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Abstract. We investigate an inverse eigenvalue problem for constructing a special kind
of acyclic matrices. The problem involves the reconstruction of the matrices whose graph
is an m-centipede. This is done by using the (2m — 1)st and (2m)th eigenpairs of their
leading principal submatrices. To solve this problem, the recurrence relations between
leading principal submatrices are used.
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1. INTRODUCTION

An inverse eigenvalue problem (IEP) concerns the reconstruction of a matrix from
prescribed spectral data. Determinant factors of the level of difficulty of an IEP are
the structure of the matrices which are to be reconstructed and the type of eigen
information available. In [3] detailed characterization of inverse eigenvalue problems
is mentioned. Special types of inverse eigenvalue problems have been studied in [4],
[5], [6], 8], [9], [11], [13], [14], [17]. Inverse eigenvalue problems are important in
many applications such as mechanical system simulation, control theory, structural
analysis, mass spring vibrations and graph theory [3], [9], [10]. In this paper, we
investigate an IEP, namely the IEPC (inverse eigenvalue problem for matrices whose
graph is a m-centipede). Similar problems were studied in [11], [15], [16]. The usual
process of solving such problems involves the use of recurrence relations between
the leading principal submatrices of AI — A where A is the required matrix. Some
applications of the acyclic matrix discussed in this paper are in chemistry, energy and
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graph theory [1], [2]. In addition, the idea in this paper may provide some insights
into other acyclic matrix inverse eigenvalue problems.

The rest of the paper is organized as follows. In Section 2, we begin to present
some preliminaries and lemmas that will be used throughout the paper. In Section 3,
we discuss some properties of As,,. In Section 4, we discuss the solution of IEPC
and present an algorithm. In Section 5, we report numerical examples to illustrate
the solution of IEPC. In Section 6 the conclusion is presented.

2. PRELIMINARIES

Let G be a simple undirected graph on n vertices, whose vertices are positive
integers. A real symmetric matrix A = (a;;) is said to have a graph G provided
ai; # 0 if and only if the vertices 7 and j are adjacent in G.

Given an n x n symmetric matrix A, the graph of A, denoted by G(A), has the
vertex set V(G) = {1,2,3,...,n} and the edge set {ij: i # j,a;; # 0}. For a graph G
with n vertices, we denote by S(G) the set of all real symmetric matrices whose
graph is G. A matrix whose graph is a tree is called an acyclic matrix. Some simple
examples of acyclic matrices are the matrices whose graphs are paths or m-centipedes.

Definition 2.1. The m-centipede is the tree on 2m nodes obtained by joining
the bottoms of m copies of the path graph P, laid in a row with edges (Figure 1).

2 4 6 2m
1 3 5  2m—-1

Figure 1. m-centipede Cyy,.

Throughout this paper, we use the following notation:

1. The matrix of a m-centipede is

aq b1 C1 0 ‘e ‘e 0 0
b1 a2 0 0 ‘e ‘e 0 0

C1 az by c3 0 o 0
0 b3 [e7} 0

0

0
(21) Agm = 0 0 C3 0 as b5 Cs .
0 0 0 0 bs ag 0 0

O O O O o O

. . . . Com—3 0 a2m—1 b27n—1
0O 0 ... ... ... 0 0  bam_1 aom
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where byj1 and copy1 are nonzero for all j = 0,1,2,...,m — 1 and k =
0,1,2,...,m—2.

2. Aj is a j x j matrix that will denote the jth leading principal submatrix of the
matrix Ao, forall j =1,2,...,2m.

3. Pj(A\) = det(A\; — Aj), i.e., the jth leading principal submatrix of A2, — Aom,
I; being the identity matrix of order j. For convenience of discussion, we define
Py(A)=1,b_1=0,¢c_1 =0.

In this paper, we solve the following IEP:

IEPC: Given two real numbers )\S:L”'), )\(23:?:11), real vectors Xo,, = (21, T2, . .., Tam) |

and X | = (z},2h,...,25, )", the problem is to find a 2m x 2m matrix
Ao € S(Cy,) such that )\é%;n) and /\éi:/n:ll) are the maximal eigenvalues of Ag,
and Agy,—1, respectively, (/\gn@,Xgm) is an eigenpair of As,, and (/\gn’/n:ll), X5o1)
is an eigenpair of Ag,_1.

