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Abstract. We show that n-dimensional (n > 2) complete and noncompact metric measure
spaces with nonnegative weighted Ricci curvature in which some Caffarelli-Kohn-Nirenberg
type inequality holds are isometric to the model metric measure n-space (i.e. the Euclidean
metric n-space). We also show that the Euclidean metric spaces are the only complete and
noncompact metric measure spaces of nonnegative weighted Ricci curvature satisfying some
prescribed Sobolev type inequality.
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1. INTRODUCTION

Functional inequalities, such as the Sobolev inequality, the Caffarelli-Kohn-
Nirenberg inequality, the Gagliardo-Nirenberg inequality, and so on, in the Euclidean
space or on general Riemannian manifolds have been studied intensively (see, e.g., [2],
[3], [6], [7], [10], [13], [14], [17], [18], [31] and the references therein). In this subject,
an interesting and difficult topic is trying to find the best constant for the functional
inequality of a given type. Many works focus on this topic and some interesting
results have been obtained (see, e.g., [1], [28], [30], [32]). Denote by C§°(R™) the
space of smooth functions with compact support on the n-dimensional Euclidean

This work was supported by Key Laboratory of Applied Mathematics of Hubei Province
(Hubei University), the Project Sponsored by the Scientific Research Foundation for
the Returned Overseas Chinese Scholars, State Education Ministry, the Fok Ying-Tung
Education Foundation (China), China Scholarship Council, and the NSF of China (Grant
No. 11401131).

DOI: 10.21136/CMJ.2019.0214-18 213


http://dx.doi.org/10.21136/CMJ.2019.0214-18

space R™. In [6], Caffarelli, Kohn and Nirenberg have proven the validity of a func-
tional inequality for any function in the space C§°(R™). However, they did not
give the possible best constant therein. Following the convention, we call functional
inequalities having the same type as the one obtained in [6] the Caffarelli-Kohn-
Nirenberg type inequalities. By considering some special cases, Xia in [32] has given
the exact value of the smallest admissible constant for the Caffarelli-Kohn-Nirenberg
type equality given in [6]. In fact, he proved the following.

Theorem 1.1 ([32]). Let n > 2, r > p > 1, and «,  be fixed real numbers
satisfying

1 « -1 1
lye 2l (B 1 7 g
p n plr—=1) n’' r n
where 1 ]
p—
y==(a—1)+ .
r pr

Then for all f € C§°(R™) we have

(1) [ e de

r 1/p (p—1)/p
< (/ 2|7 |V fIP dx) (/ |x|6|f|p(r—1)/(p—1) da:) ,
n-+ry Rn

where |z| is the Euclidean length of x € R™. Moreover, when

)

(1.2) n+ B < (1_a+§)7<7;—_ 1p>P

the inequality is the best possible in the sense that

(Jope 121977 £1P d2) P ([ |]P] fIPr= 1/ = D) P02 .

1.3 inf =
U9 eosliono T |21 ] dz ntry

and a family of minimizers of (1.3) is given by

fmin(@) = (A + |x|1—a+ﬁ/p)(1—p)/(7“—p), A> 0.

For a given complete Riemannian manifold M let C§°(M) be the space of smooth
functions on M with compact support, and dv, be the volume element (i.e. Rieman-
nian measure) related to the Riemannian metric g. By applying the Caffarelli-Kohn-
Nirenberg type inequality (1.1) which has the best constant, the Bishop-Gromov’s
volume comparison theorem for manifolds with Ricci curvature bounded from below
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(see, e.g., [8], pages 71-73), and constructing functions based on the minimizer fi,in
above, Xia in [32] has proven the following rigidity theorem.

Theorem 1.2 ([32]). Let n, r, p, a, B, v be as in Theorem 1.1, and assume
that (1.2) holds. Let M be an n-dimensional complete open Riemannian manifold
with nonnegative Ricci curvature. Fix a point xo € M and denote by . the distance
function on M from xzq. If for any f € C§°(M) we have

[ s au,
M

r 1/p 5 (1)) (1) (p—1)/p
< ap Pq p(r=1)/(r-1) 4 7
(e ) ([ i o)

then M is isometric to R™.

It is interesting to know under what kind of conditions a complete open n-manifold
(n > 2) is isometric to R™ or has finite topological type, which in essence has relation
with the splittingness of the prescribed manifold. This is a classical topic in the global
geometry, which has been investigated intensively (see e.g. [9], [20], [25]).

One purpose of this paper is to generalize Theorem 1.2. For that we need to
use the following notions of smooth metric measure spaces and the weighted Ricci
curvature.

A smooth metric measure space (also known as the weighted measure space) is
actually a Riemannian manifold equipped with some measure which is conformal to
the usual Riemannian measure. More precisely, for a given complete n-dimensional
Riemannian manifold (M, ¢g) with the metric g, the triple (M, g,e ¥ dvy) is called
a smooth metric measure space, where ¢ is a smooth real-valued function on M and,
as before, dvy is the Riemannian volume element related to g (sometimes, we also
call dvg the volume density). Correspondingly, for a geodesic ball B(xg,r) on M,
with center o € M and radius r, one can also define its weighted (or ¢-)volume
voly, [B(zo,7)] as

Now, for convenience, we also make an agreement that in this paper vol,(-) represents
the weighted (or ¢-)volume of the given geometric object on a metric measure space.
For a given smooth metric measure space (M, g,e~% dvg), the following N-Bakry-

Emery tensor
de @ de
N ?
with Ric and Hess being the Ricci and the Hessian operators on M, respectively,

Ricf; := Ric + Hess ¢ —

can be considered. Especially, when N = oo, the N-Bakry-Emery tensor Ricg
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degenerates into the so-called co-Bakry-Emery Ricci tensor Ric, which is given by
Ric, = Ric + Hess .

