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Abstract. We consider the problem of reconstructing an n xn cell matrix D(Z) constructed
from a vector & = (z1, 2, ...,n) of positive real numbers, from a given set of spectral data.
In addition, we show that the spectra of cell matrices D(Z) and D (7 (%)) are the same for
every permutation m € Sp,.
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1. INTRODUCTION

An inverse eigenvalue problem (IEP) concerns the reconstruction of a matrix from
given spectral data (see [2]). Usually, there are some specific applications of IEP such
as system and control theory, system identification, seismic tomography, principal
component analysis, exploration and remote sensing, antenna array processing, geo-
physics, molecular spectroscopy, particle physics, structure analysis, circuit theory,
mechanical system simulation, etc. (see [1]). The objective of an inverse eigenvalue
problem is to construct matrices that maintain the specific structure as well as the
given spectral property (see [2]). There are many investigations about the inverse
eigenvalue problem of matrices. For instance, an inverse eigenvalue problem for
symmetric and normal matrices was studied by Radwan in [7]. An inverse eigen-
value problem for Jacobi matrices was studied by Wang and Zhong in [10]. Also
a solution of the inverse eigenvalue problem of certain singular Hermitian matrices
was studied by Gyamfi in [3]. Recently, in 2014 Nazari and Mahdinasab worked on
the inverse eigenvalue problem of distance matrices by using the orthogonal matri-
ces technique and they constructed Euclidean distance matrices with the eigenvalue
list (see [6]). They provided a new method for construction of distance matrices
and also added some conditions so that they could get regular spherical matrices
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having the given eigenvalues. They even considered providing a new algorithm for
reconstructing distance matrices which are regular spherical matrices, however, they
did not consider providing an algorithm for reconstructing cell matrices yet. Since
the structure of cell matrices is much simpler than that of Euclidean distance ma-
trices, it is theoretically interesting to find the inverse eigenvalue problem on cell

matrices.

Cell matrices were first introduced by Jacklic and Modic in 2010 (see [4]), they are
a special case of Euclidean distance matrices. In 2014, Tarazaga and Kurata studied
the set of cell matrices and its relationship with the cone of positive semidefinite
diagonal matrices (see [9]). Recently in 2015, Kurata and Tarazaga considered the
problem of finding cell matrices that are closest to given Euclidean distance matrices
with respect to the Frobenius norm (see [5]). They also discussed the majorization
ordering of the eigenvalues of cell matrices.

In this study, we deal with the inverse eigenvalue problem on cell matrices for
some lists of spectra in which we use elementary matrices to find the spectra of
matrices. We consider the reconstruction of n x n cell matrices with the given set of
at most 2k distinct eigenvalues in which we are free to choose k distinct eigenvalues.
We also show that the spectra of cell matrices D(7(Z)) have the same spectra as cell
matrices D(Z) for any 7 € S,,.

2. PRELIMINARY

An nxnmatrix D = (d;;) is said to be a Euclidean distance matriz (EDM) if there
exist x1, T2, ..., T, in some Euclidean space R" (r < n), such that d;; = ||z; — ;|3
for all i,5 = 1,2,...,n, where ||-|| is the Euclidean norm. The following properties
immediately hold according to the definition of EDM:

(1) D is a nonnegative matrix: d;; > 0 for all ¢,j =1,2,...,n,
(2) D is a symmetric matrix: d;; =dj; for all 4,5 =1,...,n,
(3) all diagonal elements are zero: d;; =0 for all i =1,...,n.

