Czechoslovak Mathematical Journal

Nina A. Chernyavskaya; Lela S. Dorel; Leonid A. Shuster
Admissible spaces for a first order differential equation with delayed argument
Czechoslovak Mathematical Journal, Vol. 69 (2019), No. 4, 1069-1080

Persistent URL: http://dml.cz/dmlcz/147915

Terms of use:

© Institute of Mathematics AS CR, 2019

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147915
http://dml.cz

Czechoslovak Mathematical Journal, 69 (144) (2019), 1069—-1080

ADMISSIBLE SPACES FOR A FIRST ORDER DIFFERENTIAL
EQUATION WITH DELAYED ARGUMENT

NINA A. CHERNYAVSKAYA, Be’er Sheva, LELA S. DOREL, Kfar Saba,

LEONID A. SHUSTER, Ramat Gan

Received January 31, 2018. Published online June 5, 2019.

Abstract. We consider the equation

—y'(2) + q@)y(z — p(x)) = f(2),

where ¢ and ¢ (¢ > 1) are positive continuous functions for all z € R and f € C(R). By
a solution of the equation we mean any function y, continuously differentiable everywhere
in R, which satisfies the equation for all x € R. We show that under certain additional
conditions on the functions ¢ and ¢, the above equation has a unique solution y, satisfying

the inequality

19"l + layllow) < cllfllom)

where the constant ¢ € (0,00) does not depend on the choice of f.
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1. INTRODUCTION
In the present paper, we consider the equation
(1.1) =y () + q(@)y(z — ¢(2)) = f(2),
where f € C(R), and

(1.2) 0
(1.3) 1

NN

o € C°°(R),
g € C°°(R).
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Here the symbol C(R) denotes the set of continuous in every point of the number
axis R absolutely bounded functions, C'°(R) denotes the set of functions continuous
in every point of the number axis R. Thus, el*/ € C'°°(R) and el ¢ C(R).

By a solution of (1.1) we mean any continuously differentiable function y(z) satis-
fying (1.1) for all z € R. Denote by C)(R, ) the set of all continuously differentiable
functions y(z) for z € R with norm ||y[|ca) (g 4 defined by

(1.4) lyllcw w,qg = 1Y le@ + llayllcm)-

We need the following definition (see [5]).

Definition 1.1. Let By, By be Banach spaces and let S: B; — By be a linear
operator. Consider the equation

(1.5) Sy=g, y€ B, g€ B,

We say that the spaces By and B form a pair of spaces {B1, B2} (in the sequel,
a pair { B1, B2}) admissible for equation (1.5) (in the sequel just (1.5)) if the following
assertions hold:
(i) for any g € Bs there exists a unique element y € By guaranteeing equality (1.5)
(a solution of (1.5));
(ii) there exists a constant ¢ € (0, 00) such that regardless of the choice of element
g € By, the solution y € By of (1.5) satisfies the inequality

(1.6) lylls, < cllglls,-

If the pair {Bj, B2} is admissible for (1.5), we also say that equation (1.5) is
correctly solvable in the pair {By, Ba}. If By = By = B, then we say that (1.5) is
correctly solvable in the space B.

In this work, we study the content of the question of admissibility of the
pair {CM(R,q),C(R)} for (1.1) (in the sequel, for brevity, we say “the question
on (i)—(ii)” for (1.1), or “problem (i)—(ii)” for (1.1).

Such an investigation is needed because this is the first time problem (i)—(ii) is
being posed for equation (1.1) (for the second order equation the same question was
studied in [2]). Indeed, to the best of our knowledge, for equations with delayed argu-
ment, initial and boundary-value problems on a finite segment or on a semi-axis have
been studied (see [1], [3], [4], [6]). However, the special feature of problem (i)—(ii) is
that equation (1.1) is considered on the whole axis, and requirements to its solutions
are imposed apart from (i)—(ii). Therefore, the main result of the paper is the state-
ment asserting that problem (i)—(ii) makes sense, i.e. the set of equations (1.1) for
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which the pair {CM (R, ¢), C(R)} is admissible, is not empty. This statement follows
from the following theorem which is our main result.

