z € [a,].

The following result gives a formula of integration by parts for functions in

ACG.([a, b))

Corollary 2.4 (Integration by parts). Ifu € ACG.([a,b]) and v € AC([a, b]) then
uw'v € HK([a, b]), uv’ € L([a,b]) and

Proof. By Theorem 2.3, v’ exists almost everywhere on [a,b], v’ € HK([a,b])
and [ ' = u(z) —u(a) for all z € [a,b]. Then by [3], Theorem 12.8, u'v € HK([a, b])
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Proposition 2.5. If f,g € ACG,([a,b]) then fg € ACG.([a,b]).

Proof. Take M > 0 such that |f(z)] < M and |g(z)| < M for all z € [a,b]. Let

(E.), (Gp) be such that [a,b) = U E, = U G, and for which f € AC.(E,,) and
neN neN
g € AC.(G,,) for all n € N. Define V = {E, N G,,: n,m € N and E,, N G, # 0}.

Then [a,b] = |J V and f,g € AC,(V) for all V € V. Let € > 0. There exist 5 > 0
Vey
and 04 > 0 such that

S supllf @)~ f)l: @y € Lo di} < <

and

Zsupﬂg(x) — o)l my e e di]} <e,

whenever {[c;,d;]};_; and {[c},d}]};_, are collections of non-overlapping intervals
that have endpoints in V' and satisfy

S

S (i —c) <6 and S (! ) < by

i=1 i=1
Let § = min{dy, o4}, if Z(dz —¢;) < 6, then
i=1

S

sup |f(z)g(z) — f(¥)g ()|

i=1 I;ye[civdi]

S S

<M[Z swp f@) — F@)I+Y° swp  lg(x) - g(w)l] < 2Me.
i—1 ©:Y€[ci,di] i—1 ©:Y€[ci,di]

O
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To finish this section we enunciate a well known result about integral transforms,
see for example [4].

Theorem 2.6. If G is a continuous complex function defined on [a,b] X [a,b]
then U, defined on L?([a,b]) as

b
V() = [ Gl st
satisfies the inclusion W(L?([a,b])) C C([a,b]) and

We (L2([a,0]), [1-ll2) = (L2 ([a, b]), |1]]2)

is a compact linear operator. Moreover, if U # 0, W is symmetric, and ¥ (L?([a, b])) is
a dense subspace of L?([a, b]), then there exist two sequences (\,,) in R\ {0} and (¢,,)
in U(L%([a,b])) \ {0} such that
(1) llgnlle =1, U(pn) = Ao and |Apg1]| < |Ap| for alln € N,
(2) lim |A\,| =0,

n—oo
(3) {1, d2,...} is a complete orthonormal system in L?([a, b]).

3. THE EXISTENCE AND UNIQUENESS THEOREM
The Wronskian of uj,us € C'([a,b]) at = € [a, b] is given by
Wa(ur, uz) = ua (2)uy(2) — uj (2)us().

It is well known that if W,(u1,uz) # 0 for some ¢ € [a,b], then uy, uy are linearly
independent. We consider

A= {yeAC([a,b): ¥ € ACGC,([a, b))}

This set is a linear space over C. Note that if y € A, then 3’ exists and is
continuous on [a,b], |¢/| is integrable, y is of bounded variation, y” exists almost
everywhere on [a, b], and

(3.1) / Y =y (@) —y(0)

for all © € [a,b], where the integral is the HK-integral. The equality in (3.1) is
important in order to analyse the second order differential equation —y” + qy = f
(see [5], Lemma 3.1). Now, we define the linear space

A, ={ye€ A: Ly=0a.e. on [a,b]}
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over the field C. By [5], Theorem 3.2, we have that if y;,y2 € A, are linearly
independent then W, (y1,y2) # 0 for all € [a,b]. Moreover, the Wronskian of
two elements y1, y2 € A, is a constant function on [a, b], indeed; by Proposition 2.5,
y1ys —y2y; € ACG.([a,b]) and since (y1y5—y2y1)" = Y195 — Y291 = y1qy2—y2qy1 =0
a.e. on [a, b], it follows by Theorem 2.3, case (2) that

xT

yi(x)yy(x) — yo(o)y) (z) = / (y1yy — y21)' (t) At + y1(a)ys(a) — y2(a)y; (a)

a

=y1(a)ys(a) — y2(a)y) (a)
for all x € [a, b].

