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Abstract. For a graph G = (V, E), a double Roman dominating function is a function
f:+ V. —{0,1,2,3} having the property that if f(v) = 0, then the vertex v must have at
least two neighbors assigned 2 under f or one neighbor with f(w) = 3, and if f(v) = 1,
then the vertex v must have at least one neighbor with f(w) > 2. The weight of a double
Roman dominating function f is the sum f(V) = > .y f(v). The minimum weight of
a double Roman dominating function on G is called the double Roman domination number
of G and is denoted by vqr(G). In this paper, we establish a new upper bound on the
double Roman domination number of graphs. We prove that every connected graph G with
minimum degree at least two and G # C5 satisfies the inequality vqr(G) < L%nj One
open question posed by R. A. Beeler et al. has been settled.
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1. INTRODUCTION

Graph theory terminology not presented here can be found in [2]. Let G = (V, E)
be a graph with |V| = n. The degree, neighborhood and closed neighborhood of
a vertex v in the graph G are denoted by dg(v), Ng(v) and Ng[v] = Ng(v)U{v}, re-
spectively. If the graph G is clear from context, we simply write d(v), N(v) and Nv],
respectively. The minimum degree and the maximum degree of the graph G are de-
noted by §(G) and A(G), respectively. The graph induced by S C V is denoted
by G[S]. A cycle on n vertices is denoted by C,,.

A set S CV in a graph G is called a dominating set if N[S] = V. The domination
number v(G) equals the minimum cardinality of a dominating set in G. A dominating
set of G with cardinality v(G) is called a 7-set of G.
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Let f: V — {0, 1,2} be a function having the property that for every vertex v € V'
with f(v) = 0, there exists a neighbor v € N(v) with f(u) = 2. Such a function is
called a Roman dominating function. The weight of a Roman dominating function
is given by the sum f(V) = > f(v). The minimum weight of a Roman dominating

veV

function on G is called the Roman domination number of G and is denoted yr(G).
Roman domination was defined and discussed by Stewart in [8]. It was developed
by ReVelle and Rosing in [7] and Cockayne et al. in [3].

The original study of Roman domination was motivated by the defense strategies
used to defend the Roman Empire during the reign of Emperor Constantine the
Great. In order to provide a level of defense that is both stronger and more flexible
at a cheaper cost, Beeler et al. in [2] initiated the study of double Roman domination.

A function f: V. — {0,1,2,3} is a double Roman dominating function on
a graph G if the following conditions are met. Let V; denote the set of vertices
assigned i by the function f.

(i) If f(v) = 0, then the vertex v must have at least two neighbors in V5 or one
neighbor in V3.
(ii) If f(v) =1, then the vertex v must have at least one neighbor in V5 U V3.

The double Roman domination number vqr(G) equals the minimum weight of
a double Roman dominating function on G, and a double Roman dominating function
of G with weight yqr (G) is called a vyqr-function of G.

Beeler et al. in [2] showed the relationship between domination and double Roman
domination as follows.

Proposition 1.1 ([2]). For any graph G, 2v(G) < var(G) < 37(G).

A theorem of McQuaig and Shepherd in [4] proves that with the exception of
seven graphs, every connected graph G having minimum degree at least two satisfies,
v(G) < %n Beeler et al. in [2] posed the following open question.

Question 1.2 ([2]). With the exception of seven graphs, every connected graph G
having minimum degree at least two satisfies Yar(G) < %n. Can this bound be
improved?

Similarly, a theorem of Reed in [6] proves that every connected graph G having
minimum degree at least three satisfies the inequality 7(G) < 2n. Beeler et al. in [2]
posed the following open question.

Question 1.3 ([2]). Every connected graph G having minimum degree at least
three satisfies the inequality var(G) < %n. Can this bound be improved?
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Ahangar Abdollahzadeh et al. in [1] gave the affirmative answer to Question 1.3.
They proved that every connected graph G having minimum degree at least three
satisfies the inequality var(G) < n.

In this paper, we establish a new upper bound on the double Roman domination
number of graphs. We prove that every connected graph G with minimum degree
at least two and G # Cs satisfies the inequality yar(G) < [13n]. Question 1.2 has
been settled.

