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Contractible simplicial objects

MicHAEL BARR, JOHN F. KENNISON, ROBERT RAPHAEL

Dedicated to the memory of Véra Trnkovd

Abstract. We raise the question of when a simplicial object in a catetgory is
deemed contractible. The literature offers three definitions. One is the existence
of an “extra degeneracy”, indexed by —1, which does not quite live up to the
name. This can be strengthened to a “strong extra degeneracy”. Another possi-
bility is that it be homotopic to a constant simplicial object. Despite claims in
the literature to the contrary, we show that all three are distinct concepts with
strong extra degeneracy implies extra degeneracy implies homotopic to a con-
stant and give explicit examples to show the converses fail.

Keywords: contractible; homotopic to a constant; reduced homotopy; partial
simplicial object

Classification: 18G30, 55U10

1. Introduction

The notion of simplicial homotopy is well known, see Section 2 below. But
it raises several interesting questions that we have not found answered in the
literature, including one for which the literature is wrong.

First we raise the question of when a simplicial object in some category is
contractible. We begin by showing that, assuming the category is idempotent
complete, it does not matter whether we are dealing with a simplicial object that
is augmented or not. Looking through the literature, we find essentially three
definitions of contractibility. The first two are in terms of what are called “extra
degeneracies” although there is some question what that means, and the third is
that a simplicial object is contractible if it is homotopic to a constant.

There are at least three places in the literature that claim that being homotopic
to a constant is equivalent to (one of) the extra degeneracy definitions. Regret-
tably, one of the three is in [1, Theorem 3.3]. Unfortunately, what is proved there
is only that the extra degeneracy implies homotopic to a constant (see Theo-
rem 4.3, below); the converse is ignored. In fact, the converse is false, as we will
show below, based on Subsection 4.5. The second, [4, Proposition 1.2.12] repeats
and cites the claim from [1]. The third appears in [9, Lemma 4.5.1], which cites
[8, Theorem 6.4], which seems to be the required result but includes one equation
(the one labeled (C;)", in our notation d'h® = h%d"~1 1 <i < n + 1), which is
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not generally satisfied by a homotopy when ¢ = 1. Thus although Meyer’s result
as stated is correct, the extra hypothesis means that it does not support the im-
plication claimed by E. Riehl. See the discussion just before Subsection 4.5 for
a further explanation.

It turns out that there are two versions of extra degeneracies, which we will
call extra degeneracies and strong extra degeneracies. We will show that

strong extra degeneracies = extra degeneracies = homotopic to a constant

and give examples to show that both implications are strict.

As the names suggest, having strong extra degeneracies immediately implies
having extra degeneracies. Theorem 4.3, as noted above, shows that having extra
degeneracies implies homotopic to a constant.

The proofs that these implications are strict are done using examples that
begin with a truncated simplicial set, Subsections 4.4 and 4.5. and are completed
using a construction called the coskeleton. This is usually described using a Kan
extension, but we have not found an explicit description of the coskeleton and so
we include one; see Section 5.1. One problem with coskeletons is that they do
not get along well with simplicial homotopies. We use a notion we call reduced
homotopy which is fully equivalent to the usual, yet does lift to coskeletons. See
Section 3 for details.

We say that a simplicial object is contractible, respectively strongly contractible,
if it has extra degeneracies, respectively strong extra degeneracies. One question
that started us looking at these things was wondering whether a retract of a con-
tractible simplicial object is contractible. It turns out that for simplicial objects
in an idempotent-complete category, the properties of being homotopic to a con-
stant and of being contractible are closed under the formation of retracts, but the
property of being strongly contractible is not. See Section 6 for details.

Section 7 gives an explicit equational proof that if a topological space is topo-
logically contractible to a point, then its singular simplicial set is contractible,
but not necessarily strongly contractible. It is this example that leads us to take
one of the senses of contractibility as definitive. We have not been able to find
this explicit construction in the literature.

Since many of the computations involving simplicial objects are long and com-
plicated, we have relegated several of them to appendices.

2. Simplicial objects and partial simplicial objects

To make this self-contained, we briefly describe simplicial objects in a category.
A simplicial object in a category X consists of a countable sequence of objects
{X,:n>0}; arrows d), = d': X,,—=X,,_1 forn >0 and 0 <i < n, called face
operators; and arrows sfl = s X, — X, 41 forn > 0 and 0 < ¢ < n, called
degeneracies. These are subject to the following equations. Note that, as already
indicated, we usually omit the lower indices.
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o d'd? = d?~'d' for i < j;
o s'sl =sis't for j < i
sITidif i < g,
o d's’ = qid if i=j or i=j+1,
sidi=l if i> 5+ 1.
An augmented simplicial object X —= X _1 consists of a simplicial object X and
amap d) = d’: Xo—= X_; such that d°d’ = d°d*: X; — X_;.

If X and Y are simplicial objects, a simplicial map f: X —Y consists of
morphisms f,: X,, —Y,, that commute with the faces and degeneracies in the
obvious way. If f,g: X —Y is a pair of simplicial maps a homotopy, written
h: f ~» g, consists of morphisms h!, = h': X,, —Y,, 11 such that
o d°h® = Ins
o d"th" = g,;

h=ldl i i< g,
o d'h) = { d'hY if i =,
hd=t if P>+ 1;

o sihi — {hj_sl_l. >,

hitlst if § <.
Note that the relation ~~ is neither symmetric nor transitive. It is reflexive. We
leave it as an exercise to show that h: f ~ f if we define h' = s f.

We will also have occasion to deal with partial simplicial objects, also known as
truncated simplicial objects. An m-partial simplicial object X is a finite sequence
Xo, X1,y Xm, face maps d* = di,: X,,—=X,,_1 for 0 <n <mand 0 <i <n,
and degeneracies s* = sfl: Xp—=X, 41 for 0 <n <mand 0 < i < nsatisfying the
same identities as a simplicial object insofar as they are defined. We will show
that every partial simplicial object is the truncation of a full simplicial object,
Section 5.1.

