Kybernetika

Sandra Dias; Maria da Graca Temido
Random fields and random sampling

Kybernetika, Vol. 55 (2019), No. 6, 897-914

Persistent URL: http://dml.cz/dmlcz/148082

Terms of use:

© Institute of Information Theory and Automation AS CR, 2019

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and stamped
O with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://dml.cz


http://dml.cz/dmlcz/148082
http://dml.cz

KYBERNETIKA — VOLUME 55 (2019), NUMBER 6, PAGES 897-914

RANDOM FIELDS AND RANDOM SAMPLING

SANDRA DiAs AND MARIA DA GRAGA TEMIDO

We study the limiting distribution of the maximum value of a stationary bivariate real
random field satisfying suitable weak mixing conditions. In the first part, when the double
dimensions of the random samples have a geometric growing pattern, a max-semistable distri-
bution is obtained. In the second part, considering the random field sampled at double random
times, a mixture distribution is established for the limiting distribution of the maximum.
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1. INTRODUCTION

Extreme values of stationary and non stationary random fields have been studied by
many authors in the last two decades. The usual extremal properties and concepts, well
known for real sequences of random variables, were extended showing a great commit-
ment between the classical results and the necessary inspiration to deal with random
fields. The characterization of the limiting distribution of the extremes of a random
field, studied in the scenarios of asymptotic independence, local dependence, exceedance
point process, clustering of high values, asymptotic location, etc, can be seen in Lead-
better and Rootzén [13], Ferreira and Pereira [0} [7], Pereira and Ferreira [16] [I7], among
many others. Gaussian random fields have received special attention, which stand out
due to its valuable properties, as we can see for instance in Pereira [I5], Tan [20 21] and
Harshova et al. [I1]. Almost sure convergence of maxima of random fields has also been
an interesting topic developed in many works, which can be checked in Tan and Wang
[22] and Pereira and Tan [18] and references therein.

In this paper we study the limit in distribution of the maximum of a stationary
bivariate real random field, sampled at double random times. Starting by considering
a deterministic sample size, the aim of Section [2] is to establish this limit under the
context of max-semistability. The results are simultaneously extensions of the ones of
Temido and Canto e Castro [23] and Choi [], concerning stationary real sequences and
stationary real random fields, respectively. In Section [3] we extend the results of Freitas
et al. [§], where a random sample size of a stationary real sequence is considered.

In the remaining part of this introduction, we provide the required background sup-
port led by the class of max-semistable laws.
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A distribution function (d.f.) G is max-semistable if there are reals r > 1, a > 0 and
b such that G(z) = G"(axz +b). The class of these d.f.’s - MSS class - coincides with the
class of all possible limits in

F*(a,z +b,) = G(x), n — 400,

where F'is a d.f., {a,, > 0} and {b,} are real sequences and {k,} is an integer sequence
satisfying kp4+1 > k, > 1 and k;“ —r >1(r < o), n > +oo. This means that
MSS is the class of all the possiblen limits in distribution of the maximum, under linear
normalization, of k,, independent and identically distributed random variables.
Max-semistable laws were introduced in Extreme Values Theory in the works of
Pancheva [I4] and Grinevich [I0]. The three families of real max-semistable d.f.’s are

defined by:

Pop(z) = exp{—(z —1t) “v(log(z —1t))} Mt oof(x),
Vo (2) exp{—(t — z)*v(log(t — z))} I o ¢{() + L}t 1 o[ (2) and
Ay (2) exp{—exp(—Bz)v(z)},

where a = |log 7/log a|, 8 =log r/b, t € R and v are positive, bounded and periodic
suitable functions.

The MSS class perspectives a significant increase in applications of Extreme Value
Theory, since it contains discontinuous d.f.’s as well as a wide set of multimodal d.f.’s.
Statistical inference in max-semistable models (estimation of parameters and an useful
test) was studied mainly in Canto e Castro and Dias [I] and Canto e Castro et al. [2,[3].

Temido and Canto e Castro [23] consider stationary sequences under an asymptotic
independence condition that is an adaptation of Leadbetter’s D(u,) condition. They
proved that the class of possible limits in distribution of the maximum of the first k,
random variables, linearly normalized, coincides with the MSS class.

Also in the context of max-semistability for stationary real sequences, Freitas et al.
[8] establishes the limit in distribution of the maximum My , under linear normalization,
where {T,,} is a sequence of positive integer random variables satisfying T,/k, — T in
probability, for some strictly positive random variable T. An additional mixing condition
was also introduced in order to deal with the weak convergence with mixing property.
Then a;,'(Mr, —b,) converges in distribution to the mixture defined by E(GT), where
G stands for the limit in distribution of a; '(My, — by,) stated by Temido and Canto e
Castro [23].