These matrices were introduced by Menger in 1928, later they were studied by
Schoenberg (see [8]), when studying positive definite functions, and have received
considerable attention. They are used in applications in geodesy, economics, genetics,
psychology, biochemistry, engineering etc. (see [6]). A Euclidean distance matrix D
is said to be spherical if the construction points of D lie on a hypersphere, otherwise,
it is said to be non-spherical. Moreover, a spherical Euclidean distance matrix D is
regular if the constructive points for D lie on a hypersphere whose center coincides
with the centroid of those points.
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Let & = (x;), i = 1,2,...,n be a vector of real numbers and Z > 0. A cell matriz
D € R™ " associated with Z, denoted by D(Z), is defined as

D@, ={ LIk
xT))ii =
T \wi+y it

It is well known that cell matrices are Euclidean distance matrices (see [9]). Fur-
thermore, they are spherical EDM but need not be regular spherical EDM. According
to [4] the determinants of principal sub-matrices of cell matrices D(Z) have the fol-
lowing form:

i j—1 L 2 i
det DO = (—1)i_12i_2<4(i 1)+ M) I .

j=11=1

where D@ := D(1 : 4,1 : 4), i = 1,2,...,n, are principal sub-matrices of a cell
matrix. Also, each cell matrix has exactly one positive eigenvalue, the rest of the
eigenvalues are negative (see [4]).

We denote the spectrum of a square matrix A by o(A) which is the set of all
eigenvalues of A. To determine the spectra of matrices, we can use elementary
matrices to simplify it. Throughout this investigation, we use two types of elementary
matrices E:

(1) E =W,j, the row swapping (R; > R;) matrix (so ng = W),
(2) E = 8;;(\), the row sum (R; — R; + AR;) matrix (so Si;l(/\) = Si;i(=A).

It is well known that

a(D(¥)) = o(ED()E™")

for any elementary matrix E. Also, for the case of block matrices having the form

X Y
A =
(0 ),
where X, Z are square matrices and O is the zero matrix, we have o(4) =
o(X)Uo(Z). In particular, if we can express the ED(F)E~! as the upper or

lower triangular matrix then the entries on the main diagonal are the eigenvalues of
the matrix.
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3. A CONSTRUCTION OF CELL MATRICES WITH k DISTINCT VARIABLES

We first consider the inverse eigenvalue problem for 3 x 3 cell matrices. To do this,
it is necessary to concentrate only on the list of spectra with zero sum since their
traces are all zero.

Proposition 3.1. Let 0 = {A1, 2, A3} C R with Ay 2 0 > A3 > A2 and A\ +
A2 + A3 = 0. Then o is the spectrum of the cell matrix, D(@), constructed by

@ = (\/3Adel = 32l 3Pl 31al)-

Proof. Let @ = (a1,a2,as), where a; are positive real numbers. The explicit
form of the cell matrix D(@) is given by

0 a1 +as a1+ as
D(C_i) = a1 + a2 0 az + as
a1 +az ag+as 0

So, its characteristic polynomial is
AL (D(@) = 2° = (a® + B2 +9*)x — 2007,

where o = a1 + a2, B = a1 + a3 and v = as + as. If we require o to be the spectrum
of D(a@), then

AL(D(@)) = 2% — (A1 + X2+ X3)2% + (M da + A3 4 Ao d3)z — A dos.

By comparing the coefficients of the polynomial A, (D(a)) and by using the assump-
tion that A1 + A2 + A3 = 0, we conclude that

A+ 24+ =22 - XAz and 2087 = A\ do)s.

Now, we choose v = |A3|, so v > 0. Then

A1 Aed3 Ao
0 |3

203 = —A1 )2,

and thus

2+ B2 =22 = Xds =2 =22 = Xods — A2 = (A1 — A3)(AL 4+ As) — Aods
= ()\1 — )\3)(—>\2) - )\2)\3 = —>\1>\2 = 20&6.
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This implies that o = 8, which means a; + a2 = a1 + a3 and hence ay = az. This
also implies that 202 = —A; Ay and hence o = \/%|)\1)\2| = (3. Then

[A1 2] 2a0 astaz v |Ag]
=== d ag="=—"——_=_1=-I3 5,
aq 5 as an as 5 9 9 5 >

Since [Az| = min{|A1], [Az], [As]},

Al A
a; = 5 ) > 0.