The oco-Bakry-Emery Ricci tensor is also called the weighted Ricci tensor. Bakry
and Emery in [4], [5] introduced firstly and extensively investigated the generalized
Ricci tensor above and its relationship with diffusion processes.

Similarly to the p-norm of smooth functions with compact support on the
manifold (M,g) defined in Theorem 1.2, for the smooth metric measure space
(M, g,e”%dvg) and any u € C° (M), we can define the weighted p-norm ||u||p;pmars

1/p
fullsasas = ( [ v au, )
M

Clearly, when ¢ = 0, the weighted p-norm is just the p-norm.

of u as

One might have an illusion that smooth metric measure spaces are not necessary
to be studied since they are simply obtained from corresponding Riemannian man-
ifolds by adding a conformal measure to the Riemannian measure. However, the
opposite is true; they do have many differences. For instance, when Ric, is bounded
from below, the Myer’s theorem, Bishop-Gromov’s volume comparison, Cheeger-
Gromoll’s splitting theorem and Abresch-Gromoll’s excess estimate cannot hold as
in the Riemannian case. Here, for the purpose of comprehension, we would like to
repeat an example given in [29], Example 2.1. That is, for the metric measure space
(R™, grn, e~ % dvg,,, ), where gr» and dvg,,, are the usual Euclidean metric and the Eu-
clidean volume density related to ggn, respectively, if p(z) = %)\|x|2 for z € R™, then
we have Hess = Agr» and Ric, = Agrn. Therefore, from this example we know that
unlike in the case of Ricci curvature bounded from below uniformly by some positive
constant, a metric measure space is not necessarily compact provided Ric, > A and
A > 0. So, it is meaningful to study the geometry of smooth metric measure spaces.
For the basic and necessary knowledge about the metric measure spaces, we refer
the readers to the excellent work of Wei and Wylie (see [29]). The subject on the
metric measure space and the related weighted Ricci tensor occurs naturally in many
different subjects and has many important applications (see e.g. [19], [24], [29]).

By applying the volume comparison result [29], Theorem 1.2 for smooth metric
measure spaces with weighted Ricci curvature bounded from below (see also Theo-
rem 2.7) and considering the notion of the weighted p-norm briefly introduced above,
we can obtain the following.

Theorem 1.3. Let n, r, p, a, (8, v be as in Theorem 1.1, and assume that (1.2)
holds. Assume that (M, g,e ¥ dv,) is an n-dimensional (n > 2) complete and non-
compact smooth metric measure space with nonnegative weighted Ricci curvature.
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For a point xg € M at which p(xg) is away from —oo, assume that the radial
derivative Oy satisfies O, > 0 along all minimal geodesic segments from xq, with
t := d(xo,-) being the distance to xo (on M ). If furthermore for any f € C§°(M)
the Caffarelli-Kohn-Nirenberg type inequality

() [ e du,

r 1/p 51 pp(r—1)/(p1) (p=1)/p
< t|oP Pa—%d t p(r— p— —%qd
([ wemwspeean,) ([ e =

holds, then (M, g) is isometric to (R™, ggn ), and moreover, in this case we have that

¢ = ¢(xo) is a constant function with respect to the variable t, and e~ ¥ dv, =
e ?@0) dy,,,..

Remark 1.4. Since ¢ is a smooth real-valued function on the complete non-
compact manifold M, we have that if ¢(z) does not tend to —oo as x tends to the
infinity, then xo can be chosen arbitrarily; if p(z) = —oco as ¢ — oo, then z( can be
chosen to be any point except those points near the infinity. If ¢ = 0 on M, then the
metric measure space (M, g,e~¥ dvy) can be seen as the Riemannian manifold (M, g)
directly. Clearly, in this case, Theorem 1.3 is totally the same as Theorem 1.2 above.
So, we can equivalently say that Theorem 1.3 in [32] is only a special case of Theo-
rem 1.3. See Subsection 2.1 for the precise explanation about the radial derivative 9;
and the radial direction w.r.t. the point z.

Now, we would like to review some existent results and a recent new conclusion
of myself (see [23]) briefly to reveal the affection of functional inequalities to the
geometric structure of a given complete noncompact manifold, which is actually the
purpose of writing this paper.

