Czechoslovak Mathematical Journal

Lin Yang; Sheng-Liang Yang; Tian-Xiao He
Generalized Schroder matrices arising from enumeration of lattice paths
Czechoslovak Mathematical Journal, Vol. 70 (2020), No. 2, 411-433

Persistent URL: http://dml.cz/dmlcz/148237

Terms of use:

© Institute of Mathematics AS CR, 2020

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/148237
http://dml.cz

Czechoslovak Mathematical Journal, 70 (145) (2020), 411433

GENERALIZED SCHRODER MATRICES ARISING FROM
ENUMERATION OF LATTICE PATHS

LIN YANG, SHENG-LIANG YANG, Lanzhou, T1AN-X1A0 HE, Bloomington

Received July 26, 2018. Published online December 5, 2019.

Abstract. We introduce a new family of generalized Schréder matrices from the Riordan
arrays which are obtained by counting of the weighted lattice paths with steps E = (1,0),
D= (1,1), N = (0,1), and D’ = (1,2) and not going above the line y = z. We also consider
the half of the generalized Delannoy matrix which is derived from the enumeration of these
lattice paths with no restrictions. Correlations between these matrices are considered. By
way of illustration, we give several examples of Riordan arrays of combinatorial interest. In
addition, we find some new interesting identities.

Keywords: Riordan array; lattice path; Delannoy matrix; Schroder number; Schréoder
matrix
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1. INTRODUCTION

The Schroder numbers were introduced by Schréder in [23] while enumerating
unrestricted bracketings of words, though at least the initial terms of this sequence
were known to Hipparchus, as Stanley noted in his survey (see [28]) regarding these
numbers. Rogers and Shapiro in [22] found bijections showing certain classes of
lattice paths are enumerated by the Schréder numbers. While there are several such
classes of lattice paths, we use the one given in the definition below.

Definition 1.1. Let n > 1. A lattice path from (0,0) to (n,n) taking only East
E = (1,0), North N = (0,1), and Diagonal D = (1,1) steps while staying weakly
below the main diagonal will be referred to as a Schréder path of order n. A small
Schroder path is a Schroder path with no Diagonal D = (1, 1) steps on the line y = «.
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The set of all Schroder paths of order n will be denoted by R(n), and the set of all
small Schréder paths of order n will be denoted by S(n). It is well known that |R(n)|
is equal to the nth Schréder number

1 N /n+1\/n-1\_,
n — 21,
" n+12< i )(i—1>

i=1

and |S(n)| is equal to the nth small Schréder number s,, = 27, (see [7], [29]). Thus
the first terms of the sequence {r,}n>0 and {s,}.>0 are {1,2,6,22,90,...} and
{1,1,3,11,45,...}.

The idea of translating a combinatorial theory into a theory of infinite matrices is
nowadays a current trend in discrete mathematics. To confirm this statement, we cite
Riordan arrays (see [10], [12], [16], [24]), [27], Aigner’s admissible matrices (see [1]).
Some matrices involving the Schréder numbers are studied by Rogers in [21] and
Pergola and Sulanke in [19]. In [35], the authors observed that some Schroder ma-
trices appear as the unsigned inverses of Delannoy matrices. Very recently, Ramirez
and Sirvent in [20] introduced a new family of generalized Schréder matrices that
are connected to inverse generalized Delannoy matrices.

In this paper, we consider the Schroder numbers, not as isolated sequences, but as
belonging to Riordan arrays in which they form the first column as in (1.1) and (1.2).
While there are other arrays that contain the Schréder numbers (for instance, see
sequences A132372 and A104219 in [25]), these two seem very natural. In fact, if
we recount the partial Schroder paths running from (0,0) to (n,n — k) with steps
E =(1,0), N =(0,1) and D = (1, 1), we get the Schréder matrix (sequence A080247
in [25]):

1 0 0 0 0 0
1 0 0 0 0

4 1 0 0 0

(1.1) R=|22 16 6 1 0 0
9 68 30 8 1 0

394 304 146 48 10 1

This Schroder matrix was studied by Rogers, see [21], by Rogers and Shapiro, see [22],
by Pergola and Sulanke, see [19], and by others, see [10], [14], [17], [20], [35].

On the other hand, if we consider the partial small Schréder paths running
from (0,0) to (n,n — k), we get the Schréoder matrix of the second kind (se-
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quence A186826 in [25]):

1 0 0 0 00
1 0 0 00

3 1 0 00

(1.2) S=|1 11 5 1 00
45 45 23 7 1 0

197 197 107 39 9 1

There are a huge number of papers on the enumeration of lattice paths for a spec-
ified set of steps (see [1], [8], [9], [11], [26], [31], [35]). In this paper, we add a fourth
kind of steps D’ = (1,2), and consider the enumeration of these lattice paths con-
sisting of steps F = (1,0), D = (1,1), N = (0,1), and D’ = (1,2). So we give the
following definitions formally.

