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Abstract. We present a fundamental theory of curves in the affine plane and the affine
space, equipped with the general-affine groups GA(2) = GL(2,R) x R? and GA(3) =
GL(3,R) x R3, respectively. We define general-affine length parameter and curvatures
and show how such invariants determine the curve up to general-affine motions. We then
study the extremal problem of the general-affine length functional and derive a variational
formula. We give several examples of curves and also discuss some relations with equiaffine
treatment and projective treatment of curves.

Keywords: plane curve; space curve; general-affine group; general-affine curvature; vari-
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1. INTRODUCTION

Let A" be the affine n-space with coordinates z = (z!,...,2"). It is called a uni-

modular affine space if it is equipped with a parallel volume element, namely a de-
terminant function. The unimodular affine group SA(n) = SL(n, R) x R™ acts as

r= ()= gr+a= (Zg;xj + ai), g= (g;) € SL(n, R), a = (a') € R",
J

which preserves the volume element. The study of geometric properties of sub-
manifolds in A™ invariant under this group is called equiaffine differential geometry,
while the study of properties invariant under the general affine group GA(n) =
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GL(n,R) x R™ is called general-affine differential geometry. Furthermore, the study
of geometric properties of submanifolds in the projective space P™ invariant under
the projective linear group PGL(n) = GL(n + 1, R)/center is called projective dif-
ferential geometry. Equiaffine differential geometry, as well as projective differential
geometry, has long been studied and has yielded a plentiful amount of results, es-
pecially for curves and hypersurfaces; we refer to [3], [4], [15], [24], [30] and [33].
However, the study of general-affine differential geometry is little known even for
curves. The purpose of this paper is to present a basic study of plane curves and
space curves in general-affine differential geometry by recalling old results and by
adding some new results. In addition, we relate them with the curve theory in
equiaffine and projective differential geometry. Although the study of invariants of
curves of higher-codimension could possibly be given by a similar formulation used
in this paper, it probably requires a more complicated presentation and is not at-
tempted here. For studies of submanifolds in affine spaces which correspond to other
types of subgroups of PGL(n), we refer to, e.g. see [30].

Let us begin with equiaffine treatment of plane curves. Let A? be the unimodular
affine plane with the determinant function |z y| = x'y? — 2%y! for two vectors
r = (z1,2%) and y = (y',4?), and let x(t) be a curve with parameter ¢ into A2
which is nondegenerate in the sense that |z’ 2| # 0. When |2’ 2”| = 1, furthermore,
the parameter ¢ is called the equiaffine length parameter. In this case, it holds
that |2/ 2’| = 0, namely 2z is linearly dependent on z’ and we can write this
dependence as

" /
2" = —k.2,

where k, is a scalar-valued function called the equiaffine curvature. Conversely, given
a differential equation of this form, the map defined by two linearly independent non-
constant solutions defines a curve whose equiaffine curvature is k,.

With reference to this presentation of equiaffine notions, we first define the general-
affine length parameter and the general-affine curvature relative to the full affine
group GA(2) for a nondegenerate curve in Section 2. In contrast to the differential
equation above, we have

x/// — _gkx// _ (6“‘ %k/ + %kQ)x/,
where k is the general-affine curvature and ¢ = +1 denotes additional information
of the curve; see Section 2.1. Conversely, for a given function k£ and a signe = +1
there exists a nondegenerate curve x for which x satisfies the above equation and the
curvature of x is k, uniquely up to a general-affine motion (see Theorem 2.5). We
then give a procedure of how to compute the curvature and a list of plane curves with
constant general-affine curvature. Furthermore, we show that the total curvature of
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any nondegenerate closed curve vanishes (see Corollary 2.9) and give remarks on the
number of general-affine vertices. Some discussions on the relation with equiaffine
treatment and projective treatment of plane curves will be given in Appendices A.1
and B.1.

We next consider an extremal problem of the general-affine length functional and
derive a variational formula, i.e., a nonlinear ordinary differential equation that char-
acterizes an extremal plane curve, as

kK" + gkk” + %k’2 + %ka’ ek =0

(see Proposition 3.1). Here we give remarks on the preceding studies: the formulation
used to define general-affine curvature of plane curves in this paper is very similar
to that in [17]. For example, the ordinary differential equation above for z and
Theorem 2.5 were already given in [17]. The formula of the general-affine plane
curvature was given also in [25], [30] in a different context. The variational formula
above for k was first given in [18], equation (33) though some modifications are
necessary. The same formula for ¢ = 1 was then rediscovered by Verpoort in the
equiaffine setting (see [32], page 432). Furthermore, the author of [32] gave a relation
of solutions of this nonlinear equation with the coordinate functions of the immersion;
we reprove this relation in Corollary 3.2.

We then remark that the differential equation above is very similar to some of the
nonlinear differential equations of Chazy type. Furthermore, we give a remark to the
variational formula for a certain generalized curvature functional.

When the curve is given as a graph immersion, the general-affine curvature is
written as a nonlinear form of a certain intermediate function. It is interesting
to obtain a graph immersion from a given curvature function, which is treated in
Section 4: We see that its integration can be reduced to solving the Abel equations
of the first kind and the second kind (see Theorem 4.2).

The second aim of this paper is to study general-affine invariants of space curves.
The procedure is similar to that for plane curves. We give the definition of general-
affine space curvatures of two kinds k and M, and the ordinary differential equation
of rank four

11 1 1 7 3
1 m oL’ 2 ) % ( % ’ 3) ’

(see Lemma 5.3), which defines the immersion. Then we show how to compute
curvatures. Discussions on relations with the equiaffine and projective treatment of
space curves will be given in Appendices A.2 and B.2.
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We next solve the extremal problem of the general-affine length functional: A non-
degenerate space curve without affine inflection point is general-affine extremal if and
only if the pair of ordinary differential equations

1 1 5 1 2
k”’+gkk”+§k2k’+§k’2—gak’+gM’ =0, k”+§kk’+%ek’M—gakM’—eM” =0

are satisfied (see Theorem 6.1). Then we discuss a similarity amongst the nonlinear
differential equations for the curvature functions, one for plane curves, and the other
for space curves belonging to a linear complex, i.e., M = ek (see Corollaries 6.3
and 6.4).

In Appendix A, we give a sketch of how to treat curves in equiaffine differential
geometry and discuss general-affine invariants in terms of equiaffine invariants. In
Appendix B, we discuss projective invariants in terms of general-affine invariants.
Furthermore, in Appendix C, we shortly recall how to define projective invariants
and summarize the variational formula of the projective length functional due to [6]
and [14].

Finally, we give a few remarks on general-affine extremal curves. We have de-
rived the differential equations for the curves to be extremal; however, except a few
examples, the authors do not know how to integrate these equations. To get any
method to describe extremal (especially closed) curves is an important problem; we
refer to the book [11] and also the paper [22] for further study. From a general point
of view, the study of motion of curves is also a related problem; we refer to the
papers [16], [21].

In this paper, we use the classical moving frame method; we refer to [7], [29].
For the equiaffine differential geometry and its terminologies, we refer to the
books [3], [24], [30], and for the projective treatment of curves to Wilczynski in [33]
and Lane in [15].

2. GENERAL-AFFINE CURVATURE OF PLANE CURVES

Let z: M — A2 be a curve into the 2-dimensional affine space, where M is
a 1-dimensional parameter space. Let e = {ej,ea} be a frame along x; at each
point of 2(M) it is a set of independent vectors of A? that depend smoothly on the
parameter. The vector-valued 1-form dx is written as

(2.1) dz = wle; + w?es,
and the dependence of e; on the parameter is described by the equation

(2.2) de; = Z wle;,

j=1,2
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where w’ and w{ are 1-forms, and the matrix of 1-forms

wl w?
— 1,2
Q= | w wi
wy  w

is called the coframe.