Proposition 3.1. dim A, = 2.

Proof. For some fixed ¢ € [a, b] we can find, by [5], Theorem 3.2, y1,y2 € A such
that Ly; = 0 a.e. on [a,b] for i = 1,2, y1(c) = 1, yi(c) =0, y2(c) = 0 and yh(c) = 1.
Therefore, y1,y2 € A and We(y1,y2) = 1, so y1,y2 are linearly independent. Now,
let y € A, and define w on [a,b] as w = (y(c)/y1(c))y1 + (¥'(c)/y5(c))y2 — y; then
w € A, w(c) = w(c) = 0, and Lw = 0 a.e. on [a,b]. Consequently, by using
again [5], Theorem 3.2 we have that w = 0, thus y = (y(c)/y1(c))y1 + (v'(¢)/y5(c))ya,
i.e. {y1,y2} is a basis of A,. O

The boundary conditions in the problem (1.1) can be written as Uy = h, where

y(a)
(3.2) Uy=<m1 ™o P ‘“) y'(@ and h=<h1>.

ma N2 P2 G2 Yy b)
y'(b)

It is clear that U is a linear operator.

Theorem 3.2 (Theorem of the alternative). Let h € C? and f € HK([a,b]).
Consider the problems

Ly = f a.e., Ly =0 a.e.,
A B
(){U(y)—h, (){ .

Then, either
(1) the problem (A) has a unique solution in A, or

(2) the problem (B) has a nonzero solution in A.

524



Proof. Let {y1,y2} be a basis of A,.

Case I: {Uy1,Uys} is a linearly dependent set. Let a,8 € C be such that
(o, B) # (0,0) and aUy; + SUy2 = 0. Then ays + Py2 € As, ay1 + By2 # 0
and U(ay1 + PBy2) = 0. Therefore ay; + By2 is a nonzero solution of the problem (B).
If y € A is a solution of the problem (A) and z = y + ay; + Bya, then z € A is also
a solution of the problem (A) and z # y.

Case II: {Uy1,Uys} is a linearly independent set. By [5], Theorem 3.2, there
exists y € A such that Ly = f a.e. on [a,b]. Since det(Uyy,Uysz) # 0 it follows that
there exist a1,as € C such that h — Uy = a1Uy1 + a2Uys. Thus y + a1y1 + asys is
a solution of the problem (A). Now, let y € A be another solution of the problem (A).
Then y — y € A, and so there exist «, 3 € C such that y — y = ay1 + By2. This
implies that h — Uy = aUy; + BUy2 and hence @ = a1 and 8 = ag, from which
Y=y +ayr + aye.

Finally, if z € A is a solution of the problem (B) then there exist A, u € C such
that z = Ay1 + puy2 and AUy + pUys = 0, therefore A = =0, i.e. z = 0. O

Remark 3.3. Let h € C? and f € HK([a,b]). If the problem (B) has only
a trivial solution in A and {y1,y2} is a basis of A, then from Case I of Theorem 3.2
it follows that det(Uyy,Uys) # 0. Thus, there exist constants «, 8 € C such that
aUyy + BUys = h. Therefore, if y is a solution of the problem

{ Ly = f a.e.,
Uly) =0,

then y + ay1 + By2 is the unique solution of the problem (A).

Lemma 3.4. Let {y1,y2} be a basis of A, such that W(y1,y2) = 1 and let
f € HK([a,b]). If z: [a,b] — C is defined as

(3.3) () = o) [ " alt) (1) dt — () / () dt
then z € A,
(3.4) 20) = i) [ ") F() dt — yh(a) / "y ()£ (1) e

and Lz = f a.e. on [a, ).