Definition 1.2. A lattice path starting from the origin, ending on the first
quadrant of 72, and using steps £ = (1,0), D = (1,1), N = (0,1), and D’ = (1,2),
with assigned weights 1, a, b, and ¢, respectively, will be referred to as a weighted
generalized Delannoy path, or simply a generalized Delannoy path.

Definition 1.3. Let n > 1. A generalized Delannoy path from (0,0) to (n,n)
will be referred to as a generalized central Delannoy path of order n.

Definition 1.4. Let n > 1. A generalized Delannoy path from (0,0) to (n,n)
staying weakly below the main diagonal will be referred to as a generalized Schrider
path of order n. A generalized small Schréder path is a generalized Schroder path
with no Diagonal D = (1,1) steps on the line y = z.

We illustrate all of the generalized Schréder paths from (0, 0) to (2,2) in Figure 1,
the first 6 are Schroder paths.

Figure 1. Generalized Schréder paths from (0,0) to (2, 2).

The outline of this paper is as follows. In Section 2 we recall the definition of Ri-
ordan arrays and some basic properties. We show that G = (G, k)n,ken is a Riordan
array, where G, is the total sum of weights of all weighted generalized Delan-
noy paths ending at (k,n — k). In Section 3 we generalize the Schroder matrix
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by considering the enumeration of generalized Schréder paths ending at the point
(n,n — k). In Section 4 we generalize the Schréder matrix of the second kind by
considering the enumeration of the generalized small Schréder paths ending at the
point (n,n — k). Then in Section 5 we consider the half of the generalized Delannoy
matrix G = (Gp k)n,k>0- Moreover, the relationships between these Riordan arrays
are studied. Meanwhile, some new interesting identities are obtained.

2. RIORDAN ARRAYS

Since Shapiro et al. in [24] introduced the concept of Riordan arrays, many authors
have applied them to several counting problems, see [4], [5], [10], [12], [14], [16],
[27], [34]. An infinite lower triangular matrix R = (7 )n ken is called a Riordan
array if its column k has generating function g(t) f(t)*, where g(t) and f(t) are formal
power series with g(0) = 1, f(0) = 0 and f’(0) # 0. The matrix corresponding to
the pair g(t), f(t) is denoted by R = (g(¢), f(¢)). The set of all Riordan arrays forms
a group under ordinary row-by-column product with the multiplication identity (1, ),
called the Riordan group, see [24], [27]. The multiplication rule of Riordan arrays is
given by

(2.1) (d(t), h(£))(g(t), f(£)) = (d(t)g(h(t)), f (R (1)),
and the inverse of (g(t), f(t)) is

1
g(F(t))

where f(t) is the compositional inverse of f(t), i.e., f(f(t)) = f(f(t)) =t.
A Riordan array R = (7 k)n,ken can also be characterized by another matrix as
follows, see [15], [16].

(2:2) (900 F(E) ™ = (=== 7).

Lemma 2.1. A lower triangular array (rp i )n,ken Is a Riordan array if and only

if there exists another array (o ;)i jen, With ago # 0, and s sequences (gy])jey\;,

i1=1,2,...,s, such that

S
(2.3) Trtl k41 = Z Z O jTn—ik+j + Z Z QE»” Trnti,kitj+1-

i>0 j>0 i=1j>0

The array (o ;)i jen is called the A-matrix of the Riordan array (7 k)n ken =
(g(t), f(t)). If ®UI(t) denotes the generating functions of the ith row of the A-matrix
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and Wl(t) is the generating function for the sequence (gg-i]) jen, then the generating
function f(t) is determined by [15]

(24) HOEDI AR 40, +Zt1 el (f ().

120 =1

If column 0 of the Riordan array (ry i )n ken = (9(t), f(¢)) is defined by

(25) Tn+1,0 = Z Zﬂi,jrnfi,j =+ Z Z n]['i]rn+i7i+j7 n 2 0,

i>0 j>0 i=1 >0

then the generating function g(¢) is given by the formula

26 a0 =/ (1- X e R Ztl FO'Sr0)

120

where R(t) = 3 8; 7 sz,l,...,andSm(t):Zn;i]tj,izl,...,s
j=0 j=0
For an infinite lower triangular matrix R = (7 k)n.ken, the half of R is defined

to be the infinite lower triangular matrix R(") = (ron—kn)nken- It is known that if
R = (d(t), h(t)) is a Riordan array, then its half is also a Riordan array, see [2], [33],
[32], [35].