2.1. Choice of frames for plane curves and definition of general-affine
curvature. We now reduce the choice of frames in order to define certain invariants.
First, we assume w? = 0, which means that e; is tangent to the curve, and we
set w! = w for simplicity. The vector ey is arbitrary at present, as long as it is
independent of e;. Let € = {€1,€2} be another choice of such a frame. Then it is
written as

€1 = Xep, €2 = ey + veg,
where Av # 0. The coframe is written as w and @f , which satisfy

de =wey, de; = w; ;.
j=1,2

Then we certainly have
(2.3) o=2"lw.
Since de; is represented in two ways, one being
de; = (dN)e; + /\(w%el + w%eg)

and the other being
de; = &7 (Nep) + @i (uer + ves),

by comparing the coefficients of e; and es in these expressions, we get
(2.4) i = vy, dA+ Awl = A + pws.
Similarly, considering des, we have

(2.5) pwi 4+ dv + vws = vws,  dp+ pwi + vwy = \og + pos.

Since the immersion is 1-dimensional, we can set w} = hw and &? = h, and then
the first identity of (2.4) implies that

h=v1\2h.
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Hence, the non-vanishing property for h is independent of the frame. Geometrically
it means that the curve is locally strictly convex at each point. We assume this
property in the following. Such a curve is said to be nondegenerate. Then, by the
identity above, provided that h is nonzero, we can choose a frame € so that h=1
and we treat such frames with A = 1 in the following. Then v = A? immediately
follows. Next, we see from (2.4) and (2.5) that

Ol =wl + A PdA A Pw, B =wi v dr e
Hence,
207 — W3 = 2wl — w3 — 3uA" 2w,

which enables us to choose u so that 2w} — &3 = 0, and by considering only such
frames in the following, we must have u = 0. Thus, we have determined the frame e
up to a change of the form

gl = /\617 52 = /\262.

We call the direction determined by ey the general-affine normal direction. Further-
more, we have
W =dlog\ +wi, @3 = A\ws.

From the first identity, we can choose A so that &} = 0. Hence, we consider the
frame with w} = 0 and A is assumed to be constant. From the second identity, by

setting

wy = —lw,
and similarly @} = —ZNLTJ, we get
(2.6) 1=\

We call this scalar function [ the equiaffine curvature, see Appendix A.1, though it
still depends on the chosen frame. A point where [ = 0 is called an affine inflection
point; we refer to [13] for its geometrical meaning. Thus, we have seen that given
a nondegenerate curve x, there exists a frame e with coframe of the form

w 0
(2.7) 0 w
—lw 0

and that such frames are related by €; = Ae; and é; = A2e, for a nonzero constant \.
In the following, given a curve x = xz(t) with parameter ¢, we assume that the
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vector e; is a positive multiple of the tangent vector daz/dt. Then the choice of A is
limited to be positive and the form w is a positive multiple of dt.
We now assume [ # 0 and let ¢ denote the sign of I:

e = sign(l).

It is a locally defined invariant of the curve called the sign of the curve. Then we
define a form

(2.8) ws = Velw,

which is unique, independent of the frame, in view of (2.3) and (2.6). We call this
form the general-affine length element and call the parameter s such that ds = w;
the general-affine length parameter, determined up to an additional constant.

Definition 2.1. We call the scalar function k defined as

T:kws

the general-affine curvature. In other words,

dlogl
(2.9) k=
We define a new frame {E, E2} by setting
(2.10) Ei = L61, By = leg.
Vel el
Then

de = w.F1.
For another frame {€1, €5}, where €; = Ae; and é3 = A\?e, we similarly define El
and F5. Then we can see that
1 1 ~ 1 1
—~51 = —)\61 = E1 and EQ = —,\52 = —
Vel Ver?l el eA?l

Thus, we have proved the following.

El = A262 = EQ.

Proposition 2.2. Assume [ # 0. Then the frame {E;, E2} is uniquely defined
from the immersion and it satisfies a Pfaffian equation

T > Ws 0
(2.11) d[ E | =0 (El) ;0= —tko,  w, |,
FEs 2 —tws —kws

where wy is the general-affine length form, k is the general-affine curvature and ¢ is
sign(l).
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By use of this choice of frame, we have the following lemma.
Lemma 2.3. The immersion x satisfies the ordinary differential equation
3 1 1
(2.12) 2" + §kx” + (z—: + 5/4:’ + §k2)x’ =0,

relative to a general-affine length parameter.

Proof. Equation (2.11) shows that 2’ = Ey, E{ = —3kE; + E», and E} =
—eFEy — kEs, where the derivation {’} is taken relative to the length parameter.

Then, combining these derivations, we easily obtain the differential equation above.
O

Remark 2.4. The definition of the curvature depends on the orientation of the
parameter ¢t. If we let the parameter be u = —t and denote by an overhead dot the
derivation relative to u, then we have

e 3. 1.0 1.5\,
x—ikx—k(e—ik—kik)xfo.

Namely, the curvature changes sign and its absolute value is a true invariant inde-
pendent of the orientation of the parameter.

With this remark in mind, we have the following theorem.

Theorem 2.5 ([17]). Given a function k(t) of a parameter t and ¢ = £1, there
exists a nondegenerate curve x(t) for which t is a length-parameter, k the curvature
function and € the sign of [, uniquely up to a general-affine transformation.

Proof. Given k and €, we solve the ordinary differential equation in (2.12) to get
the vector 2/(t), which is determined up to a general linear transformation. Then we
get x(t) up to an additional translation by a constant vector; that is, the curve x(t)
is determined up to a transformation in GA(2). O

Theorem 2.5 and the ordinary differential equation (2.12) were first given by
Mihailescu in [17], to the authors’ knowledge; refer also to [5], [18], and [19].

Example 2.6. Ellipse and hyperbola. Let = denote an ellipse x(0) = (acos#,
bsind) or a hyperbola x(f) = (acosh,bsinh@). Then 2/ = —ex’, where ¢ = 1 for
the ellipse and € = —1 for the hyperbola. It is easy to see that 6 is a general-affine
length, see (2.15). Hence, k = 0.

According to this example, we may call a nondegenerate curve is of elliptic (or
hyperbolic) type if e =1 (or e = —1).
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Remark 2.7. The vector Fs, uniquely defined when [ # 0, looks like a normal
vector to the curve, and we call it the general-affine normal. By an analogy with
affine spheres in equiaffine differential geometry, it is natural to call a curve, such that
the map Fs passes through one fixed point, a general-affine circle. Since Fy = z" and
x+eF = 0 hold for an ellipse or a hyperbola, it is a general-affine circle. Conversely,
let = be a general-affine circle. Then there exists a scalar function 7(¢) and a fixed
vector v such that z + rF = v, and this implies that dz + drEs + rdEy = 0, and
by identity (2.11), (1 — er)wsEy + (dr — krws)E2 = 0. Hence, r = ¢ is constant
and k = 0. Then by integrating the differential equation (2.12) when k = 0, we see
that any general-affine circle is general-affinely congruent to (a part of) an ellipse or
a hyperbola.

In order to obtain the curvature of a curve given relative to a parameter not
necessarily a length parameter, we need a task, which we now briefly describe. Let
t — x = x(t) € A? be a nondegenerate curve such that the vectors z’ and z” are
linearly independent. Then the derivative x’” is written as a linear combination of z’
and z”: there are scalar functions a = a(t) and b = b(t) such that

(2.13) 2" =az" +b2'.

