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KYBERNETIKA — VOLUME 55 (2019), NUMBER 3, PAGES 472-494

EXTENSIONS OF FUZZY CONNECTIVES ON ACDL

Hur Liu AND BIN ZHAO

The main goal of this paper is to construct fuzzy connectives on algebraic completely dis-
tributive lattice(ACDL) by means of extending fuzzy connectives on the set of completely
join-prime elements or on the set of completely meet-prime elements, and discuss some prop-
erties of the new fuzzy connectives. Firstly, we present the methods to construct t-norms,
t-conorms, fuzzy negations valued on ACDL and discuss whether De Morgan triple will be
kept. Then we put forward two ways to extend fuzzy implications and also make a study on
the behaviors of R-implication and reciprocal implication. Finally, we construct two classes of
infinitely \/-distributive uninorms and infinitely A-distributive uninorms.
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Classification: 06D10, 03E72, 03B52

1. INTRODUCTION

Fuzzy logic has awakened the interest and curiosity of innumerable researchers in a
variety of scientific areas due to its broad scope and the fact that it provides a good
framework for constructing models which better approach reality. Emerging from the
important work “Fuzzy Sets Theory” proposed by Zadeh in 1965, fuzzy logic typically
considers for membership degree valued in the unit interval [0, 1], but in modern fuzzy
logic, lattices are used to range these degrees due to the close connections between fuzzy
set theory and order theory. Since fuzzy connectives, such as conjunction, disjunction,
negation and implication, play a significant role in the application of fuzzy logic, these
connectives valued on lattices have been considered [2, [7} [9] 12| 17, 19] 20].

When there is a need to aggregate a large number of data in a given system with
a single output, lattice-valued aggregation functions can be considered. Three classes
of important lattice-valued aggregation functions are t-norms, t-conorms and uninorms.
Uninorms were introduced as a generalization of both triangular norms and triangular
conorms. Uninorm allows for a neutral element lying anywhere in the lattice rather
than at the top element or the bottom element. Recently, Karagal et al. studied the
uninorms on bounded lattice and gave their characterizations in [I0 [II]. Some other
studies related to uninorms can also be found in [3H5] §].

Various constructions of fuzzy connectives with certain definitions or by transforma-
tions from known functions generate important examples and classes of fuzzy connec-
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tives. Particularly, fuzzy connectives are functions, then, if M is a subset of the bounded
lattice L, it is reasonable to consider that under what conditions can fuzzy connectives
defined on M be extended to L? The pioneer work in this framework was started by
Saminger-Platz et al. who provided a method to extend t-norms from a complete sub-
lattice M to a bounded lattice L in [I§]. Then Palmeira and Bedregal [14] [I5] gave
extensions of t-norms (t-conorms, negations and fuzzy implications) via retractions. In
2014, Palmeira et al. [I6] presented a way to extend fuzzy connectives by means of a
special mapping named e-operator. Recently, based on the theory that every element
of a finite distributive lattice has a unique irredundant V-decomposition and a unique
irredundant A-decomposition, Yilmaz and Kazanc [21] constructed t-norm(t-conorm)
from a given behavior on the set of V-irreducible elements(A-irreducible elements) in the
finite distributive lattice.

However, [21I] only gave the constructions of t-norms and t-conorms on finite dis-
tributive lattices. What about the infinite cases? And what properties will the new
t-norms have? Whether we can construct any other fuzzy connectives? The main idea
of [21] is to construct t-norm on a finite distributive lattice from a given t-norm on the
set of V—irreducible elements. In a finite distributive lattice L, the set of V—irreducible
elements is join-dense in L, and the property of V—irreducible element can be cleverly
applied to prove the associativity of the new t-norm. While for an infinite distributive
lattice L, even if the set of V—irreducible elements is join-dense in L, the associativity
can not be obtained. That is to say, V—irreducible element is no longer appropriate
for the infinite cases. Fortunately, we discover that completely join-prime element is
effective to prove the law of associativity, and the V—irreducible element is exactly the
completely join-prime element in a finite distributive lattice. So we consider to use com-
pletely join-prime element to deal with the infinite cases. For an algebraic completely
distributive lattice L, the set of completely join-prime elements is actually its join-dense
subset, and it is exactly a finite distributive lattice when L is finite. Therefore, algebraic
completely distributive lattice (ACDL) is the key for us to solve all the problems.