Theorem 1.2. Suppose that, in addition to (1.2), (1.3), the following conditions
are satisfied:
(i) there is a constant a > 1 such that for all x € R,

(1.7) alg(x) < q(t) < aglx) Vte[z—1,a+1]
(ii) there is ¢ < oo such that

(1.8) ola+1) <1, where o et sgg(gp(m)(f (2)).

Then the pair {CV(R,q), C(R)} is admissible for (1.1). Moreover, equation (1.1)
is separable in C(R), i.e. there is a constant ¢ € (0,00) such that for any choice of
f € C(R), the solution y € CY (R, q) of (1.1) obeys the estimate

(1.9) ' lle® + la@y(@ = e@)lcw < clfllow-

The paper is organized as follows. In Section 2, we present some auxiliary asser-
tions needed for the proof of Theorem 1.2, Section 3 contains the proof of Theo-
rem 1.2, in Section 4, we give an example of an application of the theorem.

2. PRELIMINARIES

In the sequel, we assume that conditions (1.2), (1.3), (1.7), (1.8) are satisfied.
They are not referred to or mentioned in the statements. The symbol ¢ stands for
an absolute positive constant, the value which is not essential for the exposition, and
can even change within a single chain of calculations.

Lemma 2.1. For all © € R the integral
(2.1) B(z) = / o La@dkqr peR
x

satisfies the inequalities

(2.2) 0<B(z) <1
and
(2.3) e * < q(z)B(z) < 4a.
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Proof of Lemma 2.1. The fact that B(z) is strictly positive is obvious
(see (1.3)). We also use (1.3) to estimate B(x), z € R, from above:

Bl = [ e fuoska= 7 %e‘f;q‘@dfdtS/OOQ(t)e_f;Q(f)dgdt:1.
Hence, (2.2) holds.

Now, let us prove (2.3). To get the lower estimate, we use the following inequality,
which holds for all z € R:

z+1/q(x z+1/q(x z+1/q(x)
/ gac= [ —§)<>dfs<a/m a(z)dé = a.

Thus, we have:

0o . z+1/q(x) .
B(z) = / o JLa©ds gy > / o Jlate e gy
x x
a+1/q(x) a
> / o STV g ag g - 1 - @ g ag 5, €7
x

q(x) (z)

Q

The upper estimate in (2.3) follows from (1.3) and (1.7):

o x+1 o0 r+n+1
B(z) = / ol a(e)de gy _ / OIS / o I a€)de gy
xT x n=1 z+n
z+1 0 T+n+1 z+1 -1
:/ o JLa(e)de gy +Z/ o Jla(e)ds gy . </ ef;q(@dfdt) )
T n xT
EY e @ o ) ds)
n

(1
-1 z+n
x+1
</ e‘fiq“)didt(l
z =1
x+1 . [e%e] .
:/ o= Jra(e)de dt(l—i—Ze_ e q(E)dg)
x n=1
x+1 o]
g/ efiq(@dﬁdt<1+ze<"1>>

n=1

+1
=2l /x o= SLal©d gy < 4/96 a@)  a) -t ate)ae g
e—1 J, . at) qx)

(t

4a x+1 . oo

< — t ffxq(§>d£dt< / fra@de gy — 24
G ) e Be” e

This completes the proof of (2.3). O
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Remark 2.2. To estimate inequality (2.3) from above, we could use smaller
constant (2e — 1)a/(e — 1). However, since using this constant would not change the
results, we will not use it.