Since dz = x’ dt, the frame vector e is a scalar multiple of ’': dz = wey, e = \a’
and w = A\~1dt for a scalar function . Then the derivation de; = A(Az" + Nz')w
implies that the second frame vector is e; = A(Az” + N'z’). In order for the frame
{e1,e2} to be chosen as in Section 2.1, the vector des must be a multiple of e;.
Since des = {A2(Aa + 3N)z” + A(A2b + AN + N?)2'}w, we have Aa + 3\ = 0, i.e.,
A= e Ja®dt/3 yp to a positive constant multiple, and by definition,

(2.14) L= —(A%b+ A\ + \?).
We now assume that [ # 0 and recall that ¢ = sign(/). Then we have

2, 1
(2.15) ds? = —5<b + s - ga’) ar.

If, in particular, ¢ itself is a length parameter, then the equation is written as

1 2
(2.16) " =az" + (ga' — §a2 — e)x',
and the curvature turns out to be

(2.17) k=—za.
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When ¢ is not necessarily a length parameter, we perform a change of parameter ¢
to a new parameter 0 = o(t) so that o is a length parameter. For this purpose, we
rewrite (2.13) relative to the variable

A calculation shows that

where

30\ 1
(2.18) Ao) = (a— - );,

0_// 0_/// 1
(2.19) B(o) = (b+a7 - 7)?

Thus, we get the procedure of how to compute curvature:

Procedure for computing curvature.

Step 1. Given a curve x(t), derive the differential equation (2.13).
Step 2. Compute L = (—b— 2a* 4+ £a’) and define € by ¢ = sign(L).
Step 3. Compute the length parameter o by solving do = v/eL dt.
Step 4. Compute A by (2.18); then —%A is the curvature.

Remark 2.8. Due to Theorem 2.5, the curves with constant curvature are ob-

tained by solving equation (2.16) for constant a. Table 1 is a list of curves with con-
2
3
« and y are constants. Note that the case kK = —oo corresponds to an exceptional

stant curvature k = —Za, which may be assumed to be nonpositive by Remark 2.4;

curve parabola.

curvatures curves with € = +1

k=0 (t,—va? — &)

—-4<k<0 e’ (cosat,sinat), v# 0, a #0
k=—-4 (t,tlogt), t >0

—o< k< —4 (t,t*), a € (3,1)

curvatures curves with e = —1

k=0 (t, Va2 +t2)
k=—v2 (t,e')
—00<k<0, k#—V2 (t,1*), a€(0,3) ora € (-1,0)

Table 1. Plane curves with constant general-affine curvature
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2.2. Total curvature and general-affine vertices. Formula (2.11) implies the

Ey 3
det (E2>D = —Ekws,

where det is taken relative to a (any) unimodular structure of the space R%. This

identity

(2.20) d <log

formula shows the following corollary immediately.

Corollary 2.9. Assume that the curve C' is nondegenerate and closed and has no
affine inflection point. Then the total curvature fc kws vanishes. In particular, such
a curve has at least two general-affine flat points.

As we will mention in Appendix B.1, any general-affine flat point, where k = 0
by definition, is nothing but a sextactic point. We know a classical theorem due
to Mukhopadhayaya, also due to Herglotz and Rado, that the number of sextac-
tic points of a strictly convex simply closed smooth curve is at least six; we refer,
e.g. to [29], [31]. In other words, on such a curve there are at least six general-affine
flat points. We refer also to [26] for a projective study of sextactic points.

Furthermore, as an analogue of the Euclidean plane curve, it is natural to introduce
a notion of a general-affine verter, where k is extremal. The corollary above says
that any nondegenerate closed curve without affine inflection point has at least two
general-affine vertices. The following example shows that the number 2 is the lowest
possible value.

Example 2.10. The curve z(t) = (cos(nt)cos(t),cos(nt)sin(t)) is generally
called a rose curve. Let us choose n = % with the range t € [0,3xn]. It satisfies the
equation

no_ SSin(%t)T 2 47+ 8T2) 2
3(1+47?) o1 +472)" "

where T = cos(1t). It is seen that L > 0, ¢ = 1 and the length parameter o is

3
defined by

Qo — 2v/256T2 + 3207 + 69
N 9(1 +4717)

dt,
and the curvature

2
k(t) = 80 sin<§t) (AT2 — 2T + 3)(4T2 + 2T + 3)(320T* + 25672 + 69) 3/

is defined for all values ¢, and it vanishes at ¢ = 0, %n. Moreover, it is easy to see
that the number of general-affine vertices is two.
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3. GENERAL-AFFINE EXTREMAL PLANE CURVES AND THE ASSOCIATED
DIFFERENTIAL EQUATION

In Section 2.1, we have defined the general-affine length element w,, which natu-
rally defines the general-affine length functional for plane curves, and in this section
we consider the curves that are extremal with respect to this functional and we
prove the variational formula, which is a nonlinear differential equation relative to
the general-affine curvature, then discuss some special solutions with reference to
Chazy equations. Furthermore, we compute the variational formula of the general-
affine energy integral.

3.1. Extremal plane curves relative to the length functional. We have
shown that there exists a unique frame e = {z, E1, Ex} such that (2.11) holds.
Recall that Q denotes the 3 x 2 matrix in (2.11). Let x,(¢) be a family of curves
parametrized by 1 around n = 0 and zo = . We assume that z,(t) = z(¢) outside
a compact set C' and x((t) is parametrized by general-affine arc length. For simplicity,
we further assume that z, has no affine inflection point, i.e., the invariant ws does
not vanish anywhere for all . The length functional L is given by

Lin) = /C ws(1).

For the sake of brevity, we use the notation § to denote the derivative with respect

to n evaluated at n = 0:
da = da() ‘ .
dn n=0

Then the curve x is called general-affine extremal if
0L=0

for any compactly supported deformation of x.
We want to derive a differential equation for an affine extremal curve. Since
{E1, Ex} are linearly independent, there exists a 3 x 2-matrix 7 such that

v o
E, 1 2

o B | =71 , =T T
Es 1 2

Es5 Ty T

holds. The components of 2 and 7 are denoted by w? and 72, where a = 0, 1,2 and
B =1,2. Since 6 de = dde with e = {x, E1, E2}, we have

Swh —drf = Z Tgwf - wgrf.
v=1,2
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In terms of entries of 2 and 7, we have

1
(3.1) Sws — dry = —(gkré +eTg + Tll)ws,
(3.2) —drg = (T& . kT(?)ws,
1
(3.3) —50(k,) — dr} = (eTf + Tg)ws,
1
(3.4) Sws —drf = (7’11 - 5]67'12 — Tg)ws,
1
(3.5) —ebws —dry = 5(7’11 + Eskrgl - TQQ)wS,
(3.6) —0(kws) — dT3 = (13 + eT7)ws.
Here we use wj = w? = —ewl = w,, w = 0, wl = —%k‘ws and w3 = —kws.

Adding (3.4) and —ex(3.5), we get

20ws — dri +edry = —%k(rf + e78 ws
adding (3.6) and —2x(3.3), we have
(3.7) 2dr} — A = 3e(1? + e79 )ws.
Combining these equations, we have
(3.8) 2w, = dr? — e drl + %k—(—z drl + drd).

Recall that the deformation is compactly supported. Then by using Stokes’ theorem
and integration by parts, we have

£

5L = ——
12 /o

(=271 +72) dk.

We now compute —271 + 73 as follows. From (3.1) and (3.4), we have

1
drg — d7'12 = (271 — 722 + eTg)wS + §I<;(7'01 — 7'12)0.)8.

Inserting (3.2) into the above equation, we have
1 2 o 3, o Lo 2
(3.9) =21 + T4 =75 — 5/(37'0 + (5 + §k —k )TO.
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Here {'} denotes the derivative with respect to the general-affine arc length wy, i.e.,
a' = da/ws for a function a. Finally, using integration by parts again,

£

1 L=——
(3.10) 5 3.

(k/// + §kk” + lk/Q + lek/ + 6/6/)7'3&03

2 2 2
holds. If we now take z(t) + n{v'(t,n)E1(t) + v?(t,n)Ex(t)} for the family of
curves x,(t), where v! and v? are arbitrary smooth functions with compact support
relative to ¢, then dx = v'(¢,0)E; +v?(t,0) Ea. This means that 77 = v?(t,0) is arbi-
trary for this family and vanishing of the integral implies the following proposition.