2. MAIN RESULTS

A cover of verter disjoint paths of G, or simply a vdp-cover, is a set of vertex
disjoint paths Pi,..., P, such that V(G) = V(P) U... UV(P;). A path P is
called a 0-, 1- or 2-path if |V(P)] is congruent to 0,1 or 2 mod 3, respectively. For
a vdp-cover S of G, let S; (i = 0,1,2) be the set of i-paths in S. If P = P'aP”,
where P’ is an i-path and P” is a j-path (and z is on neither of those paths), then
we say x is an (i, j)-vertex of P. Let P € S and x be an endpoint of P. We say
that = is an outendpoint if it has a neighbor which is not on P. If P is a 2-path,
we say that x is a (2, 2)-endpoint if it is not an outendpoint and is adjacent to some
(2,2)-vertex of P.

From now on, let G be a graph on n vertices with 6(G) > 2. We may assume
that G is connected (for otherwise we apply the result to each component of the
graph). As in [6], choose a vdp-cover S of G such that

(1) 2|S1| + |S2| is minimized.
) Subject to (1), |S2| is minimized.

(2
(3) Subject to (2), > |V(P;)| is minimized.
P;€So
(4) Subject to (3), > |V(P;)| is minimized.
P;eS1
By the virtue of (1)—(4), the following assertion holds (for the proof, see [6], Ob-

servations 1-3).

Assertion 2.1. Let x be an outendpoint of P; € S1 U Ss, y a neighbor of x on
some path P; distinct from P;. Let P; = PjyP}'. Then the following hold.
(1) P; is not a 1-path.
(2) If P; is a 0-path, then both P} and P;' are 1-paths.
(3) If P; is a 2-path, then both P} and P;' are 2-paths.

Having chosen the minimal vdp-cover S = {Py, P,..., P}, as in [6], rearrange
the paths of S to obtain a new vdp-cover S’ = {P[, Ps,..., P/} such that P/ is

3
a Hamiltonian path on V(F;), and so as to maximize the number of outendpoints,
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and subject to this maximize the number of (2,2)-endpoints. Let S; be the set of
i-paths in 8" for 0 < i < 2. Since |V(P!)| = [V(P)| for 1 < i < k, it follows
that |S]| = |S;| for 0 < ¢ < 2. Hence, S’ is still minimal with respect to the above
four conditions and Assertion 2.1 is still valid for the rearranged paths in S’. For
convenience sake, we still denote by S the new vdp-cover of G.

For each 1-path P in S which has an outendpoint, choose some vertex y ¢ V(P)
which is adjacent to an endpoint of P and call y the acceptor for P. For each
2-path P in S which has two outendpoints, for each of these endpoints choose a vertex
of G—V (P) which is adjacent to it and designate it as the acceptor corresponding to
that endpoint. Call a path in S accepting if it contains an acceptor. In addition, for
any (2,2)-endpoint z of any path P, choose a (2,2)-vertex y of P which is adjacent
to z and designate it as an inacceptor for x.

For any accepting 2-path P, a partition P = P; P> P3; such that both P; and Ps
are 1-paths which contain neither acceptors nor inacceptors, and are maximal with
this property. We say that P, and P; are tips of P and P, is its central path. By the
maximality of Py, P3 and Assertion 2.1, if € P, is adjacent in P, to an endpoint
of P», then it is an acceptor or inacceptor.

Let E denote the set of such tips P, of an accepting 2-path P, which is in F
if and only if the corresponding endpoint of P is neither an outendpoint nor
a (2, 2)-endpoint and we can not dominate P; using 3|V (Py)]].

Let W be the set of (2, 2)-endpoints of accepting 2-paths for which we have chosen
an inacceptor.

To any element T of E there corresponds an accepting 2-path Pr such that T is
a tip of Pr. Define E’' by saying that for each T' € E, T is in E’ if the endpoint
of Pr not in T is not an element of W. The following lemma was proved by Reed
(for the proof, see [6], page 285, Fact 11.6).

Lemma 2.2 ([5]). Let T =ay...a; € E'. Let P be the accepted 2-path contain-
ing T and let C' = ¢g . ..c; be the central path of P. Assume that cq is adjacent to ax
on the path P. Then a; is adjacent only to the vertices of V(T') U {co}.