3. Reduced homotopy1

By a reduced homotopy between f,g: X —= Y we mean a family r* = r¢:

X, — Y, for all n and 0 < ¢ <n + 1 such that
RH-1. 70 = f,;
RH-2. mt! = g,;
o j—1 7i f . .
RIS, divi — 4 4 for i<,
rId* for i > j;

LAs far as we are aware, the definition of reduced homotopy is new. There are hints in the
literature, but we have not found a precise definition nor a theorem such as Proposition 3.1.
We needed this because the usual definition of homotopy does not work well with coskeleton

Subsection 5.1. The difficulty lies in describing the value of dij;ll Rl = diL_Hhi“ in terms of X,,.



476 M. Barr, J.F. Kennison, R. Raphael

ritlst for i< j,

i

RH-4. s'r/ = { -
rls for i > j.

Some special cases of this are worth mentioning. When j = 0, it follows that
dir® = r9d" and s'r® = r%s?, which are just the conditions that f is simplicial.
When j = n+1, it follows that d'r"T! = r?d’, while sir"*! = r"*+25% which just
express that ¢ is simplicial.

Proposition 3.1. There is a bijection between homotopies and reduced homo-
topies between pairs of arrows X Y.

PrROOF: Let f,g: X —Y and h: f ~ g. Define 7 = f, »"*! = g and r’ =
d'ht = d*h'~! for 1 < i < n. Then the first two equations of RH are satisfied. For
RH-3, we consider cases:

i<j<n4ls  dir=didih = d-1dih = @i hildi = ri- g
i<j=n+1: dir"tt = dig = gd' = rd’;

P> divd = didihi = dId+ hi = dihidi = ridi;

i=j>0: dirt = didihi = ddihi—! = didF hiY = dhi = rids
i=7=0: dr0 =d’f = fd° = r9d°.

To verify RH-4, we calculate s7/. When i < j, we have
sird — Sidipd — it gipg — @I gi — it
When ¢ > j, we have
sl = 'R = dsTTIR = RISt = st
In the other direction, given a reduced homotopy r, we let h* = rt1s?. To see
that h is a homotopy, first we calculate
dOhO _ dOTlso _ TOdOSO _ f
dn+1hn _ dn—i—lrn-i-lsn _ ,rn-l—ldn—i-lsn =g.
Next we see that
dzhz _ diri+1si _ ridisi _ T’i
while
AR = Jirigi=l — pigigi—1 — i
For 7 < j we have

d'h? = diri sl = pidls) = pisi=1dt = W14l
For ¢ > j + 1 we have
d'h? = diri s = pitldisd = pitlgiqi=l = piqi=1,

Next we calculate s*h.
i< s'hi = sipitlgl = pit2gig) = pit2g+1g0 — pitlgi,
i> 7 S'hi = sipitlgl = pitlgigh = pitlgigi=l — pigi—1
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Now we must show that these constructions are inverse to each other. If we begin
with h and define ¥ = d'h’, then ritls’ = ¢t hitls? = ¢“Hlsih? = h'. The
other way around, if we start with r and let h* = »t1s?, then d'h? = diritls’ =
ridist =’ O

4. Contractible simplicial objects

What does it mean for a simplicial object to be contractible? We know what
it means for a topological set to be contractible. A space S is topologically con-
tractible if there exists a continuous map H: S x I —= S, where [ is the unit
interval, such that H(s,0) = s for all s € S and H(s,1) is constantly equal to
some sg € S.

This definition makes special use of a one point space. The most important
feature, at least from our point of view, of a one point space is that it is discrete,
which implies that its singular simplicial complex (see Section 7) is constant in
the following sense.

4.1 Constant simplicial objects. A constant simplicial object C is one for
which every term is the same, say A and every face and degeneracy is the identity.
We will say that X is homotopic to C'if there are maps f: C'— X and g: X —C
such that gf = ide and idx ~» fg. On the one hand, this is (apparently) too
weak, as will be discussed later. On the other hand, we ought to be content with
gf ~ 1 and both instances of ~~ should be replaced by the equivalence relation it
generates. If we did this for fg, the problem would become intractible. As for gf,
the only map homotopic to id¢ is itself (easy exercise) so that point resolves itself.
We stick to the above definition.

4.2 Extra degeneracies. But there is another way to look at a contraction.
Given a space S we will show in Section 7 that the singular simplicial complex (see
Section 7) has an “extra degeneracy”. This is a sequence of maps ¢, : X,,—=X,, 11
such that

o d% =id;

o dit=td" ! fori > 0;

o s't=1ts""1 for i > 0.

This almost satisfies the same equations as a degeneracy labeled s~!. But such
a degeneracy would also satisfy s°s~! = s7!'s~! or, in the notation we are using,
5% = tt. We will call t a contraction, and say that X is contractible or has extra
degeneracies if t satisfies the three equations. We will call ¢ a strong contraction,
and say that X is strongly contractible or has strong extra degeneracies if t satisfies
the three equations above and, in addition, satisfies s%t = t¢.

Example 4.4 below shows that contractibility does not imply strong con-
tractibility. What we do have is Theorem 6.1 which, for simplicial sets, is [3,
Lemma I11.5.1]. Incidentally, that reference (page 200) defines an extra degener-
acy the way we do. But first we need an interlude to discuss augmentations.
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4.3 Augmentation. We show that if the ambient category has split idempo-
tents, then it does not matter whether we are dealing with an augmented or non-
augmented simplicial object. For the augmentation can be added in essentially
one way. If X is a simplicial set and the category has coequalizers, it is natural to
augment it by letting d: Xo—= X_; be the coequalizer of dY,d}: X; — X. It
is slightly surprising that if X is a contractible simplicial object in a category X
that is idempotent complete, you do not need coequalizers.
Assuming a contraction ¢, we begin with d'td't = d'd*tt = d'd‘tt

0
d'td’t = d't. We then split the idempotent d't as Xg . x ' X, s0
that d't = td" as required. We also have

d°d° = d°td°d° = d°d*td® = d°d'd't = d°d'd*t = d°d ed" = dtddt = d°d*

so that we have an augmented simplicial object. It is immediate that

d° 4°
X —= Xg — X,
dl

is a coequalizer. These considerations are closely related to Beck’s precise triplea-
bleness theorem which is not quite stated in [2, Theorem 1] but is clearly explained
in [7, Section 1].

4.4 A contractible simplicial set that is not strongly contractible. We
begin with a contractible truncated augmented simplicial set X, defined only in
dimensions —1,0,1,2. The elements of the X,, are as shown in this table:

X1 || Xo|| X Xo
a || Bl~vy|dlle|C|n|0o
d® a || B Ylo|v]|d
d' BIB~v|v|n]|9
d? Yl lyl]0]d
0 5779
st c|o
t B8 Ly llel¢

Proposition 4.1. These equations define a short simplicial object with t as
a contraction.