Proposition 3.1 ([18]). A nondegenerate plane curve without affine inflection
point is general-affine extremal relative to the length functional if and only if

1, 1
(3.11) k" + ;kk” + (5 + Sk + 51@2)14 =0

holds. In particular, any curves of constant general-affine curvature are extremal.

We remark here that the differential equation (3.11) was first given in [18], equa-
tion (33) though some modifications are necessary. The formula for € = 1 was then
rediscovered by Verpoort in [32], page 432 by making use of his general variational
formula of equiaffine invariants: The differential equation is written in terms of both
of the equiaffine curvature and the general-affine curvature, and looks much simpler
than (3.11). As a result, he proved the following corollary, which we now state in
our setting.

Corollary 3.2 ([32]). Let z(t) = (z1(t),2z2(t)) be a curve parametrized by
general-affine parameter t. Assume that it is general-affine extremal. Then there
exist constants ¢y, ¢ and c3 such that the general-affine curvature k can be written as

k = cix1 + cax9 + 3.

Proof. Let us consider the ordinary linear differential equation
3 1 1
" e ~ 1t Z2) . —
z —|—2k:z +<€+2k+2k)z 0

with unknown function z. We note that this has the same form as equation (2.12),
therefore x; and xo are solutions. Also any constant is obviously a solution. On the
other hand, if z is extremal, then equation (3.11) shows that k(t) itself is a solution.
Therefore k can be expressed as claimed. O
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We also have the following property on the curvature integral.

Proposition 3.3. The variation of total curvature on any compact interval always

5/ kws = 0.
c

Proof. Adding (3.3) and (3.6),

vanishes, i.e.

—;5(kws) —drf —dr? =0

holds. Then Stokes’ theorem implies the proposition. ([

Remark 3.4. It is known that Chazy [8] classified third order nonlinear ordinary
differential equations of Painlevé type, i.e. the solutions only admit poles as movable
singularities. Then Chazy equations are classified into 13 classes of equations from I
to XIII and the full list of equations can be found in [1]. We here cite Chazy equations
for IV, V and VI, which are respectively given by

K"+ 3kk" + 3k"> + 3k%k' — SK' — S’k — T = 0,
K"+ 2Kk + 4K + 2k°K — 2RK — R'k = 0,
kl/l + kk/l + 5k12 + ka/ _ 3Qk/ _ Q/k+ Q/l — O7
where S, T, R, () are certain analytic functions of ¢, see [1]. Then (3.11) is clearly

seen to be of the form of the above Chazy equations with the coefficients of kk”, k’ 2

and k2k’ replaced by the half integers %, % and %, respectively, and with S, T, R

or () chosen properly.

Example 3.5. We can see that the following k(t) are solutions of (3.11):
k(t) = 3\/§tanh(\/§(t —¢)) and k(t) = 3\/§C0th(\/§(t —0))
for e =1 (see [32], Example 14), and

3
t—c

k(t) = —3vV2tan(vV2(t —¢)), k(t) = 3v2cot(V2(t—c)) and k(t) = +V2+

for e = —1. For each of these solutions we can compute the associated plane curve by
integrating the differential equation using computer software. Since the expression
is not simple, we give here one example for the case ¢ = —1 and k(t) = V2 + 3/t,
and the curve is written as (z1, z3) for ¢t > 0:

T er 1/4 ‘ exp(—
x1:3ﬁ+%, . \/_(1+3\/§t)t fi(v/3t/2 ) 23 \% 3t/\/§)7
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where erfi is the error function defined by

2 o
erfi(z) = ﬁ/o e'” dt.

3.2. Variation of energy integral. The integral

1
/ Z k2w,
c 2

can be regarded a general-affine energy integral. Its variational formula is interesting.
More generally, one can consider a variational problem for the curvature functional:

F(n) = /C F(k)ws

with 7 the variational parameter, where f is a smooth function of one variable. Then
a straightforward computation similar to that in the previous subsection shows that
the functional is critical if and only if

" § ! 1 ! 1 2 _
(3.12) G +2kG+(e+2k+2k)G_0
holds, where G is the function defined as

G=4F (kK> +12F(R)K'E + f(k)(Ak" — K'k* + 16ek') — f(k)kK + f(k)k .

When f = %kQ, we see that
G =4k" — ;ka’ + 16¢k’.

Even for this special f, integration of (3.12) seems to be highly complicated.

4. HOW TO FIND PLANE CURVES WITH GIVEN GENERAL-AFFINE CURVATURE

Let us consider the nondegenerate curve given by a graph immersion z(t) =
(t, f(t)). We will find the formula of the curvature given by the function f and
show fundamental examples of graph immersions.

Since z is nondegenerate, z” = (0, f”) # 0, we may assume f” > 0. Since
2 = (0, f), the coefficients of the differential equation (2.13) are a = f"’/f"” and

b = 0. Hence,
N\ = e Ja®dt/3 _ (f")fl/?’
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up to a constant multiple. If we set = A2 = (f”)~2/3, then (2.14) and (2.15) imply

1 M/l
4.1 =——u" 2= —e—dt*
(4.1) l=—3u", ds =y
Hence, we have the formula
dlogl -2 "
(4.2) =8 JRE
ds W

Thus, we can see that the general-affine arc length and the curvature are represented
by using f as follows:

Lemma 4.1. The quantities ds? and k? are expressed by use of the function f as:

2 B =5
o7
|9(f//)2f///// _ 45f//f///f//// + 40(f///)3|2

BT 5P |

(4.3) ds dt?,

K2 =

As we will see in Appendix A.1, —p” (= 21) equals the equiaffine curvature up to
a multiplicative constant. The factor on the right-hand side of the first expression is
known, see [3], page 14. The second expression of k? was already presented in [30],
page 54 from a different point of view. We refer also to [25], page 343 and [9]. The
differential polynomials in the numerator and denominator on the right-hand side
of k? are generally known; Berzolari [2] stated that those go back to Monge, see [20].

Making use of expression (4.2), we study how to find a graph immersion of plane
curves with given general-affine curvature k, by integrating the following nonlinear
differential equation directly:

(4.4) u(")? = = (unys.

We regard the function u’ of t as a function of 1 and set

dp

I

=u(t) =—.
w(p) = p'(t) ar

Then, by the chain rule, we have

' =ww, P = wi? + w?io.
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Hence, equation (4.4) is written as

(4.5)

k? .
pw? (b2 + wib)? + e—wi® = 0,

which can be reduced to the Abel equation as follows:

(i)

(4.6)

(4.7)

(i)

84

First reduction: We introduce s by setting

w(z) = iexp(—e/ 52 da:).

Here we choose the sign properly, depending on the function w. Then we get
the equation

8r(—es+ 532 — k%t =0 (2 >0).

Therefore, the original differential equation (4.4) is equivalent to

£§ = L52 + 53,
2V2zx
which is an Abel equation of the first kind.
It is easy to see that for constant k < 0 with ¢ = —1 or k < —4 with ¢ = 1,
the solution s of (4.7) can be explicitly obtained as

a . —k 4+ v/—16¢e + k2
s(r) = —= witha= .
V2% 4
The corresponding curves are given in Table 1 and k < 0ande = —1lor k < —4

with € = 1. Moreover, in the case of k = 0 (both ¢ = +1), the solution s can

be obtained as )

e(a —2z)

s(z) =

where a is some constant. The corresponding curves are given in Table 1 with
k = 0. On the contrary, in the case of —4 < k < 0 for € = 1, the solution s
of (4.7) is not easy to write down explicitly. The corresponding curves are
logarithmic spirals given in Table 1.