We begin in Section 2 with a specific formalization of the main concepts used through-
out the paper such as algebraic completely distributive lattice (ACDL), t-norm, fuzzy
implication, uninorm and so on. Inspired by the idea in [21], Section 3 is devoted to the
study of completely join-prime element (completely meet-prime element) and the pre-
sentation of the approaches to extending t-norms, t-conorms and negations. Especially,
the properties of De Morgan triple are discussed. Within the framework of extension, in
Section 4 we extend fuzzy implications and make a study on the behaviors of two special
classes of fuzzy implications, namely, R-implication and reciprocal implication. Finally,
in Section 5, we pay our attention to the discussion about the extension methods for
lattice-valued uninorms.

2. PRELIMINARIES

In this section, we will present and discuss some main concepts and results we are leading
in this work which constitute the framework of our studies. For a further reading about
such concepts, we recommend |1} [6] [8] [1T], T3HI5].

Given any ordered set P we can form a new ordered set P?(the dual of P) by defining
x < y to hold in P? if and only if y < 2 holds in P. We consider a lattice to be an
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ordered structure (L, <) in which for every two-element subset {z,y} there exists the
greatest lower bound or “meet” denoted by x A y and the least upper bound or “join”
denoted by x V y. A lattice is complete if for every subset there exist the meet and
the join. A lattice which possesses the smallest (the bottom) and the greatest (the top)
element, 0 and 1, respectively is bounded. Given an arbitrary subset A of a lattice L
and x € L, we define | A={y e L| (3x € Ay <z}, L =] {z}.

Definition 2.1. (Davey and Priestley [6]) Let P be an ordered set and let =,y € P.
We say x is covered by y (or y covers ), and write z < y or y > z, if z < y and
x < z <y implies z = z.

Definition 2.2. (Davey and Priestley [6]) Let P be an ordered set and let Q C P.
Then @ is called join-dense in P if for every element a € P there is a subset A of () such
that a = \/p A. The dual of join-dense is meet-dense.

Theorem 2.3. (Davey and Priestley [6]) Let L be a complete lattice and @ C L, then
Q is join-dense in L if and only if a = \/, (l aN Q) for all a € L.

Definition 2.4. (Davey and Priestley [6]) An element x of a complete lattice L is
called completely join-prime if for every subset S of L, x < \/.S implies that x < s for
some s € S; in particular, z # 0. Completely meet-prime is defined dually.

We denote the set of completely join-prime elements of L by 7,(L) and the set of
completely meet-prime elements of L by M,,(L).

Definition 2.5. (Davey and Priestley [6]) Let L be a complete lattice and k € L. k
is said to be compact if, for every subset S of L, k < \/ S = k < \/ T for some finite
subset T of S. The set of compact elements of L is denoted K(L).

Definition 2.6. (Davey and Priestley [6]) A complete lattice L is said to be algebraic
if, for each a € L,

a=\/{ke K(L)|k<a}.

Definition 2.7. (Davey and Priestley [6]) A complete lattice L is said to be completely
distributive if, for any doubly indexed subset {z;;}icr jes of L, we have

/\(\/ Tij) = \/ (/\ xia(i))v
el jeJ al—J iel
where « : I — J is a function.

It should be noted that a complete lattice is called algebraic completely distributive
lattice if it is algebraic and completely distributive. Moreover, in order to ascertain
further subject, we shall denote the algebraic completely distributive lattice by ACDL.

Definition 2.8. (Davey and Priestley [6]) A complete lattice L is said to satisfy the
Join-Infinite Distributive Law (JID) if, for any subset {y;};cs of L and any = € L,

x/\\/yjz \/x/\yj.
JjeJ jeJ

The dual condition is the Meet-Infinite Distributive Law (MID).
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Theorem 2.9. (Davey and Priestley [6]) Let L be a lattice. Then the following are
equivalent:

(1) L is distributive and both L and L? are algebraic;

(2) L is complete, L satisfies (JID) and the completely join-prime elements are join-
dense;

(3) L is complete, L satisfies (MID) and the completely meet-prime elements are meet-
dense;

(4) L is an ACDL.

Definition 2.10. (Palmeira and Bedregal [14]) Let (L, <,0,1) be a bounded poset.

(1) A triangular norm (i.e. t-norm) is a binary operation on L that is monotone,
commutative, associative and with neutral element 1.

(2) A triangular conorm (i.e. t-conorm) is a binary operation on L that is monotone,
commutative, associative and with neutral element 0.

The weakest t-norm and the strongest t-conorm, respectively, on a bounded poset L
are
min(x, y) ify=1orz=1,

Tp(z,y) = { 0 otherwise,

_ [ max(ey)  ify=0ora=0,
Sp(z,y) = { 1 otherwise.

Definition 2.11. (Palmeira and Bedregal [I4]) Let (L,<,0,1) be a bounded poset.
A mapping N : L — L is a fuzzy negation on L if the following properties are satisfied:
for all z,y € L,

(1) If 2 < y then N(y) < N(x),

(2) N(0)=1and N(1) =0.
Moreover, a fuzzy negation N is strong if it also satisfies the involution property, i.e.
N(N(z)) = x for each x € L.