Lemma 2.2. Let R = (d(t),h(t)) = (Tnk)n,ken be a Riordan array. If f(t) is the
generating function defined by the functional equation f(t)?> = th(f(t)), then the
half of R is given by

(2.7) H= (7tf/(t}c(lt()f(t)),f(t)).

Now we consider the generalized Delannoy paths in the Cartesian plane starting
from (0,0) that use the steps £ = (1,0), D = (1,1), N = (0,1), D' = (1,2), where
each step is labeled with weights 1, a, b, and c, respectively. Let o be a path. We
define the weight w(a) to be the product of the weights of the steps. Let G(n, k)
be the set of all generalized Delannoy paths ending at the point (k,n — k). The
generalized Delannoy number G, j is the sum of all w(a) with « in G(n, k), as
illustrated in Figure 2 (a), and the generalized Delannoy matrix is defined as G =
G(a,b,¢) = (Gp)nken. In Figure 2 (b), we give a schematic illustration of the
dependence of G, 1 41 on the other elements in the array and get the recurrence

(2.8) Grnt1,h+1 = G +0Gy kp1 +aGp_1 1 +cGn_2i, n,k=0,
and initial conditions are G, o = b" and G, ,, = 1.
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Figure 2. Generalized Delannoy matrix and recurrence relation of its entries.

The first few rows of G(a, b, ¢) are

1 0 0 0 0
b 1 0 0 0

b2 a+2b 1 0 0

Glabe)= |45 944302 4+ 2+ 3b 10
+ab 1

b*  3ab? +4b% 4+ 2bc  a® + 6ab+ 6b%> +2¢  3a + 4b

o0
For k > 0, let g(t) = > Gy xt™. Then, from (2.8) we obtain
n==k

Gry1(t) = tge(t) + btgry1(t) + at’gr(t) + ct3gi(t).
Thus,

t+at? + ct?
Gr+1(t) = ng(t)-

From this recurrence relation and the initial condition
> 1
— n __
gO(t)* ZCGn,Ot - 1_bt7
n—=

we have

(t) = (t+at2+0t3)k 1
AN R T A T
Therefore, we proved the following theorem (see also [20]).

Theorem 2.1. The generalized Delannoy matrix can be represented by a Riordan
array as

1 t+at2+0t3)

Gla,b,c) = (1—bt’ 1—obt
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For example, in the case a = b = ¢ = 1, the first few terms of the array G(1,1,1)

are

1 0 0 0 0 0 O

1 1.0 0 0 0 0

1 3 1 0 0 0 0

1 t+t2443 1 6 5 1 0 0 0

(ﬁ’ 1—¢t )Z 1 9 15 7 1 0 0

1 12 33 28 9 1 0

1 15 60 81 45 11 1

Forb=1,a=¢=0,G(0,1,0) = (1/(1 —t),t/(1 —t)) we have the famous Pascal
matrix, see [2], [24].

Fora=b=1,c=0,G(1,1,0) = (1/(1 —1¢),(t+t?)/(1 —t)) we have the Pell
matrix, see [18].

Fora=0,b=1¢c=1,G0,1,1) = (1/(1—1),(t+3)/(1 —t)) we have the
sequence A257365 in [25].

3. THE GENERALIZED SCHRODER MATRIX

As mentioned above, a generalized Schréder path from (0, 0) to (n,n—k) is a lattice
path not rising above the line y = = and using steps £ = (1,0), D = (1,1), N = (0, 1),
D’ = (1,2), with weights 1, a, b, ¢, respectively.

Definition 3.1. Let W (n, k) be the set of all generalized Schrider paths ending
at (n,n — k), and let W, ; be the sum of all w(a) with o in W(n, k). We call the
matrix W(a,b,c) = (W 1 )n.ken the generalized Schroder matriz.

The last step of any path from W (n, k) is one of the step set { E = (1,0), D = (1, 1),
N =(0,1), D' =(1,2)}, as shown in Figure 3.

Figure 3. Recurrence relation of entries of the generalized Schréder matrix.
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Therefore, the numbers W, j, satisfy the recurrence relations
(3.1) Wit k1 = Wag +aWp g1 + Wy g2 +0Wog1 pra,
(3.2) Wn+170 = anQ + CWn,l + an+171

with n,k > 0 and boundary conditions W,, , = 1 for n > 0. The first few rows
of W(a,b,c) are

W (a,b,c)
1 0 0 0
a+b 1 0 0
= a’ + 3ab+ 2% + ¢ 2a + 2b 1 0
1

a® 4 6a?b + 10ab? + 5b° + 3ac + 4bc  3a® + 8ab+ 5% +2¢ 3a+3b

Theorem 3.1. The generalized Schréder matrix W(a, b, c) = (Wp k )n,ken Is a Ri-
ordan array given by