Proof. We know that y1, y2 are of bounded variation on [a,b]. Then by Theo-
rem 2.1, y1 f and yof are HK-integrable on [a, b] and hence z is well defined. Now,
by Theorem 2.3 (1),

) )
(3.5) / yi(t)f (1) dtv/ y2(t) f(t) dt € ACG.([a, b]),
a

a
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thus by Corollary 2.4,

[ tosom@ = ([ nos0a)ne - [ [ worod)seas

and

[ o500 - ( [ s dt) o) - [ ( [ mse dt) yy(5) ds.

Consequently,

N ' [y1<s> / 00 dt=3h0s) [ (s dt} ds

a

and so by Theorem 2.3 (1),

2@) = i) [ ") F() dt — yh(a) / " ()£ (1) e

for all € [a,b]. Since the integrand in (3.6) is a continuous function, it follows
that z € AC([a,b]). Now, considering the equality in (3.4), we have by (3.5) and
Proposition 2.5 that 2/ € ACG,([a,b]). Thus z € A. Consider E C [a,b] with
m(E) = 0 such that for each z € [a,b] \ F,

9 (@) + gy () =0, ~4(@) + a@)ua(e) =0,
w0 a=n@i@), < [ w00 d=neie)

Let x € [a,b] \ E. Then

(z) = o () / ya(0) (1) At — 2 (2) / (O F(0) dt — Wy, y2) (@),

a a

thus

xT

—2"(x) + q(2)z(2) = (—y) (2) + q(x)y1 (96))/ y2(t) f(t)
— (g3 () + q(2)y2(2)) /x yi(t)f(t)dt + f(z) = f(z).

Therefore Lz = f a.e. on [a, b]. O
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Theorem 3.5. Let {y1,y2} be a basis of A, such that W(y1,y2) = 1 and let
K: [a,b] X [a,b] — C be defined as

{ 0, if
K(z,t) =

a<x<t,
Y2(t)y1(x) — y1(t)y2(z), ift <z <b

If the problem (B) has only a trivial solution and f € HK([a,b]) then the unique
solution y € A of the problem

Ly = f a.e,

7
30 { Uly) =0,
is given by \

o) = [ 1K (.0 + an @) + @l 0 d,

where
ag) o (g — 2@ OY20) 1O O] + 61 (0va0) — 120y ) (3], Use)
(3.8) erft) = det(Uy1, Uys)
and
(39) cxft) = det Uy, (y1()y2(b) = y2(t)y1 (0)) [22] + (51 (£)ya(b) — y2(8)y1 (b)) [2])

det(Uyl ) UyQ)

for all t € [a,b].

Proof. Since y1, y2 are of bounded variation on [a,b] it follows that K(z,-),
¢1 and ¢y are of bounded variation on [a, ] for all « € [a,b]. Thus y is well defined.
Let us consider the function z defined in (3.3). Then

b

b
y(x) = 2(2) + 1 (x) / er (1) () dt + o () / ex(t) (1) dt,

and so by Lemma 3.4, y € A and

b b
Ly=Lz+ / c1 () f(t) dt Ly, + / e(B)f(8)dt Lys = f

a.e. on [a,b]. On the other hand, observe that

oxeo= (5 o) (eann) = G ) Cuion

~ =
—~
S O
S~—
< <
[——
—~ o~
~ T~
S~—
NS
NS N
—~
S O
S~—
v
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for all ¢t € (a,b), where K; denotes the derivative of K with respect to the first
variable. Let A be the matrix whose columns are Uy; and Uys, and let

P11 —K(b,)
M = <p2 q2) and B(t) = (—Kl(b,t)> .
From (3.8) and (3.9) we have that (c1(t),cz2(¢)) is the unique solution of the linear
system
AX = MB(t)
for all ¢ € (a,b). Thus,
caa(®)Uyr + c2(t) Uy = MB(t) = —UK(-, t)

for all ¢ € (a,b). Then
b
Uy = / 1 (DU g1 + ea (DU ya + UK (-, )] £ (¢) dt

. /b[—UK(-, £+ UK (- 0)|f(t)dt = 0.