The following are the weakest fuzzy negation and the strongest fuzzy negation, re-
spectively, on a bounded poset L:

1 ifx =0,
No(z) = { 0 otherwise,

0 ifx=1,
otherwise.

Definition 2.12. (Palmeira and Bedregal [14]) Let T be a t-norm, S be a t-conorm and
N be a fuzzy negation, all of which are defined on bounded poset L. A triple (T, S, N)
is a De Morgan triple if, for all ,y € L we have N(T(z,y)) = S(N(z),N(y)) and
N(S(z,y)) = T(N(z), N(y)).
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Definition 2.13. (Palmeira [I5]) Let (L, <,0,1) be a bounded poset. An implication
I on L is a hybrid monotonous (with decreasing first and increasing second partial
mapping) binary operation that satisfies the corner conditions: I(0,0) = I(1,1) =1 and
I(1,0) = 0.

Moreover, we define the following properties of fuzzy implication I:

LB) I(0,y) =1 for all y € L (left boundary condition);
RB) I(z,1) =1 for all x € L (right boundary condition);
IP) I(x,z) =1 for each x € L (identity principle);

(

(

(

(NP) I(1,y) =y for each y € L (left neutrality principle);

(LOP) V x,y € L, if < y then I(x,y) = 1 (left ordering property);
(

CP)Vz,ye L, I(x,y) = I(N(y), N(z)) with NV being a strong negation (contraposi-
tivity property);

(L-CP) V z,y € L, I(N(z),y) = I(N(y),z) with N being a strong negation (left con-
trapositivity law).

Definition 2.14. (Baczyriski and Jayaram [I]) Let S be a t-conorm and N be a fuzzy
negation. We say that the pair (S, N) satisfies the law of excluded middle if

S(N(z),xz)=1, «x€ L.

Definition 2.15. (Palmeira [I5]) Let (L,<,0,1) be a complete lattice. A function

=

I:L? — Lis called an R-implication if there exists a t-norm T such that for all 2,y € L

we have
I(z,y) = \/{t € L| T(x,t) < y}.
We denote this implication generated from a t-norm 7" by Ir.

Definition 2.16. (Palmeira [I5]) Let (L,<,0,1) be a bounded poset. If I is a fuzzy
implication and N is a fuzzy negation on L, then the function I : L? — L defined by
In(z,y) = I(N(y), N(x)) is a fuzzy implication on L and is called the N-reciprocal of
I. When N is strong, then I is called the reciprocal implication of I.

Definition 2.17. (Baczynski and Jayaram [I]) Let (L, <,0,1) be a bounded poset. If
I is a fuzzy implication on L, then the function Nj : L — L defined for each x € L by
Ni(x) = 1(x,0) is a fuzzy negation on L and is called the natural negation of I.

Definition 2.18. (Deschrijver [8]) Let (L, <,0,1) be a bounded poset. An associative,
commutative and increasing operation U : L? — L is called a uninorm if it has a neutral
element e € L, i.e. U(e,z) = x, for all x € L. Moreover, if U(0,1) = 0 then U is called
conjunctive uninorm; if U(0,1) = 1 then U is called disjunctive uninorm.

3. EXTENSION OF T-NORMS, T-CONORMS AND NEGATIONS

There is a close relationship between the structure of a lattice and the t-norms which can
be defined on the lattice. Inspired by the idea from part to whole, Yilmaz and Kazanci
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presented a method to construct new t-norms on finite distributive lattice from given
t-norms on the set of V-irreducible elements in [21] without discussing any properties.
While we find that this method is not only applicable to finite cases but also to some
infinite situations. The following example provides an illustration:

Example 3.1. Consider an ordinal sum L of lattices (L, <k,0,1x), k¥ € K, where
the index set K is an infinite bounded chain with top element 1x and bottom element
Ok such that Ly, [ Lk, is a singleton coinciding with Linin(k1 ko) and With Opax(k; ko)
and for each k € K, Ly = {0k, ag,bx, 11} is diamond lattice, i.e., Ly can be seen as
a horizontal sum of two chain {Ok,ax, 1} and {Ox,bg,1x}. Then L = (J,cx L, and
x < y whenever x € Ly,, y € Ly,, and either k1 < kg or k1 = ky = k and z < y.
Clearly, L is an infinite distributive lattice and a simple inference shows that the set
of V-irreducible elements is J(L) = (J,c x{ar,br}, which coincides with J (L) and is
join-dense in L. Concerning the set J*(L) = J (L) |J{0, 1}, it suffices to define t-norms
on it. Take any t-norm T on J*(L), by a simple inference, we can obtain that for all
z,y € L, T(x,y) = Veeqans- ) Voeuyn sy T'(ab) is a t-norm on L. That is to
say, the construction of Theorem 5.4 in [21] is applicable for this infinite lattice.