PROOF: There are many computations; see Appendix A for details. O

Proposition 4.2. Neither t nor any other map is a strong contraction.

PRrooOF: First we observe that if 7: Xg— X satisfies 77 = s%7 as well as all

the other identities it has to satisfy to be a strong contraction, then so does
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7: X_1—=Xjy. In fact

77 = 17d°1 = d*777 = d?s%77 = O7d’1 = S°7.

Now suppose we had a candidate 7 for a strong contraction. Since 7(a) = 3,
we must have 7(8) = 77(a) = s°7(a) = s°(8) = §. In a similar way, 7(5) = 6. As
for 7(7), the first constraint is that d°7(y) =+, which forces 7(v) to be either ¢
or . But we must also satisfy d*7(v) = 7d°(y) = 7(3) = §, which forces 7(vy) = 0,

a contradiction. O
This is now completed to an example using the coskeleton, Section 5.1.
Theorem 4.3. A contractible simplicial object in an idempotent complete cate-
gory is homotopic to a constant simplicial object.
0
PROOF: Suppose X —%+ A has a contraction t = {tn: Xp—=X,41: n >0} Let

t_ 0
A—> X, —%+ A split the idempotent d'to. We define f, = (st A— X,
and g, = (d°)"*!: X,,— A. We begin by showing that these are simplicial maps
between X and the constant simplicial object A. We must show that the diagram

A id A id A

(SO)TL+1t (SO)Ht (SU)nflt
s' d*
Xn-',—l Xn XL 1

(dO)n+2 (dU)n+l (d())n

A id A id A

(4.3.1)
commutes. We have s'(s°)"t = (s°)" 1, d'(s°)"t = (s°)"~ ¢, (dO)"T2s' =

(d)"*1, and (d°)"d" = (d°)"*!. Clearly gf = id, and we wish to show that
id ~ fg. We define h* = (s°)'¢(d°)": X,, — X,,+1. A number of equations have
to be satisfied.
(1) d°R® = d°t = id.
(2) dn—i—lhn — dn+1(80)nt(d0 n ( ndl ( ) ( )nt(dO)n—H — fngn-
(3) dint = di(s)it(d)" = ()L Ot(do) = (9 T4(d0)", while dihi ! =
di(s°)i1(d0) 1 = (s0)i 1 ¢(dO)
(4) T i > 41, dihi = di(s"YH(d0)) = (2) di=Tt(d°) = (s0)itdi=I=1(dO) =
(9)74(d0) d 1 = hidi—1.
(5) If i < j, dihI = di(s®)4(d0) = (s°)7~4(d0), while hi~'di =
(0 T4(d0)~1d = (s0)7 11 (d0)7.

479
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(6) If i > 7, s'h? = s°(s°)7t(d°)? = (s°)7s7t(d0)7 = (s9)Its' =771 (d)? =
(s9)t(d%)T st = hisi1.
(7) If i < 4, s'h? = s%(s°)7t(d")7 = (s°)7+1¢(d°)7, while hitlst =
(PPt = (0)+ (a0,
Thus X is homotopic to a constant simplicial object. ]

Note that in the third equation above, we could continue to get
dihi—l _ (80>i—1t(d0>i _ (SO)i—lt(d0>i—1di—1 _ hi—ldi—l

which is not necessarily satisfied by a homotopy that makes a simplicial object
homotopic to a constant simplicial object. This is the equation that [8] added
without comment that allowed him to conclude that homotopic to a constant
implied extra degeneracy.

Suppose C' is a constant simplicial object in which every term is A every face
and degeneracy is the identity and that f: C— X and g: X — C are such that
gf =idc and h: idx ~~ fg. Meyer defined t,, = h? in each dimension. But one of
the equations that has to be satisfied by a contraction is d't = td° or d*h® = h°d°.
This equation is not satisfied by homotopies in general, but it is exactly Meyer’s
additional equation.

4.5 A partial simplicial object homotopic to a constant, but not con-
tractible. We let C' denote the 2-partial simplicial set which is constantly equal
to {x}, the one-point set whose only element is *. We embed C as a subsimplicial
set of Y = {Yp, Y1,Y2}. We let Yy = {*} and let Y7 be the set which is generated
by *, an element o, and by action of the map r}: ¥; — Y7, which we will denote
by u. We assume that u(x) = % and we let Y1 = {x, o, ua, ..., u"a,...}.

In this chart, n, k are non-negative but [ has to be strictly positive.

Yo Y1 Y

s ||%| | uta x| By | 0B | vy | w8 | wiy | v"w*B | v"wly
d° *| % * *| o | * «@ * P * P *
d* x| * * x| a|lal| va | wta | vra | da | v TFa | w"Ta
d? x| % | « * u" o * * * *
sl % || B | w"p
sH % || % v | vy
POl x| o | wra x| By | 0"B | vy | wWFB | wly | "B | vy
Tl x || % | ua un+1a * ’Uﬁ vy ’Un+1ﬂ ,Un+1,y 'kaﬂ ’le’}/ ’Un+1wkﬁ Un-o—lwlry
7,,2 | = * * wﬁ wy v”wﬁ v”uw wk’HB U)H_l’}/ vnwk+lﬂ v"w”ly
rs | % | % * * * * * *

To construct Ya, we let 3 = s%(a) and v = s!(a). We also let v = r}: Yo—= Y5
and w = 7“% : Yo—=Y5. For convenience we look for an example for which vw = wwv
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and such that Y5 is the set generated by *, 8,~, and the action of v,w. We let
Y5 have the elements *, 3,7, and all elements of the form v"(3), w"(5), v™v,
w™(7y), vFw!(B), v*w! (). The definitions of the faces and degeneracies and of the
reduced homotopy are then given by the chart above.

There is some redundancy in the chart as, for example, the values of s'(a),
d’(a), r*(a) can be determined by looking at the column headed by « or at the
next column, headed by u™(a) and letting n = 0. Note that we set u°, v%, w®
equal to the identity function. For further redundancy see Appendix B. Also note
that we cannot set | = 0. For example, the column for w!(y) would contradict
the column for + if we set [ equal to zero.