C(1—at—+/(1—at)>—4t(b+ct) 1—at—+/(1—at)>—4t(b+ ct)
W(a,b.c) = < 2t(b + ct) ’ 2(b + ct) >

Proof. From recurrence (3.1), the A-matrix is

1 a ¢ O
A=10 0 0 O

with the entries o, ao,1 = @, a2 = ¢, while the other entries are all equal
to 0. Hence, by Lemma 2.1, the matrix W(a,b,c) = (Wy i)nken is a Riordan
array (g(t), f(t)). The generating functions of the rows of the A-matrix are ®°(¢) =
1+ at + ct?, and Pl (t) =0 for all i > 1. The generating functions of the associated
sequences are W(t) = b, and Wl(t) = 0 for all i > 2. Using (2.4), we get f(t) =
t(1+af(t) +cf(t)?) + bf(t)?, and consequently

l—at—/(1—at)®>—4t(b+ ct)
B 2(b+ ct) '

From recurrence (3.2), we obtain that the generating function g(t) satisfies the equa-

ft)

tion
1

T 1 tatcf(6) —bf(t)

l—at—+/(1—at)? —4t(b+ct)
N 2t(b+ ct)

g9(t)

Hence

g(t)
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Theorem 3.2. The inverse of the generalized Schréoder matrix W(a,b,c) =

(Wh.k)nken I given by

1—bt t — bt? )

W (a,bc) = ( :
(2,5, ¢) 1+at+ct?2’ 14 at+ ct?

Proof. A direct computation shows that the composition inverse of

1 —at — /(1 —at)? —4t(b+ ct)
2(b+ ct)

s (t — bt?)/(1 + at + ct?). Hence using Theorem 3.1 and (1.2) we get

1—bt t — bt? )

w = ( ,
14+at+ct?2’ 1+ at+ ct?

O

Theorem 3.3. The general term of the generalized Schréder matrix W(a, b, ¢) is

given by
2n+2 [m/2] :
Wnk:k‘—i—l i: Z n—-—m-—k n—!—l n—l—l—'z g 2ign-m—k i
' n—l—lm:O ~ n—m-—k i m— 2
E+1 8 1N~/ i \[n—k—p—1 , .
_ b zfpbnfkfzfp P
n+1;< i );}(i—p)( i1 >(a+) ¢

Proof. Let W = (g(t), f(t)) and h(t) = (t — bt?)/(1 + at + ct?). Then W~ =
(h(t)/t, h(2)).

Thus, using the definition of the Riordan array and the Lagrange inversion formula
(see [6], [34]), we obtain

W k(a,b,c) = [t"]g(6) F ()" = [t 1—)B< £ = R
+
2n+2 [m/2] .
g k+1 n+1\/n+1—1 o n+j
_ [4n—k m—2i jiam J17
g ]n+1zz< i ><m—2i>a ¢t Z(g )bt
m=0 =0 j=0
o0 n+2 [m/2] .
E+1 n+] plase n—l—l n+1—49\ . .0 ;
:[tn k] Z< )Z Z ' Wam zcztm-i-]
n+1]:0 m=0 =0 m— 2
k1 R o0k 1 (b1 ka2 g
n+1l e P n—m-—=k i m— 2% ’
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On the other hand,

kAl gt N g k1Lt at 4 et? e
k1 (a + b)t + ct?\nt1
S 1
g ]n—i-l( 1—0bt )

—[t’ﬂfk]]fﬁ-].rg:l n+1 <(a+b)t+ct2)i
B n+14\ i 1—bt

E+12 /1) &K & i+m—1 o
= t”fk bYipm ’L*]thrQ’Lf‘]
e () R )T e

m=0 j=0
E+1C2 1N\ ( i \(n—k—p—1 : .
_ b z—pbn—k—z—p D
n+1,Z )2 i—p i—1 (a+5) ¢
=0 p=0
This completes the proof. (I

The generalized Schrioder matrix W(a,b,c) has some interesting interpolating
properties. Indeed, we have:
(i) W(a,b,0) is the (a + b,b) Catalan number triangle (see [10]) with a general

element

2n+2
1 2 - 1
Wik(a,b,0) = k+ § b= ’f(" " k><”+ )am

n—m-—=k m
lc+1"+1 n+1\/n—Fk—1 PR
_n+1z< i )( i—1 )(‘“Lb)b o
i=0

(ii) W(a, 0, c) is the weighted Motzkin matrix (see [32]) with a general element

[(n—k)/2] .
k41 n+1\/n+1—9\ |y o ;
W k(a,0,¢) = T ;:O ( ; ><n_k_2z_)a .