2. RANDOM FIELDS AND MAX-SEMISTABILITY

Let us consider a bivariate stationary real random field, {X,, ., }, with (n,m) in N2. Let
{k,} and {kX,} be two positive integer sequences satisfying

k *
"l >1, n— 400, and “2FL 5 p* > 1 m — 4oo. (1)

We use the usual notation M(I) := max{X;,;, (i,j) € I} for I CJ0,a]x]0,b] and
Mg := M(]0,a]x]0,b]), for any a,b € RY.
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The following dependence restriction is, at the same time, a generalization of the
condition Dy, (u,) provided in Temido and Canto e Castro [23] and an adaptation of
A(uy) introduced in Pereira and Ferreira [I7], this one being an extension of A(u,)
presented in Choi [4].

Definition 2.1. Let {u,, »} be a real sequence and {r,,}, {r%,}, {¢,} and {£%,} positive
integer sequences such that

T — 400, Tr = 0n(kn), by =o0p(rn), n— +00, (2)
and
Ty, — 00, Ty, = om(kr,), 0 =om(ry,), m— 4oo. (3)

The random field {X, ., } satisfies the condition Dy, g+ (un,m) if

i) for each pair of rectangles I} =|ay,b1]|x]c1,d1] and Is =Jag, ba]x]e1, d;] such that
as — by > ¢, and by — as < r,, we have

|P(M(I1) S un,myM(I2) S un,m) - P(M(Il) S Un,m)P(M(IZ) S unm)| S an,m
w1th T 0m,m — 0, n,m — +0o0;

ii) for each pair of rectangles IT =]af, b3]x]c}, df] and I3 =|a}, bj]x]cs, d5] such that
—dj > ¢, and d5 — c5 < r},, we have

m

[P(M(IT) < up,m, M(I3) < upm) = P(M(I7) < tin,m) P(M(13) < unm)| < g
with ]:—Z"’:—:a;’m — 0, n,m — 4o0.

The next lemma establishes the asymptotic independence of linearized maxima over
disjoint rectangles for stationary random fields under the condition Dy, k> (Un,m), as
well as estimates of P(Mpg, rx < tn,,). More precisely, this lemma is a generalization
of Lemma 4.4.1 of Choi [4] and Lemmas 2 and 3 of Temido and Canto e Castro [23]. As
a consequence we deduce an extremal type theorem for stationary random fields, where
a max-semistable limit law is obtained. In what follows, we present the construction of
those disjoint rectangles.

Let us consider two nondecreasing sequences of p031t1ve integers {s,} and {s } de-
fined by r,, = |kn/sn] and 1y, = |k;, /sy, | satisfying Sz==

m — +00.

Consider the disjoint rectangles E; '—] (J — Drn, jra]x]0, sk ], 7 = 1,..., Spn, and
By =0, x](5 — Dy drnds 3= 1,00, m, and observe that 0, s,7y,]x ]O,Sme] =
Uj’;l E; and E; =]0,7,]% ]O,smr;‘n] : U Ey. Take also the separated rectangles

I =|(j — 1)ry, jrn —£,]%x]0, sk 51, 7 =1,. sn, and I =10, rn ) %[ (G = Dy, G, — 6]
j=1,...,8,
Indeed, we split the rectangle )0, s,,7,] x]0, s%,r% ] into s, rectangles £,-separated, as

r m’m

well as Fy =]0,7,]x]0, sk, 7k | into s, rectangles £ —separated.
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Lemma 2.2. Let {X,, ,,} be a bivariate stationary real random field. Consider two
sequences of positive integers, {k,} and {k},}, satisfying and the sequences {s,},
{rn}, {s},} and {r;,} as before. If k, k} (1 — F(tn,m)) < +00 and Dy, r= (tn,m) holds,
then

1.

P\ M U I | <tnm | — H P(M(1;) € upm)| < ($n — Do (4)
j=1 j=1
and
piM | Sunm | = ] P (ML) < tnm) | < (57, = Doy, e (5)
Jj=1 j=1

2.

P(Mkn,k;“n < un,m) - PSHS:" (Mrnﬂ“fn < Umm) — O, n, m — +00. (6)

3. (a) Ifr>1andr*>1,

P(Mkn,kfn < Un,m) - PTT* (Mkn,l,k;‘"il < Un,m) — 0, n,m — +00; (7)

(b) If r =1 and r* = 1, Vhy, ha € RT, there are positive integer sequences {p,}

and {p;,} such that k, ~ k,/hi, n — +oo, and ky. ~ kJ /ha, m — +oc,
and

P(My,, iz, < Upm) — P2 (M, e, < upm) =0, nym— +oo;  (8)

pnoFpr

(c) If r =1 and r* > 1, Vh € R™, there is a positive integer sequence {p,} such
that kp, ~ k,/h, n — +o0, and

P(My, o < tnm) — P (My, ke < Upm) = 0, nym— +00;  (9)

ny Pn s Nm —

(d) Ifr > 1 and r* = 1, Vh € R*, there is a positive integer sequence {pZ,} such
that ky. ~ kj, /h, m — 400, and

m

P(My, s, < tnm) = P"(Mi, g, < tpgm) =0, nym — +oo. (10)