The uniqueness of the solution is obtained by the theorem of the alternative. O

4. THE INVERSE OF THE SCHRODINGER OPERATOR
In the rest of this paper we will assume that the problem (B) has only a trivial
solution.
Remark 4.1. Consider y1, y2, K, ¢1 and ¢y as in Theorem 3.5. We set
G(z,t) = K(2,1) + c1()yr(z) + ca(t)y2(z)
and let
D.={ye A: Uy=0}.
Then L: D, — HK([a,b]) is invertible and its inverse I': HK([a,b]) — D, is
given by
b
M@ = [ Glofa
a
Indeed, if y € D, then Ly € HK([a,b]) by Theorems 2.1 and 2.3. Thus by Theo-
rem 3.5, I'(L(y)) is the unique solution of the problem
Lz=1Ly a.e.,
U(z) =0,
therefore y = I'(L(y)). On the other hand, using Theorem 3.5 again, we have that
I'(f) € D, and L(I'(f)) = f a.e. on [a,b] for all f € HK([a, b]).
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Theorem 4.2. If (f,) is a sequence in HK([a, b]) with ||f,[|[a5) < 1 for alln € N,
then there exist a subsequence (fy, ) of (fn) and g € C([a,b]) such that T'(f,,) = ¢
uniformly on [a, b].

Proof. Let (f,) be asequence in HK([a, b]) such that || f,[|j4,5) < 1 for alln € N.
Considering F = {I'(f.): n € N}, we prove that F is equicontinuous. Choose
My, My > 0 such that the variations of ¢1, c2, y1 and yo on [a, b] are bounded by M
and the functions y1, y2, ¥}, ¥4 are bounded by Ms. Let € > 0; since G is continuous
on [a,b] X [a,b] and y1,y2 are continuous on [a,b], there exists 6; > 0 such that if
x1, T2 € [a,b] with |x9 — 21| < §; then

(Glaz,a) = Glar,a)| < 2

and
€
16M [v2(22) = ya(@1)] < o7
Let § = min{e/(8M2),6,}. Take n € N and 1,22 € [a,b] with |z3 — 21| < 6.
Without loss of generality we may suppose that 1 < z2. By Theorem 2.2,

ly1(z2) —y1(z1)| < —

b
P(fa)e2) = (o) = | [ G, - (mnM)}

b
< dnf G2, ) = Glan Ol [ ol + nllien Ve (G2, ) = Gla, )]
< |G(a2,0) = G(ar,0)| + Vig 5)[G (22, ) = G(z1, )]

< 5+ Vi [Glaz, ) = Glan, ).

Now, observe that
Ve [G(22,-) — G(z1, )] < Vi 5 [K (22, ) — K(21,-)] + |y1(22)
= y1(w1)[Viapjer + |y2(22) — y2(21)|Vja,pc2
and
Viay [ K (72, ) = K(21,°)] = Vig,ay[(y1(z2) — y1(21))y2 — (Y2(22) — y2(21))91]
+ Viey ao) W1 (22)y2 — y2(22)31]
< yi(w2) = y1(@1)[Via e + |y2(22) — y2(21) [Viay w1
+ Y1 (22) Vi 2a¥2 + [Y2(22)[Vizy 20 y1-

Moreover, since y;, y2 are differentiable on [a,b] and ], y5 are bounded by Mo,
we have Viy, 2.1 < Ma(22 — 1), 4 =1,2. Thus

Vi [G(22,-) = G(z1,-)] < |yi(w2) — yi(a1)]2My
+ |y2(22) — yo (1) |2My + 2M3 (22 — 1) <

Do ™
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Therefore, |I'(f)(x2) —T'(fn)(x1)] < €. Repeating the same procedure as above we
find a constant M > 0 such that |T'(f,)(z)] < M for all € [a,b] and n € N. Then
{T(f.)(x)} is a compact set in C for all z € [a,b]. Consequently, from Arzela-Ascoli
theorem, F is a compact set in C([a,b]), therefore there exists a subsequence (fy, )
of (f,) and g € F such that T'(f,,, ) converges uniformly to g on [a, b]. O

Remark 4.3. The operator I': (HK([a,b]), ||-[/[4,5)) — D« € (C([a,b]), [|]) is
compact.