Given ¢ € [1,n), let ¢ = ng/(n—q). Let K(n,q) be the best constant for the
Euclidean Sobolev inequality, which means that

1/q
v q
(1.5) K(n,q)™' = inf M
JECE®MNOY ([ |£]7) /a

For this best constant, we know that (see [2], [3], [14], [28])
K(n,1) =n~tD "

and for ¢ > 1

1 {n(q— 1)}(q—1)/q[ '(n+1) :|1/n

K(n,q) = - nD,T(n/q)T(n+1—n/q)

)
n—q
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where D,, is the volume of the unit ball in R™ and I' is the Euler function. Besides,
for ¢ > 1 the infimum in (1.5) can be achieved by the function (X 4 |z|?/(4=1))1=n/q,
A > 0 with |z| being the Euclidean length of the vector z in R™. In [30], Xia showed
that an n-dimensional (n > 2) complete open manifold M with nonnegative Ricci
curvature, in which the following Sobolev inequality

(1.6) </M |u|§dvg)1/q~ < K(n,q) </M |Vul|? dvg>1/q Yue C (M),

holds, is isometric to R™. This fact generalizes Ledoux’s corresponding result in [17].
Assume now that 1 <p <n, p< ¢ < p(n—1)/(n—p) and denote by J, r and 6
the following
q—1 (¢ —p)n

(1.7) §=mnp—(n—pg, =P T Hz(q—1)(np—(n—p)fJ)'

Mao in [23] showed that for an n-dimensional (n > 2) complete and noncompact

smooth metric measure space (M, g,e” ¥ dvy) with nonnegative weighted Ricci curva-
ture, if for a point zp € M at which ¢(z) is away from —oo, the radial derivative d;¢
satisfies Oy > 0 along all minimal geodesic segments from xg, with ¢ := d(zo, -) being
the distance to zg (on M), and a Gagliardo-Nirenberg type inequality

(1.8) (/M fuf" - e=® dvg)w

0/p (1-90)/q
< ‘b(/ [Vul|P -e™% dvg) (/ |ul?-e™? dvg> Yu e CyP (M),
M M

ganars V€ CGo(M),

ie.

lullarars < @ [ Vullprars - [lul

with ® given by
_ / /r
*= <ivx/ﬁp)a<n(qu p))a p(z%)l

< I(glp—1)/(q —p))F(%n +1) >9/n
T(p-1)/p)6/(a—p))Tnp—1)/p+1))

is satisfied on M, then (M, g) is isometric to (R™, ggn ). Moreover, in this case we have

that ¢ = p(x0) is a constant function with respect to the variable ¢, and e~ % dvy =

e~#(@0) dy, .. Clearly, when g in (1.7) is chosen to be ¢ = (n — 1)p/(n — p), one has

0 =1,r =np/(n—p). If furthermore we require that ¢ = 0, then the Gagliardo-

Nirenberg inequality (1.8) degenerates into the Sobolev inequality (1.6), and Mao’s

conclusion in [23] is the same as Xia’s result in [30] for the case of ¢ > 1. So, when

g > 1, Mao’s conclusion in [23] generalizes a lot the corresponding results in [17], [30].
The above argument naturally leads us to consider the following problem.
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Problem. Suppose that (M, g,e” ¥ dv,) is an n-dimensional (n > 2) complete
and noncompact smooth metric measure space with nonnegative weighted Ricci cur-
vature. For a point g € M at which ¢(xg) is away from —oo, assume that the radial
derivative Oy satisfies 0y > 0 along all minimal geodesic segments from gy, with
t := d(zo, ) being the distance to xg (on M). Moreover, the Sobolev type inequality

(n=1)/n
(1.9) (/M |/ (=) e dvg>

< n_lD,jl/”/ [Vu|-e™?dv, Yue C§e(M),
M

holds. Could we get the assertion that “(M, g) is isometric to (R™, ggn), and more-
over, in this case, p = p(xg) is a constant function with respect to the variable t,
and e=% dv, = e=?(@0) dy,, 7?7

Remark 1.5. Clearly, when ¢ = 0, the assertion of the above Problem is the
same with Xia’s result (only when ¢ = 1) in [30] mentioned above. Besides, by
choosing ¢ = (n — 1)p/(n — p) in (1.7) and applying Mao’s result in [23] mentioned
above directly, for ¢ > 1 we get that for an n-dimensional (n > 2) complete and
noncompact smooth metric measure space (M, g,e" ¥ dv,), if for a point zp € M
at which p(zg) is away from —oo, the radial derivative 0;p satisfies 9y > 0 along
all minimal geodesic segments from xg, with ¢ := d(zo, ) being the distance to zg
(on M), and the Sobolev type inequality

N 1/q 1/q
( |ul9-e™% dvg) < K(n,q) (/ [Vu|?-e™? dvg) Yu € C° (M),
M M

holds, where ¢ = ng/(n — q) and K (n, q) is defined by (1.5), then (M, g) is isometric
to (R™, grn). Based on these facts, we think the assertion of Problem above might
be true.

As we know, when ¢ = 0, the Sobolev type inequality (1.9) is equivalent to the
isoperimetric inequality (see [26])

[vol(Q)]" =1/ < n=1 D™ . vol(99),

where 02 is the boundary of an open bounded domain 2 C M, and vol(f2) and
vol(02) denote the volumes of Q and 912, respectively. Isoperimetric inequalities
generally link with the geometric structure of manifolds, so, from this aspect, it is
also interesting to consider the above Problem. In this paper, for convenience, we
make an agreement that vol(-) represents the volume of the given geometric object.
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The paper is organized as follows. Some useful facts, including two volume com-
parison theorems for complete manifolds with radial curvature bounded and a volume
comparison result for smooth metric measure spaces with weighted Ricci curvature
bounded from below, will be reviewed in Section 2. The proof of Theorem 1.3 will
be shown in Section 3. A partial answer to Problem above will be given in Section 4.