Proof. We omit the proof of 1. due to its similitude with the proof of Lemma 3.2.2
in Leadbetter et al. [I2], in spite of the approach of random fields. In the following we
present the appropriate main arguments to separated rectangles, which are generaliza-
tions of the ones presented in Temido and Canto e Castro [23] for separated intervals.
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2. Let us observe that

‘P<Mkn7k:n < Upm) — Psnsfn(Mrmr;*n < un,m)l

S |P(Mkn7k:n S U”ﬂam) - P(MsnTms:nT:n S u"7m)| (11)
HP(Mir, 55,05, < tnan) = P (M (E2) < )| (12)
HP (M(Er) < i) = P (M, s, < i) (13)

Due to the fact that r,s, < k, and r,s% < k* , taking RSZ,, =]8pTn, kn] X 10, 8575 ]
and RS?W =10, kp | x]sk,rk k], we prove that is bounded by

m'm?’’'m

P(M(R%l}n) > un,m) + P(M(R(2) ) > un,m)

n,m

* *
Smrm

k

F
" =y ) knE (Up,m) = 0, n,m — 400,

where F(x) := 1 — F(z). We also deduce that

0 < PM(Uj2y1}) < unm) = P(M(U52 Ej) < tn,m)

¢ * %k -
< SZ—nSZ%knkan(unm) — 0, n,m — +oo, (14)

where M (U5, Ej) = Mg, s s -
Moreover, due to and using the stationarity of {X,, .}, we get

‘P(M(U;;llj) < Up,m) — P (M(I;) < unm)| < spapm — 0, n,m — 4oo0.  (15)

k k

[Tai— 110

i=1 i=1

k
S Z |ai — bll for ai,bi €
=1

1=

In addition, due to the well known inequality

[0, 1], we obtain

P (M(Il) S un,m) — per (M<E1) S un,m) S Sn [P<M(Il) S un,m) - P(M(El) S un,m)]
< 5, P(M(Jrn, — £y, mn]x]0, 82,75 1) > Unm)
Sk SE Tk —
Lk, Pl ) = 0 (16)

as n,m — +oc. Then (14), and prove that is asymptotically zero. Simi-
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larly, considering the vertical scheme for EJ, ..., E. | we obtain

’ s:{n

| P (M(EY) < tnm) = Po5m (M(EY) < tnm))|
< Sn‘P(M(Uj‘Z1E;) < Unym) — P(M(Uj‘ZlI;) < Unym)|

48| P(M(USP L T2) < ) — P (MIF) < thn)|

Jj=1"J
+5n‘PS:"'(M(If) < un,M) - PS:"(M(ET) < un,m)l

< 28,8508 F(Up ) + Snsi,

*
mCn.m — 0, n,m — +o00.

The proof of 2 is concluded.

In order to prove 3.(a) we proceed with the rectangle 0, k,,—1]x]0, k*, _;] and consider
the sequences (3, = | =], ¢, = LIC"T:”J, Br, = L“:TJ and ¢, = LI%S%TJ for which holds:
b1, g: -1, kg: — 400, kz}: = 400, Bpanm — 0, Brag, , — 0, % — 0,
% — 0, when n,m — +oc.

Since the condition Dy, _, x*  (tn,m) holds as well, mutatis mutandis, we prove that

P(Mg, _, ke

m—1

<) — PPrPm(My, gx < ttpm) = 0, nym — +oo. (17)
Furthermore

|P(Mkn,k;*n < un,m) - P (Mknflak:n_l < un,m)|

< |P(My, kx, < Unm) — penem (My, s, < tinm)| (18)
P (My e < ) — P50 (My, 2. < tinm)| (19)
+|Ponom (Mg, qz, < Unm) — Pﬁnrﬁ:’lT*(quq:l < Unm)| (20)
P My g < ) — P O, Sl (21

Here the difference is asymptotically zero due to @ Likewise tends to zero,
when n,m — +o0o, because |z" — y"| < r|lz — y| for all x,y € [0,1]. Assuming without
loss of generality that ¢, < r, and ¢, < r’ and taking RS’Z,L =]qn, n]%]0, ¢},] and

R%Zn =10, r,]x]gk,, ], we prove that is bounded by
SnSL{P(M(Rs)Zn) > Un,m) + P(M(R7(14Zn) > Unm)
< sns:n{(rn - Qn)qa + (T:I’L - qun}F(un,m) — 0, n,m — +00.