In fact, the lattice given in Example is an ACDL, and the set of V—irreducible
elements coincides with the set of completely join-prime elements. Not every ACDL has
the property that J (L) = J(L). The following is a counterexample:

Example 3.2. Let L = {1} {1 + L},en+ U{1 — L},en+. One can verify that L
is an ACDL, J(L) = L\ {0}, J,(L) = {1+ L},en+ U{l — 2},en+\1}. Obviously,
J(L) # T,(L).

Now we consider to construct new t-norm from a given t-norm defined on the set of
completely join-prime elements for every ACDL and discuss some related properties. As
we all know, t-norms should be defined on the bounded posets. That is to say, for an
ACDL L, if we want to define a t-norm on J, (L), it is necessary for J, (L) to have a top
element and a bottom element. By the definition of completely join-prime element, we
know that 0 is not a completely join-prime element. We have the following statements
about J,(L):

Proposition 3.3. Let L be an ACDL. If x € J,(L), then there exists a unique p € L
such that p < z.

Proof. Let z € J,(L), then  # 0. So there exists p € L such that p < z. Assume
p1 # p and p; < z, then it holds that x = pVp1, which leads to an obvious contradiction
with & € J,(L). Thus, there exists a unique p € L such that p < x. g

Proposition 3.4. Let L be an ACDL. If 7,(L) has a top element, then 1 € J,(L).

Proof. Let z be the top element of J,(L), then a < z for all a € J,(L). It follows

that \/ J,(L) < z. By Theorem and Theorem 1=V{ 1IN Tp(L) =V Tp(L).
Thus, z = 1. O

By Proposition if 1 ¢ J,(L), then J,(L) fails to have a top element. It can also
be explained by the following example:
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Example 3.5. Let L be the lattice in Example then J,(L) = Upcx{ar,br}-
Clearly, 1 ¢ J,(L) and J,(L) has neither a top element nor a bottom element.

In order to make up this situation, we put elements 0 and 1 into the set J,(L). Thus,
we present the following definition.

Definition 3.6. (Yilmaz and Kazanc [21]) The set J,(L)* = J,(L) {0, 1} is called
the extended set of completely join-prime elements of L.

Similarly, we can discuss the construction of t-conorm by means of completely meet-
prime elements, and all the dual statements hold for completely meet-prime elements.

Proposition 3.7. Let L be an ACDL. If © € M,,(L), then there exists a unique p € L
such that x < p.

Proof. It can be proved in a similar way as Proposition 3.3 O

Proposition 3.8. Let L be an ACDL. If M,(L) has a bottom element, then 0 €
My (L).

Proof. Analogously to Proposition [3.4 g

Definition 3.9. (Yilmaz and Kazanci [21]) The set M,,(L)* = M, (L) {0, 1} is called
the extended set of completely meet-prime elements of L.

Remark 3.10. When L is an ACDL, J,(L)* and M_(L)* are bounded posets, not
necessarily lattices.

Example 3.11. Let L be the lattice given in Example then J,(L)* = M,(L)* =
Urer{ar, b} U{0,1}. Take any ko € K \ {Ok, 1k}, because ag, and by, have no least
upper bound or greatest lower bound, ay, V by, and ay, A by, don’t exist. That is to say,
Jp(L)* and M, (L)* are not lattices.

Lemma 3.12. Let L be an ACDL. Then every element z of L has a representation as
z = \/n(x), where n(z) = {j € J,(L)* | j < z}.

Proof. For all x # 1, it holds that n(z) = {j € J,(L) | j < =} U {0}. We know from
Theorem that J,(L) is join-dense in L. So combined with Theorem it shows
that x =/, {j € Jp(L) | j < x} for all x € L. Thus, \/n(z) =V, zNTp(L)) =z If
@ =1, then V(1) = V({j € (L) | j <1} U{0,1}) = L. 0

Example 3.13. Let L be the lattice mentioned in Example [3.1] For any z € L,
if =1, then n(z) = n(1) = Jp(L)* = Upeg{ar, br} U{0,1};

if = ay, then n(z) = n(ar) = U, o {ai, b} U{0, ar};

if x = by, then n(z) = n(br) = U, <p{as, bi} U{0, br };

if 2 = O, then n(x) = n(0x) = U, {as, b} U{0}.