2. USEFUL FACTS

We would like to review [29], Theorem 1.2 and [11], Theorem 3.3, Corollary 3.4
and Theorem 4.2, which consist of the key point of the proof of Theorem 1.3 shown
in the next section. However, some necessary preliminaries should be introduced
first. In fact, one can find a similar version (see [23], Section 2) of this section, but
we still give it here so that the readers can understand [29], Theorem 1.2 and [11],
Theorem 3.3, Corollary 3.4 and Theorem 4.2 completely and clearly.

2.1. Preliminaries. Denote by S"~! the unit sphere in R”. Given an n-
dimensional (n > 2) complete Riemannian manifold (M, g) with the metric g, for
a point x € M let S?~! be the unit sphere with center z in the tangent space T,,M,
and let Cut(z) be the cut-locus of x, which is a closed set of zero n-Hausdorff
measure. Clearly,

D, = {t&: 0 <t <de, €€ S}

is a star-shaped open set of T, M through which the exponential map exp,: D, —
M \ Cut(z) gives a diffeomorphism from D, to the open set M \ Cut(x), where d¢ is
defined by

de = de(z) == sup{t > 0: v¢(s) := exp,(sf)
is the unique minimal geodesic joining x and ¢ (¢)}.

As in [8], we can introduce two important maps used to construct the geodesic
spherical coordinate chart at a prescribed point on a Riemannian manifold. For
a fixed vector ¢ € T, M, [£| = 1, let £+ be the orthogonal complement of {R¢}
in T, M, and let 7¢: Tu M — Teyp_ (1¢)M be the parallel translation along v¢(t). The
path of linear transformations A(t,¢): €+ — ¢+ is defined by

At,&)n = () 71y (t),

where Y, (t) = d(exp,.)¢)(tn) is the Jacobi field along ¢ (t) satisfying Y;,(0) = 0, and
(V:Y,;)(0) = n. Moreover, for n € £+, set
R(t)n = (1)~ Ry (t), )i (t),
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where the curvature tensor R(X,Y)Z is defined by R(X,Y)Z = —[Vx,Vy]Z +
Vix,v1Z. Then R(t) is a self-adjoint operator on ¢4, whose trace is the radial Ricci
tensor Ric, (1) (7£(t),7£(t)). Clearly, the map A(t,§) satisfies the Jacobi equation
A” + RA = 0 with initial conditions A(0,&) = 0, A’(0,£) = I. By Gauss’s lemma,
the Riemannian metric of M \ Cut(x) in the geodesic spherical coordinate chart can
be expressed by

(2.1) ds?(exp, (t€)) = dt* + |A(t, ) d¢|* Vi€ € D,.

We consider the metric components g;;(¢,£), ¢,7 > 1, in a coordinate system {t,{,}
formed by fixing an orthonormal basis {1,,a > 2} of ¢+ = T¢S7~!, and then extend-
ing it to a local frame {£,,a > 2} of S?~1. Define a function J > 0 on D, \ {z} by

(2.2) = Vgl := /det[gis].

—>S”1

() is an isometry, we have

o . n—
Since 7;: S}

{d(expy )ue (t1a), d(expy )eg (1)) g = (AL, €)(1a), AL, €) (M) g

and then
Vgl = det A(t, ).

So, by applying (2.1) and (2.2), the volume vol[B(z,r)] of a geodesic ball B(z,r),
with radius 7 and center x, on M is given by

min{r,d¢}
(2.3) vol[B(z,r)] = / / Vgl dtdo
sz=tJo

min{r,d¢}
- / (/ det (A(t, €)) dt) do
sr=1\Jo

where do denotes the (n — 1)-dimensional volume element on S"~! = S7»~! C T, M.
As in Section 1, let r(z) = d(z,z) be the intrinsic distance to the point x € M.
Since for any & € S?~! and ¢ty > 0 we have Vr(v¢(tg)) = 7¢(to) when the point
ve(to) = exp,(tof) is away from the cut locus of x (see [12]), then, by the definition
of a nonzero tangent vector “radial” to a prescribed point on a manifold given in the
first page of [15], we know that for z € M \ (Cut(x) U z) the unit vector field

vy 1= Vr(z)
is the radial unit tangent vector at z. Set
2.4 I(x) := = d .
(2.4) () := maxr(z) = maxd(z, z)
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Then we have [(x) = mgax d¢ (see [11], Section 2). We also need the following fact
about r(z) (see [25], Proposition 39, page 266):

2
o, Ar 4 BT
-

. < 0, Ar + |Hess 7[> = —Ric(9,, 9,) with Ar = 9,1n+/]g/,

when 0, = Vr is a differentiable vector (see [25], Proposition 7, page 47 for the
differentiation of 9,.), and A is the Laplace operator on M and Hessr is the Hessian
of r(z). Then, using also (2.2), we have

(25) V' Rl (D). A0)] <0,

(2.6) J(t,&) =t+0(t?), J'(t,€) =1+O0(t).