In what concerns (20]), we use the inequality 0 < u” — u¥ < u*(log u)(z —y) valid for
0 <z <y <ooandu €]0,1] (Lagrange’s Theorem) and the fact that 3,37 < = °m,

m — p opx
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Then we establish that does not exceed
PPnrBnr’ (qu7q;‘" < Up,m) log P(MQn,q,*,L < Unm) X (BaTBmr™ — snsp,)

SnSm,

_ pBarBir (qu o < Un m) log PBnrBLT” (qu a Sup m)(1——""—
'Um ? Tam ’ /Bn’rﬁ’rﬂr*

— 0, n,m — 400,

because zlog(z) is a bounded real function on |0, 1[.

The proof of is concluded. In order to prove , we start by observing that for
all (hy,hy) € RT x RT, with L%j, L% » L3] and LZ—Z’J instead of k,, k,, s, and s,
from (6)) we deduce

P(M kn < un,m) - PL%J L%J (Mrn,r;*n < un,m) — 0, n,m — +00.

b || 42|

On the other hand, since r = 1, for any h; > 0, there exists a positive integer sequence
Pn, = Pn(h1) such that k,, _1 < k,/h1 <k,, . Likewise for k},. Then, we easily obtain

L
Sném

S Unym) — P72 (M, o < Up ) — 0, n,m — 4-00.

P(M;,

k*
Pn> p:n

This last limit, jointly with @, gives us .
If r =1 and r* > 1, for any h > 0, we obtain similarly

P(ML@J LL",LJ < un,m) - PL%J FTLEJ (Mrn,rjn < un,m) — 0, n,m — +o0,
o JoLp*

and consequently

Phr* (Mk:pn,kjn_l S un,m) - PSnS:n (M'r”,r;"n S un,m) — Oa n,m — +OO7
as well as @
The same happens for 7 > 1 and 7* = 1. The proof of the lemma is concluded. [

The next theorem, the main result of this section, establishes that the limit in distri-
bution of the sequence of linearized maxima a,, "}, (M, k: — bn,m) is a max-semistable

random variable. This extremal type theorem is the expected generalization of Theorem
2 of Temido and Canto e Castro [23], when the approach of random fields is considered.

Theorem 2.3. Let {X,, ,,} be a stationary bivariate random field. Suppose that there
are positive integer sequences {k,} and {kX} satisfying (I) and real sequences
{anm > 0} and {by, ,} such that k, k) (1 — F(anme+bpm)) < +oo. If {X,,,,} satisfies
Dy, k> (@n,m® + bp,m) and there exists a non degenerate d.f. G, such that

P(Mkmk:n < apm® + bpm) — G(z), n,m — +o0, (22)

then G is max-semistable.
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Proof. Suppose that r > 1 and r* > 1. By assumption we have
P(My, _, k: <tup-1,m-1) = G(z), n,m — +o0,
and, due to the last result, we get

P(Mg, kx| < tUpm) — Gl/”*(x), n,m — +00o.

m—

Applying Khintchine’s Convergence Theorem we prove that there are real constants
A >0 and B such that G(z) = G (Az + B). Then G is max-semistable.
If r=1and r* > 1, from and @ we get, respectively

P(Mkpwmk < upn7m_1) — G($)7 n,m — +007

et =
and, for all h > 0,

P(MkPn’k:n—1 S u"ym) — Gl/hr* (37)7 n,m — —+00.
Once again, Khintchine’s Convergence Theorem gives us G (Az+B) = G(z), Yh* > 0,

(h* = hr*). In this case G is max-stable. The cases r = r* = 1 and r > r* = 1 are
similar. ]

This section is finalized with the following useful proposition.

Proposition 2.4. Let {X,, ,,,} be a bivariate stationary random field and {k,}, {k},}
positive integer sequences satisfying (I). Suppose that {an,m > 0} and {by n} are real
sequences such that k, k(1 — F(an,mx + by,m)) < +oo and

P(My, kx, < anm® + bpm) — G(x), n,m — +oo, (23)

with G non degenerated. If {X, ,,} satisfies the condition Dy, rx (anmZ + bnm), for
every z in the support of G, then

P(M 2k, |, 12 kx| < @nm® + bpm) — M (z), n,m — +o0, (24)

for any positive reals A and \*.

Proof. Assume first that » > 1 and * > 1. Lemma 1 in Freitas et al. [§] states that for
A > 1 there are two positive numbers j := j(A\) = min{i : Ak, < kp1;} and ng := no(A)
such that Ak, < kpnj, for n > ng. When A* > 1 we obtain similarly ANk, < k-,
for j* := j*(A\*) = min{i : Ak}, < k;,;} and m > mg. Then, by the assumption
that D’fnﬂvk;“nﬂ* (Un+jmaj-) holds, we deduce the validity of Dy, g+ (Untjm4s-) and
Dk, ), 2k, | (Untjmj+). Observe that if A < 1 and A* < 1 all these conditions are
trivially valid for any j, j* > 0. Otherwise if A < 1 and A* > 1or A > 1 and \* <1
it is enough to merge these arguments to establish the validity of these two conditions.
So, taking into account the limit and the steps used in the proof of Lemma (see

also the proof of Proposition 1. in Freitas et al. [§], we obtain

PM*(Mkn,k:n < Unigmsc) = P(M Ak, | (3 ks | < Untjmtj) — 0, n,m — +oo. (25)
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Now, in the proof of @), replace 7 and r* by 7/ and (r*)J", respectively, in the
definition of B,, qn, 5;, and ¢},. Then with a suitable change in - we get
I (r)d” (