Let y € BV([a,b]) and f € HK([a,b]). We denote the integrals f y(t)f(t)dt and

f f(@)y(t)dt by (y, f) and (f,y), respectively. The following properties hold:

(1) <y + u, f) = {y, ) + (u, ) and (y, f + 9) = (y, f) + (y, 9) for all g € HK([a, b])
and v € BV([a, b]).

(2) (ay, f) = aly, f) and (y,af) = aly, f) for all a € C.

®3) {y, /) ={f,9).

(4) [{y, O < lyllBvllfllae), where [[yllsy = |y(a)] + Vig,pjy. This inequality is true
by Theorem 2.2.

Proposition 4.4. Ify,z € A then
(Ly,z) = Wi(y, Z) = Waly,Z) + (y, L2).
Proof. First note that
(Ly,2) =~ /b Y (8)=(t) dt + /bq(t)y(t)%dt-
a a

By Corollary 2.4,

and

Therefore

(Ly,2) = — ' (5)20) + v/ (a)2(@) + / Y (070 dt + / a(Byy(t)=(0) dt

Il
|
Qd\
—
(=
SN~—
I
—~
S—
+
Qd\
—~
S
SN—
I
—~
S
S—
+
N\
—~
(=
SN~—
<
—~
(=
SN~—
|
N\
—~
S
S—
<
—~
S
S—
|
@\
<o
N\
—~
-
SN~—
<
—~
-
SN~—
(oW
—

b
4 / (YO0 dt = Wy, 7) — Wa(y,Z) + (g L2).
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Remark 4.5. Let y,z € A; if y(a) = y(b) = v'(a) = y'(b) = 0 or z(a) = z(b) =
Z'(a) = 2/ (b) = 0 then
(Ly, z) = (y, Lz).
Let f € L%([a,b]) then by taking g = 1 € L?([a,b]) we have f = fg € L([a,b]).
Thus,

(4.1) L?([a,b]) € HK([a, b]).

In the following theorem we use the notation DIl to represent the closure of
a set D with respect to the norm ||||.

Theorem 4.6. The following propositions hold.
(1) L?([a,b]) is a dense subspace of HK([a,b]) with the Alexiewicz semi-norm.
(2) T'(L?([a,b])) is a dense subspace of L*([a,b]) with the semi-norm ||-|z.

Proof. (1) Consider S([a, b]) to be the space of all step functions defined on [a, b].
By [6], it follows that

HK ([0, b)) = 5(a,8) " ¢ T2(a,8])" "™ € HK([a,b)).

(2) We set A := T'(L?([a,b])). We show that Alllz = £.2([a,b]). Suppose to the
contrary that All'l2 £ L2([a, b]), then there exists k € L?([a,b])N A+ such that k # 0
on a set with positive measure. This implies that (z, k) = 0 for all z € A. From (4.1)
and Lemma 3.4, there exists h € A such that Lh = k a.e. on [a, b].

Let I,1;: C([a,b]) = C, i =1,2, be defined as

b b
I(g) = / oD At and Li(g) = / oty (t) dt.

Since W(y1,y2) = 1, it follows that l;, lo are linearly independent. Let g €
ker(l1) Nker(l2), then

b b
/g(t)yl(t)dtz/ g(t)yz(t) dt = 0.