Second reduction: We define s by

w(z) = iexp(—e/stx),



by choosing the sign properly. Then a straightforward computation shows that
equation (4.5) is transformed into

—k?s% 4 8x(e + 83)2 =0,

which is equivalent to

k
4.8 §§ = ——=5—¢
(4.8) 2V 2z
This is a particular case of the Abel equation of the second kind. We refer to [27],
Section 1.3.2 for integrable Abel equations.

Theorem 4.2. For any general-affine plane curve with graph immersion (t, f(t)),
there exists a function s, given as above, such that it satisfies the Abel equation
of the first kind or second kind, (4.7) or (4.8), respectively. Conversely, for any
given function k, a solution s of (4.7) or (4.8) gives rise to a plane curve of graph
immersion (t, f(t)) with general-affine curvature k.

5. GENERAL-AFFINE CURVATURE OF SPACE CURVES

In this section, we will give a general-affine treatment of space curves; we introduce
several notions such as curvature, length parameter and ordinary differential equation
associated with space curves from a general-affine point of view.

Let z: ¢+ z(t) € A3 be a curve in a 3-dimensional affine space with parameter ¢
and let e = {ey,ea,e3} be a frame along ; it is a set of independent vectors of A3.
The vector-valued 1-form dx is written as

(5.1) dz = wler + w?es + wies,

and the dependence of e; on the parameter is described by the equation

(5.2) de; = ) wle,

j=1,2,3

where w’ and wf are 1-forms as before in the case of plane curves and 1 < 7, j < 3.
We call {w’,w/} the coframe.

We assume in the following that the curve is nondegenerate in the sense that the
vectors z’, 2’ and 2"’ are linearly independent and that w? = w?® = 0 and w} = 0, so
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that e; is tangent to the curve and that {ej, ez} is the first osculating space of the
curve. We write w! = w for simplicity.

Let e = {€1, €2, €3} be another choice of such a frame. Then it can be written as
€1 =Ae1, €= pe;+vey, e3=ael+ ez +yes,
where Avy #£ 0. The associated coframe is written as @ and @g , which satisfies

der = C;El, dgft = E nggj
Jj=1,2,3

Then we have
(5.3) o=\tw.
Since dej is represented in two ways, one being
de; = (d\)ey + Mwier + w?es)

and the other being
de; = & (Ney) + @ (uer + ves),

by comparing the coefficients of e; and es in these expressions, we get

(5.4) Vi = \wi,

(5.5) \of + pwi = dX + Aw;.
Similarly, by considering des, we have

(5.6) @5 = v,
~2 | p~3 _ 2 2
vwy + pws = dv + pwi + vws,

(5.8) \os + pas 4+ a@s = dp + pwl + vws,

and by des we have

(5.9) V@ = dy + Bws + yws,
(5.10) V3 + Bws = dB + aw? + Bws + w3,
(5.11) MDY + pi + a@i = da + awi + Bws + yws.
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First note that from the generality assumption we have w? # 0 and w3 # 0. Then

by an appropriate choice of v and ~, in view of (5.4) and (5.6), we can assume that

w? = & and @i = w. Hence, we can restrict our consideration to the case

wi=w and wi=w

in the following. In particular,

(5.12) v=2>2 and y=\

are necessary. We next see that from (5.5), (5.7) and (5.9) we have

201 — s = 2wt — w3 — 3N 2pw+A"2Bw, 30] — @5 = 3wl —wi —3A 2w — A7 Bw.

Thus, an appropriate choice of the parameters p and 3 makes the identities w3 = 3w]
and @i = 2w] hold. To keep this condition it is necessary to have u = 3 = 0.
Now (5.8) can be rephrased as

o3 + als = N2w3,

and we choose « so that @} = 0. Thus, we can assume that wi = 0 and o = 0.
Moreover, (5.5) is
Of = A7HdA + Wi,

and we can choose \ so that @} = 0. Therefore wi = 0, and to keep this condition, \ is
a non-zero constant. With these considerations, the last identities (5.10) and (5.11)

turn out to be
2 2

@0 =i and @ = \ws,
respectively. We set

(5.13) wi = —lw, w;=—mw,
and similarly for @3 and @i. Then we have the covariance

(5.14) =X, and m=X\m.

Thus, we have seen that given a nondegenerate curve x, there exists a frame e with
the coframe of the form

w 0 0
0 0
(5.15) v
0 0 w
—mw —lw 0
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We remark here that, in the equiaffine treatment of space curves, the scalars [
and m above are known to be absolute invariants, called the equiaffine curvature
and the equiaffine torsion, respectively; we refer to Appendix A.2. In this paper we
call the point, where [ = 0, an affine inflection point.

In the following we assume [ # 0 and let ¢ denote the sign of [:
e = sign(l).
It is an invariant of the curve. Then we define the general-affine length element by
(5.16) ws = Velw,

which is well-defined and independent of the frame in view of (5.14), and the param-
eter s for which ds = ws holds is the general-affine length parameter determined up
to an additive constant.

Definition 5.1. We call the scalar function k defined by

dl

T:k‘ws

the first general-affine curvature. In other words,

_dlogl

(5.17) =

We call the scalar function M defined by

m

(5.18) M= 57

the second general-affine curvature of the space curve.

Both curvatures defined above are absolute invariants.
We next define a new frame {E;, Fa, E5} by setting

1 1 1
Ey = —ey, E3=

El=— ..
LT ez el (cl)32

It is easy to see that this frame does not depend on the choice of A; hence, it is
determined uniquely.

Thus we have proved the following:
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Proposition 5.2. Assumel # 0. Then the frame {E1, F2, E5} is uniquely defined
from the immersion and it satisfies the Pfaffian equation

x Ws 0 0
FEy & —Lrw w 0

5.19 d =Q| FE 0= 2 i

( ) -E2 E2 ) 0 —k(JJS We )
Es 3 —Muws EWs Skws

where w; is the general-affine length form, k and M are the first and second general-
affine curvatures, respectively, and € = sign(l).

By use of this choice of frame, we can see the following lemma, by a similar
reasoning to that for Lemma 2.3.

Lemma 5.3. The immersion x satisfies the ordinary differential equation

7 3

11 1 1
(5.20) 2" + 3ka'" + (e+ 2k" + IkQ)x” + (M+ ek + ik// + Zkk/ + Zk?’)x’ =0,

relative to a general-affine length parameter.

In the definition of the curvature, we had an ambiguity of orientation of the chosen
parameter: the change of the parameter from ¢ to —t, transforms the equation to

11 1 1 7 3
"o " _ ! T2\ _ _ - N T 2
2" _ 3k +(e 2k+4k)x+<M Sek— Sk + kR = 2

kB)x’ =0.
Namely, the transform (k, M) — (—k, —M) keeps the form of the equation.

Thus, up to this ambiguity, we have the following theorem.

Theorem 5.4. Given functions k(t) and M(t) of a parameter t, and ¢ = +1,
there exists a nondegenerate space curve x(t) for which t is a general-affine length
parameter, k is the first general-affine curvature, M is the second general-affine
curvature, and ¢ is the sign of |, uniquely up to a general-affine transformation.