(iii) W (0, b, ¢) is the matrix with a general element

k41T (2n—2i—k\ (n+1\,, o n
ka(O,b,c):n_'_l n—2i—k i b
=0

Since W, o(a, b, ¢) is the total sum of weights of generalized Schréder paths ending
at (n,n), we call it the generalized Schréder number and denote it by W, (a, b, c).
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From Theorem 3.3 we have

m/2] )
1 <& 2n—m\/nm+1\/Mm+1—=9\ . _oin-mi
Wn(a,b70)—n+1z Z (n—m)( 1 )(m_2i)a ’ ‘

m=0 =0
R, n+1 ‘ ) n—p—1 - .
_ b)i—PpnTi=P P
n+1;( i )pz;)(i—p)( i—1 >(a+> ¢

and the generating function is

33 WO =3 Walabop = L0 ¢(21t(; it);)— T+ t)
n=0

Theorem 3.4. Let W,, = W, (a,b,c). Then

b(n 4+ 1)W,, = ((4b* + 2ab — c)n — 2b* — ab — c)W,,_1
+ ((8bc + 2ac — a*b)n + 2a%b — 10bc — ac)W,,_»
+ ((4c% — a®c)n + 2a%c — 8cA)\W,_3, n > 2,
and W_1 =0, Wy =1, Wy =a+b.
Proof. Let

—at —+/(1 —at)? —4t(b+ct)
2t(b + ct)

> 1
W(t)=> Wyt" =
n=0

and let P(t) = 2t(b+ ct)W(t). Then P(t) = 2bt > W,t" + 2¢ct? Y W, t". Conse-
quently, n=0 n=0

(3.4) P(t)= > 2bW, 1"+ ) 2W,_ot".
n=1 n=2

(3.5) P'(t) =Y 2b(n+ D)Wnt" + > 2c(n+ 1)W, 1",
n=0 n=1

From the closed form of the generating function

P(t) =1—at — /(1 —at)? — 4t(b+ ct),

we obtain
20+ a — (a® — 4e)t

VA —at)? —4t(b+ct)

P'(t)=—a+
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By some computation we find that P(t) satisfies the differential equation
(3.6) (1—2(2b+a)t+ (a®—4c)t*)P'(t) + (2b4+a— (a® —4c)t) P(t) = 2b+2(ab+2¢)t.

Taking W,, to be zero for n less than zero, substituting equations (3.4) and (3.5)
into (3.6), and equating the coefficients of ¢ in the resulting equation we get the
desired result. O

For a = b = ¢ = 1, the generalized Schréder numbers W,, = W,,(1,1,1) form the
sequence A064641 of [25], and they satisfy the recurrence relation

m+1)W,=0Bn—4) W1+ —9)Wy_o+ Bn—6W,_3, n =2,

with initial conditions W_; =0, Wy =1, Wy = 2.

The generalized Schroder numbers W, (a, b, ¢) also have the following interesting
special cases:

(i) For a =0,

1 R 2m =20\ (n+1\,, o,
Wa(0,b,¢) = n+1;(n—2i>< i )b “
and they satisfy
b(n+1)W,, = ((4b* —c)n—2b>—c)W,,_1 +(8n—10)becW,, o+ (4n—8)c*W,,_3, n > 2

with initial conditions W_; =0, Wy =1, W1 =b.
(if) For b =0, W,, = W,,(a, 0, ¢) are the weighted Motzkin numbers

1 1\ /n+1—i -
W 0 _ n—2 1
n(@,0,¢) n+12( i )(n—% )a “

=0

and they satisfy [13]
(n+2)W, =a2n+ )Wyt + (dc —a®)(n — DW,_a, n>2,

with initial conditions Wy =1, W7 = a.
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(iii) For ¢ = 0, W, (a, b, 0) are the weighted Schrioder numbers:

1 " 2n—m\ (mnA+1\
Wn(a,b,O)—n_’_lmz:o<n_m>< m )a b

=0 (i [ [

and they satisfy the recurrence relation in [30]
(n+ D)W, = ((2a +4b)n —a — 20)W,,_1 — a*(n —2)W,_2, n =2
with initial conditions Wy = 1, W7 = a + b. Particularly,
"1/ (20— 5\ " 1(n n ;
s -E2 0oL oo

are the g-analog of the Schréder numbers defined in [3]. The first few rows of
Wi(q,1,0) are

W(g,1,0)
1 0 0 0 0
q+1 1 0 0 0 ...
@ +3q+2 2¢+2 1 0 0 ...
¢ +6¢>+10g+5 3¢ +8¢+5 3¢+3 1 0
1