The following lemmas will be necessary for solving the problem in this paper.

Lemma 2.2 ([12]). Let P()\) be a monic polynomial of degree n with all real
zeroes. If \; and )\, are, respectively, the minimal and the maximal zero of P()\),
then:

(i) If x < A1, we have that (—1)"P(x) > 0.
(ii) If x > Ay, we have that P(x) > 0.

Lemma 2.3 ([7], Cauchy’s Interlacing Theorem). Let A1 < Ao
eigenvalues of an n x n real symmetric matrix A and p; < ps

An be the

< <
< < Pn—1 the

eigenvalues of an (n — 1) x (n — 1) principal submatrix B of A, then

An immediate consequence of Cauchy’s Interlacing Theorem is

Corollary 2.4. Let A be an n X n real symmetric matrix and )\gj) and )\§»j),
the minimal and maximal eigenvalues of the leading principal submatrix A;, j =
1,2,...,n, of A, respectively. Then

(2.2) A <A < <A <A AP <A <)
and
(2.3) MW<a <A, i=1,2,...4 j=2...,n
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In the next section we present some properties of the matrix As,, that we need to
prove the problem IEPC.

3. PROPERTIES OF THE MATRIX Ao,

In the following, we investigate the relation between successive leading principal
submatrices of A\la,, — Asyy,.

Lemma 3.1. Let A be a 2m x 2m matrix of the form (2.1). Then the sequence
{P,(\) = det(\]; — A;)}#™ satisfies the following recurrence relations:

(i) P(A) = (A= a),
(11) PQJ(A) = (/\ - agj)ng_l()\) - b%j_lpgj_Q(A), j = 1, 2, e,y
(iil) Pajy1(A) = (A= azjt1)Poj(A) — 3, 1 (A — az;) Pyj—2(N), j = 1,2,...,m — 1.

Proof. The result follows by expanding the determinant. O

Lemma 3.2. Let Agy,, be a matrix of the form (2.1) and /\g-j) the maximal eigen-
value of the leading principal submatrix A; of A, j =1,2,...,2m. Then

1 2 j
(3.1) )\g)<)\§)<...<>\§]),
and
(3.2) ar <A, k=1,2,....]

for each j = 2,...,2m.

Proof. From Corollary 2.4, (2.2) and (2.3) we have

1 2 j
AV <A <Ll

)

and
ar <A k=1,2,....7,

for each j = 2,...,2m. Now it remains to prove that inequalities (2.2) and (2.3)
are strict for 7 = 2,...,2m. By the inductive hypothesis and contradiction, the
discussion shows as follows.

(a) When j = 2, by Lemma 3.1 we have

(33) Py(A) = (A —az) Pr(A) — b7,
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Let )\éz) = )\gl), by equation (3.3) we obtain
Py =2 =0.

Then we obtain b; = 0, but this contradicts the restriction on As,, that b; # 0.
Hence )\gl) < )\g2). The same occurs if we assume that /\éz) = a2, then we have
ag < )\(22)

For j = 3 by Lemma 3.1 we have
(3.4) Pg()\) = ()\ — ag)PQ()\) — C%()\ — ag).
Let )\:(33) = )\52), by equation (3.4) we have

Ps(A”) = (A = ag) L) — (A — az) = —H (A —az) = 0.

Since )\(22) —ag > 0 we obtain then ¢; = 0, but this contradicts the restriction on As,,
that ¢; # 0. Hence )\éQ) < )\g‘o’).

If )\é‘o’) = a3 then by equation (3.4) we know

Py(as) = (a3 — a3)Pa(as) — ¢} (az — az) = —cf(as — az) = =}y — az).

From the above results we have ay < )\éQ) < )\g‘o’), then —c%()\é‘o’) —ag) # 0 and we

get P3(a3) # 0, which contradicts P3(/\§3)) = 0. Hence, we obtain a3 < /\§3).
(b) Now we assume that (3.1), (3.2) hold for j =4,...,2m — 2 and consider

Pom—1(N) = (A — a2m—1)Pam—2(N) — 3 5(A — a2m—2) Pam—a(N).