P(Mk71.+jyk;+7»* < un+j,m+j*) — P Mkmk;} < un+j,m+j*) — 0, n,m — 400,

which implies

P(Mkm;% < Upgjmijs) = Gr T (z), n,m — +o0.
However, G™ (")~ () = G(Az + B), where A := A(j,j*) and B := B(j,j*) are
obtained from Khintchine’s Convergence Theorem.

Combining this last limit with and using again Khintchine’s Convergence The-
orem we obtain .

Assume now r = r* = 1. For any A there is a positive integer sequence p, :=
pn(A) such that k,, 1 < [Akn] < kp, and then |Ak,| ~ k, , n = 4+o00. The same
happens with |A*k’ | ~ ky., m — +oo. As well as we obtained @D we achieve
now . Moreover, if » = 1 and r* > 1 consider p, and j* as before and ob-
serve that Dy, k. (up, m+j+) implies the validity of D|xg,| a=kz | (Up, m+j) and
Dy, ks, (Up, m++)-

Starting in we obtain

NG
P(Mkpn,k;‘nﬂ,* < Up, i) — P (M, ke < Up, mje) = 0, nym — 400,
and

AN*
P(Mxk, |, x ks | < Up, mige) — P (M, gz < Up, maj) — 0, n,m — +oo.

m

Once again Khintchine’s Convergence Theorem gives us the existence of A and B such
that

P(Mak, |, (3 ks, | < Upmetg=) = GM (Az + B), n,m — +oo,
as well as the limit . The proof is concluded. O

3. RANDOM SAMPLE SIZE

When a sample with random dimension is considered, in order to establish the limit
in distribution of maxima, sums, maxima of sums and many other statistics, the weak
convergence with mixing property in Rényi’s sense has been an useful result. Namely,
following Rényi [19] a sequence of real random variables {Z,}, specified on a common
probability space (9, .4, P), is weakly convergent with mixing property if there exists a
d.f. F such that

P({Z, <2} N B) — F(z)P(B), n — +oo, (26)

for any event B € A and any z in the set of continuity points of F, say C(F'). Obviously
the weak convergence with mixing property implies the weak convergence. Rényi [19]
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proved a criterion for this type of convergence according to which holds if and only
if

P(Z, <x,Zy <x)— F(x)P(Z, <), n = 400, (27)

for any positive integer k and any x in C(F'). The proof of this equivalence can be seen
in Galambos [9] and can be easily extended to higher dimensions.

In order to apply this criterion to the sequence of maxima GZ,Im(M[Aknj AR | —bnm),
for any positive A and A\*, we need to introduce the following additional mixing condition
Dl(c(i’flk;*i (v, Up,m), which extends the condition D, k, (v, u,) of Freitas et al. [§], being

this one inspired by condition A(u,) of Ferreira [5].

Definition 3.1. Let {k,} and {k,} be positive integer sequences satisfying , {tn,m}
a real sequence and {r,}, {r*}, {€,} and {£5 } positive integer sequences satisfying
and 1] The bivariate random field {X,, .} satisfies D,(fi’?,:*) (v, Un,m), for ¢ >0, ¢* >0
and v > 0, if for any integers 1 < i; < g < i2 < kp, and 1 < j; < ¢* < j2 < K},
for which iy — i1 > €y, jo — j1 > £}, the rectangles J;, j, :=]0,41]x]0, j1] and Ji’m2 =
Jia, kn]x]j2, k] are such that

|P(M(Ji,.3,) < v, M(J}, 5,) < tnm) = P(M(Jiy,3,) < 0)P(M(J], j,) < tinm)| < ]

2,J2 n,m?

with o, ,,, — 0, n,m — 4o00.
The counterpart of Rényi’s property is now deduced.

Lemma 3.2. Let {X,,,,} be a bivariate stationary random field and {k,} and {k},}
be positive integer sequences satisfying . Suppose that uy m = GpmT + by m is a real
sequence such that {k,k% (1 — F(tnm))}n.m is bounded, the convergence (23] holds and
the condition Dy, rx (un,m) is satisfied, for any z in the support of G. Assume that
pPkaA ki)
(Mkn |, A"k,
any positive integers g and ¢*. Then
P(M | xp, |, 2k

m

J(uq’q*,un,m) is satisfied for any fixed and positive reals A and \* and for

] < un,m‘MLAqu,L)\*k;‘*J < Ugqe) = el (z), n,m — 400,
and
P(ML)\’C',LJ,LA*’C;“RJ < u,L7m|B) — GA)\ (I), n,m — +00, (28)

for any event B with positive probability.