Lemma 2.3. The equation
(2.4) —y'(z) +q(@)y(z) = f(z), z€R,

has a unique solution y € C(R) for any f € C(R). This solution satisfies the
inequalities:

(2.5) lyllew) < Ifllew)s

(2.6) lavllcw) < 4all fllem)

and

(2.7) 1Y e + lyllew < 1Y lcw + llayllew < Ba+ 1) fllow)-

Proof of Lemma 2.3. For f € C'(R), define function y(z), x € R by the formula

(2.8) ) = (G = | o S gy ay,

x

It is clear that y(z) is defined for all = € R. Indeed,

(2.9) ly(z)] < / e~ Je 1O k| £(1)] dt < B(@)| fllew < IIflow)

(see (2.2)). Using direct substitution, we can see that y is a particular solution of
equation (2.4), which satisfies inequality (2.5) (see (2.9)). Now notice that by (1.3),
the equation —z2'(z) + ¢q(x)z(z) = 0, € R, does not have any solution that is
bounded in R, except for z = 0. Therefore y(z), € R, is a unique solution of (2.4)
in the class C'(R). Estimate (2.6) follows from (2.8) and (2.3). Finally, by using (1.3),
(2.4), (2.5), (2.6), we get (2.7):

1Y ey < I fllew + lavllew = 1V lew) + llayllem)
< fllew +2llgyller) < Ba+ 1) fllom)-
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Denote

(2.10) D(R) ={y € C(R): y € CLU(R), —y +qy € C(R)},
(2.11) (Ly)(@) = —y/(x) + q(x)y(z), = €R, y€ D(R).

Lemma 2.4. The operator L: D(R) — C(R) is continuously invertible. In par-
ticular, we have the following relations:

(2.12) L™ =G,
(2.13) IGlle®—cr <1
and

(2.14) laGllo@)—om) < da.

Proof of Lemma 2.4. One proceeds exactly as in the proof of Lemma 2.3. [
Let us introduce an operator A: C(R) — C(R) by the formula

(2.15) (AN ™ o) [ " fwdt, zeR feC®).

z—¢(w)

Lemma 2.5. We have the inequality:

(2.16) [Allo@—cm <o <

N =

Proof of Lemma 2.5. By (1.2), (1.3), (1.7) and (1.8), and since a > 1, we have:

(2.17) o< z € R.

N =

Now, from (1.2), (1.3), (1.7), (1.8) and (2.17) it follows that

[ e de\ < suplala)ea) [l

| Afllc@w) = supq(x)
z€R —p(2)

- igg((so(x)q?(x))ﬁ) Nl < ollflom = (2.16).
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Consider the integral operator defined on C(R):
(2.18) (Ky)(x) =) (1" [GA (qy)l(z), z€R
n=1

(see (2.8) and (2.15)).

Lemma 2.6. The operator K: C(R) — C(R) is bounded. In particular,

aoc
(2.19) IKllcmysom Sa<l, a=

1—0

Proof of Lemma 2.6. First note that since o(a + 1) < 1 (see (1.8)), it holds
that « = ao/(1 — o) < 1. Let y € C(R). Using (2.13) and (2.16), we get

IKyllew = ||D>_(=1)"GA™(qy))(x)
n=1 C(R)
< Gllew—cm) (Z ||An1||0(uze)—>0(uze)) A(gy)llc(m)
n=1
oo 1 x
< o 1]A = su x/ t)y(t dt)
(@t = g s (s [ atowto

1 9 * q(t) ao
< L gt < - :
o (2@ [ B e < 775 Wlew = ol

Hence, we have (2.19). O

3. PROOF OF THE MAIN RESULT

Here we prove Theorem 1.2. To this end we need an operator 7. Let f € C(R),
define T' by the formula

(3.1) (Ty)(2) = (GE + )~ f)(@) + (Ky)(2), z€R, yeC(R).
The symbol E stands for the identity operator in C(R). We have T': C(R) — C(R)

(see (2.13), (2.16), (2.19)). Furthermore, by (2.19), for any functions y;,y2 € C(R)
we have:

(3.2) 1Ty2 — Tyrllewy = 1K (y2 — y1)llew < all(y2 —villew).
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and since o < 1 (see (2.19)), we conclude that T is a contraction on the space C(R).
Now let us consider the equation

(3-3) y(x) = (Ty)(z), =R
By a solution of (3.3) we mean any continuous function y(z) for x € R satisfying (3.3)
in every point of the number axis R.