We know
AQmm A AP 220, a4 < AP, i=2,...2m -2,
then
~ B3 — azm—2) Po—a (M5 57) # 0,

hence )\(23:31_22) is not a zero of Pop,—1(A) and when j = 2m — 1, we have )\(22%[_22) <

2m—1
o3

If )\S:L":ll) = agm—1 then by Lemma 3.1 we have

P2m71()\(22nﬁ_11)) = Poyn_1(a2m—1) = —3,,_3(a2m—1 — a2m—2) Pom—a(a2m_1).
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From the above verified results, we know
ar < AP < ATV k=100 =2,...,2m 2,
Then —c%m_3(a2m_1 — agm_g)PQm_4(a2m_1) 75 0 and we get

P2m71(a2m71) # 0.

But this contradicts Pgm,l()\g,zn:ll)) = 0. Therefore, we obtain

2m—1
Aom—1 < /\57::11 )

Finally, if j = 2m, by Lemma 3.1 we have
(3.5) Pon(A) = (A = azim) Pam—1(A) = b3, 1 Pam—2(N).

Since )\éign:;) < )\gign:ll), we have —b%milpgm,Q(AéZniill)) # 0, and )\éign:ll) is not
a root of Pop,(A). Hence, we get )\(QQTZ:” < )\S,T).
If )\(QQWT) = a9y, then

Payn(azm) = —03,, 1 Pam—2(azm) = —b3_1 Pom—2(Asn”) = 0,

contradicting /\éiT__;) < /\gff). Then from (2.3)

ar <A k=1,....5j=2,...,2m.

2m

(¢) In conclusion, inequalities (3.1) and (3.2) hold for any positive integer j when
2 <j<2m. O

From Lemma 3.2 we get the following result.

Corollary 3.3. Let As,, be a matrix of the form (2.1) and ALZm) )\S,T:ll) the

2m
maximal eigenvalues of As,, and As,,_1, respectively. Then we have

(a2i_)‘(227:bn))7é07j:17"'5m7

—~
[
~—
<.

s
I
-

(agi = A ) #0,5=1,...,m—1.

.

(i)

-
Il
-
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In the next lemma we show that every component z; of the eigenvector Xo,,,
1 =2,3,...,2m, is the coefficient of 21 and every component ) of the eigenvector
X1, k=2,3,...,2m — 1, is the coeflicient of z].

Lemma 3.4. Let Xo,, = (v1,%2,...,T2,)" and X5 | = (24, 2h,....2b,, )"
be respectively eigenvectors of As,, and As,,_1 corresponding to eigenvalues /\éi:/n),

)\(227:7_—11). Then x1 # 0, 2} # 0 and the components of these eigenvectors are given

by
1) Py (A2
(3.6) wajqf1 = ]( ) Poi (Ao )1 , j=1,2,...,m—1,
[T (azi — A5 )ezin
=1
(—1)7baj—1 Poj_2 (M) )y
(37) Toj = J - J Zm y )= ]-a 27~ , M,

j—1
(azj — /\éinm)) I1 (a2 — )\(23;”))021—1

i=1

; 2m—1
(—1) Py (Ao

] —
[T (azi — AS 7 )enia

. j=12,...,m—1,

i=1
WV bos g Pos o (NET D
B9 apy=— ol W, s
_\em- J o \@men)y
(GQJ 2m—1 )1:[1 (aQ'L 2m—1 )621—1

)\(Qm)

Proof. Because (A, "7,

Xo.,) is an eigenpair of Aa,,, we have

A Xom =A™ X,

2m

which can be transformed into the form

(3.10) (a1 — A2y + byg + cra3 = 0,
(3.11) boj 12951 + (ag; — A )wg; =0, j=1,2,...,m,
(3.12) Coj—12j-1 + (azjp1 — A5 )T2j11

+b2jp102542 + Cojp172543 =0, j=1,2,...,m —2.
(3.13) Com—3Tam—3 + (a2m—1 — Aéfﬁ”))xzm_l + bam—1%2m = 0.