Analogously to the case of plane curves, we have the following property on the

total general-affine curvature:

Corollary 5.5. Assume that the curve C' is nondegenerate and closed, and has
no affine inflection point. Then the total curvature fc kws vanishes. In particular,
such a curve has at least two general-affine flat points.
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The computation of general-affine curvatures of space curves given relative to
parameter not necessarily a length parameter, is done similarly as for plane curves.
Let t — 2 = z(t) € A® be a nondegenerate curve such that the vectors 2/, " and 2"

1111

are linearly independent and write the vector 2" as a linear combination of z/, z”

and z'":
(5.21) 2" =ax" 4+ ba" + c2’,

where a = a(t), b = b(t) and ¢ = ¢(t) are scalar functions. Let e; = Az’ be the first
frame vector and set w = A~ dt. We will determine )\ so that we get a normalized
frame: de; = esw, des = esw and des has no ez-component. A computation shows
that e; = A22” + AN’ and es = (A3 + 3X2Nz” + (AN 4+ AN?)2/), and des =
(A3a + 6X2))z"” modulo (z/,z"). Then X = e~(/a()dD/6 ¢orresponds to the choice
of the frame. Then des is written as des = (A2b + TN 4+ 42N Jwes + (A3c — A2Nb —
6> + A2\")we;. By the definition in (5.13), we have | = —(A\2b + TN? + 4AX")
and m = —M3¢ + A2Xb+ 6X° — A2\, We now assume that [ # 0 and recall that
¢ = sign(l). Then a straightforward computation shows that the length element is

written as
11 2
5.22 ds? = —e(b+ z-a? - Za') di2
(5.22) s elb+ 36 ~ 3%
If, in particular, ¢ itself is a length parameter, then we have b = —¢ — %az + %a’ and
by definition, the first curvature & is
1

5.23 k=—=a,

(52 0
while the second curvature M turns out to be

1 1 7 1 .

(5.24) M= —c+ ac+ =d" — —ad + —a’.

6 6 36 36

For the actual computation, the next lemma will be useful.

Lemma 5.6. Given a nondegenerate curve x(t) satisfying (5.21) let y(o) = z(t)
be a change of parameter from t to o(t). Then the vector y satisfies a differential
equation

(5.25) Yy =Al0)y + B(o)j + C(o)y,
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where {} denotes derivation relative to o and

o\ 1
(5.26) Ao) = (a - 67) =
O.l/ O.l/ 2 0_/// 1
(5.27) B(o) = (b+3a7 _3(7) _47)ﬁ’
O_// O_/// O_//// 1
(5.28) Clo) = (c+br +arr = T5)

Thus, we get the procedure of how to compute curvature:

Procedure for computing curvatures.

Step 1. Given a curve x(t), derive the differential equation (5.21).

Step 2. Compute L = —(b+ 32a® — 2a’) and define £ by ¢ = sign(L).

Step 3. Compute the length parameter o by solving do = v/eL dt.

Step 4. Compute A, B, and C by (5.26), (5.27) and (5.28); then —%A is the first
curvature k and —C + %Ae + %A — %AA + %A3 is the second curvature M.

Remark 5.7. The curves with constant k£ and M have a special interest, be-
cause such a curve is an orbit of a 1-parameter subgroup of general-affine motions.
In [30], pages 36-39, a classification of such groups is given. In the present setting,
it is enough to solve the differential equation z"” = az”’ + bz"” + cz’ with constant
coefficients a, b and ¢ to get such curves.

For later reference, we give one example:

Example 5.8. For curves given by = = (t,e%,te*) with a real constant a, the
equation is

" " 17
" = 2ax —aza:,

and ¢ = —1, k = —/2sign(a), M = /2sign(a). In particular, the identity
M — ke = 0 holds. We refer to Appendix B.2.

6. GENERAL-AFFINE EXTREMAL SPACE CURVES AND THE ASSOCIATED
DIFFERENTIAL EQUATIONS

In Section 5, we have defined the general-affine length parameter and general-affine
curvatures under the condition that the curve has no affine inflection point. In this
section, we obtain the condition under which a space curve is extremal relative to the
length functional and, in particular, show that any curve with constant general-affine
curvatures is extremal.
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Let x,(t) be a family of curves parametrized by n around n = 0 and o = z. We
assume that z,(t) = z(t) outside a compact set C, and that the invariant ws does
not vanish anywhere for all . Then x, and the corresponding frame {E, Es, E3}
satisfy the equation in (5.19). Then the length functional L is given by

széww

and the curve x = x is said to be general-affine extremal if

_dL

oL =— =
dﬂ n=0

0

holds for any compactly supported deformation of .
We now consider the variation

T B
E
d El =7 B |, 7=(P)ocacsi<sss
2
E
Es 3

Then the compatibility condition dd = § d implies that

5w§ - de = Z Tgwg - ngf,
v=1,2,3

where we set the entries of  in (5.19) as (w§)0<a<371<5<3. Then they are explicitly

given by

1
(6.1) Sws —d7g = (—EkTol — M7 Tl)ws,
(6.2) —drg = (10 — k18 — T8 — T)ws,
(6.3) —drg’ = Tg — krg — Tf)wg,

(6.4) Sws — dr? =
(6.5) —dr{ =

(
(
(
(6.6) —dr} = (
(
(

. 1 .
(6.7) dws —drs = (12 — 5167'5 — T§>wg,
. 1
(6.8) —ebw, —drs = (—e(m3 —72)+ 13 + 5/(37’33 + Mle)ws,
1
(6.9) —55(1%) —drl = (=M1} — 73w,
(6.10) —d(kws) — d7'22 = (7'21 — ETS - Tg)ws,



(6.11) —;(5(ka) —drd = (12 + M7} + e73)ws,
(6.12) —6(Mw,) —drs = (k3 + M(1{ — 73) + €79 )ws.

Adding (6.7) and —ex(6.8), we have

1
20wy — drs +edri = (—516(7'3 +e72) — ey — 6M7’12)w5.

Then by Stokes’ theorem we have
Lo 2 1 2
(6.13) 20 | ws= (—Ek(TQ +eri) —eTy — €MT1>LUS.
c c
Next, from (6.9)4(6.10)—(6.11) we get
22— ) = 2 4+ 12) - 2M7’3,
2 —T1 T 73 2 T 73 1
which is written as
Lo o 3 1 1,2 3y, L 3
(614) —ik(’rg) + 872) = _ZEk(Tl + Ty — T3) + §€kMT1 .
Here {’} denotes d/ws. Equation (6.6) implies
1 v 3
(615) Ty = Ty + §k7'2 —MTQ
and (6.10)+(6.11)—5x(6.9) gives
(6.16) (=72 — 73 + 571) = 6(19 + MT}).
Then by use of (6.5) and (6.16), (6.15) can be rephrased as
1 v, 1 1_ .2 3y 3, o L, 3
(6.17) Ts =T + ﬁk(fﬁl —715—715) — M(’Tl + 7 - 5]67'1).

Finally, (6.14) and (6.17) implies that

(6.18) 25/ ws = 16_2 (—k(87) + 272 — 473Y + 12M 7% \w,
C C
- 16_2 (K' (874 + 272 — 4735) + 12M 7} )ws.
C

Here we use integration by parts for the second equality.
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We now compute —6x(6.1)+2x(6.4)+4x(6.7). A straightforward computation
shows that

871 + 272 — 475 = (675 — 277 — 473) — k7 — 6M7y + kTP + 2677 + 2kTS
=6X" —4Y’ —3kX +2kY — 6 M7 + 2e7).

Here X = 78 — 72 and Y = 75 — 72. Thus, (6.18) can be again rephrased by using
integration by parts, as

(6.19) 2456/ W = / {(—6k" — 3K'k)X + (4K" + 2K'k)Y
C C

— 6K’ M7y + (2ek’ — 12M") 73 Y.
Then by (6.5) and (6.2) we have

!/ /
X=13—12=—-12 4+ kg +erd, Y=13—-12=17 k7]

Finally, making use of (6.3) to erase the 7{-term, we can see that the 73 part of the
integrand of (6.19) is computed as

(6.20) —10K" — 15"k — 5k'k? — 5k + 2ek’ — 12M".
Similarly, the 78 part of the integrand of (6.19) can be computed as

(6.21) 4k 4+ 12K"'k + (11k2 + 10k" — 8)k" + K%k — 6ck'k
+ 3K’k — 6K'M + 12M" + 18 M'k.
Theorem 6.1. A nondegenerate space curve without affine inflection point is

general-affine extremal if and only if the following pair of ordinary differential equa-
tions is satisfied:

3 1.5 1 1 6
6.22 E" 4+ ZkE" + K + 2Kk — 2kl + =M' =0
(6.22) T gk g 557 T3
and

2 5 3
(623) k?/l + gklk =+ gnfk/M — 5€]€M/ — EMH =0.