Proposition 2.3 ([2]). In a double Roman dominating function of weight v4r(G),
no vertex needs to be assigned value 1.

By Proposition 2.3, when determining the value v4r(G) for any graph G, we can
assume that V; = @ for all double Roman dominating functions under consideration.

Lemma 2.4. v4r(C4) =4, var(C5) = 6.

Theorem 2.5. Let G be a connected graph with order n and minimum degree at
least two. If G # Cs, then v4r(G) < [13n].

11
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Proof. Let S be the minimal vdp-cover of G. Then S = Sy U S1 U Ss. For any
path P € S, let Gp denote the subgraph induced by V(P).

Claim 2.6. For each 0-path P € Sy, var(Gp) < [£|V(P)|].

Proof. Let D = {x € V(P)|z is a (1,1)-vertex of P}. Then D is a dominating
set of P. Let f& be a function assigning 3 to every vertex in D and 0 to all other
vertices in V(P) \ D. It is obvious that fI is a double Roman dominating function
of Gp. Hence, n(Gr) < 31| = 3[V(P)|/3 = [V(P)| < | B|V(P)|]. o

Claim 2.7. For each 1-path P € Sy with |V(P)| 2 7, var(Gp) < L%H/(P)H

Proof. Assume that P = ajas...asg+1. Then k > 2. Let D = {as;: i =
1,2,...,k}. Let ff; be a function assigning 3 to every vertex in D, 2 to a; and 0
to all other vertices in V(P) \ (D U {a;}). It is obvious that f{ is a double Roman
dominating function of Gp. Hence, var(Gp) < 3|D|+2=3k+2=|V(P)|+1 <
121 (P)]. O

Claim 2.8. Let P = ajasaszaq be a path in Sy. If ay is an outendpoint, then
Yar(GV(P)\{a1}]) < [ZIV(P)|].

Proof. Let f{5 be a function assigning 3 to vertex az and 0 to all other vertices
in V(P)\ {a1,a3}. It is obvious that f{} is a double Roman dominating function of
G[V(P)\ {a1}]. Hence, var(G[V(P) \ {a1}]) <3 < [FIV(P)I]. O

Claim 2.9. Let P = ajazasay be a 1-path with no outendpoint. Then yqr(Gp) <
[ E2V(P)]].

Proof. If aja3 € E(G), then let ff; be a function assigning 3 to vertex az
and 0 to all other vertices in V(P) \ {a3}. It is obvious that f{; is a double Roman
dominating function of Gp. Hence, yar(Gp) < 3 < [£2|V(P)|]. We may assume
that a1as ¢ E(G). Since 0(G) > 2, ajaq € E(G). Hence C4 is a spanning subgraph
of Gp. By Lemma 2.4, var(Gp) < 74r(Cy) =4 < L%|V(P)|J O

Claim 2.10. For each 2-path P € S with |V (P)| > 11, var(Gp) < [12|V(P)|].

Proof. Assume that P = aqias...agp+2. Then k > 3. Let D = {x € V(P)|x is
an (2,2)-vertex of P}. Let fi be a function assigning 3 to every vertex in D, 2 to
every vertex in {a, askt2}, and 0 to all other vertices in V(P)\ (DU {a1, ask42}). It

is obvious that fQPl is a double Roman dominating function of G p. Hence, var(Gp) <
3ID|+4=3k+4=|V(P)|+2< [BlV(P)]. O
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Claim 2.11. Let P = ajas...ask+2 be a path in S with 0 < k < 2. If a; is an
outendpoint or a (2,2)-endpoint, then yar (G[V(P) \ {a1}]) < [E|V(P)|].

Proof. Let D = {z € V(P)|z is a (2,2)-vertex of P}. Let f be a function
assigning 3 to every vertex in D, 2 to vertex ask42 and 0 to all other vertices in
V(P)\ (D U {a1,ask4+2}). It is obvious that fL is a double Roman dominating
function of G[V(P) \ {a1}]. Hence, yar(G[V(P) \ {a1}]) < 3|D|+2 =3k +2 =
V(P) < LBV (P)). O

Claim 2.12. Let P = ajas . ..askp+2 be an accepting 2-path which has neither an
outendpoint nor a (2,2)-endpoint. Then k > 3.