By a simple calculation, x = \/n(x) for all x € L.
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Theorem 3.14. Let L be an ACDL and 7' be a t-norm on J,(L)*. Then the binary
operation 1" on L defined by

Ty =\ \/ TGh

Jj€n(z) hen(y)

is a t-norm on L.

Proof. Clearly, T is well-defined.
(1) Forallx € L, T(z,1)=\/j € n(z) Vien) TG ) =V jepw TU D=V ey J=2
(2) By the commutativity of T, we can get that T is commutative.

(3) Let 2,9,z € L and y < 2, then 5(y) C 1(z). Thus, T(x,y) < T(z,z). That is to
say, T is monotone.

(4) Take any z,y, z € L.

If z(x,y) =1, then z = y = 1. Obviously, T(T(z,vy),z) = T(x,T(y, 2)).
If T(z,y) < 1, we have

T(T(x,y),2) =V V. T(pk)
pen(T(a.y)) ken(z)

= \/ \/ T k).

;DGTI(\/jEn(m) Vhen(y) T(j,h)) keEn(z)

Let p be an element of J,(L)* and p < V¢, 1) Vien(y) T'(J, h), then there exist j € n(z),
h € n(y) such that p < T(j,h). By the associativity of T, it holds that T(p, k) <
T(j,T(h,k)) for all k € n(z). Since T'(h,k) € n(T(y, z)), we have T(p, k) <
Vienw) Vaen@y.2) T0:a0) = T(z,T(y,2)). Similarly, it can be proved that T'(z,T(y, 2))
<T(T(x,y),z). That is, T(T(x,y),z) = T(x,T(y, 2)).
Thus, T is a t-norm on L. O
L

Cl:
ag bi
Ox
Fig. 1.

Example 3.15. Let L be the ordinal sum of lattices (Lx, <g, Ok, 1x), k € K, where the
index set K is an infinite bounded chain with top element 1x and bottom element Og
such that Ly, [ Ly, is a singleton coinciding with 1pin (s, k,) and with Opax(k, k,), and for
eachk € K, Ly = {O, ax, bg, cy, 11} is the lattice shown in Figure 1. Then L = {J; ¢ s Lx;,
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and x < y whenever x € Ly,, y € Ly,, and either k1 < kg or k1 = ko = k and = < y.
Clearly, L is a complete lattice and satisfies (JID), and J,,(L) = U g {Ok, a, br, 1 }\{0}
is join-dense in L. By Theorem L is an ACDL. It follows from Definition that
TIp(L)* = Upex {0k, ar, by, 1x}. Now, let kg € K \ {0k, 1k}, we define a t-norm on
Ip(L)* by

T("I} y) — Okfoa if ('/E) y) E {a'ko’ bk0}27
’ xz Ay, otherwise.

Thus, by Theorem [3.14]

T(x y) _ Oky » if (z,y) € {ako’bko’cko}zv
’ x Ay, otherwise,

is a t-norm on L.

1
Qoo I?L)OO
: b
az bo
ai by
0

Fig. 2.

Example 3.16. Consider the lattice L as shown in Figure 2. It is easy to check that L
is an ACDL. Let L1 = Ufle a, and T be a t-norm on Lq, then we can define a t-norm

on '~7p(L)* = {0, bi, 1} U(Ufzozl an) by

/ | T(z,y) ifzye L,
T (z,y) = { Ay otherwise.
Thus, by Theorem [3.14
T(.’L’,y) if z,y S Lla
T/(LU )_ T(ai,aj_l) ifx:ai,yzbj,i,j€N+,j22,
Y= T(aj—1,a;-1) Vb ifx=0b;,y=05i,j€ Ny, i,j>2,
TAY otherwise,

is a t-norm on L.
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Remark 3.17. The lattice L shown in Figure 3 is also an ACDL, and J (L)* =
{0, 13 UU,~; an) U(U,—; by). For any t-norm on J,(L)*, by Theorem we can
construct t-norm on L.

1

Fig. 3.

Dually, t-conorm can be constructed by means of completely meet-prime elements.
Lemma 3.18. Let L be an ACDL. Then every element x of L has a representation as
x = A\&(x), where {(x) = {h € M,(L)* | h > z}.

Proof. It can be proved with Lemma [3.12]in an analogous way. O

Theorem 3.19. Let L be an ACDL and S be a t-conorm on M,,(L)*. Then the binary
operation S on L defined by

Jj€&(x) he€(y)

is a t-conorm on L.

Proof. Analogously to Theorem [3.14] O
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After describing how to extend t-norms and t-conorms, a natural question that arises
is to discuss the De Morgan triple. To start with, we extend fuzzy negation.