We define the values v, vs, ..., V9,1 as
d 2
V] =21, U2j41 = T2j41 H(a% - /\ém@)czi—h Jj=12,...,m—1
i=1
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J
Multiplying (3.12) by [] (a2 — /\éi:@))cm_l, we have

i=1

J J
C2j 17251 H(am - )\(227:?))021;1 + (@241 — Aé%:bn))xzjﬂ H(azi - )\(Qi,zn))cmq
i=1 =1

J J
2 2
+ bojp1T2542 | |(a2i - A(Qv:bn))cziﬂ + C2j4172543 I I(azi - A(QWT))C%A =0.
i=1 i=1

By (3.11) we have
—b2j+1T2541

2m)’
azji2 — A

T2j42 =
by replacing x2;42 in the above expression we get

J J
C25—1T25—1 H(a% - )\(227,?))021‘—1 + (a2j+1 - /\éiT))ij-i-l H(a% - Aéiﬁ”))cﬂ_l
i=1 i=1

b2, Tos J J
2j4+142j+1 2m 2m
- L em) (am‘ - /\ém ))sz‘—1 + C2j4+1%25+3 | |(a2i - )\(Qm ))CQi—l =0.
2542 = Mg i=1 =1

Thus

2m 2m
(azjsz — A ) (azg — Ao )e2, v

2m 2m
+ ((azji2 — Aom)(agjgr — M) = 03,41 vaj1 + vaj43 = 0,

which for 7 =1,2,...,m — 3 gives
2 2
(3.14) vajrs = (B340 — (azja2 — Ao ) (azjer — Aom)) a1
— (azs2 — M) (azj — AV e35_yvaj-1.

Now, from (3.10) and (3.11) we have

v3 = (02 — (az — Ao (a1 = Az = —Po(Asr ).

2m
From (3.14) we have
vs = (b — (aa — A ) (a5 = A ))vs — (a4 = A5 ) (as = A5 )dor = PaAS ),
and following this way, we see that
Va1 = (—1) Py (MmN, j=1,2,...,m—1.
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We have

(P08 )
L2541 = j

(Gzi - Aéﬁ”))cﬂ_l
=1

(2

From (3.11), we obtain

—baj—122j-1 (=1)byj_1Paj_a (Mo )y .
T2j = (a2, — /\(Qm)) = P “(;m) , j=12...,m.
s (a2j = Aoy ") I (@20 = Az ") e2ima
1=

Since Xo,, is an eigenvector, we have Xa,, # 0. If 21 = 0, then from (3.6) and (3.7)
we see that all of the other components of X5, are zero and we have a contradiction.
Thus 21 # 0. The formulas (3.8) and (3.9) can be proved analogously. O

4. THE soLUTION oOF IEPC

The following theorem solves the problem IEPC.

Theorem 4.1. The IEPC has a unique solution if the following conditions are
satisfied:

(i) ¢y #0forl=1,2,....2mand z}, #0 for k=1,2,...,2m — 1.
L2j+1 x’2j+1
Toj-1 T g

(i) B, = £0,j=1,2,....,m—1.

The elements of the matrix As,, are:

A — SVt g

P A ;
L2j—1To5 — L5125

3

boj_1 =

_y\em) boj 17251
25 = Agm ~ — To; )
J

25
ejm1= M) = M 3) D i} /B,
i=1

C2j—3T2;—3 + ij—NUQj + C2j—1%25+1

) _ \(2m)
azj—1 = Ay, P
i

for j=1,2,...,m—1, and
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/
— \@m-1) C2m—3Tom 3
A2m—1 = Agpp—1 = —

! )
Lom—1
2m—1
o (2m) (2m—1) ’ /
b2m*1*(>\2m _)\2m71 ) E xixi/x2mx2m—1ﬂ
=1
NCD bam—1Tam—1
a2m = Agy, = — .
T2m

Proof. We assume that z; # 0 for [ = 1,2,...,2m and z}, # 0 for k =
1,2,...,2m— 1.

Here ()\S:Ln),Xgm) and (/\gnr/n:ll),Xémfl) are eigenpairs of matrices Ag,, and

Aom—1, respectively, so for j =1,2,...,m — 1 we have

(2m71))m’ 0.