We claim that this defines a truncated simplicial homotopy between the con-
stant simplicial object C' and the the truncated simplicial set Y. See Appendix B
for details.

We claim that this is not contractible. If there were a contraction t, we focus
on ta. From d’ta = «, we infer from the chart that ta can only be v™3 for some
n > 0. From tx = td°a = d'ta = d'v"B = u"a, we see that t+ = u"a. From
tx = td'a = d*ta = d*v™ = * we derive a contradiction.

Finally, we note that by using the coskeleton, see below, we can construct a full
simplicial set which is homotopic to a constant but not contractible.

5. The coskeleton of a partial simplicial object

5.1 Coskeleton. Suppose that X has finite limits. Here we show how to extend
a truncated (augmented) simplicial object, such as the ones described in Subsec-
tions 4.4 and 4.5, to a simplicial object. This construction is well known; we have
included it to make this note self contained. It can be described as the right Kan
extension from the inclusion of the truncation of the standard simplex into the
full standard simplex.

We will show that if two maps between (n — 1)-partial simplicial objects are
reduced homotopic, so are the induced maps between the coskeletons. We will
also show that if the partial object is (strongly) contractible, the full object will be
also. By an obvious induction, it will suffice to begin with a partial (augmented)
simplicial object X = {X_1, Xo, X1,...,X—1}, together with the relevant faces
and degeneracies.

In the argument below, we pretend that the category is set-based and that the
limits can be defined by elements. This can of course always be replaced by actual
limits. Then we let Cosk, (X) = {X_1, Xo,..., Xn—1, X} where X,, is the set of
all (n+1)-tuples x = (2%, z1,...,2") € (X,,_1)" for which d'z7 = &’ 1% when
i < j. We define d'x = 2%, from which it is immediate that d'd’x = &~ !d'x when
1< 7.

Moreover, given x € X,,_1, the definition of s*(z) € X, is forced because the
simplicial identities determine the values of d*s*. So we define s*: X,_1 — X,
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by:
se=x= (s, s e, . s T ey, sUd T ey L ST T ),
More precisely, sz = (z,...,2"), where
sTldky if k<,
F={z if k=1i,i+1,
stdF e if k>i4 1.
Defining s*: X,,_1—=X,, as above and d*: X,,—=X,,_1 by d*(2°,2!,... ,2") = 27,

we claim that we have extended X to Cosk,(X), a partial simplicial object
of degree n. Moreover, the extended object will preserve the contractibility
(and strong contractibility) when the original (n — 1)-partial simplicial object X
has these properties. See Appendix C for details. The first step is to prove
si(z) = (20,21, ...,2™) € Cosk, (X) for all z € X,,_1, by showing d/z* = &/~ a7
whenever j < k.

Proposition 5.1. Suppose X and Y are (n — 1)-partial simplicial objects, f,g
X — Y are (n — 1)-partial simplicial maps and r: f ~ g is an (n — 1)-partial
reduced homotopy. Then f, g, and r extend to the nth coskeletons.

PROOF: That f and g extend is obvious. To extend r, let (z%,2%,...,2") be an
element of the Coskn(X). This means that for 0 < i < ] < n, dal = d 12"
For 0 <k <n+1,let r¥(a0, ... a") = (rF= 120, ... pF-lgh=1 phgk  pkgn),
In particular

0. a™) = (%0 %) = (fa0, .. fa) = f(2, .. 2"
and
P02 = (" ™) = (g, ..., ga") = g(2°, ..., 2").

We must show that 7% (20, .. ) € Cosk,,(Y). We have to consider cases.

1<) <k: dirk=tyl = rk 2diq) = P2 gt = @ik gy

1< k< g dirkal = k= 1dipd = pk=1@i—1gt = @i—1pk=1yt

k<i<y: dirkel = rkdiag) = rkdi—1gt = di—1rk gt

It is clear from the definition that for i < j, d'r7 = ri=1d’ and for i > j,
d'r? = rid'. These equations are where the formula came from. We must show
that the commutation equations of the r with the degeneracies is satisfied. (Recall
that for x € X,,_1, s'o = (s 1dO, ..., s 1di e, 2,2, s'd e, ... s0d™n).)
We must show that j < k implies that s/r* = r¥=1s7. Since the face operators
in Cosk,, (Y) are collectively monic, it suffices to show that d's/r* = dirk=1s/ for
1=0,...,n. Again we consider cases.

1< j<k:
disiph — gi—1fipk — gi—lpk=1gi — ph—2gi=14i — pk=27igj — Jipk—1gj

j<kand i=jj+1: disirt =k = rFdist = dirhtlst;
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j<i+1<k:
disirk = gi@i—lpk = gipk=1qi=1 — phgigi-1 — pkgigi — dirk"’lsj;
J<k<i+1:
disirk = gidi—tpk = gipkgi=1 = phtlgigi=1 — phtlgigi — qipk+lgs,

In order to apply this to Subsection 4.5 we need the following.

Proposition 5.2. If C is a constant partial simplicial object, then its coskeleton
is also constant.

PRrROOF: Suppose C is defined up to degree n — 1. As in the definition of coskele-
ton, we will pretend we are in sets. Then C,, = {(z%,...,2") € CI'*!: dizd =
d’~12t for i < j}. But all d* are identities, so this says that all z° are equal
so that C,, = C,,—1 and it is easy to see that all faces and degeneracies are the
identity. O

6. Retracts

One of our original motivations for this paper was to discover whether a retract
of a contractible simplicial object is contractible.

Theorem 6.1. A retract of a contractible simplicial object is contractible; ev-
ery contractible simplicial object is a retract of a strongly contractible simplicial
object.

PROOF: Suppose Y L X 2=V are simplicial maps such that g f = id and that
X has a contraction tX. We define t¥ = gtX f. The proof that ¢¥ is a contraction
is trivial.