Definition 3.1. We say that the pair {Cé”(u%a), C(R)} is admissible for (3.3) if:
(i) for each function f € C(R) (see (3.1) there exists a unique solution y € Cél)([R)
of (3.3));
(ii) there exists a constant ¢ € (0,00) such that independently of the choice of the
function f € C(R), the solution y € Cél)([R) of (3.3) satisfies the inequality

(3.4 Wl ) < el fllo:
Lemma 3.2. The pair {CV (R, q), C(R)} is admissible for (1.1) if and only if it

is admissible for (3.3).

Proof of Lemma 3.2.  Necessity. Suppose that the pair {C(V(R,q), C(R)}
is admissible for (1.1) and let y(z), z € R, be a solution of (1.1) from the class
CM(R, q). Using (2.15) and (2.16), we can write (1.1) in a different way:

x

y'(2) = —f(@) + q(@)y(z — (2)) = —f(2) + q(x)y(z) - q(af)/ ( )y’(f) d¢
r—p(x
=—f(@) +q(@)y(z) - (AY)(x), zeR.

Thus,
[(E+ A)y](z) = —f(2) + q(2)y(z), z€R.

Since || Allcr)—cm) <0 < %, the operator (E + A) is invertible, and

(E+A) ' '=E+ i(—l)"A”.
So, 7
y'(2) = ~[(E+A)7 fl(2) + q()y(z) + i(—l)"[fl"(qy)](x)a zeR.
Now, by (2.11) we get:

(Ly)(z) = —y' (@) + alx)y(x) = (B +A) 7 f(2) + D (=) A" () (@)
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for € R. The last equality, (2.14) and (2.16) imply (3.3). Thus, y is a solution
of (3.3) with y € C(R, q).

Let us prove the uniqueness of the solution of (3.3) in the class C(V (R, q). As-
sume that for some f € C(R) there is another solution y; € C(R,q), y1 # y, of
equation (3.3). Since C™M) (R, q) — C(R) (see (1.3), (1.4)), both functions y and ¥,
belong to C'(R), i.e. y is not a unique solution of (3.3) in the class C'(R). This contra-
dicts the assertion that T is a contraction acting on C'(R) (see (3.2)). Thus, y is the
unique solution of (3.3) in the class C(R), and consequently in the class C(V) (R, q).
The uniqueness is proved. Now notice that this solution of (3.3) satisfies the in-
equality (3.4) since it is a solution of (1.1), for which the pair {CV (R, q),C(R)} is
admissible. Thus, the pair {C") (R, q), C(R)} is admissible for (3.3).

Sufficiency. Assume that the pair {CV(R,q),C(R)} is admissible for (3.3) and
let y(x), € R be a solution of (3.3) from the class C") (R, q). We have the equalities

(3.5) y(x) = (Ty)(z) = (Gg)(z), zeR,

where

()" AT A(gy)l(z), zEeR

NE

(3.6) g(z) = (B + A)7' f](x) +

n=1

(see (3.1)). Using (2.16) and (3.4), we conclude that g € C(R):

=1
(3.7) lglle® < clfllew + FHA(QZJ)”C([R) < ol fllew) + cllyllem)

n=1

< ol fllew)-

Thus, y € D(L) (see Lemma 2.4). Repeating the arguments from the necessity part
of the proof in reverse order, we obtain that y € CV)(R,q) is a solution of (1.1).
Moreover, the solution of (1.1) is unique in the class C(Y)(R, ¢). Indeed, otherwise
the equation