As shown in [11] and also pointed out in [22], facts (2.5) and (2.6) make a fundamental
role in the derivation of the generalized Bishop’s volume comparison theorem I below
(see Theorem 2.5 for the precise statement). One can also find that (2.6) is also
necessary in the proof of Theorem 1.3 in Section 3.

Denote by inj(z) the injectivity radius of a point x € M. Now, we would like
to introduce a notion of spherically symmetric manifold which actually acts as the
model space in this paper.

Definition 2.1. A domain Q = exp, ([0,1) x S7~1) ¢ M\ Cut(z) with | < inj(z)
is said to be spherically symmetric with respect to a point x € Q if the matrix
A(t, €) satisfies A(t,€) = h(t)I for a function h € C?([0,1)) with h(0) = 0, h'(0) =1
and h|(0,1) > 0.

Naturally, Q2 in Definition 2.1 is a spherically symmetric manifold and x is called its
base point. Together with (2.1), on the set  given in Definition 2.1, the Riemannian
metric of M can be expressed by

(2.7) ds?(exp, (t€)) = dt* + P2 ()|d¢?, e Syt 0<t <,

with |d¢|? being the round metric on S"~!. Spherically symmetric manifolds were
named as generalized space forms by Katz and Kondo (see [15]), and a standard
model for such manifolds is given by the warped product [0,1) x;, S"~! equipped
with metric (2.7), where h is called the warping function and satisfies the conditions
of Definition 2.3.

For a spherically symmetric manifold M* := [0,1) x;S"~! (with the base point p*)
and r <, by (2.3) we have

(2.8) vol[B(p*,r)] = wy, /O ' Rt dt,
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and moreover, by the co-area formula (see, for instance, [8], pages 85-86), we
also know that the volume of the boundary OB (p*,r) is given by vol[aé (p*,r)] =
wyh"~1(r), where w,, denotes the (n — 1)-volume of the unit sphere in R™.

For more information about the spherically symmetric manifold M*=[0,1) x,S"~!
(e.g., the regularity of the metric of M*, the asymptotically spectral properties, the
first Dirichlet eigenvalues of the Laplace and p-Laplace operators on M*, etc.), please
see [11], Section 2 and [22], Section 2 in detail.

2.2. Volume comparison theorems for manifolds with radial curvature
bounded. As before, for the given complete manifold M, let d(z,-) be the Rieman-
nian distance to  (on M). In order to state volume comparison theorems below, we
need the following concepts.

Definition 2.2. Given a continuous function k: [0,1) — R, we say that M has
a radial Ricci curvature lower bound (n — 1)k at the point x if

Ric(vs,v,) = (n — Dk(d(x,z)) Vze M\ Cut(x) U {z},

where Ric is the Ricci curvature of M.

Definition 2.3. Given a continuous function k: [0,1) — R, we say that M has
a radial sectional curvature upper bound k along any unit-speed minimizing geodesic
starting from a point x € M if

K(v,,V) < k(d(z,2)) Vze M\ (Cut(z)U{z}),

where V 1 v,, V € §77! C T,M, and K(v,,V) is the sectional curvature of the
plane spanned by v, and V.

Remark 2.4. As in Subsection 2.1, in Definitions 2.2 and 2.3, Cut(x) is the
cut-locus of z on M, and v, € Sg_l C T,M is the unit tangent vector of the
minimizing geodesic 7, . emanating from z and joining x and z. Clearly, v, is in
the radial direction. In fact, the notion of having radial curvature bound has been
used by the author in [11], [21], [22] to investigate some problems like eigenvalue
comparisons for the Laplace and p-Laplace operators (between the given complete
manifold and its model manifold), the heat kernel comparison, etc. This notion can
also be found in other literature (see, for instance, [16], [27]). Let ¢ := d(z,-), the
inequality in Definition 2.2 (or Definition 2.3) becomes Ric(v,,v,) = (n — 1)k(t)
(or K(v,,V) < k(t)) for any z € M \ Cut(z) U {}. We also say that the radial
Ricci (or sectional) curvature of M is bounded from below (or above) by (n — 1)k(t)
(or k(t)) w.r.t. x € M if the above inequality is satisfied.
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Define a function 0(¢,&) on M \ Cut(z) as

w0 - (4

Then we have the following volume comparison result, which corresponds to [11],
Theorem 3.3 and Corollary 3.4 (equivalently, [22], Theorem 2.6 or [21], Theorem 2.2.3
and Corollary 2.2.4).

Theorem 2.5 (A generalized Bishop’s volume comparison theorem I). Given £ €
Sn=1 C T, M and a model space M* = [0,1) x5, S"~! with the base point p*, under
the curvature assumption on the radial Ricci tensor, Ric(v,,v,) = —(n—1)h"(t)/h(t)
on M for z = 7¢(t) = exp, (t§) with t < min{de, !}, the function 9 is nonincreasing
in t. In particular, for all t < min{de,l} we have J(t,§) < h(t). Furthermore,
this inequality is strict for all t € (to,t1] with 0 < t9 < ¢ < min{dg,({} if the
above curvature assumption holds with a strict inequality for t in the same interval.
Besides, for ro < min{l(z), 1} with l(x) defined by (2.4) we have

vol[B(z,79)] < vol[B(p*,ro)],

with equality if and only if B(x,ry) is isometric to E(p*, 70)-
Similarly, we have the following volume comparison conclusion, which corresponds

o [11], Theorem 4.2 (equivalently, [22], Theorem 2.7 or [21], Theorem 2.3.2).