To go the other way, suppose t is a contraction on X. The cone C X is defined by
(CX)p = Xpy1, (Cd)? = dT! and (Cs)? = s'T. We claim that the s° constitute
a strong contracting homotopy on CX. In fact, (Cd)’s" = d's® = id. For i > 0,
(Cd)'s® = diT1s0 = 04" = sO(Cd)'~! and (Cs)'s? = st = 067 = s9(Cs)i 1.
In addition, (Cs)s" = s1s? = 90 so that s" is a strong contraction on CX. Now
we wish to show that the existence of a contraction on X gives X as a retract
of CX. In fact, t,: X,, — (CX), = Xpq1 and d°: (CX), = Xp11 — X,
exhibit X, as a retract of (CX), so it suffices to show that these are simplicial
maps. We have (Cd)'t = d'"'t = td" and similarly (Cs)'t = ts’. Finally, for
i >0, (Cd)'d® = d"d" = d°d" and similarly, (Cs)'d® = d°s". O

Corollary 6.2. A retract of a strongly contractible simplicial set need not be
strongly contractible.
ProoOF: This is immediate from Example 4.4. O

The story of simplicial objects that are homotopic to a constant is a bit more
complicated. We begin with three lemmas of which the first is standard and
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left to the reader. The third says that the horizontal composite of homotopies
is a homotopy. This is doubtless known although the use of reduced homotopy
makes it trivial. It remains the case that homotopies do not generally compose
vertically.

g
Lemma 6.3. Suppose that h: g ~ k in the diagram X —f> Y —=7 w
k

of simplicial objects, then lhf: lgf ~ lkf.

Lemma 6.4. Suppose C' is a constant simplicial object. Then any two homotopic
maps X — C' are equal.

PROOF: Assume that f,g: X — C and h: f ~» ¢. Then from fy = d°h° = R°
and go = d'h° = hY in degree 0, we see that fy = go. If we suppose that
fa—1 = gn—1, then we have that f, = dofn = fn,1d0 = gnfld0 = dogn =gn. O

f k
Lemma 6.5. Suppose that in the diagram X —_—Z Y _—_—Z Z, we have f ~~ ¢
g l
and k ~> [, then kf ~ lg.
PRrROOF: Although it must be possible to prove this using ordinary homotopies,
the use of reduced homotopies renders it easy. Assuming that r: f ~~ ¢ and

q: k ~ [ are reduced homotopies, let pi, = ¢’ ri for 0 < i < n+ 1. It is now
a trivial computation to see that the p! define a reduced homotopy kf ~» lg. O

Theorem 6.6. If idempotents split in X', a retract of a simplicial object in X
that is homotopic to a constant is also homotopic to a constant.

PROOF: Suppose that we have a diagram

in which C' is constant, gf = id, id ~~ fg, and kl = id. We claim that glkf:
C — C is idempotent. Observe that glkfglkf ~» glklkf by Lemma 6.3 as
fg ~» id. By Lemma 6.4 this implies glkfglkf = glklkf which equals glkf as
kl = id. We then split this idempotent getting maps B —~ C'—> B such that

vu = id and wv = glkf. Then vglkfu = vuvu = id. For the other composite
kfuvgl = kfglkfgl, we have id = klkl ~» kfglkfgl from Lemma 6.5. (]
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7. Singular simplicial complexes

As usual, A,, denotes the set of all points (ao, ..., a,) € R such that all a; > 0
and ag+---+a, =1. Wemap §: A,,_1 — A, by

51(0,0, .. .,an,l) = (ao, e ,ai,l,(),ai, e ,anfl)
and o: A, — A, by

Ui(am ceyQpyl) = (a07 v Q15 G5 F Qg1 Qg2 -7%)-

If X is a topological space, we let SS(X) denote the simplicial set whose nth term
is Hom(A,, X) with d* given by d* = Hom(6*, X) and s' = Hom(c*, X). Then
SS(X) becomes a simplicial set, as is well-known and readily verified. We also
note that if f: X — Y is continuous, then SS(f): SS(X)— SS(Y), defined so
that f(u) = fu, is easily seen to be a simplicial map.

Theorem 7.1. Suppose X and Y are topological spaces, f,g: X — Y maps
and H: X x I — Y a map such that H(z,0) = fa and H(x,1) = gx. Then H
induces a simplicial homotopy SS(f) ~» SS(g).

PROOF: Define r¢: SS,,(X) — SS,,(Y) by letting u: A, — X and defining
riu(ag,...,a,) = H(u(ag,...,a;,ai11,...,an),a0 + -+ + a;_1). We give the de-
tails in Appendix D. O

It is standard that a topological space X is contractible to the point * € X if
there is a map H: X x I — X such that H(z,1) = = and H(z,0) = * for all
x € X. It will be convenient in this section to denote H(z,a) by ax for x € X
and a € I, treating it as the set I acting on X. Should it happen that it is the
monoid I that acts, meaning that (ab)xz = a(bx) for all x € X and a,b € I, we
will say that we have a regular contraction and that X is reqularly contractible.

Any convex set in R™ is regularly contractible. By translating, we can assume
that it contains the origin and then we can let * = 0 and ax have its standard
value. In fact, it would suffice that there be a single element * in the set such
that the line segment between each other point and * lie in the set. Such a set is
called star-shaped.

Theorem 7.2. Let X be a contractible topological space. Then the singular
simplicial set over X is contractible; if X is regularly contractible, then its singular
simplicial set is strongly contractible.

PROOF: Suppose X x I — X is contraction, denoted (z,a) — ax. We define
a contraction ¢: Hom(A,,, X) — Hom(A,,;+1, X) by

1—ap)u(= 7...,M if ag £ 1,
tu(ao,al,...,anﬂ){i ) (1_,1U 1_%)

otherwise.
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The details, including the proof that tu is well-defined and continuous, are
found in Appendix D. Note that this equation is not like the one used in the
preceding theorem.

7.1 A contractible space that is not regularly contractible. Unfortu-
nately, the space is not Hausdorff, nor even T'1. It is equivalent to a subspace of
the Khalimsky topology on the integers, see [6], [5].

We let E be the space with five elements we will denote v, w, x, y, z and whose
basic open sets are {v}, {v,w,z}, {z}, and {x,y,z}. We define a topological
contraction H of E to the single point v, as follows, where H(u,r) = ru for
w € FE and r € [0,1]:

(1) ro=wforall 0 <r <1

@) v for O§r<%,
rw =
w forégrgl;

v for 0§7’<%,

_ 1 2

(3) re =< w for s<r<gz,
x for%<r§1;

v for 0§7‘<%7

w for L<r<?2

@) ry = )
x for z<r<g,

Y for%ﬁrgl;

v for 0§T<%,

1 2

w for ¢ <r<g,

(5) re=qax for 2<r<i,
Y for%ﬁrﬁ%,

z for%<r§1.