Proof. For each rectangle ]0, | Ak, ]]x]0, [A\*EX,]], define the disjoint sub-rectangles
Ju = [ Akg ]+ oy [N [1}10, [ XK ] 4 £y, ]5 T2 :=]0, [ Akg | + €n] XN KS | 4 €5, [NE ]
and J3 := JL/\qu+énxL>\*k;*J+Z7yL' For simplicity, write J' := J()\kqj-i-fm\_/\*k;d-ﬁ-ffn'

We first prove that

P(Mak, ), aek5,) S Unms Mk, ) 3k;. ) < Ugg)

(29)
= P(M(J") < unm, M(Jxk, ), 2vk2. 1) < tgge) + 0nm(1).
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In fact, we have
P(M g, ), x kx| < Un,my M k), [AkzL ] < Ug,q+)
=P(M(J') < tpm, M(J1 U J2) < tpm, M(JMJVLA*,C;*J) < Ugge, M(J3) < Upm)
=P(M(J') < tpm, M(J1 U J3) < Un,va(J\_/\qu,\_)\*k;*J) < Ug,q+)
—P(M(J") < tpm, M(J1 U J3) < unym,M(JquH,\*k}J) < ug,ge, M(J3) > Unm),
where the last probability does not exceed

P(M(J3) > Un,m7M(=]\_/\qu,|_>\*k;*J) < ug,q+)

(Nog)4n ATk I4L5, [Akg AT RZL 405,
<P { U U {X:,; > un,m}} U{ U U {Xij > un‘m}}

i=|Akg]+1 j=1 =1 j=| ATkl 41

< ([N kge ]+ 60,) + £ | Mg | ) F (un,m)

s [N ko] + 47, [Mkq|
~ \kn Kz, kn k=

On the other hand

) Enkr F(un,m) = 0, n,m — +oo0.

P(M(Jl) < un,maM(Jl U J2) < un,maM(Jl_)\kqj,l_A*k;*j) < uq,q*)
=P(M(J) < Un,maM(JL)\qu,L)\*k;*J) < Ug,q+)
—P(M(J/) S 'Ll,nym,M(Jl U JQ) > un,va(JLAqu,L)\*k;*J) S uq’q*)

where

P(M(J/) < umm,M(Jl U Jz) > umm,M(JL,\qu,\*kZ*J) < uq,q*)
(M(J1 U Jg) > un’m)

M(J1) > unm) + P (M(J2) > tnm)

P
P(
Nk | — [Nky) — £ LN ] + €5,
3 R

Sl VR = V)~ 6,
n kr,

) knk: F(unm) — 0, n,m — +o0.

Henceforth, is proved. Now, due to the fact that DE?‘I’ZQJALI;Z; J(uq7q*,un7m) holds,

we also get

PM(J) < un,myM(JL)\qu,L)\*k;*J) < Ugq*)

(30)
= P(M(J") < tinm) P(M(J 2k, 1, 2%k2. 1) < tigg=) + 0nm (1)
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So it remains to prove that
P(M x|, 3k | < tnym) = P(M(J') < tnm) 4 0nm(1). (31)

Indeed

P(Mxi, ) avks, | < Unim) = P(M(J") < i, M(Jy U J2 U J3) < )

=P(M(J') <upm)) — PM(J") < tpm, M(J1 U o U J3) > tpnm),
where, using the previous arguments, we deduce
P(M(J") < upm, M(J1 U J2 U J3) > tnm)
< P(M(J1UJ2 U J3) > U m)

< | Ak | [N ks ] + 45, N [Nk | + b [ NE ] — [Nk ] — €5,
< kn kx, kn k¥,

— 0, n,m — +o0.

Due to , and we conclude that

) knk: F(unm)

P(M ik, ), 130 k5, 1 < Unms Mk, ) [avkz. | < Ugq”)
= P(Mxk, ), 3ok, | < ) P(Mxk, ] 3 kz, | < Ug,qe) + 0 m (1)-

Taking into account the limit and using Rényi’s property, we are able to deduce
£9). O

In what follows {T},} and {7}, } are sequences of positive integer random variables
satisfying

Tn/kn — T, n— 400, Tn/ki — T*, m — +oo in probability, (32)

for some strictly positive random variables 7" and T*.