¢*+10¢°+30¢%+35¢+14 4¢3 +20¢>+30g+14 6¢>+15¢g+9 4g+4

4. GENERALIZED SCHRODER MATRIX OF THE SECOND KIND

In this section, we consider the generalized small Schréder paths, i.e., the general-
ized Schroder paths having no diagonal steps on the line y = z. Let V(n, k) be the
set of all partial generalized Schroder paths ending at the point (n,n— k) and having
no diagonal steps on the line y = x. Let V,, ;; be the sum of all w(a) with a in V'(n, k).
We call the matrix V(a,b,¢) = (Vi,k)n,ken the generalized Schroder matrix of the
second kind. Then the entries of column 0 of this matrix are the generalized small
Schréder numbers. By considering the steps incident at (n + 1,n — k) we have

(4.1) Vit1,k41 = Vi + aVi k1 + Vi o2 + BV 1 k42,
(4.2) VnJrLo = CVn’1 + an+1’1

with n, k > 0 and boundary conditions V;, , =1 for n > 0.
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The first few rows of V' (a, b, c) are

V(a,b,c)
1 0 0 0
b 1 0 0
— ab+2b% + ¢ a+2b 1 0
1

a?b + 5ab? + 53 + ac + 4bc  a? + 5ab+ 5b% + 2¢  2a + 3b

Theorem 4.1. The generalized Schréder matrix of the second kind V (a,b,c) =
(Vi k)n,ken can be represented by Riordan arrays as

1+at — /(1 —at)2 —4t(b+ct) 1—at—/(1—at)?2—4t(b+ct)

2t(a+ b+ ct) ’ 2(b+ct) )
((1+at)(1—bt) t — bt? )
l+at+ct? "1+at+ct?2)’

V(a,b,c) = (

VYa,b,c) =

Proof. The proof is very similar to that of Theorems 3.1 and 3.2, so we omit
the details. 0

Theorem 4.2. The generalized Schréder matrix W (a,b,c) and the generalized
Schréder matrix of the second kind V (a, b, ¢) are related by

W(a,b,c) =V(a,b,c)- (1+ at,t),

where (1 + at,t) is the Riordan array whose elements on the main diagonal are 1,
subdiagonal are a, and all other elements are 0. Consequently, Wy, , = V,, p+aVy, ky1.

Proof. From Theorems 3.1 and 4.1,

1—bt t — bt?
1+at+ct2’1+at+ct2)

- 1 (1+4at)(1—bt) t—bt?
’<1+at’)( 1+ at+ ct? ’1+at+ct2)

= (ﬁ,t) -V~a,b,c).

W=(a,b,c) = (

Thus, W(a,b,c) = V(a,b,c) - (1 + at,t). O

From this theorem, we deduce V'(a,b,c) = W(a,b,c)-(1/(1 + at), t), which implies
the following results.
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Corollary 4.1. The general terms of the generalized Schroder matrix of the sec-
ond kind V (a, b, c) is given by

n

Vik = Z(—l)j_kaaj_’“,
j=k

where W, ; are terms of the generalized Schréder matrix.

Recall that V;, o are the generalized small Schroder numbers which are the sum of
weights of the generalized Schroder paths ending at the point (n,n) and having no
diagonal steps on the line y = x. We will denote the V}, o simply by V;,. Then

= om l+at—/(1—at)? —4t(b+ ct)
(t)_ZV”t B 2t(a + b+ ct) '

By doing minor computations, we obtain
a

W(t)=VI(t V(t)—1
()= V() + (V1) - 1),
where
1—at— 1—at)? —4t(b t
(o) = Lot = /0o (b T el
2t(b + ct)
is the generating function of the generalized Schréder numbers. This implies that
n .
a —1
Wi = Vn + 32_: (5) Vi bAOmz
Particularly, in the case b =1 and ¢ = 0, we get
(4.3) W,=014+a)V,, n>1

Fora=1,b=1and ¢c=0, W(1,1,0) and V (1, 1,0) are the Schroder matrix (1.1)
and the Schréder matrix of the second kind (1.2). Equation (4.3) reduce to the well
known relation linking the Schréder numbers, large and small, see [7].

For a = 3,b =1 and ¢ = 0, the first 5 rows of the matrices W (3, 1,0) and V' (3, 1,0)
are

1 0 0 0 0 0 0 00
4 1 0 0 0 1 0 00
w@,1,0=2 8 1 0 o, ve,Lo0=| 5 5 1 00
116 5 12 1 0 29 29 9 1 0
740 392 108 16 1 185 185 69 3 1

Column 0 of W (3,1,0) appears as the sequence A082298 in [25], and column 0 of
V(3,1,0) as A059231.
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5. THE HALF OF THE GENERALIZED DELANNOY MATRIX

Let W*(n,k) be the set of all generalized Delannoy paths ending at (n,n — k)
with no restriction. Let Wy, be the sum of all w(a) with a in W*(n, k). Then
the array W*(a,b,c) = (W} ;)nken is the half of the generalized Delannoy matrix
G = (Gn,k)n,keN, 1.€, Wy . = Gan—k,n- The first few rows of W*(a,b,c) are