Theorem 2.6 (A generalized Bishop’s volume comparison theorem II). Assume
M has a radial sectional curvature upper bound k(t) = —h"(t)/h(t) w.r.t. x € M
for t < 8 < min{inj (z),!}, where inj () = inf¢ c¢ with v¢(c¢)being a first conjugate
point along the geodesic v¢(t) = exp,(t§). Then on (0, 5)

(M) 0. Vi >0,

and equality occurs in the first inequality at to € (0, 8) if and only if
h// (t)

R =
on all of [0, to].

2.3. A volume comparison theorem for smooth metric measure spaces
with weighted Ricci curvature bounded from below. As mentioned at the
beginning of this section, the following volume comparison theorem proven by Wei
and Wylie (see [29], Theorem 1.2) is the key point to prove Theorem 1.3.
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Theorem 2.7 ([29]). Let (M, g,e” ¥ dvy) be an n-dimensional (n > 2) complete
smooth metric measure space with Ric, > (n—1)H. Fixxo € M. If 0yp > —a along
all minimal geodesic segments from xq, then for R > r > 0 (assume R < %n\/ﬁ
if H>0),

vol, [B(ro, B)] _ _onvolfi(R)
vol,[B(zo,7)] voly (1)’

where vol; () is the volume of the geodesic ball with the prescribed radius in the
space n-form with constant sectional curvature H, and, as before, vol,(-) denoting
the weighted (or ¢-)volume of the given geodesic ball on M. Moreover, equality in
the above inequality holds if and only if the radial sectional curvatures are equal
to H and O0;p = —a. In particular, if d;p > 0 and Ric > 0, then M has p-volume
growth of degree at most n.

Therefore, given a complete and noncompact smooth metric measure n-space
(M, g,e”%duvg), if Op > 0 (along all minimal geodesic segments from xp) and
Ric, > 0, then by Theorem 2.7 we have

volp[B(zo, R)] _ o.r Vo(B) _ Vo(R)

vol,[B(zo,r)] Vo(r) — Vo(r)’

with, as before, Vy(-) denoting the volume of the ball with the prescribed radius
in R™, which is equivalent with

voly, [B(zo, R)] . voly, [B(zo,7)]

(2:9) WR) S o

for R > r > 0. Letting » — 0 on the right-hand side of the above inequality, and
together with (2.2), (2.3) and (2.6), we can get

vol,[B(zo, R)] oo (frrintRodel mn=1(4 ¢). e=2 dt) do

< lim 0
Vo(R) r=0 Jones fiFtn=1dt do
J'(0,€) - e~ #(@o)

— o—?(@a)
1 (§

by applying L’Hopital’s rule n-times. Hence, if 0, > 0 and Ric, > 0, we have
(2.10) voly [B(xg, R)] < e @) . V(R)

for R > 0.
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3. PROOF OF THE MAIN CONCLUSION

Now, by using the facts in Section 2 and a similar method to that of [32], Theo-
rem 1.3, we can prove Theorem 1.3 as follows.

Proof of Theorem 1.3.  Since t = t(-) := d(xo,-) is a Lipschitz continuous
function from M to R, then for any A > 0 we can construct a function F'(\) as

te—1+(1-1/p)B ﬂp
FQ) = /M O\ + t1—atB/p)yrp—D/(r—p) " © dug.

By applying the Fubini theorem (see [26]) to the above inequality, we have

o0 ja—1+(1-1/p)B
(3.1) F(A) = /0 vol, [m: (A + t1—a+B8/p)r(p=1)/(r—p) (z) > S} ds.
Set ) .

yzl—oH—(——l)B, Z:r(p— ),
p r—p
then by (1.2) we can obtain
(3.2) n—y—1-—z@y+p) <-1

By making the variable change

te—1+(1-1/p)B
(A + tl—atB/p)r(p=1)/(r-p)

in (3.1) and applying (2.10) because of ;¢ > 0 (along all minimal geodesic segments
from () and Ric, > 0, we can obtain

x YA+ (y + 2(y + B))tr 7
63 PN = [ volB(e.n] - S ar
e ompleo) [T WA+ (Yt 2y + B
= o n(\ + ty+h)=+1 ’

where, as before, w,, is the (n — 1)-volume of the unit sphere S"~!. By (3.2), (3.3)
and the fact that n—y—1=n+ry—1> —1, we have 0 < F(\) < oo for any A > 0.
Moreover, F' is differentiable and