The main result of this paper, Theorem establishes the limit in distribution of
the linearized maxima aj, ;,,(Mr, 72 — bp,m). For its proof we need the following lemma
that presents the asymptotic closeness between a;}mMTmT& and a

non M)k, 70
Lemma 3.3. Let {X,,,,} be a bivariate stationary real random field under the con-
ditions of Lemma Let {T,,} and {T;} be sequences of positive integer random
variables satisfying (32). Then

P(|(MT7“T;’ — MLknTJvl_kfnT*J)l > 5an_’m) — 07 n,m — +00,

for all € > 0.
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Proof. Due to the fact that T" and T™ are strictly positive, for any 1,7 > 0 there
exist £ > 0 and zf > 0 such that P(T < x¢) < ey and P(T™* < zj) < }. Thus, for any
a >0 and b > 0, we have

T, T,
P(‘];—T‘>aT> SP(J—T‘>GZ‘0>+E1<€2

n

and
T:;L * * T;@ * * * *
P o T >VvT" ) <P e =T >bxy | +¢] <ey.

On the other hand, for any €3 > 0 we may choose dy, di, dj and d} such that
P((T,T*) € D) > 1 —e5, (33)
with D := [dg, d1] x [d, d}]. As a consequence, for any ¢, c* > 0, we have

P(|Mr, s — Mk, 1), ke, 7| | > €an,m)

Ln _ T‘ < T, (34)

<P (|MTH,T;; = Mg, 1), kz, 1+ || > €anm, B

m _T*
ki

i

<cTH (T, T7) € D) +eg+ €5 +€3.

Consider that the inequalities ‘f—" —T’ < T and g” —T*’ < ¢*T* hold. Then
knT(1—c¢) < T, <k,T(14c)and k5, T*(1—c*) < T} <k T*(1+4c*). Then, assuming

> €0y, m, We have the following cases:

that |Mr, 1o — Mk, 7|, [k, 7]

i) if T, > k,T and T}, > k;, T* then Mr, 7= > M|y, 1), ks 1+|, and therefore there
is at least one (i,7) €]k,T,T,]x]0,T;;,] U]0, k,T|x]ks,T*, Ty ] such that X; ; >
Mk, 1), (ks 1) T EAnm

ii) if T, > kT and T}, < k), T*, it can occur:

a) Mr, 12 > My, 7| |k 7+ and then there is at least one (7, ) €]k, T, T,]x]0,T]
such that X; j > M|y, 1), [kz, 7] + €Qn,m ;

b) My, |, kx| > Mr, 7 and then there is at least one (4, j) €0, k,T|x|Tyr,, k5, T
such that X; ; > Mz, 1: + anm ;

i) it T,, < k, T and T > k¥ T*, it can occur:

a) Mr, rz > My, 1|, |k, 7+| and then there is at least one (4, j) €0, T, ] x|k, T*, Ty ]
such that X; ; > Mg, 7|, |kx 75| + EQnm ;

b) My, 1|, kx| > Mr, 7 and then there is at least one (4, j) € | Ty, knT]<]0, ki, T
such that X; ; > My, 7+ +¢€anm ;

iv) if T, < k,T and Ty, < k;,, T* then M|y 7|, kz 7+ > Mr, T+, and therefore there
is at least one (i,7) €T, k,T|x]0, k},T*|UJ0, T, ] x]Ty,, ki, T*] such that X, ; >
MTn,T;L + En,m -
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Take into consideration that, when ’%: -T ‘ < T holds, both T}, and k,,T are between

k,T(1—c) and k,T(1+¢) and similarly for ;¥ and k&, T*. Then we can enlarge suitably
the underlying rectangles. Furthermore since M|y, 1(1-c)|,[kz T+ (1—c)| 18 less or equal
than all the other maxima, by , we obtain

P(|Mz, 1z, = Mg, 7), |k, 71| > €an,m)

nT(e)] LK T (™))
< > Y. AP (Xij 2 Mk, 10-0)), 18,7+ (1—c*)| + Eanm, (T,T") € D)

™
i=1  j=|k},T*(1—c*)]+1

LknT(14c)] Lky, T (1+c*)]
+ > AP (Xig > Mig,rac)), kg1 (1—c)) + €anm, (T,T*) € D)
i=|knT(1—c)|+1  j=1

+ea +e5 +e3.

Meanwhile, due to Proposition there is € > 0 and z; := z1(€) such that

P(M\k,do(1—c) ], [kz,d5(1—c*)| < Qnm®1 + bpm) <€

Then,
P(IMr, 1z, — Mk, 7)1k, 7| > €an,m)

lknT(14c)] Lk, T*(1+c*)] L M . gx | —b
<4 > > P (Xm b o, Mikndo1-0)) 15, d50 ) ~brm

= a
i=1  j=|kx,T*(1—c*)]+1 m o

Mk do(1-c)], Lk, dz (1—c*)] — bn

™ s 3 (T, T € D)

An,m

Xij =bnm o Mk, do(1—c)), k3, a5 (1—c*)| — bnm

+,

[knT(+c)] Lk, T (14c")) <

+4 Y > P

a a
i=lknT(1—c)]+1  j=1 o o

M do(1-0)], k%, dg (1—c*)] — Onm

m

>, (T,T7) € D) +eq
An,m
e T(4e)] Lk, T* (14+c)) Xii—b
<4 > > P<M2ml+5,(T7T*)€D)

- a
i=1  j=|kx T*(1—c*)|+1 m

L TAFe)] LT AteD]
DD S p(Rute s o)) va

a
i=|knT(1—c)|+1 j=1 o

< (8kndi (1 + )k dic” + 8kndick,,di (1 + ™)) F(an,m(x1 + €) + bn,m) + €4,

where g4 = € + 2 + €5 + 3. By establishing that ¢,c* — 0 and 4 — 0, we obtain the
desired result.