W*(a,b,c)
1 0 0 0
a+2b 1 0 0
= a’+6ab+6b% +2¢ 2a+3b 1 0
1

a®+12a%b+30ab® 4 200> +6ac+12bc  3a%+12ab+10b>+3c 3a+4b

Theorem 5.1. The matrix W*(a,b,c) is a Riordan array and can be repre-
sented as

(5.1) Warb,e) ( —— at)Ql— — 1—at— \/(;(;jtc);_ At(b + ct) )
52 Wistane = 35 57 (1 TE T () (] Yot

Proof. Since the matrix W*(a,b,c) is the half of

G(a;b,c):( 1 t+at2+0t3)’

1—bt" 1—10t

by Lemma 1.2, we obtain that W*(a,b,c) is a Riordan array and its expression
is (5.1). From Theorem 2.2, we get the formula (5.2). O

Corollary 5.1. For the inverse of the Riordan arrays W*(a,b, ¢), we have

W a,b,¢) = (1—26t—(c+ab)t2 t — bt? )

1+ at + ct? "1+ at + ct?

Note that W o(a, b, c) are the generalized central Delannoy numbers, and we de-
note them as W (a,b,c). By the previous theorem, we have

= 1
5.3 WX(a,b,c)t"™ = ,
(5:3) nzz:o n(@:b:¢) V({1 —at)? —4t(b+ ct)
(5 4) W*( b ) _ z": S 2n — n m—1 m—21 ibn—m
. - (a, ,c—m:0 2 i ; a c .



Some interesting special cases are:
(i) Wy(a,b,0) are the weighted central Delannoy numbers:

(5.5) W*(a,b,0) = En: (2”; m) (;) ampnm™,

m=0

(ii) W} (a,0,c) are the weighted central trinomial coefficients:

Ln/2] .
* _ n =1\ n-2i.i
(5.6) Wr(a,0,c) = Z (n - z) ( ; )a c'.

=0

(iii) W;¥(0,b,c) are the weighted version of the sequence A006139 in [25]:

(5.7) W (0,b )—Lnf 2 (1) g2
i *(0,b,c) = o e )

=0

Theorem 5.2. Let W} = W (a,b,c). Then

(n+ )Wy = (2a+4b)n +a + 20)W,r — (a* — 4e)nW;_y, n

WV
N

and Wy =1, W =a+ 20.
Proof. Let

o0

(5.8) Q(t) = ! — N W,
=0

V(1 —at)? —4t(b+ ct)

n
Then we have

2b+ 4ct — a(at — 1)
(V1 —at)2 —4t(b +ct))3

(5.9) Q'(t) =
By some computation we find that Q(t) satisfies the differential equation
(5.10) ((a* — 4c)t? — (2a + 4b)t + 1)Q'(t) + ((a* — 4c)t —a — 2b)Q(t) = 0.

Taking W)* to be zero for n less than zero, substituting equations (5.8) and (5.9)
into (5.10), and equating the coefficients of ¢™ in the result equation we get the
desired result. 0
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Now we will explore the relationship between the number W7, of unrestricted
paths and the number W, j, of restricted paths. It can be shown that these numbers
are connected by the generalized Pell numbers. Indeed, we have the following result.

Theorem 5.3. For the Riordan arrays W*(a, b, c) and W (a,b, c) we have

. 1— bt
W*(a,b,¢) = W(a,b,c)- (1—2bt—(c+ab)t2’t)'

Proof. From Corollary 5.1 and Theorems 3.3,

1—2bt — (c+ab)t?  t—bt? )
1+ at + ct? "1+ at + ct?
1 — 2bt — (c + ab)t? 1—bt t — bt?
( )( )

W* (a,b,c) = (

1—bt 1+ at+ct?’ 1+ at 4 ct?
(1 =2bt — (c+ ab)t? .
7< - ,t)~W (a,b,c).
Thus, W*(a,b,c) = W(a,b,c) - (1 —bt)/(1 — 2bt — (c + ab)t?),t). O

Now we define the generalized Pell sequence (P, )n>0 by recurrence relation P, =
2bP,_1 + (ab + ¢)P,—o with initial values Py = 1,
function is

P, = b. Then the generating

oo

1- bt
D Pt = 1—2bt — (c+ ab)t?’
0 C Qa

Hence Theorem 5.2 implies the following identities:

(5.11) k=Y WPk
j=k

Particularly,

(5.12) Wy => WP
j=0

Fora=b=1,c= 0, we have

0 0 0 0
3 1 0 00

W*(llO)—< L 1_t”1_6t+t2>— 13 5 1 00
h VI-6t+8 2 63 25 7 1 0

321 129 41 9 1
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The central Delannoy numbers (A001850) appear in Column 0 of this matrix. From
Theorem 5.3, we have

. 1t
W*(1,1,0) = W(1,1,1) (1—:7§th¥§,t),

where (1 —t)/(1 — 2t — t?) is the generating function of the Pell numbers, see [18].
Example 5.1. Fora=b=c=1,

1-1¢

w(1,1,1) = W(LLU(ma

Q, W(L,1,1) = V(1,1,1)(1 +,¢).