Theorem 3.20. Let L be an ACDL and N be a fuzzy negation on J,(L)*. Then the
unary operation N on L defined by

N@) = A\ N()

JjEn(z)

is a fuzzy negation on L.

Proof. Obviously, N is well-defined.

(1) I—Et z,y EL and z <y, then 77(33) c 77(2!) Thus, {N(j)}jen(z) - {N(j)}jen(y)-
Hence, N(x) > N(y).

(2) N(0) = Ajeno) N() = N(0) = 1.

) N(1) = Ajenay N(G) = N(1) = 0.

Thus, N is a fuzzy negation on L. O

Theorem 3.21. Let L be an ACDL and N be a fuzzy negation on M, (L)*. Then the
unary operation N on L defined by

N(z)= \/ N(h)
heg(x)
is a fuzzy negation on L.
Proof. The proof is similar to that of Theorem [3.20 O

Example 3.22. Let L be the lattice in Example then jp(L)* = ./\/lp(L)*.

(1) If the fuzzy negation on M, (L)* is the weakest fuzzy negation, then by Theorem

and Theorem , we can get that N = N is the weakest fuzzy negation
on L.

2) Let kg € K\ {0k, 1k}, we define a fuzzy negation on M, (L)* by
P

1 if u < Og,,
0 otherwise,

N = {
then N and N can be given as follows: for all x € L,

~ 1 ifx <0,
N(z) = { 0 otherwise,

~ _ 1 if o < O,
N(z) = { 0 otherwise.

Clearly, N # N.
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From the above example, we know that N can be different from N even if Tp(L)* =
M, (L)* and they have the same N on J,(L)*.

While discussing De Morgan triple (T, S, N), every operation should be defined on
the same bounded poset. Determined by the ways we construct T and S, it is necessary
to consider whether J,(L)* = M, (L)* holds for an ACDL L.

Example 3.23.

(1) Consider the lattice L in Example then J,(L)* = Upe {0k, @k, bi, 1i}. It can
be checked that M, (L)* = U,cx1ak, bk, cx } U{0,1}. Clearly, J,(L)* # M, (L)*.

(2) Let L be the lattice in Example [3.16 then J (L)* = {0,b1,1}U(U,—; an). By
Definition [3.9) M (L)* = {0, aso, 1} U(U,—1 bn). Thus, Jp(L)* # M,(L)*.

We know from Example that not every ACDL satisfies J,(L)* = M,(L)*. So it
is important to discuss when such a condition in fact works.

Proposition 3.24. Let L be an ACDL. Then the following statements are equivalent:
(1) Jp(L)" = My(L)":
(2)¥aeL\{0,1},
a=\{reL|z<a}ifandonlyifa=A{z € L]|z>a}.

Proof. (1)=(2)Foralla € L\{0,1},ifa=\{z € L | x < a}, thena ¢ J,(L)*, that
is a ¢ M,(L)*. Since L is an ACDL, we have a = A(T a(\M,p(L)) = A{t € M,(L) |
t>a} = A{t € L|t>a}. Similarly, the left part can be proved.

(2) = (1) Let . € J,(L) \ {1}. We will show 2 € M,(L)\{0}. In fact, z # 0 and = # 1,
and for every subset {x;}icr C L, if 2 > A\,.; @4, then 2 = 2V (A, i) = N\, p(xVay).
Suppose z # w; for all i € I, then © < x; or z || ;. It follows that xVx; > x for all i € I.
Thus, x = A\;c;(xVar;) = A{t € L |t > x}. By assumption, z = \/{t € L [t < x}, which
is an obvious contradiction with = € J,(L). So there exists ¢ € I such that « > z;. Thus,
z € Mp(L) \ {0}. Consequently, it holds that J,(L)* € M,(L)*. My(L)* C J,(L)*
can be proved similarly. 0

Subsequently, we will discuss whether De Morgan triple will be preserved when N is
a strong fuzzy negation.

Lemma 3.25. Let L be an ACDL satisfying 7,(L)* = M,(L)*, and N be a strong
fuzzy negation on J,(L)*. Then the following statements hold:
(1) If N(z) = 0, then z = 1;

2) N =N.

Proof. (1) Let N(z) = 0. Suppose ¥ # 1, since N is a strong fuzzy negation on
M, (L)*, it holds that © ¢ M, (L)*. Thus, h > x for all h € {(z). By the monotonicity
of N, N(h) < N(z) = 0 for all h € £(x). As N is strong on J,(L)*, h = 1 for all
h € {(z). It follows that © = A} c¢(,) b = 1, a contradiction. Thus, z =1 holds.
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(2) Suppose that N is a strong fuzzy negation on J,(L)*. Since J,(L)* = M,(L)*,
we have N () = N(z) for all x € Jp(L)*.