Therefore the cell matrix D(&@) constructed from @ = (a1, az, az) has the spectrum o.
O

For example, if 0 = {—1, —2, 3}, then

0 V3 V3
D@=\{v3 0 1
V3 1 0
is a cell matrix with the given spectrum o. It seems complicated to investigate the
inverse eigenvalue problem in this way, even for 4 x 4 matrices. However, we have
some observations on the reduction of the problem on cell matrices having a block
form.
Here, we present a sufficient condition for the reconstruction of n x n cell matrices
with the given set of at most 2k distinct eigenvalues in which we are free to choose k
distinct eigenvalues.

Theorem 3.2. Let § = {/\1, D U YD VAR VATE TRV, VATIS IARRPIND DY SRS ,)\Qk} be
a subset of real numbers in which A\g41, ..., Aok have multiplicities I1 — 1,...,1; — 1,
respectively, where l; + ...+ Iy =n and l; > 1 fori = 1,2,... k. If elements of S
satisfy
(1) Ay >0and Mg, Azy ooy Ay ooy Mg <0,
(2) A1, Ag,..., A\ are the roots of the characteristic polynomial of the k x k matrix
D) (F) with

- (lmji1 — 1)Qap—jy1)  ifi=4,
(DW/(&));; = o
le—jt1(Th—ji1 + Th—iv1) if 1 # J,

where x; = —%)\kﬂ' for i = 1,2,...,k then there is a cell matrix D(Z) such
that o(D(Z)) = S. Explicitly, D(Z) can be reconstructed from the vector

L ( A1 Akl Akt Akt2 Aok >\2k)
= (- ey — ,— ey — e, e, .
2 2 2 2 2 2
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Proof. We construct D(Z) from the vector ¥ given in the theorem. Denote
by 1,,xn the m x n matrix whose entries are all 1 and x; := _%)\kJri for each
i =1,2,...,k. Then, D(Z) is a block matrix whose (s,t) block is given by I, x I;

matrix

Dot — (s + )15, ifs#t,
2$s(1lsxlt - Ils) ifs=t
for1 <s,t<k.
For the first step, we use row sums and column sums on the rows n,n —1,...,
n — Iy + 2 by the row n — [ + 1 := ji; namely, we calculate

Sn—tit2,5 (=1) - Sn1,i (1) 5, (1) D(T)
Spi (DS S (=18 (=),
Then Dl(_’)
xr ES
D T) ~
@) { 0 D(Azk)]’

where D(Xox) = diag(Mag, ..., A2x) and
—————

l—1
Dll D12 o Dl(k—l) 771k
D12 D22 D2(k71) 172]9
Di@)=| : S : :
pik-1)  p2k-1)  pE=1)(k-1) ety
’U_}Erk ’U_}’;rk ce 11—)»’(1;671)(16) (lk - 1)(23%)
in which @, = (Ip(z; + k), k(z; +21))T and Wy = (2 + 2k, 2 + 25) L.

Next, we swap the row jr with the row n — Iy — lx_1 + 1 := ji_1 of D'(Z); namely,

we calculate
1/ >
ij:jk—lD (x)ijJk—r

Then DY (%) ~ D'(Z), where

r pil D12 L Dl(k72) D1 Dl(kfl) b
D21 D22 L D2(k72) Tope D2(k71)
1 : : - : : :
D(T) DIk=2)  p2k-2)  pk-2)(k-2) o2k Dk=2)(k—1)
u_;lTk wZTk s wa—Q)k (le — 1)(23%) wa—l)k
_Dl(k—l) DQ(k—l) o D(k—2)(k—1) U(kfl)k D(k—l)(k—l) ]
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For the second step, we use row sums and column sums on the row ji,jx —1,...,
Jk—1+3,7k_1 + 2 by the row j,_1 + 1 on the matrix D'!(&), namely, we calculate

Sjer 2,0 +1(=1)S5 4350 +1(=1) o Si 111 (1S g 11 (1) DY (E)
—1
(_1)Sjk—1+27jk—1+1(_1)'