Consider f: [a,b] — C defined as

xT

f@) =) [ " a(0)g(t) dt — o) | wga

From Lemma 3.4, we have f € A,

x

@ =i [ " a(t)9(t) dt — i(a) | msar
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and L(f) = g a.e. on [a,b]. Thus, f(a) = f(b) = f'(a) = f'(b) = 0 and hence f € D,.
This implies that f = T'(¢g)(€ A) and using Remark 4.5 we obtain

b b
/ o(h(E) dt = / L@@ At = (L(f), B) = (£, L(h) = (f, k) = 0.

Thus g € ker(l). Consequently, by [2], Lemma 3.2, [ = a1l; + asls for some scalars
ay,aq € C.
Therefore for each g € C([a, b)),

b
[ 90 - i) - aspa(o)] @t 0.
This shows that h = a1 + aoys and so k = L(h) = L(h) = a1 L(y1) + aaL(y2) =0
a.e. on [a,b], i.e. k=0 a.e. on [a,b], which is a contradiction. 0

5. ADDING THE CONDITION OF SYMMETRY TO I'

In this section we show that if I' is a symmetric operator, i.e. for each f,g €
HK([a, b)), (T'f,g) = (f,Tg), then the solution of (3.7) can be represented as a series
(see Theorem 5.5).

Remark 5.1. IfI' is a symmetric operator then the following propositions hold:

(1) 0,(T") C R, where o,(I") is the point spectrum of T'.

(2) Let ¢, 1 € Dy be such that 'y = Ngpg and T'py = Ayd1. If Ag # A1 then
(¢o, 1) = 0.

(3) Let A € R with A # 0 and ¢ € D,. Then L¢ = A¢ if and only if I'¢ = ¢/ .

(4) For each A € 0,(T') \ {0}, we have 1 < dimker(A —T') < 2. In fact, define L,
as Ly = —y”" + (¢ — 1/N)y, then ker(I' — A\) C ker(L —1/A) C {y € A:
L,y = 0 a.e. on [a, b]}, now by replacing the operator L by L; in Proposition 3.1,
we obtain that dim{y € A: Liy =0 a.e. on [a,b]} = 2, thus dimker(A—T) < 2.

Proposition 5.2. IfT' is a symmetric operator then there exists a sequence (\y,)
such that 0,(I') \ {0} = {A\.: n € N}, and there exists (¢,,) in D, \ {0} such that
{¢1, ¢2,...} is a complete orthonormal system in L?([a,b]) and I'(¢,) = A\, ¢y, for all
n e N.

Proof. Let ¥ = T'|p2(q). Then ¥ is symmetric and, by Remark 4.1, ¥ is
injective and so W # 0. Moreover, by Theorem 4.6, case (2), W(L?([a,b])) is a dense
subspace of L?([a,b]). Therefore, by Theorem 2.6, there exist two sequences (\,) in
R\ {0} and (¢,) in W(L?([a,d])) \ {0} such that
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(1) llgnlle =1, U(pn) = Apodn and |Apg1] < |Ap| for all n € N,
(2) lim |A\,]| =0,
n—oo
(3) {¢1,¢2,...} is a complete orthonormal system in L?([a, b]).
If there exists A € o,(T") \ {0} for which A # A, for all n € N, then there exists
¢ € D, \ {0} such that I'(¢) = A\¢ and, by Remark 5.1, case (2), (¢, ¢,) = 0 for all
n € N. This implies that

pllz =D [, én)]* =0
k=1

and so ¢ = 0 which is a contradiction. (Il

Remark 5.3. If L: D, — HK([a,b]) is a symmetric operator then I':
HK([a,b]) — D, is symmetric. Indeed, we set v = I'(f) and v = I'(g), this implies

that (I'(f), g) = (U(f), L(T'(9))) = (u, Lv) = (Lu,v) = (L(L'(f)),T(g)) = {f,T'(9))-

Proposition 5.4. Suppose that L: D, — HK([a, b]) is a symmetric operator and
consider (px), a sequence in C, with uy # w; if k # j, such that o,(L) \ {0} =
{pr: k € N}. Let P = {k € N: dimker(uy — L) = 2}. If for every k € P,
VK, @) € ker(ur — L) are such that {¢, )} is an orthonormal set and for each
k eN\ P, ¢ € ker(uy, — L) is such that ||pk|| = 1, then

Q=A{pk,pp: ke PYU{pr: keN\ P}

is a complete orthonormal system in L?([a, b]).