/
b2j—1x2j—1 + (az2j = Agpm_1

{ boj12j-1 + (azj — A )a; = 0,
2j —

Let D; denote the determinant of the coeflicient matrix of the above system of

linear equations in as; and by;_1. Then
Dj = wgj_129; — Ty; T2
If D; # 0, then the system will have a unique solution, given by

2m 2m—1
A = 2SNVl g

baj 1 = R S —
L2j—-1%o; 2j—1%2j
_y\em) boj_1T2j-1
A2) = Agm = T
j

We claim that the expression D; # 0. This follows from Lemma 3.4.

By Lemma 3.4 we have

i m m— 2m— 2m
Do (V¥ Yaj 1 Paj 2 (A ) Poj 2 (Mo D)maat A1 = A5)
i~ ! mf -1 -
(azj — MY (azj — Ao )V TT (azi — Ao ) ezimt 11 (azi — Ao Jeaioa
i1 i=1

By Lemma 2.2 and (3.1) we get
2m 2m—1 2m—1 2m
PQj—Q()‘gm ))PQj—Q(/\ém,—l ))(/\ém,—l ) - /\gm )) 7é 0,
. (2m) (2m—1)y 4 .
then D; # 0. Since (Ay,,, © — Ag,—1*)¥5;T2; # 0, we obtain byj_1 # 0.
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For finding the values of cp;_1 and ag;—1, j = 1,2,...,m — 1, we have

(2m)
Coj-3%2j-3 + (a2j—1 — Ay )Toj—1 + boj122; + C2j-172541 =0,
/ (2m—1)\ / / _
C2j-3Tp;_3 + (a2j—1 = Agpy_1 )3723‘—1 + b2j—1372j + 2517951, = 0.

Because the values of co;_3 and baj_; are known, so by solving the above system
the values ca;_1, az;—1 will be obtained. Since E; # 0 the system will have a unique
solution, given by

2
2m 2m—1
caj1 = (Ao = AN S wial /B,
i=1

(2m) _ C2j—3T2j-3 + boj_1%2; + Cc2j—1T2j41
2m .

azj—1 = A
T25—-1

By Lemma 3.4 we have
; 2m 2m—1
(—1)% Poy (MG Pyy (M Va1

J J _ )
[T (azi — Ao Vesimn T] (azi — Ao V)ezics
=1 i=1

/ p—
T2j+1T2541 =

Also, by Lemma 2.2, Corollary 3.3, and (3.1) we obtain
(=1)% Py (A ) Py Ay ) -0

j j _
11 (a2i = N eaica 11 (a2i = Nzt
1= 1=

therefore, the sign of zg;1175;,, and z12] is the same. Similarly, we can show that

25
the sign of x9;x5; and z12] is the same. Hence, ) xz;z} # 0, and cg;—1 # 0.
i=1
For finding the value of as,,—1 we have
/ (2m—1)y s
Com 3T 3 + (A2m—1 = g1 )21 =0

(2m—-1) €2 3%

m— m—o2m—3
= A2m—1 — )‘2m71 I E—
Lom—1

By (3.13) we have

—(com—3%T2m—3 + (@2m—1 — /\g,:,n))xzm—ﬂ

T2m
2m—1

= (A = ALY ST wial faam Ty, 1

i=1

b2m,—1 -

and by (3.11) we have

2m) _ bem—1Z2m—1

ao2m = >\2m

T2m
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From the discussion of Theorem 4.1, we propose Algorithm 1 for solving the IEPC.

Algorithm 1 (To solve problem IEPC)

Input: AéQWT_j”, AS;”), £,
X2m - (xlv RN me)v

Xom—1 = (@, T 1).
Output: Az, € S(Chy).
1: For j=1tom—1do
2 If [woj12h; — @, @9;] and |z 1125, 1 — 25,4 122j—1| < € problem IEPC can
not be solved by this algorithm.
3: End If
(A

ol ;
L2j—1To; — Loj_1L2j5

(2m) - )\(mel)

/
2m 2m—1 )3723‘3723‘

4: byj_1 = )