Continuity follows from the calculation

(1) B ({w}) = ({o} x [0,1)) U (E x [0,1/5));

(2) B ({v,w,2}) = ({v,w,2} x [0,1]) U (E x [0,3/5));

(3) H-=}) = ({z} x (4/5, 1]

(4) H Y,y 2} x (2/5,1].

Finally, we will show that neither this action nor any other is regular. Suppose

“r .7 is a regular action with base point u € E. We can suppose without loss
of generality that u € {x,y, z} since there is a symmetry on F that exchanges
{z,y, 2} with {v,w,z}. Since 1-v =v and {v} is open, there is some r < 1 such
that r - v = v. But then ™ - v = v for all n. Since limr™ = 0, it follows that
limr"v = 0-v = u. But {z,y,z} is a neighbourhood of u that excludes every
r™ - v, so that is impossible. O
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Appendix A. Details for example in Subsection 4.4

These are the detailed computations required in Subsection 4.4:
(1) Fori < j, d'd” = d’~'d'. But all composites of faces end in a one element
set, so this is automatic.

(2) Fori < j, s's' = s's/71: s1s9(B) = s1(8) = 0 = s°(0) = s"sY(B).
(3) dOs® = d's® = ds! = 26 = id:
d°s'(B) =d"(0) = B d’°(y) =d"() =y d’s°(0) = d°(0) = 4
d's°(B) =d"(0) =4,  d's°(y)=d'(n)=v;  d's°(6) =d'(0) =
d's'(y) =d" ()=~  d's'(8) =d'(0) =
Es'()=d* () =v  d’s'(8) =d*(0) = .
(4) d°st = s%d°:
d’s'(y) = d°(¢) =6 = s°(8) = °d°(7);  d°s'(6) = d°(0) = 0 = s°(B) = s°d°(6).
(5) d?s® = s%d*:
d*s°(v) = d*(n) = 8 = s°(B) = s"d' (v);  d*s°(8) = d*(0) = & = s°(B) = s°d" ().

Proposition. The map t is a contraction.

PROOF: Again there are a number of computations.

(1) dt =id:
d’ta) =d°(B) = a;  dU(B) = d°(y) = B;
t

dt(y) = d(e) = ; dt(6) = d°(¢) = 6.
(2) d't = td°:
d't(B) =d'(v) = B=t(a) =td"(B);  d't(y) =d'(c) =y =t(8) = td’(y);
¢

(3) d*t = td":
Pt(y) =d*(e) =y =t(B) =td'(y);  d*t(6) =d*(¢) =~ =t(B) = td"(5).

Appendix B. Details for Subsection 4.5

We will verify that Y, as given in Subsection 4.5, is homotopically equivalent
to the constant partial simplicial set C'. In what follows, steps 1-5 show that Y is
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a partial simplicial set, while steps 6-11 verify that the maps 7%, 7!, 72,73 define
a reduced homotopy with the required properties.

It is not necessary to prove that two maps into Yp, from the same domain, are
equal as this is immediate, because Y has only one element. Similarly, two maps
from Yy into the same codomain are, for the maps we are using, always equal
because these maps always preserve the element labeled x.

We often prove that two maps, say p and ¢, are equal by showing that p(z) =
q(z) for all z in their common domain. We can omit the case of x = % because
the maps we are using always preserve x.

If the common domain of p and ¢ is Y7, then to prove p = ¢, we only need to
verify that p(z) = g(x) for x = v« because the case x = « follows when n = 0.

If the common domain of p and ¢ is Y5, then to prove p = q, we only need to
verify that p(x) = q(z) for x = vy, v*w*B and vFw!y because the case z = * is
immediate and the other cases follow by setting n or k£ equal to 0.

We find it convenient to use notation such as “r2 = % on Y;” to indicate that

r2 maps every element of Y] to .

(1) Proof that d'd’ = d’~*d* for i < j.
This follows because d'd’ and d’~!d’ both map to Yy (see above).
(2) Proof that s's? = 75"t for i > j.
This follows because s's? and s7s°~! both map from Y; (see above).
(3) Proof that d's’ = s’~1d’ when i < j.
Since the only degeneracies in this example of a partial simplicial set are

5%, s and since i < j, we only have to show that d’s' = s9d°.
ds' = s%d°: d’s'(uma) = dO(v™y) = * = s9(x) = s%d° (u"a).

(4) Proof that d's? =id for i =j ori = j + 1.

d’s° =id: d°s®(una) = do( "B) = u"wy
d's® =id: d*s®(una) = d*(w "ﬁ) =u"q;
d's' =id: d'st(ua) = dH(vy) = u"a;
d?st =id: d?st(u"a) = d?(vy) = u"a.

(5) Proof that d's’ = s/d"~* for i > j + 1.
The only case that meets this condition is:
d?sY = s9d': d?s°(uma) = d*(w"B) = * = sO(x) = s°d' (u"«).
(6) Proof of RH-1, that r% is the identity.
A glance at the chart makes it clear that r%(x) = x for all z € YoUY; UYa.

(7) Proof of RH-2, that r"*! = x on Y,,.
Three glances at the chart make it clear that ! = % on Yp; that r? = *
on Y; and that 72 = % on Y.

(8) Proof that d'r/ = ri=1d’ for i < j (first half of RH-3).
Cases of the form d'r® = r2d’ are immediate because dir® = x as r

on Ys and 72d’ = * as 7?2 = x on Y;. Aside from maps to Yp, the following
cases remain:

35*
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dir? =rid':
d'r?(v"y) = d' (V" wy) = u" o = rH(u"a) = rtd (vy),
leQ(’Unwkﬁ) _ dl(?}nwarlﬁ) _ un+k+1a _ 7“1 (unJrka) _ Tldl(?}nwkﬁ),
d1T2 (vnwl,}/) _ dl (,Unlerl,_y) _ un+l+1a _ 701 (unJrla) _ Tldl (,Unwl,_y);
dor? = r1d°:
d'r* (") = d' (v wy) = x =1l (x) = rd(v"y),
d0r2(v”wkﬂ) _ dO(vnwarlﬂ) _ uk+1a _ 701 (uka) _ rldo(v”wkﬂ),
dor? (v wly) = d°(v"w!tty) =« = rl(x) = r1d® (v w'y);
dort = r0d°:
A0 (179) = dO (o) = 5 = 10(x) = 10 (™),
dorl(v”wkﬂ) _ do(v”“wkﬂ) _ uka _ 7nO(ukO[) _ 7nOdO(,Un,wkﬂ),
dort (v wly) = d° (V" Pwly) =« = r0(x) = r2d° (v w'y).
(9) Proof that d'r/ = rid" for i > j. (Second half of RH-3.)
Note that if j = 0 then d*r/ = rid’ is immediate as r° is the identity
d*r? = r2d?:
P12 (u") = (" wy) = * = 124 (o),
d?r? (v"wk B) = d* (Vw1 B) = * = r2d* (v w" B),
d?r? (v"wly) = (Vw1 y) = * = r2d* (v w'y);
d*rt = rtd?:
d27”'1 (’Un"}/) _ d2('0n+1"}/) _ un-i—la _ rl(u"a) _ r1d2(v"fy),
d*r! (V" whB) = d*(v" T WP B) =« = 1l (%) = r'd? (v "w" ),
drl (" w'y) = d*(v" T wly) =« = (%) = rld? (v w'y);
dirt = rtd*:
d'rt(v"y) = d' (") = u" e = rt(uta) = rtdt (vy),
d17‘1 (’l)nwkﬁ) _ dl(vn-i-lwkﬁ) _ un+1+ka _ 7,1 (un—i-ka) _ Tldl(’vnwkﬁ),
lel (v"wlv) _ dl(’()n+1wl’)/) _ un+l+1a _ 7,1 (un—i-la) _ rldl(vnwl’y).
(10) Proof that s'rf = riTls? for i < j. (First half of RH-4.)
1,2 —

The proof that s = r3s’ for i < j is immediate because we have s'r? = *
as 72 = % on Y7 and 735’ = x because 7> = * on Y5. The only remaining
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(11)

to X,,.
7 < k. Recall that

(1)

(2)

(3)

(4)
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case is:

Ot =259 SOrl(una) = P (untta) = w B = r?(w"B) = r?s0(u"a).
Proof that sir? = ris® for i > j. (Second half of RH-4, so this will
complete the proof that Example 4.5 has the indicated properties.)

Note that i can only be 0 or 1 as there is no s? in the partial simplicial
set of Subsection 4.5. Also, if j = 0, then the result is immediate as 7 is
the identity. And if ¢ = 0 then we must have j = 0 as ¢ > j. The maps
s'd? with domain Yy are trivially equal to d’s’ when i > j because these
maps agree on *, the only element of Yj. It follows that it only remains

to show that 517’ =rlglh

strl =rlst: shrl(ua) = st(u"la) = vy = rl(v™y) = rist(uma).

Appendix C. The coskeleton equations
We start by completing the proof that the function s’ actually maps X, _;

It clearly suffices to show that didFsie = dF1dl 'z for © € X,,_1 and

sl = (s d0, s d e, . s A T ey xS0 L sTd T ).

There are a number of cases to consider:

I<k<a
ddPsie =& s dP e = A dF e = s g,
dF gy = dF s iy = si_Qdk_ldjac,
j<k=i,i+1:
ddFsiz = dz,
Yy =d s e = d
j<i<k-1:

dd¥sie =dstd e = s WA e = s 2 d g,
dkfldjsil, _ dkflsifldjz _ Sifldk72djx;
j=d4i+1, k>i+1:
ddbsie = dstd e = dF e,
d" sty = dF gy
1+1<j<k:
dd¥sie =dstd e = s e = s Rd T g

A" W siy = d* st e = STdF T
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The simplicial identities for d’d’ and d's? are immediate consequences of the
definitions. Next we show that for i > j, s's’ = s7s'~!. The {d*}, being the
projections on the limit, are collectively monic, so it suffices to show that d¥s’si =
dFs7s'=1, which allows an inductive argument. We must consider a number of
cases depending on where k falls with respect to ¢ and j. We always suppose
1> 7.

(1) k< j:
dFsisl = si—1qhel = gi=lgi=1gk — gi=1gi=2gk
drsigi=l = gi—lgkgi=1 — gi=14-2gk.
(2) k=j.j+1L:
dis's? = s 1dksl = g1,
dFsigi=l = i1,
B)i>k>j+1:
dFsisl = si—1dhel = gi=lgigh=1 — gigi=2gh—1
dFsigi=l = gigh—1gi=1 — gigi=2gh=1.
4) k=d,i+1:
drisis? = o7,
disisi—l = gigh—lgi=l = ¢J;

(5) k>i+1:
dFstst = §'dF gl = s'sIdF 2 = sjsifldk*Q,

dksj5i71 _ dekflsifl _ Sjsifldk72.

Now suppose the original fragment is contractible so far. We extend the con-
traction to t: X,,_1 — X, by

te = (z,tdz, td 'z, ... td" " 'x).

We must show that this is an element of X,,. Suppose i < j. When ¢ = 0,
d°dIite = & 'd%x = Ve = d? 1z, For 0 <i < j, we have
d'dte = d'td o = td & e = td P,
dd e = ditd e = td' " d P
We will show that the above extension of a contraction ¢ is a contraction on

Cosk(X), and, if the original contraction ¢ is strong, then the extension will be
strong. s't = ts'~! for i > 0. Again we compose with all the d¥.

1) 1<k<i: _ _ _ _
dkszt _ Szfldkt _ Szfltdkfl _ t5172dk71,

dktsifl _ tdk715i71 _ tsi72dk71;

(2) 1<k=1i,i+1: d¥sit =t = tdF"1st ! = dktsiTL;
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(3) k>i+1: | | |
dkszt _ Sldk—lt _ Sztdk—Q _ tSZ_ldk_2,
dkﬁsi_l _ ﬁdk_lsi_l — ﬁsi_ldk_Q.

Finally, we show that if the original contraction ¢ is a strong contraction, then so
is its extension.

(1) k=0: d’s%t =t = d°tt;
(2) k=1: d'sO =t = td"t = d'tt;
(3) k>1: d¥s%t = s°dF 1t = OtdF =2 = ttd"—2 = d"tt.