Proof. Let (A,) and (¢,) be the same as in Proposition 5.2. We set Q =
{n € N: dimker(\, —T') = 2}. Take n € @ and suppose that for each m # n,
¢dm & ker(A,—T'). This implies that for every g € ker(A,—T') and m # n, (g, ¢m) = 0.
Thus by completeness of (¢y,), g = (g, dn)pn holds for all g € ker(A, —T'), ie.
dimker(\, —I') = 1, which is a contradiction. Consequently, for each n € @, there
exists a unique m,, € N with m,, # n such that ¢,,, € ker(\, —TI'). We show that

(5'1) {<f7 r)Pr + <fa SOZ>SOZ: ke P} = {<f7 ¢n>¢n + <fa Gmn)Pm, s M E Q}

Let us denote by Fi the first family in (5.1) and by F» the second one. Let n € @,
then there exists k,, € P such that A, = 1/, . We set by = (f, ¢n)dn+ ([, Pm,. ) Pm,,
and hy = (f,r, )¢k, + (f, ¢} )¢k, then y = hy + (f — h1) = ha + (f — h2),
hi,he € ker(\, — ') and f — hy, f — ha € ker()\, — I')*. Therefore, h; = h and so
h1 € F1. In a similar way the opposite inclusion is proved.

On the other hand, it is clear that

(5.2) {(frerron: B eN\P}={({f,dn)dn: n eN\Q}.
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Let us denote by Gy the first family in (5.2) and by G2 the second one. Then

F=Y {f0n)0n=> (fron)bn+ > (f dn)on

nenN neq neN\Q

> F+Y G=> F+ ) G

FeFs Gega FeF, Gegy

=3 (oo + (Febel) + Y (frene

keP keN\Q

O

Theorem 5.5. Suppose that L is symmetric and take (p) and Q as in Proposi-
tion 5.4. Let (8,) and (wy) be an indexation of (u) and €, respectively, such that
Lw, = Bpw, for all n € N. If there exists a constant M > 0 such that for each
u € HK([a, ]),

(5.3) < lullja,pM

> fuca5an(a)
k=1

for all x € [a,b] and n € N, then for every f € HK([a, b]),

0o
Z fv wk
k=1

uniformly on [a, b].

Proof. Let f € HK([a,b]). Since L?([a, b]) is a dense subspace of HK([a, b]) with
the Alexiewicz semi-norm, it follows that there exists a sequence (f,) in L?([a,b])
such that ||f, — fllja) — 0. By Theorem 4.2, there exists a subsequence (fj,,)
of (fp) and g € C(a,b]) such that I'(f,,,) converges uniformly to g on [a,b]. More-
over, by Remark 4.3, T': (HK([a, b]), [|]|(a,5) — (C([a,b]), ||-]|oc) is bounded and so
I(fp,.) = T (f). Therefore ||g—T'(f)|lcc =0 and so g =I'(f). Let € > 0, we consider
m € N such that

IT(fp,) (@) = T(f) ()] < %

for all x € [a,b] and
5

||fpm - fH[a,b] < M
On the other hand, by Proposition 5.4, {wi,ws,...} is a complete system in
L?([a,b]). Thus, there exists N € N such that for every n > N,
- €
— < .
Fou = 2 Fpi)eon 3 max [|G(z,")|2

k=1 2 z€[a,b)

534



Therefore, for each n > N and every x € [a, b] we have

N 1
\Nf)(x) - ;ﬁ, ) 3n (@)

N
L(fp,)(@) =Y ( fpwwk w ()
k=1

< [T()() = T(fp,)(2)]

N

T - wk%wk(x)

k=1

S
< S +1GG 2

N
Som — Z (fpm > Wr)WE
k=

+ 1o = FlllanM <e.
2

O

Theorem 5.6. Suppose that L is symmetric and take (8,) and (wy) as in The-
orem 5.5. If there exists M > 0 such that |w,(z)| < M for alln € N and x € [a, b,

and -
2 Ti

Q‘H

then for every f € HK([a, b)),

0o
Z fv wk
k=1

uniformly on [a, b].