O
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Theorem 3.4. Let {X,, ,,} be a bivariate stationary random field. Let {k,} and {k;,}
be positive integer sequences satisfying and suppose that there are real sequences
{an,m > 0} and {by, m}, with w, m = an m® + by m, such that

P(Mg, kx < tunm) — G(z), n,m — +o0,

with G non degenerate. Let {T,} and {T)} be sequences of positive integer ran-

dom variables satisfying . If {X,,m} satisfies the conditions Dy, gx (Un,m) and

D,iik;;;’\*k:)(uw, Un,m) for any (X, A*) in the support of (T',T%), S(p 1), then

P(Mr,

ny

T < Upm) — G (z) dE(pp+y (A, A7), n,m — 4-o00.
S(r,T*)

Proof. For each z € N and h := (h,h*) € N2 define the disjoint rectangles A, =
[h2%, (h+1)2-%]x]h*2~%, (h* +1)277]. Let dj, :== h2~%, df := h*2~* and € > 0. We
have

P(Mr, 13 < tunm)=P(Mz, 7x < tunm,|Mr, 15 — Mg, 7| ke, 7| | < €Anm)

+P(Mr, 7 < Unm, Mz, 72 — Mk, 7|, k2, 7+ || > €Qnm)- (35)

Considering Lemma we prove that the last term in tends to zero as n, m — +oo.
We also obtain an upper bound for the second term in . In fact

P (Mg, 12 < tnm, Mz, 175 — Mg, 1), |5 7| < €Qnm)

<P (Ml_knTj,\_k* T+ — EAn,m < Un,m, |MTn,T;L - MLknTJ,\_k* T+ < san,m)

m m

= Z P (MLknTJ,Lk;‘nT*J — EQn,m < Un,m,
h:AhﬂS<T)T*)#®

|Mz, 12— Mg 1), ks 10| < €anm, (T,T7) € Ap)

m

IN

> P(M g ap ), ks dpe | < Unim + €anm|(T,T7) € An)P((T, T*) € An)
h:Ath(T,T*)?éw

= > P(M k), k2 dns | < (T +€)anm + bpm|(T,T*) € An) ¥
h:AhﬂS(TYT*)S’é@

< P((T,T*) € Ay).
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Using and the dominated convergence theorem we get for continuity points x of G

limsup lim Z P(M ,dy |,k dpe ) < (@ +€)anm +bum|(T,T") € An) ¥

Fee T e A Ser )0
< P((T,T*) € Ap)
= limsup > G (x4 e)P((T,T*) € Ap)

PO e ARNS (1 ey 2D

— [ @t adFam (X,
S(r,7*)

Similarly, we get a lower bound of the second term in . In fact

P(MTmT" < Un,my |MTn,T*

m m

— M1, k2 1+ || < €Cnm)
2 P(M g, 7, 1ks,7) + €nm < Ungm, |Mr, 17 — Mg, 1), k5,7 || < E0nm)

= P(Ml_knTL\_lc;‘nT*J +eanm < un,m)

—P(M i, 7|, ks, 7] + Enm < Unmy |Mr, T2 — Mg 1), k27| | > €Cn,m)

m

> P(M g, 1), kx, 7+ + €nm < Unm) — P(IMz, 72 — Mk, 7, 185,77+ || > €Cnm)

= Z P(MlknTJvafnT*J < Upm — Ean,m‘(Ta T*) € Ah) X
h:ARNS (7 ) £0
XP((T7 T*) € Ah) - On(l)
Z P<Mtk"thvajn,d}L*J <(z— E)Gn,m + bn,m|(T7 T*) € Ap) x
h:AhﬁS(T,T*);éQ
xP((T,T*) € Ap) — on(1).

Applying the same arguments as for the upper bound, we get for continuity points x of
G,

. . . < (r— *
tmsup im0 DT P(Mia) k) S (0= nm + buml (T,77) € An) X
hZAth(T,T*)7$@

xP((D,D*) € Ap)
= / G (2 — &) dF (X, \").
S, 7%)
Combining the two bounds, for continuity points x of G, we have

li G (x — &) dFppey (M AF) < li P(Myp 7+ < tpm
El_r% Scr,7*) (x E) (TﬁT)(7 ) - n7ml—r>n+oo ( Tn, T3, = Un, )

IN

lim G (x — &) dFir =) (A, \").
e—0 S(T,T*)
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The proof is concluded. O
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