_ a—1+(1-1/p)B
Foy=-_re=b ! - e™% du,.
r—0p M ()\ + tl—a—i—[j’/p)p(r—l)/(r—p) 9
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Hence, from the above argument, we know that F()) is a well-defined C! func-
tion on (0,00). Since for every A > 0, (A + t!=+8/P)=(P=1/("=P) s a contin-
uous function and tends to zero as ¢ — oo, there exists at least a sequence
of functions {f,(t)} in C§°(M) such that f,(t) — (\ + t'=@FT8/P)=p=1/(r=p) a5
n — oo. By assumption (1.4) and an approximation procedure for the function
(X + t1—atB/p)y=(=1)/(r=P) we can get

ta71+(171/p)ﬂ s
P = /M O\ + t1=a+B/pyr =D/ (r—p) © dug
rip—1)(1 —oa+B/p) t9 _
S (n+rvy)(r—mp) /M (A + ti—a+B/p)p(r=1)/(r—p) re P dyg
_rp=1D(d —a+5/p) TP\
- (n+r)(r-p) [F()\) - 1)AF (A)}’
which is equivalent with
l—a+8/p ., r(p—1)(1—a+B/p)
(3.4) A< [ = 1}F(A).
In fact, (3.4) can be rewritten as
(3.5) “AF'(A) < nF(N)
with
- rp=1) __ntrm _pr-DA-—a+f/p)—(r=p)n+h)
r—p l-a+B/p (1 —a+B/p)(r—p) ’

where the last inequality holds by applying relation (1.2).
Consider a function A: (0,00) — R defined as

(3.6) A(N) == e—<P(£C0)/ |x|a—1+(1—1/p)ﬁ(/\+ |x|1—a+6/p)(1—p)r/(r—p) dvgn,

n

where, as before, |z| is the Euclidean length of z € R, and dvg~ the Euclidean
volume density related to ggn. It is not difficult to check that A()\) is a well-defined
function of class C!, since, first, by direct computation we have

AN = A(ntry)/(A—a+B/p)—r(p—1)/(r—p) A1) =271 A1)
and
A(1) = e—w(x())/ ([T AL/RB (1 . [g]1=0+B/p) 1)1/ (7D .,

n

— o—¥(z0) /Oo W, - Sn71+a71+(1*1/p)ﬁ(1 + SlfaJrﬁ/p)(l*p)T/(T*p) ds < 0,
0
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where the last integration is finite because by (3.2) the relation

n—1+a—1+(1—%)6+<1—a+§)%:

n—y—1-z(y+p) <-1
holds; second, A()) is differentiable and

A'(\) = _M .e—cp(:co)/ |x|a—1+(1—1/p)ﬁ(>\ + |x|1—a+6/p)(1—p)r/(r—p) dvgn.
r—p n

Clearly, for the function A(\) we also have
(3.7) —AA'(\) = nA(N).
By applying (2.2), (2.3), (2.6), and L’Hoépital’s rule, we have

min{s,de} 55— _
vol[Blzo,s)] . Sz (oI o0 dt) do

x

lim = e~ #(®0),
s—0 Vo(s) 5—0 Wn, fos tn—1de

So, for a fixed small € > 0 there exists a number [ > 0 such that vol,[B(zo, s)] >
(1 —¢e)e=?@0) . Vy(s) for all s < I. So, from the first equality of (3.3) we can obtain

! A y+8
38 0> [ vollBan,n)- LI g

YA+ (y+2(y + B))v P

l
_ 2)e—¥(mo) |
> (1= e)e— /O V() o e

1/(y+8)
YA Y+ (y+z(y+B)svth

— (1 —g)e—¥@o) . \—
= (1 —¢e)e ¥o )\77/0 Wo(t) (L T 59 9) AT

On the other hand, similarly to the derivation of the first equality of (3.3), we have

o 8
_ (o) . YA+ (y 2y +B)ET
(3.9) AQ) = /0 Vo(t) tytL (X 4 tytB)ztl dé

00 +3
_—p(wo) . y— . yly +z(y + B))s?
— e~ ¥@o) . )\ 77/0 Vz)(t) Sy+1(1+sy+ﬁ)z+l

by (3.6). Combining (3.8) with (3.9) yields

liminf@ >1—¢,

A0 A(N)
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from which we can get
(3.10) lim inf ==
A—0

by letting e — 0.
Now, we would like to give a claim that if there exists some Ay > 0 such that
F(Xo) < A(Mo), then we have F'(\) < A(X) for all A € (0, \g]. We will prove this

by contradiction. Assume that there exists some A € (0, \g) such that F/(A) > A(N).
Then we can define A\; as

Ap = sup{\ < Ao: F(A) = A(\)}.

So, for any A € [A1, Ao] we have 0 < F'(A) < A(XA) and moreover, together with (3.5)
and (3.7) we have

A[F'ON) = AN 2 n[F(N) = AN)] =0 VX € [A, Ao
This implies that F'(A\) — A(A) is a nondecreasing function on [A1, Ag]. So, we have
0= (F—A)(M) < (F—4)(ho) <0,

which is a contradiction. Hence, our claim is true.
Clearly, by (3.10) and the above claim, it follows that

F(A\) > A(\) VA>o0.