Proof. Due to Theorem 5.5, we only need to prove that the inequallity (5.3)

holds. In a way similar to the proof of Theorem 4.6 (1), it follows that L(]a, b])” e _
K([a,b]). Let u € HK([a,b]), then there exists (s,) in L([a,b]) such that
lsn — ull[q,5) = 0. This implies that

[, wie) | = 1w, wi)l| < [(sn = u,wi)| < llsn — ullfaplwrllBy — 0.
n—oo

Therefore |(u,wy)| = lim |(sn,wk)|. Suppose that |lul|jq,;) > 0, then there exists
N € N such that ||s,|1 = ||sn||[a b < 2||ul|[q,p) for every n > N. Thus

b
[($n, wi)| < / s ()] |wr ()] dt < M|sn[[y < 2M |ulfq,4

for all k € N and n > N. Consequently, [(u,wr)| = Hm |(s,,wr)| < 2M ||ul|{q,

NLn—o0
for all £ € N, and so

n

Z(u, w@éwk(x)

k=1

oo

1
< 2M2H“H[a b] Z Bal’
k=1
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Example 5.7. Separated and periodic boundary conditions.
The separated boundary conditions are those that in (3.2) correspond to the matrix

mi ni 0 0 )
5.4
(54) ( 0 0 p2 @

and the periodic conditions correspond to the matrix

10 -1 0
(5:5) (O 1 0 —1) '
If U is defined by the matrix given in (5.4) or in (5.5) then L is a symmetric

operator. Indeed, by Proposition 4.4, (Lu,7) = Wy(u,v) — Wy (u,v) + (u, L7) for all
u,v € D,. Suppose that separated conditions hold. Thus

myu(a) + niu'(a) =0, myv(a) + niv’(a) =0,
pau(b) + gou’(b) = 0, pav(b) + g2v'(b) = 0

If W,(u,v) # 0 then m; = ny = 0, which contradicts our assumption that the
problem (B) has only a trivial solution. Therefore W,(u,v) = 0. The equality
W (u,v) = 0 is proved in a similar way. Now, if we consider periodic conditions then
we have that u(a) = u(b), u'(a) = v/ (b), v(a) = v(b) and v’'(a) = v'(b). Therefore,
Wy(u,v) — We(u,v) = 0. Thus, in any case, we have (Lu,v) = (u,Lv) for all
u,v € D,.

Example 5.8. Let f be a function defined on [0, 1] as

2n . /=w .
Fa) = ;sm(p), if x € (0,1];
0, if x =0.

This is an unbounded HK-integrable function on [0,1]. Consider the boundary
value problem
-y +y=f ae,
(5.6) y(0) =0,
y(1) =1.

By Theorem 3.2, this problem has a unique solution, moreover from Remark 3.3
and Theorem 3.5, the solution of the problem (5.6) is given by
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The boundary conditions of this problem are separated, thus by Example 5.7,
L is symmetric, and for every p € o,(L), dimker(A\ — L) = 1. For each k € N,
let pp = 1+ k%72 and ¢p(r) = v2sin(knz). Then o,(L) \ {0} = {ux: k € N},
> 1/pk < oo and (gg) is a sequence in D, such that for each k € N, ||¢k|2 = 1,
k=1

L:Ok = urpr and |pg ()] < 1 for all « € [a,b]. Consequently, by Theorem 5.6,
=> f,sok pr(t) —(e—e e + (e —e h)e".
k=1

The function f is not Lebesgue integrable on [0,1]. Hence, this example is not
covered by any result using the Lebesgue integral. Thus, the results presented in
this document are more extensive.
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