(2m) sz—lﬂ?zj—l

2m )
CL'Q]‘

. 2
6: c2i-1 = (Mg — Mg V) leifﬂé/Ep
=

5: A2j =)\

r a1 = \2m) C2j—3T2;5-3 + boj 1725 + C25 122541
s U25—-1 — Ao )

T25—1
8. End For
!
_y(2m-1) C2m-3Tom—3
9: A2m—1 = Agpy_1 — 7 )
Lom—1
2m—1
_ (@m) (2m—1) / /
10: b2m*1 - ()\Qm - )\mel ) Z xixi/x2mx2m,—1ﬂ
i=1

om)  bam—1Tam—1
11: Qg = ,\gnfL") _ D2m-1d2m-1

T2m

5. NUMERICAL EXAMPLES

To illustrate the results of the previous section, some numerical examples are given
which have been carried out using Matlab software.

Example 5.1. Given are two distinct real numbers
A0 =3 A® =5 c=10"4,

and real vectors
Xs =(1,0.6,3.2,3.2,—6.1,0.4, 2.8, —1.7)—r

and
X} =(1,0.7,3,3.5,-5.5,0.4,1.8) T,
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find a matrix 8 x 8 € S(C4) such that ()\és), X3) is an eigenpair of Ag and ()\(77), X7)
is an eigenpair of Ar.
Solution: By applying Algorithm 1, we get the unique solution

—45.4800 8.4000  14.2000 0 0 0 0 0
8.4000 —9.0000 0 0 0 0 0 0
14.2000 0 —134.4571 14.0000 —63.4857 0 0 0
A8 _ 0 0 14.0000 —9.0000 0 0 0 0
0 0 —63.4857 0 —40.0081 —1.3333 —25.3077 0
0 0 0 0 —1.3333 —15.3333 0 0
0 0 0 0 —25.3077 0 —74.3291 —39.8497
0 0 0 0 0 0 —39.8497 —60.6348

From the above matrix Ag we compute the spectra of A7 , Ag and obtain
o(A7) = {—169.9934, —80.4461, —46.4863, —15.4582, —11.0080, —7.2156, 3.0000},
o(Ag) = {—170.2365, —109.7715, —47.3047, —33.5653, —15.3924,
—9.7731, —7.1962, 5.0000}.
The data which is obtained shows that the algorithm is correct.
Example 5.2. Given are two distinct real numbers
AP =10, AP =13, e = 1074,
and real vectors
X = (0.5,0.25,1.4,0.9,8,7.1)"
and
X! =(-0.25,-0.2,-0.35,-0.3, —0.075) ",
find a matrix 6 x 6 € S(C3) such that (\s, Xg) is an eigenpair of Ag and (A5, X}) is
an eigenpair of As.
Solution: By applying Algorithm 1, we get the unique solution

[2.6000 4.0000 3.0000 0 0 0
4.0000 5.0000 0 0 0 0
Ag = 3.0000 0 1.0219 7.7143 1.0408 0
0 0 7.7143 1.0000 0 0

0 0 1.0408 0 5.1429 8.6479

L 0 0 0 0 8.6479 3.2559 |

From the above matrix Ag we compute the eigenvalues of A5, Ag and obtain

o(As) = {—7.2909, —0.2524, 5.0414, 7.2666, 10.0000},
o(Ag) = {—7.3471, —4.4329, —0.2518, 7.1986, 9.8539, 13.0000}.

The underlined eigenvalues are in consonance with the maximal eigenvalues and the
algorithm is correct.
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6. CONCLUSIONS

The inverse eigenvalue problem for graphs has been previously solved only for
special classes of graphs, such as trees, paths and brooms. In this paper, we solved
the inverse eigenvalue problem for the construction of matrices whose graphs are
m-~centipedes by using mixed eigen data. The results obtained in this paper provide
an efficient method for constructing such matrices from two eigenpairs of leading
principal submatrices of the desired matrix. The problem IEPC is important in the
sense that it partially describes the inverse eigenvalue problem while it constructs
matrices from partial information of the prescribed eigenvalues and eigenvectors.
Such partially described problems may occur in computations involving a complex
physical system such that it is difficult to obtain its entire spectrum. It would be
interesting to consider such IEPs for other acyclic matrices as well.
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