In particular, all space curves which have constant general-affine curvatures are
general-affine extremal.

Proof. Equation (6.20) = 0 is the differential equation (6.22) and, by inserting
this equation into (6.21) = 0, we have the differential equation (6.23). O
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Example 6.2. Extremal curves with constant M.
First, assume M = 0. Then (6.23) can be easily integrated as

k(t) = —3atan(at) and 3atanh(at),

where a is a constant. Inserting this expression into (6.22), we get solutions

2
k(t) = —3atan(at), a= \/; when e=1
and

k(t) = 3atanh(at), a= \/g when &= —1.
Second, assume M is a nonzero constant. Then
(6.24) k(t) = —ZeM + 3a tanh(at)
is a solution of (6.23) and it satisfies (6.22) if and only if
a?(80a? — 125¢2M? + 32¢) = 0.

Thus, except for a constant solution, we have k(t) above in (6.24), where

vV —32¢ + 125M2
4v/5 '

If we started with —2eM — 3atan(at), another solution of (6.23), then a turns out

to be
V32e — 125M72

0= —

45

which gives the same curvature function in (6.24) by choosing the constant M prop-

erly.

We here recall the invariant 5 given equation (B.7):

1
93 = Z(M — Ek)
Then the differential equations (6.22) and (6.23) are written as
1 1 24
(6.25) K"+ 3k + kP 4 KK ek + =0, =0,
2 2 2 5
(6.26) 05 + gkag - gk’eg =0.

Since 3 = 0 characterizes a curve belonging to a linear complex, see Section B.2, in
view of equation (3.11), we have the following corollary.

Corollary 6.3. The general-affine extremal space curve belongs to a linear com-
plex if and only if M = ek and k satisfies the differential equation (3.11).
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Since the differential equation (3.11) is the equation for an extremal plane curve,
we have the following method of constructing an extremal space curve belonging to

a linear complex:

Corollary 6.4. Let k be the general-affine curvature of an extremal plane curve
without affine inflection point. Let € denote the sign of this curve. Then the set
{k,M,e}, where M = ek, defines a space curve that is general-affine extremal and
belongs to a linear complex.

Thanks to Example 3.5, we can give concrete examples of such curves in Corol-
lary 6.4. The explicit integration of the associated differential equation can be carried
out with computer assistance. For example, when ¢ = —1 and k(t) = v/2 + 3/t, we
get the curve (x1,x9,x3) for ¢t > 0, where

\/ﬂ) 1—+/23t (_ 3 t>7

—9l/4 Vor) 2 Ve
, Tg =2 \/Eerf(Ql/4 B0/ exp

m—/{ [ tm(flw) xp(—%t)}dt

~ | —

xr1 =

with

2 7 S S S
erf(x):ﬁ/o e " dt and H(t)f\/%(\/ﬁ_'_&)2 p< \/§t>

APPENDIX

A. From equiaffine to general-affine. Since the group of equiaffine mo-
tions SA(n) = SL(n,R) x R™ is a subgroup of the general-affine group GA(n) =
GL(n,R) x R™, any general-affine invariant is obviously an equiaffine invariant. In
this appendix, we give the expression of the general-affine length parameter and the
general-affine curvature by use of the equiaffine length parameter and the equiaffine
curvature for plane curves and space curves.

A.1 General-affine invariants in terms of equiaffine invariants for plane
curves. Let us recall coframe (2.7) written as

T w 0
(A1) dle | = 0 w (el).
€2
€s —lw 0

In the equiaffine treatment, it is enough to consider only the unimodular change
of frame, i.e., Av = 1. Because we restrict our consideration to the case where
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v = A2, we then have A\ = 1. Thus, [ is an absolute invariant because of (2.6). The
scalar [ is usually denoted by k, and called the equiaffine curvature of a plane curve.
The parameter ¢t for which w = dt holds is called the equiaffine length parameter.
Let z(t) be a curve with equiaffine length parameter ¢. Then it is easy to see by (A.1)
that x satisfies

(A.2) 2 = —k,a'.

On the other hand, when the curve is given by a graph immersion x(t) = (¢, f(t)),
where ¢ is a parameter that is not necessarily equiaffine, the equiaffine length element
is (f)1/3 dt and the equiaffine curvature is k, = — sy for p = (f")~2/3. As we have
seen in (4.1), the equiaffine curvature is nothing but ! up to a constant multiple. We
refer to [3], pages 13—14.

Now we consider the curve in view of the group GA(2). Then the differential
equation (A.2) above shows that the general-affine length element is

ds = |k,|*/? dt.

We rewrite the differential equation using the parameter s = s(t): we set y(s) = z(t)
and let {} denote the derivation relative to s. Then we get the equation

y = A(s)ij + B(s)y,

where A(s) and B(s) are given by (2.18) and (2.19). For simplicity, we set K = |k,]|.
Since s’ = ds/dt = K'/? and s” = JK'K~'/2, we see that A(s) = —3K'K~%/2.
Therefore the general-affine curvature of x(t) is

k=K'K3?

The quantity of this form was already treated in [3], page 24 by dimension consider-
ations to get an invariant relative to similarity transformation.

A.2 General-affine invariants in terms of equiaffine invariants for space
curves. For space curves, we have coframe (5.14):

x w 0
€1
€1 0 w 0
A3 d =
( ) €9 0 0 w =
es
e3 —mw —lw 0

In the equiaffine treatment, it is enough to consider only the unimodular change of
frames, i.e., Avy = 1 and e = (e, e2, e3) takes values in SL(3,R). By (5.12) we have
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A = £1. This means that the scalar [ is an absolute invariant and the scalar m is an
invariant determined up to 1 by (5.14). As remarked in Section 5, the scalar [ is
usually called the equiaffine curvature of the space curve and the scalar m is called
the equiaffine torsion; we refer to the books [3], [30]. The invariant [ measures how
the space curve differs from the osculating cubic parabola, which is defined to be the
curve (t,t%/2,t3/6) relative to certain affine coordinates.

The parameter ¢ for which w = dt holds is called an equiaffine length parameter.
Then equation (A.3) implies that the immersion () satisfies the differential equation

(A.4) 2" + 12" +ma’ =0,

which is written in the form of equation (5.21), where a = 0, b = —I, ¢ = —m.
By (5.16), the general-affine length parameter o is determined of the equiaffine cur-
vature [ as

do? = K dt

and by (5.17) and (5.18), the first and second general-affine curvatures are given as
k=KK3?  M=mK?3?

in terms of equiaffine curvature and equiaffine torsion. Relative to the parameter o,
the map y(o) = x(t) is seen to satisfy equation (5.25) whose coefficients are given by
3K’ K’ 2K"
~qor B =t m - T
eK' K"  3K'K"  3K"
T2 ok TTarE 8K3)’

Ao) =

C(o) = K~¥2(-m

which follows from (5.26)—(5.28).

The curves for which [ and m are constant can be obtained by solving equa-
tion (A.4); for the classification, see [30], page 75. We remark also that Blaschke [3]
gave a variational formula of the equiaffine length and showed that extremal curves
of this variation are the curves with [ = m = 0; hence, the cubic parabola.