(3.8) —2'(x) +q(x)z(x —p(z)) =0, z€R

has a solution z € C(M(R,q) which does not vanish for all + € R; and since
CO(R,q) — C(R) (see (1.3), (1.4)), z € C(R). Now, passing from the equation (3.8)
to equation (3.3) with f = 0, and repeating the argument given in the necessity part
of the proof, we get

z(x) = (Kz)(z), z€R

(see (2.18), (3.1)).
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From this and (2.19) it follows that

lzllem® < IKlle@—cmlzllem < allzllew) < lzllom),

so we have reached a contradiction. Thus, (1.1) has a unique solution in the class
CMW(R, q). This solution satisfies inequality (3.4) since it is a solution of (3.3) from
the class C(Y)(R, ¢). The lemma is proved. O

Now we can complete the proof of the theorem. Since T: C(R) — C(R) is a con-
traction, equation (3.3) has a unique solution y € C(R). Furthermore, it holds that
(see (2.19), (3.1)):

IGE+A) Hew—om - Iflew + 1Klle®—or - 1ylew

lyllom) <
<l fllew) + allyllom)s

which yields

(3.9) lyllew) < cllfllew-

By (3.5), (3.6), (3.7), (3.9) and (2.12), we have:

(3.10) y(z) = (L7 'g)(x), z€R, |glcw <dlflcm-

Now from (3.10), Lemma 2.3 and (2.3), we get that y € D(L), and then Lemmas 2.3
and 2.4 (see (2.12), (2.8) and (2.7)) imply that y € C)(R, q), and estimates (3.4)
and (2.7) coincide. Furthermore, since y € D(L) N C)(R, q), arguing as in the
sufficiency part of the proof of Lemma 3.2, we conclude that y is a unique solution
of (3.3) in the class C(Y(R,q). Hence, the pair {C(V(R,q), C(R)} is admissible
for (3.3). Now Theorem 1.2 follows from Lemma 3.2. O

4. EXAMPLE
Let us consider equation (1.1) with
(4.1) q(x) = 2el*l + el*lsin(e?®l),  z e R, a > 0.

Using Theorem 1.2, we will show that if the continuous function ¢(x) on R satisfies
the inequalities:

(4.2) 0< o) <Be 2 zeR, §=001,
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then the pair {C(R,q), C(R)} is admissible for (1.1) in the case where the func-
tion g(x) is given by (4.1).

In order to use Theorem 1.2, we check that conditions (1.7), (1.8) are satisfied:
(1) Let |t —z| <1, z € R. Then

q(t)  2eltl 4 eltl
q(z) = 2elel — elzl

— 3eltl=lz] < 3elt—=l < 3e,

and Il Il
¢ ¢
qt) o 20—t Ly Lopeay L
q(z) = 2elzl felzl 7 3 3° 3e’
Thus, condition (1.7) holds with a = 3e.
(2) Since

qQ(x) < (36\;5\)2 — 962|x|
(see (4.1)), we assume that the continuous function p(z), x € R, satisfies the
inequalities
(4.3) 0 < p(x) < Be 22l zeR, B>0.

Here 8 has to be chosen so that condition (1.8) is satisfied. Since

o = sup(p(z)¢?(z)) < sup e 2171 9?7l = 93,
z€R zER

we have the following condition for choosing the value of 3:
ola+1)=0Be+1)<98(Be+1) <1,

whence
1

93e+1)
It is easy to check that 0.01 < (.

Thus, by Theorem 1.2, the pair {CV(R, q), C(R)} is admissible for equation (1.1)
with g(x) given by (4.1), provided the function () satisfies condition (4.2).

B8 < = Bo.

Concluding remarks. We will try to solve an analogous problem for equations

of the form
(=)"y" (2) + q(2)y(z — ¢(x)) = f(x), z€R,

(—1)"y @+ (@) + q(z)y(z — (@) = f(x), weR

in our forthcoming works.
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