Therefore, together with the first equality of (3.3) and the first equality of (3.9), we
have

oo by y+p
(3.11) /0 [volw[B(xo,t)]—e—ﬂxo)-Vo(t)]-yﬁ;f?{zﬁyﬁ:gzil at

WV
o

However, since 0;¢ > 0 along all minimal geodesic segments from zy and Ric, > 0,
we have vol,[B(xo, )] < e”#@0) . Vj(t) for any ¢ > 0 (see (2.10)). Therefore, together
with (3.11) we can easily get that vol,[B(zg,t)] = e=?(@0) . Vy(t) for almost every
t > 0, and thus for every ¢ > 0 by continuity. So, by Theorem 2.7, we know
that the radial sectional curvatures are 0 and Oy = 0, which implies that ¢ is
a constant function with respect to ¢ (i.e. ¢ = p(xg)). Besides, since the radial
sectional curvatures are equal to 0, by applying Theorems 2.5 and 2.6 simultaneously,
we can obtain
vol[B(zg,r)] = Vo(r) ¥Yr >0,

and B(zg,r) is isometric to a ball of radius r in R™ for any » > 0, which is equivalent
to saying that (M, g) is isometric to (R™, ggn). This completes the proof of Theo-
rem 1.3. Il

229



4. APPENDIX

Define a quantity ¢sup as

(41) Psup = SUp QO(QC)

zeEM
With the help of this quantity, we can give a partial answer to Problem in Section 1
as follows.

Theorem 4.1. Let @g,, be defined as (4.1) and pg,p be finite (i.e. sup p(x) < 00).
xeM

Suppose that (M, g,e” ¥ dvy) is an n-dimensional (n > 2) complete and noncompact
smooth metric measure space with nonnegative weighted Ricci curvature. For a point
xg € M at which p(xg) is away from —oo, assume that the radial derivative Oyp
satisfies Opp > 0 along all minimal geodesic segments from xy with t := d(zo,")
being the distance to xo (on M ). If furthermore the Sobolev type inequality

(n—1)/n
(4.2) (/ u|"/ (1) e dvg>
M

< ningl/n/ [Vul-e™#dvg  Vue Cg® (M),
M

holds, and
(4.3) (n+1) - ¢(zo) — npsup = 0,
then (M,g) is isometric to (R™, ggrn), and moreover, in this case, ¢ = p(zg) is

a constant function with respect to the variable t, and e~% dv, = ¢~#(@0) dy,,,, .

Proof. For a constant € > 0 small enough and any r > 0 define a function u. as

1, x € B(zg,r —¢),
ue(z) = w, x € B(zo,r) \ B(zo,r — ),
0, x € M\ B(xzg,r),

where, following the convention of the usage of notations in Section 2, dB(zy, r) is the
boundary of the geodesic ball B(z,r), and naturally, d(x, 0B(z¢,r)) stands for the
Riemannian distance from = to the boundary 0B(xzo,r). Clearly, u.(x) € C§°(M).
Applying the Sobolev type inequality (4.2) for u.(x) and letting £ — 0, and together
with the assumption that 0;¢ > 0 along all minimal geodesic segments from xg, which
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implies that ¢(xo) < ¢(z) for any x € M and then, of course, e~#(0) > e=¢(®) for
x € M, we can obtain

(4.4) (voly [B(mo, 7))/ < n~tD /M o= ?(@0) . ArealdB(z0,7)],

where Area[0B(xg,7)] is the area of dB(zg,r). Substituting the facts that e~ #=wr
e %@ for all x € M and

%VO][B(:L'(), r)] = Areal0B(zo,r)]

into (4.4) yields
(e7%=w . vol[B(xo,r)]))" /" < n~iD /M . em@(@0) %Vol[B(xo,r)]
for any r > 0. By solving the above differential inequality directly, we have
vol[B(zg,r)] > er?@)=(n=Deswl .y (1) vr >0,

from which it is easy to get

e~ . yol, [B(xo,7)] > elne@)=(n=Deswl . 14 (r) Vi > 0.
Therefore, we have

voly[B(xo,7)] = el e(@o)=nesup] . g=¢(@o) L yiy(r) Wi > 0.
Furthermore, combing the above inequality with (4.3), we have
(4.5) voly, [B(xg, )] = e~ ?0) . V(1)

for any r > 0. However, since 0;¢ > 0 along all minimal geodesic segments from x
and Ric, > 0, we have

(4.6) voly[B(x, )] < e=?@0) . V(1)

for any r > 0 (see (2.10)). Hence, by (4.5) and (4.6), it follows that vol,[B(zo,r)] =
e—#(z0) . Vo(r) for any r > 0. Applying Theorem 2.7 directly, we know that the radial
sectional curvatures are 0, and 0y = 0, which implies that ¢ is a constant function
with respect to t (i.e. ¢ = p(x0)). Besides, since the radial sectional curvatures are
equal to 0, by applying Theorems 2.5 and 2.6 simultaneously, we can obtain

vol[B(zo,r)] = Vo(r) ¥Yr >0,

and B(zo,r) is isometric to a ball of radius r in R™ for any » > 0, which is equivalent
to saying that (M, g) is isometric to (R™, ggn). This completes the proof of Theo-
rem 4.1. O
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Remark 4.2. Clearly, ¢ = constant satisfies all the assumptions on ¢ in Theo-

rem 4.1. Especially, when ¢ = 0, then Theorem 4.1 is totally the same as Xia’s result

(only when ¢ = 1) in [30] mentioned in Section 1. So, we can equivalently say that

Xia’s result (only when ¢ = 1) in [30], as a special case, is covered by Theorem 4.1

here.
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