B. From general-affine to projective. It was Halphen in [12] who began
a systematic study of projective curves using of ordinary differential equations. Later,
Wilczynski gave a classical treatment of projective curves in the book (see [33]). Also,
the books by Lane (see [15]) are standard references for this subject. In this appendix,
we recall the definition of the projective length element and the projective curvature,
and give the expressions of such invariants in terms of general-affine invariants.
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B.1 Projective invariants in terms of general-affine invariants for plane
curves. A nondegenerate curve in P? with parameter ¢ is described by an ordinary
differential equation of the form

(B.1) y"' + Py’ + Py = 0,

2

such that a set of three independent solutions, say, ', 2, > defines a map t —

[#1,2% 2] € P?, where | | denotes homogeneous coordinates. For this equation, the

form
f 1
(B.2) PY3dt, where P = Ps— EPQ’,

is called the projective length element. Furthermore, when ¢ itself is a projective
length parameter, the equation can be transformed by a certain change of variables
from y to z = Ay into the equation of the form

(B.3) 2" 4 2ky2" + (14 k,)z =0,

which is called the Halphen canonical form. Then the coefficient &, is called the
projective curvature and is given by the formula

1 1P 7 /P'\2
B4 L —p23(-p -1 _(_) )
(B-4) P 22 73P T1\P) )
we refer to [7], page 71. In particular, when k, is constant, the curve is called
an anharmonic curve and is obtained by integrating the differential equation 2" +
2k,z" + z = 0; we refer to [33], pages 86-91. The list of anharmonic curves is the
same as the list of plane curves with constant general-affine curvature in Remark 2.8,
up to projective equivalence.

In the general-affine setting we had the differential equation (2.16), which can be
transformed into the equation of the form (B.1) by changing x into y = e~ (Jadt)/3,
The result is

1 2 1 1 1
y" = (§a2 - ga' - E)y/ + (—aa’ —=ad" — gae)y.

Hence, we can see that
1

P= —gae;
this implies that the projective length element is a'/?dt up to a scalar multiple,
while —%a is the general-affine curvature. In particular, the point where the general-
affine curvature vanishes is the point where the invariant P vanishes, which is clas-
sically called a sextactic point.
We remark that in [28], Sasaki showed how to obtain the projective length param-

eter and the projective curvature directly from the equiaffine curvature.
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B.2 Projective invariants in terms of general-affine invariants for space
curves. A space curve in P? is given by the immersion ¢ + z(t) € A? satisfying an
ordinary differential equation of the form

2" + 4p1.13”/ + 6p2l‘” + 4p3l‘, + paz = 0.
By multiplying the indeterminate x by nonzero factor to the equation is transformed
into the equation

(B.5) 2" 4+ 6Pz + 4P3x’ + Pyx =0,
where

Py =py —p? —p), P3=nps3—3pip2+ 205 — pY,
Py = ps — 4pips + 6pips — 6pip2 — 3pT + 6pip} + 3(p))? — pf".

Then the two forms 65 dt3 and 6, dt*, where

3 9 81
(BG) 03:P3—§P2/, 94:P4—3P2”—2—5

P} — 263,
are fundamental invariant forms: we refer to [15]. Provided that 63 # 0, the param-
eter s defined as

ds = 63/ dt

is called the projective length parameter. Relative to this parameter, we can define
projective curvatures; we refer to Appendix C. When 63 = 0, the curve x has a special
property that the curve formed by the tangent vectors to the curve z, which lies in
the 5-dimensional projective space, which consists of lines in P?, is degenerate in the
sense that it belongs to a 4-dimensional hyperplane. Such a curve was said to belong
to a linear complex and is named Gewindekurve in [3].

Given a nondegenerate curve z(t) in the affine space A3, which is described by
the differential equation (5.20), we associate a curve in P? by a mapping ¢t
(1,z(t)) € A% where 1 is a constant function. Then the projective invariants are
computed by the definition above. In fact, a straightforward computation shows that

1
(B.7) O3 = 7 (M = ck),

3 1 1 3 9
B. Oy = — kM — —M' + —ek' + —ek* — —.
(B-8) 1Ty 2T T T 100

In particular, when 63 # 0, the projective length parameter s is given as above by
use of the general-affine curvatures k£ and M. When M = ek, the curve belongs to
a linear complex. Example 5.8 in Section 5 is such a case.
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C. Projective treatment of curves. A study of basic notions such as projec-
tive length parameter and projective curvature by use of moving frames was origi-
nally done by Cartan in [6], [7], Chapter 2. In this appendix, for comparison with
the general-affine treatment, we will recall a little of it.

C.1 Projective invariants of plane curves. By a projective plane curve we
mean a nondegenerate immersion into P?: ¢ — z(¢) € P2. We denote its lift to the
affine space A3 by t — z(t) € A> — {0}. Let e = {eg,e1,e2} be a frame along z;
at each point of z it is a set of independent vectors of A3 which depend smoothly
on the parameter. We choose ¢y = z for simplicity. Then we have the equation of
motions of the frame

wp wo wp
— — 0o 1 .2
de=Qe, Q=|w] wy wy

0 1 2
Wy Wy Wy

It is natural to assume that w) + wi + w3 = 0 and that the space generated by e
and e; is the space generated by the vector z(¢) and the tangent vector z/(t); w := w}
is nontrivial and w3 = 0. Once we choose a frame e with the required property, then

another frame ¢ is given as
A0 0
(C.1) e=ge, g=|p a 0],
v By

where Aoy = 1. The equation for € is written as

de=we, D=gwg l+dg-g '
Now we assume that the curve is nondegenerate and that the projective length ele-
ment is definable, i.e., the invariant P defined in (B.2) does not vanish. Then it is
shown that there is a unique frame such that the coframe has the form

0 w 0
(C.2) Q= | —kw 0 w |,
—w  —kyw 0

where w is the projective length element. The scalar k, thus defined is nothing but
the projective curvature. It is known that a curve is critical relative to the length
functional if and only if
" ’
k," + 8kpk, = 0.

We refer to [6] for the induction of this equation and to [23] for a discussion of this
equation in a broader framework.

101



C.2 Projective invariants of space curves. In Appendix B.2, we introduced
the differential equation (B.5), which describes any nondegenerate space curve in
projective space: t — z(t) € P3, and defined two invariant forms 03 dt® and 6, dt*
in (B.6). We now assume 63 # 0 and choose the parameter ¢ so that 35 = 1; namely,
let t be a projective length parameter. Then the equation is rewritten as

(C.3) 2" + 6Px” +2(2 + 3Py)z’ + Pyx = 0,

which is called the Halphen canonical form for space curves, and the two scalars P
and Py (or 6, instead of Py) are called the projective curvatures; we refer to [10],
page 26. We here set

(C.4) - gpg,
(C.5) 6= 64,

and call them the first projective curvature and the second projective curvature,
respectively.

With this preparation, Bol in [4], Section 39 gave a choice of frame by using the
invariants 05 and 4. For the differential equation (B.5), it is given as {z,u,y, 2},
where

/

u=2x, y=u +3kz, 2=y +4ku+ 205z,

which defines the frame equation when 63 = 1 as

T 0 1 0 0 T

Uu -3k 0 1 0 Uu
C.6 d = dt
(C.6) Y -2 -4k 0 1 Y

z -6 -2 =3k 0 z

The form w is called the projective length element and defines the projective length
functional for space curves. Kimpara in [14] showed that the functional is extremal

if and only if
{ K" +16kk — 16" =0,

k" + 16kk" +16(k")? + 6K' — 16" = 0.
From these equations, the following theorem holds.
Theorem 6.5 ([14], [3], pages 233-234). A space curve without inflection points

is projective extremal relative to the length functional if and only if both curvatures
are constant.
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The proof is given by the fact that the subtraction of the derivative of the first
equation from the second equation of (C.7) yields ¥’ = 0. From this is follows that
6" = 0, which implies the result.

Acknowledgment. The authors are grateful to Professors Masaaki Yoshida, Ju-
nichi Inoguchi, Wayne Rossman and Udo Hertrich-Jeromin for the helpful discussions
given to us during the preparation of this manuscript as well as to the reviewer who
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