-1 -1 -1
Sjlmjk—l"l‘l(_1)Sjk_1ajk—1+1(_1) te Sjk—1+3ajk—1+1
Then 9/ =
Dll(f) ~ D (CL‘) *
0 D(Aog—1)
where D(A\gg—1) = diag(Aak—1,..., A2k—1) and
lp_1—1
r pil D12 Dl(k72) Tik Ul(kfl)
D12 D22 D2(k72) Tope UQ(k—l)
D2 (f) _ : . .
DLk=2)  p2(k-2) D(k—2)(k—2) ko) Th2)(b-1)
u—j’lI‘k 1172Tk . U_)'r(l;v_Q)k (lk — 1)(2:5]9) lkfl(xkfl + xk)
_U_j;r(kfl) wQT(kfl) U_}?;cfg)(kfl) Uk (l‘k—l + xk) (lk—l - 1)(21%—1)_
in which
Tik—1) = (h—1(@i + 2p—1), .o, o1 (25 + 23-1))

l;

and
T
Tyt xk,l) .

Wik—1) = (L5 + Tp—1,..
l;

Next, we swap the row I1 + ...+ lx—3 + 1 = jr_o with the row jiy_1 and swap the

row jip—2 + 1 with the row ji_; + 1; namely, we calculate

2/
ij—2+17jk—1+1ij—2;jk—1D (x)ij—2;jk—1 ij—2+1,jk—1+1'

Then D?(Z) ~ D?2(Z), where D??(%) is the matrix

r pu D12 Dl(k—B) ﬁlk Ul(kfl) Dl(k—2) 7
D12 D22 D2(k—3) 772k *2(1671) D2(k—2)
DLk=3) p2(k=3)  p(k=3)(k-3) ﬁ(k73)k U(kf?,)(kfl) D(k=3)(k—3)
W Wy - U_}?;v—3)k (I — D) (2xk) lg—1(zp—1 + k) u‘)’a_Q)k
IU}‘(k_l) IU;F(k_l) .. wa—B)(k—l) le(zr—1 + x) (k=1 —1)(225-1) wa_Q)(k_l)
_Dl(k—2) D2(k=2)  p(k=3)(k=3) 77(k72)k U(k72)(k71) D(k—2)(k—2) ]
1021



We continue the same process until the kth step, where we use row sums and
column sums on the row I;,l; — 1,...,3,2 by the row 1 on the matrix Dy_; :=
D(E=D(=1))(#) namely, we calculate

S2.1(—1)S5,1(—1)... 51171,1(—1)511,1(—1)D(k_1)
35,11(—1)31_1!,1(—1) S5 (1S5 {(=1).

Then Dk(*)
Z *
Dy—q ~ )
0 D(s1)
where D(A\g+1) = diag(Ak41,- .5 Aky1) and
—— —
-1
[ (e —1)2xk)  le—1(zp—1 + k) ... lo(ma+mk) (w1 +2r) ]
l(rp—1 + o) (k1 — 1) 2ap—1) ... la(z2 +2p—1) (21 +28-1)
" le(xp—2 + z1) lom1(@p—2+2p—1) ... la(xe +2p—2) Li(z1 + T—2)
D¥(¥) = . . .
lk({EQ + {Ek) lk,1($2 + xk,l) . (12 — 1)(21’2) ll({El + :L'Q)
L k(zr +2r)  beea(@r+ap-1) oo (e 4x2)  (h—1)2%1) ] s
If A1, A2,...,Ax are the roots of the characteristic polynomial of the matrix
D) (&), then D(Z) is a cell matrix with the given spectrum S. O

By this theorem, we can select a set of eigenvalues which is the spectrum of a cell
matrix as follows. First, we are free to pick any distinct k negative real numbers,
say, Ak+1,- .-, A2k, with multiplicities [y — 1,..., [ — 1, respectively, where [; > 2 for
each ¢ = 1,...,k. Next, we calculate the eigenvalues (say A1,...,A;) of the k x k
matrix D) () defined in the theorem. Then the set