Proof. Since a; has degree at least two in G and a; is neither an outendpoint
nor a (2,2)-endpoint, it has at least two neighbors in V(P). By Lemma 2.2, a3 is
not an acceptor. Similarly, a3y is not an acceptor. Hence, k > 3. O

By Claim 2.12, if a path P € Sy with |V (P)| € {5, 8} has neither an outendpoint
nor a (2,2)-endpoint, then the path P is a nonaccepting 2-path.

Claim 2.13. Let P = ajasasaqsas be a nonaccepting 2-path which has neither an
outendpoint nor a (2,2)-endpoint. Then var(Gp) < [E|V(P)]].

Proof. If ajaz € E(G), then let f£; be a function assigning 3 to vertex as, 2 to
vertex as and 0 to all other vertices in V' (P)\{as, as}. It is obvious that f is a double
Roman dominating function of Gp. Hence, var(Gp) < 5 < [12|V(P)|]. We may
assume that ajaz ¢ E(G). If ajay € E(G), then let f£ be a function assigning 3 to
vertex aq, 2 to vertex as and 0 to all other vertices in V(P) \ {ag, as}. It is obvious
that leg is a double Roman dominating function of Gp. Hence, var(Gp) < 5 <
[12|V(P)|]. We may assume that ajas ¢ E(G) and aras ¢ E(G). Since 6(G) > 2,
ajas € E(G). Then, the subgraph induced by V(P) has a hamiltonian cycle. As we
choose S so as to maximize the number of the outendpoints, |V (G)| = |V (P)| = 5.
Since G # Cjs, {asaq, azas,azas} N E(G) # (. In a way similar to the above, it
follows that var(Gp) <5 < [£|V(P)|]. O

Claim 2.14. Let P = ajas...ag be a nonaccepting 2-path which has neither an
outendpoint nor a (2,2)-endpoint. Then var(Gp) < [$3|V(P)]].

Proof. It is obvious that v(Gp) < 3. Let D be a y-set of Gp. Let fi, be
a function assigning 3 to all vertices in D and 0 to all other vertices in V(P)\ D. It
is obvious that fQIZ is a double Roman dominating function of G p. Hence, var(Gp) <
3ID| =9 < [ [V(P)IJ- R
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Now, we define a double Roman dominating function f of G as follows: Let P be
a path in S.

(1) If P € Sy, then let f = fF.

(2) Suppose that P € Sy. If [V(P)| > 7, then let f = ff;. If [V(P)| = 4 and P
has an outendpoint, then let f = f{5. If [V(P)| = 4 and P has no outendpoint, then
let f = f5.

(3) Suppose that P € Sy. If |V(P)| > 11, then let f = ff. If |V(P)| = 2,5,8
and P has an outendpoint or a (2, 2)-endpoint, then let f = fL. If P is a nonaccept-
ing 2-path with |V (P)| =5 and P has neither an outendpoint nor a (2, 2)-endpoint,
then let f = f£. If P is a nonaccepting 2-path with |V (P)| = 8 and P has neither
an outendpoint nor a (2, 2)-endpoint, then let f = f1,.

(4) For any outendpoint or (2,2)-endpoint v, define f(v) = 0.

For any (1,1)-vertex v, it follows that f(v) = 3 by Claim 2.6. For any
(2,2)-vertex v, if v belongs to an accepting path, it follows that f(v) = 3 by
Claims 2.10, 2.11 and 2.12. Hence, f assigns 3 to every acceptor. By Claims 2.10
and 2.11, f assigns 3 to every inacceptor. So any outendpoint or (2,2)-endpoint
is adjacent to a vertex w with f(w) = 3. Since §(G) > 2, if P € Sy with
[V(P)| = 1, say V(P) = {v}, then v is an outendpoint. By Claims 2.6-2.14,
f is a double Roman dominating function of G. Hence, v4r(G) < > var(Gp) <
S BV(P)]) < [1n). pes 0
pes

Remark 2.15. Let C5 = vjvovzvavsvy. Let H be the graph obtained from Cj
by adding an edge vovs. It is obvious that if G € {C3, Cy, H}, then yar(G) = [ En].
Hence, the upper bound in Theorem 2.5 is tight.
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