The first few rows of the matrices W*(1,1,1), W(1,1,1) and V(1,1,1) are

. 1 1—t—+1-6t—32
w1 = (e e
1 0 0 00
3 1 0 00
=1 5 1 0 0],
81 28 7 1 0
459 161 45 9 1
1—t—VI—6t—32 1—t—+/1—6t— 3
W“Llﬂ)_< 2t(1 + 1) ’ 2(1 + 1) >
1 0 0 00
2 1 0 0 0
=7 4 1 0 0],
29 18 6 1 0
133 86 33 8 1
VOJJJ_<1+t—¢1—6ﬁ—&a1—t—¢1—&—3ﬂ>
26(2 + 1) 2(1+1)
1 0 0 00
1 1 0 00
=4 3 1 00
16 13 5 1 0
73 60 26 7 1

The first columns of the matrices W(1,1,1) and W*(1,1,1) correspond to the se-
quences A064641 and A122868 in [25], respectively.
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Example 5.2. Ifb=0,a=c=1, then

W*(1,0,1) = W (1,0, 1)( t), W(1,0,1) = V(1,0,1)(1 +¢,¢).

1—1¢2’

The first few rows of the matrices W*(1,0,1), W(1,0,1), and V(1,0,1) are

W*(l,o,l)z( 1 | 1—t—m>
o ot
1 0 0 00
1 1 0 00
=13 2 1 0 0],
7 6 3 10
19 16 10 4 1
1—t—vV1—-2t—3t2 1—t—+1-2t—3t2
W(L,0,1) = < 22 ’ 2t >
1 0 000
1 1000
=12 2 00|,
4 5 310
9 12 9 4 1
1+t—vV1—-2t—3t2 1—t—+/1-2t—3t2
va,0,1) = < 2t + 12) ’ 2t >
1 0 0 0 00
01 0 0 00
11 1 0 00
“l1 3 2 1 00
36 6 3 10
6 15 15 10 4 1

The first columns of the matrices W*(1,0,1), W(1,0,1),V(1,0,1) correspond to the
central trinomial coefficients (A002426), Motzkin numbers (A001006), and the Rior-
dan numbers (A005043) respectively.

Example 5.3. Ifb=0,a=3,c=1, then

1
W*(3,0,1) = W (3,0, 1)(1_—t2,t), W(3,0,1) = V(3,0,1)(1 + 3t,1).
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The first few rows of the matrices W*(3,0,1), W(3,0,1), and V (3,0, 1) are

3t VI—6t+52
W*(3,0,1) = ( 1 é 2,1 3t —+/1 6t+5ﬂ)
V1—6t+58 2t
1 0 0 00
3 1 0 0 0
=11 6 1 0 of,
45 30 9 1 0
195 144 58 12 1

1-3t—vI—6l+52 1—3t—+/1—6t+ 52
1 0 0 0
3 1 0 0 0
=10 6 1 0 o],
36 29 9 1 0
1

137 132 57 12

143t—+v1—6t t2 1—3t—+/1—6t+ 52
V(3,0,1) <+3 6t +5 3 6+5)

2(3t + 2) 2t
1 0 0 00
0 1 0 00
=1 3 1 00
311 6 1 0
11 42 30 9 1

The first columns of the matrices W*(3,0,1),W(3,0,1),V(3,0,1) correspond to
the sequence A026375, A002212 (restricted hexagonal numbers), and A117641
(3-Riordan numbers), respectively.

Example 5.4. If a=0,b=c=1, then we have W(0,1,1) = V(0,1,1) and

. 1—t

The first few rows of the matrices W*(0,1,1) and W (0,1, 1) are

1 0 00
1 1— V1 — 4t — 4 Lo 00

W*(0,1,1) = (x/ITiiﬁTZTZXE’ TR ) - 3 1 0 0],
32 13 4 1 0
136 55 19 5 1
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1 0 0 00
1—VI—4t—42 1—1—4t— 42 Lo oo
W(O’l’l):( A(1+1)  2(1+1) )Z 502 100
9 7 3 10

31 24 12 4 1

The entries of the first column of the matrix W (0, 1, 1) occur as the sequence A052709
in [25], and that of the matrix W*(0,1,1) occur as the sequence A006139 in [25].
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