S:{>\17"'7>\k7>\k+17"'7>\k+17"'7>\2k;~"a>\2k}

1—1 lp—1

will be the spectrum of the cell matrix D(Z) of size n = I3 + ...+ I, which is bigger
than or equal to 2k.
In particular, when k£ = 1, we have:

Corollary 3.3. Let n be a positive integer and \ a positive real number. If

S ={(n—1A -\ —A,...,—\},
| S —
n—1
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then there is an n X n cell matrix D(Z) with o(D(Z)) = S. Precisely, D(Z) is
constructed from the vector ¥ = (%)\, %)\, ey %)\), which is the distance matrix with
—_——

n
constant values \ for every off diagonal entry.

Also, when k = 2 we have:

Corollary 3.4. If S = {1, A2, A3, A3, ..., A3, Mg, A, oo, Aa} with 3 + 12 = n and
l1,1ly > 0 satisfies: -1 o1
(1) A1 > 0 and )\2,)\3,)\4 <0,
(2)
A= [l = 1) (=523) + (l2 = 1)(=5 )]
/(= 2) + 1)(=328)2 + 50— Ddsha + (12 — nly +2) + 2 + 1)(~EA0)2,

(3)
Ao = [(l1 = 1)(=3X3) + (I2 — 1)(=3\)]

—\/(11(n = 2) +1)(=323)2 + 3(n = DAsAa + (0% — n(l +2) + 20 + 1) (=3A4)?,

then there is a cell matrix D(Z) such that o(D(Z)) = S. Explicitly, D(Z) can be
reconstructed from the vector

2a_?7"'7_2a_77_7a"'a 2

I l2

f:(_ﬁ Az Az A Mg _ﬁ).

Proof. By Theorem 3.2, for the case k = 2, we have

—(la—=1)A (M3 + A
Dg(f)_[ 1(2 )4 511 (A3 + 4)]
—5la(A3 4+ A1) —(l1 = 1)A3
So, o(D?(%)) = {A1, A2} O
For example, if we choose \3 = —2, \y = —4 and [; = 5, [ = 6, then we compute

by Corollary 3.4 that \; = 14 4+ /306 and Ay = 14 — +/306. Then,
o= {14+ V306,14 — V306, -2, -2, -2, -2, -4, -4, —4, -4, -4}
is the spectrum of the 11 x 11 cell matrix constructed from the vector

F=(1,1,1,1,1,2,2,2,2,2,2).
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Precisely,

002 2 2 2 33 3 3 3 3]
2 022233333 3
2 202233333 3
2 220233333 3
2 222033333 3
D@@)=1[3 333304 4 4 4 4
33333404444
33333440 44 4
33333444044
3333344440 4
33 333 44444 0],

is a cell matrix with the spectrum o.

Example 3.5. We construct a cell matrix of order 13 by using Theorem 3.2.
Here, we choose \y = —2, \s = —3, A\¢ = —5 and choose |1 = 4, I3 =4, [3 =5. Then
the eigenvalues of D) () are 20 + /511, 20 — /511 and —5. So

o= {20+ V511,20 — V511, -5, -2, -2, -2, -3, -3, -3, -5, =5, =5, -5}

satisfies the conditions of Theorem 3.2. Thus we may construct the cell matrix from

the vector
R (REEERERES XXX )1

In fact,
o222 3 333 %% % % %
2022333333333
2202333333333
2220333337313 7%%
53 5 5 0 3 3 3 4 4 4 4 4
53 5 5 30 3 3 4 4 4 4 4

D@ =2 2 2 %2 33 0 3 4 4 4 4 4

33 5 5 33 3 0 4 4 4 4 4
T I I 1 444405555
T I I I 444450555
T I I I 444455055
T I I I 444455505
E A A I

is a cell matrix with the spectrum o.
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Note that the k x k matrix D®)(Z) in Theorem 3.2 is a positive real matrix which
may not be symmetric matrix depending on [;’s and Agi;’s. However, since its
spectrum is {\1,...,Ax} which is a subset of the spectrum of the cell matrix D(Z)
with A\; > 0, it always holds that the spectrum of D) (Z) must be a subset of real
numbers with only one positive eigenvalue A; satisfying A1 > |A2| + ... + | Akl

4. INVARIANCE OF THE SPECTRUM

For a vector ¥ = (z1,22,...,2,) € R™ and a permutation 7 € S,,, we denote
by 7(Z) the vector (zr(1), Tx(2) -+ Tr(n))-
Lemma 4.1. Let D(Z) be the cell matrix constructed from & = (x1,x2,...,%y).