Appendix D. The simplicial homotopy equations

PRrROOF OF THEOREM 7.1.
Proof of RH-1:
rPu(ag, ..., a,) = H(u(ag, ..., a,),0) = fu(ag,...,a,) = SS(f)(u).
Proof of RH-2:
r"(u(ag, ..., an) = H(u(ao, ..., a,),1) = gulag, ..., a,) = SS(g)(u).
Proof of RH-3: For i < j

d'riu(ag, ... an—1) =17 (u)(ag, ..., a;i—1,0,a5, ..., a5, ... an_1)
:H(u(ao,...,ai,l,(),ai,...,a]—,...,an,l),a0+~~~+0+~~~+aj,2)

while
ritdu(ag, . . . an—1) = H(d"u(ag, . ..,an—1),a0 + -+ a;_2)
:H(u(ao,...,ai_l,o,ai,...,aj,...,an_l),ao+---+aj_2).
For i > j
d'riu(ag, ... an—1) =17 (u)(ag, .., aj—1,. -, @i—1,0,ai,. .., an_1)
= H(u(ao,...,aj,l,...,ai,l,(),ai,...,an,l),a0+ ~~~+aj,1)
while
rid'u(ag, ... an—1) = H(du(ag,...,an—_1),a0+ -+ a;_1)

- H(u(ao,.. A1, .- .,ai_l,O,ai,.. .,an_l)ao +--- —|—aj_1).



Contractible simplicial objects 493

Proof of RH-4: For i < j

s‘riu(ag, ...y ant1) =17 u(@0, -« o, Gio1, @ F Qig1ye ey @ity Ang1)
= H(’U,(ao, ey Q1,04 —|—ai+1, N7 R R ,an+1),
a0+"'+(ai+ai+1)+"'+a]‘)
while
Tj+1siu(a0, cey Q1) = rj+1siu(a0, e Qg @G Gpg1)

- H(Siu(a()a o 5an+1)a ap+ -+ a’j)a
which is clearly the same as s'r’u. For i > j

Sirju(a()a s 5an+1) = rju(ao, sy Ag—1y 005 Qi—1, 04 + A1y - - '7an+1)
= H(u(ao, ..., aj-1,...,@i—1,0; + Qiy1,..,Any1),00 + -+ a;_1)
while o -
r’s'ulag, ..., ane1) = 7 s"u(ao, - Qjy ey Gy ooy Ang)
= H(s'u(ao, .-, an41),a0 + -+ a;_1)

which is clearly the same as s'r/u.
It seems worth pointing out that Meyer’s condition is not satisfied. For exam-
ple, recall that h® = riT1s? then:

dlhou(ao, al) = hou(ao, 0, 0,1) = H(U(ao, al), ao)
while
hd%u(ag, a1) = H(d°u(ao + a1),a0) = H(u(0,ao + a1), ao).

The result is that, while as shown above, a space homotopic to a point gives
a contractible simplicial complex, Meyer’s construction does not do the job in
this case. 0

PROOF OF THEOREM 7.2. First we show that tu is well-defined and continuous.
Since that u(a1/(1 —ag),...,ant1/(1 —ap)) is always defined when ag # 1, it
suffices to show that for 1 < i < n+ 1 we have 0 < a;/(1 —ag) < 1. But this
readily follows as 1 —ag = a1 + -+ + any1 > a;.

As for continuity, it is clear that tu is continuous at every point of A,, 1 except
possibly when ap = 1. Let ¢ = (1,0,...,0) be the only such point in A, 1. Tt
suffices to show that if p!,p? ... p% ... is a sequence of points of A, that
converges to ¢, then x is in the closure of the set {tu(p®): i =1,2,...}.

Now write p* = (zf,2},...,2%,,). Note that we may as well assume that
zy # 1 for all i as otherwise ¢ € {tu(p’): i = 1,2,...}. But the sequence
xh, @3, ..., xh, ... must converge to 1 as the projection from A,, 11— [0, 1], which
sends (ag,ai,...,ant1) to ag is continuous.

Now let Y C X be the image A, 41 under u. Note that Y is compact. Define
o(p) = (u(zi/(1—ap),..., 25 /(1 —§)),1 —x}) € Y x [0,1]. Since ¥ x [0,1]
is compact, the sequence p(p'), ..., ¢(p%),... must have a cluster point (meaning
a point (y,b) € Y x [0, 1] such that every neighborhood of (y, b) contains infinitely
many members of the sequence). It clearly follows that b = 0.



494 M. Barr, J.F. Kennison, R. Raphael

Finally, since tu(p') = H(p(p')) and since H is continuous, and therefore
preserves cluster points, we see that H(y,b) is a cluster point of, and thus in the
closure of, {tu(p’): i =1,2,...}. But as shown above, b = 0 so H(y,b) = *.

Next we show that ¢ is a contraction.

d°tu(ag, ..., a,) = tu(0, ao, . . .,a,) = lu(ag, ..., a,) = ulao, ..., an,)

so that d't =id. For i > 0

T, 1 an) = tulag, 01,0, )
= (lfao)u(lilaov"" 1ai7;O’ ' 1(_1ia0""’ 1ina0)
while
td"  u(ag, ..., a,) = (1 — ao)di_lu(l ilao T inao)
=(1 —ao)u(lilao,..., 1ai_;0,07 1ilia0""’ 1?”(10)_

The argument with the degeneracies is similar. For ¢ > 0

s'tu(ag, . . ., any2) = tu(ag, ..., a; + aiy1, ..., an)
:(lfa)u( ay ai+ai+1 [07% )
0 1—a0""’ 1—@0 7”.’1—0,0
while
. i al Ap 42
ts" tu(ag,...,a =(1—ap)s’ 1u( ey )
(a0 nt2) = (1 —ao) ey ' 1T—a
ai a; Aj41 Ap42
=(1—-a u( ey + R, )
( O) 170,0 170,0 170,0 170,0

Assuming there is a regular contraction on X we will show that the ¢, as defined
above, is a strong contraction on SS(X). We have that

ai an+2)
1—ag ~1—ag

ttu(ag, . .« ant2) = (1 — ao)tu(

ay as — ao) Unt2/\" — @
=(1 —ao)(l 7 7a0>u(1 21(}(1 *an)’.”7 1 Jr(11//((11 ‘100))>

:(17%)(1*“0*“1)11( )

1—@0 1—@0—&1’ "1—a0—a1
a2 An+2
=(1—-ap—a)u Yoy
1—a0—a1 1—@0—&1
= tu(ag + a1,az,...,an42)
0
= s'tu(ag, ..., any2).
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