Let m; = (I, k) for some distinct I,k € {1,2,...,n}, be a transposition in S,,. If P is
the permutation matrix corresponding to 71, then PD(m(Z))P = D(Z).

Proof. Since 7 is a transposition (I, k),
x;  ifi £k,
(7‘(’1 (f))z = x] ifi = k?,

Note also that PD(m(Z))P is the matrix obtained from D(m (%)) by swapping the
lth row with the kth row and the /th column with the kth column. Then, we can
list the entries of D(Z), D(m1(Z)) and P(D(71(Z)))P as in the table below:

(i, 7) Dij = (D(Z))ij Dij = (D(mi(%)))i;  (PDP)y
1=173 0 0 0
i=1l,j=k T+ Tk T + T ﬁklle—i—xk
i=k j=1 T+ T T+ Tk ﬁlk:J?k‘Fl‘l
1¢{l,k},j=k T; + Tk x; + xg ﬁil:xi—l—xk
1¢{l,k},j=1 x; + a7 T + X ﬁik:xi—kxl
i=1j¢{l,k} T+ x5 T+ ﬁkaxl+xj
i=k, jé¢{l,k} T+ T T +x ﬁljzxk+xj
i,7 ¢ {l,k} T + @5 z; +2; f)ij:xi—i—xj
Hence PD(m1(Z))P = D(Z). O
Theorem 4.2. Let D(Z) be an n x n cell matrix with & = (21, 22,...,2,). If

7w € Sy, then D(Z) and D(n(Z)) have the same spectrum.

1025



Proof. Let m € S,. Note that m can be written as a composition of transposi-
tions in S, say,

T =TmOTMTm-19...071,

where ; is a transposition in S,, for each i = 1,2,...,m. We denote #; = m;(Z;—1)
fori =1,2,...,m, and & = & So, &, = 7(Z). Let P, be the permutation matrix
corresponding to the transposition 7;. By Lemma 4.1, we have

Pi(D(mi(Zi-1))) P = D(&i-1).
Since P! = P;, we have that D(m;(%;_1)) is similar to D(;_;). Hence

o(D(mi(%i-1))) = o(D(Zi-1))

for each i = 1,2,..., m. Therefore
o(D(r(%))) = o(D(Zm)) = o(D(Tm-1)) = ... = o(D(Zy)) = o(D(T)).
Hence o(D(n(Z))) = o(D(X)). O

It is well known that a permutation of rows or columns of a matrix does effect the
spectrum of the matrix, e.g., o(A4) No(B) = (), where

A:12andB:21.
3 4 4 3

However, by Theorem 4.2, some permutations of elements in the cell matrix D(Z)
based on any swapping of elements in # do not effect the spectrum of D(Z). For
example, if & = (1,2,3,4,5,6,7) and 7 = (14)(25)(376) € Sr, then n(Z¥) =
(4,5,7,1,2,3,6). Hence, the cell matrices D(Z) and D(w (%)) have the same spectrum

03 4 5 6 7 8
305 6 7 8 9
45 0 7 8 9 10
D@=|56 7 0 9 10 11|,
6 7 8 9 0 11 12
78 9 10 11 0 13
8 9 10 11 12 13 0
0 9 11 5 6 10
9 0 12 6 7 8 11
11 12 0 8 9 10 13
Dr(Z)=|5 6 8 03 4 7
6 7 9 30 5 8
7 8 1045 0 9
10 11 13 7 8 9 0
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