For each € L\ J,(L)*, then j < h for all j € 77( ), h € {(x). Since N is strong,
then N(j) > N(h). By Theorem 20| and [3.21] N(z) > N(x).

Since ¢ J,(L)* and N is strong, we can clalm N( ) ¢ Jp(L)*. If N(x) =0, then
we can get © = 1 by (1), which contradicts with € L\ J,(L)*. If N(z) = 1, then
by the construction of N, we have x = 0, a contradiction. If N(z) € jp(L \ {1}, then
N(z) € My,(L)\ {0}. Thus, there exits a € n(x) such that N(z) = N(a). Since N is a
fuzzy negation, then N(j) > N(z) holds for all j € n(z). It means that N(j) > N(a)
for all j € n(x). As N is strong, then j < a for all j € n(x). It follows that = a, a
contradiction. Consequently, N (z) ¢ J,(L)*.

As Lis an ACDL, we have N (z) = \/ n(N(x)). For each a € n(N(x)), thena € J,(L)*
and a < N(z). Since N is strong and N is a fuzzy negation, it holds that N(a) >
That is, N(a) € &(z). Thus, {N(a) | a € n(N(z ))} € &(z). It follows that Vn(N(z)) <
Viee@) N(h), ie., N(z) < N(z). Thus, N(z) = N(z) for all z € L \ Tp(L)*.

—~

O

Theorem 3.26. Let L be an ACDL with J,(L)* = M,(L)*. If N is a strong fuzzy
negation on J,(L)*, then N is a strong fuzzy negation on L.

Proof. Forall z € L, we shall prove N(N(z)) = . o
Case 1. If N(z) = 0, then by Lemma 1), we have © = 1. Thus, N(N(x)) =

N(O)=1=uz.
Case 2. If N(x) > 0, by Lemma [3.25(2), we can get
N(N(z)) = N(N(z)) = \/ N()= V N(3)-

Je&(N(2)) F€E(Anen) N(h)

On the one hand, for each j € {(A,g, ) N(h)), then j > Ah € n(z)N(h) and j €
M, (L)*. Thus, there exists h € n(x) such that j > N(h). It follows that N(j) < «
Therefore, N(N(z)) < . On the other hand, for all h € n(z), then N(h) € &(N(z)). S
it holds that h = N(N(h)) < V;ce@w () V() for all b € n(z). Thus, x = V¢, b <
\/jeg(ﬁ(x)) N(j) = N(N(x)).

Consequently, N is a strong fuzzy negation on L. O

o .

Theorem 3.27. Let L be an ACDL and J,(L)* = M,(L)*. Suppose that (7,5, N) is
De Morgan triple on J,(L)* and N is strong, then (7,5, N) is De Morgan triple on L.

Proof. Forall z,y € L, we claim S(N(z), N(y)) = N(T(z,y)).
If T(x,y) = 1, then z = y = 1. Since N is a fuzzy negation, we have

N(T(z,y)) =N(1) =0

and
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Thus, S(N(z), N(y)) = N(TW).
If T(x,y) < 1, by Lemma 2), we have
(N(z),N(y)) = S(N(z), N(y))

JEE(N(2)) he&(N(y))

- A A SG.h

je€( V. N(a))hed( V. N(b))

a€g(x) be&(y)

Ul

and

NT(zy)= ) NO= N N(1).
len(T(z,y)) len( V V  T(m,n))

men(z) nen(y)

Let I € Jp(L)* and I <V, ey Vineney T(myn) < 1. There exist m € n(z) and

n € n(y) such that I < T'(m,n). Thus, N(m) € {(N(z)) and N(n) € {(N(y)). Since
(T, S, N) is De Morgan triple on J,,(L)*, we have N (I) > N(T'(m,n)) = S(N(m), N(n)) >
S(N(x),N(y)). Therefore, N(T(z,y)) > S(N(x), N(y)).

Conversely, take any j € §(\/a€5(x) N(a)) and h € £(Vyeg(y) N (b)), then j > N(a)
for all @ € &(x) and h > N(b) for all b € £(y). Since N is strong, N(j) < z and
N(h) < y. It follows from the monotonicity of T and the property of De Morgan triple
that S(j,h) = S(N(N(j)), N(N(h))) = N(T(N(j),N(h))) = N(T(z,y))). That is,
S(N(x),N(y)) > N(T(z,y)). Thus, S(N(z), N(y)) = N(T(,y)).
Take any z,y € L, by Theorem [3.26] HS) we have

= N(S(z,y)).
Consequently, (T, S, N) is De Morgan triple on L. a
Example 3.28. Let L = {0,a,b,c,d, e, 1} be the lattice shown in Figure 4. Obviously,

it is an ACDL, and J,(L)* = M,(L)* = {0, a,b,c,d,1}. we can define operations T', S
and N on J,(L)* as follows:

1

o
=)
— 0 o8 0‘2

SO QR a0 >—*‘

Fig. 4.
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T/0 a b ¢ d 1 S0 a b ¢ d 1
0/0 0 0O O O O 0|0 a b ¢ d 1
al0 O O O 0 a ala a d 1 d 1
b0 O b b b b blb d b 1 d 1
c|0 O b ¢ b c cle 1 1 1 1 1
d|0 0 b b d d d|ld d d 1 d 1
110 a b ¢ d 1 171 1 1 1 1 1

Then it can be checked that T is a t-norm, S is a t-conorm, NV is a strong fuzzy negation
and the triple (7,5, N) is De Morgan triple. By Theorem [3.14} [3.19} 3.20| and [3.21} we
can get that T, S and N are as follows:

T|0 a b ¢ d e 1 S0 a b ¢ d e 1
0/0 0 0O O O O O 0[]0 a b ¢ d e 1
al0 O 0O O O O a ala a d 1 d d 1
b0 O b b b b b b|b d b 1 d d 1
c|0 O b ¢ b b c cle 1 1 1 1 1 1
d|l0 0 b b d b d d|ld d d 1 d d 1
e|l0 O b b b b e ele d d 1 d d 1
110 a b ¢ d e 1 11 1 1 1 1 1 1

N‘O a b ¢ d e 1

|1 ¢ d a b e O

One can verify that triple (T, S, N) is De Morgan triple.

4. EXTENSION OF FUZZY IMPLICATIONS

In this section, we present some ways to construct fuzzy implications and investigate
some properties of the new implications.

Theorem 4.1. Let L be an ACDL and I be a fuzzy implication on Jp(L)*. Then the
binary operation I on L defined by

jen(z) hen(y)

is a fuzzy implication on L.

Proof. Clearly, I is well-defined.
(1) Let @,y,2 € L and @ < y, then {V; ¢, ., 1(J, k) }jen@) S {\/keﬂ(z) I(y, kz}jen(y)'
Obviously, A;c, ) Vienz) LU E) 2 Njen) Vien) L(d: k). Whence, I(z, 2) > I(y, 2).
(2) Let z,y,z € Land y < 2, we have n(y) C n(z). Hence,V j € n(2), Ve, ) 1, h) <
Vien(z) 15, k). Therefore, Ajc,, ) Vieny) 10:7) < NJ € (@) Vieyo) 10, K), Le., Iz, y)
< I(z,2).

(3) I1(1,1) = /\jen(l) Vhen(1) I(j,h) = /\jen(l) I(,1)=1(1,1) = 1.
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(4) T(O, 0) = /\jer;(O) Vhen(o) I(j,h) =1(0,0) = 1.

(5) Z(la 0) = /\jen(l) \/hen(()) I(j? h) = /\jen(l) I(.77 0) = I(la 0) =0.
Thus, I is a fuzzy implication on L. O

Proposition 4.2. Under the same condition as in Theorem if I satisfies some of
properties(LB),(RB), (IP), (NP), (LOP), then I is an implication on L which satisfies
the same properties.

Proof. Suppose that I is an implication on J,(L)*. For all z,y € L,
(LB) By hypothesis, 1(0,a) = 1 for alla € J,(L)*. Then I(0,y) = Njeno) Vienw) 10U h)
= Vhenw) 10,0) = Vieyy 1 = 1.

(RB) Now, considering that I(a,1) = 1 for all a € J,(L)*, then we have I(z,1) =
Nien) Vieny 10:1) = Njeniay 10 1) = Njenay 1 = 1-

(IP) Supp(.)sg I(a,a) =1 for each a € J,(L)*, then I(y,y) = Njenty) Ve 10, 1) =
Nien@ 10:3) = Njeny 1 = 1

(NP) According to the assumption, we have I(1,a) = a for all a € J,(L)*, then I(1,y) =
Nsen) Vien 10 1) = Vienay I 1) = Vieny b =y-

(LOP) Let 7,y € L and = < y, then n(z) C n(y). Thus, I(x,y) = Njen) Vaene) 10, )

Proposition 4.3. Let L be an ACDL. If I is a fuzzy implication on J,(L)*, then
Ny = Nj.

Proof. For all z € L, by Definition [2.17]

Np(z) =1(z,00= /\ 1(,0)= N Ni(j)=Ni(a).

jen(z) jen(z)

O

Theorem 4.4. Let L be an ACDL and I be a fuzzy implication on M,(L)*. Then the
binary operation I on L defined by

Izyy=\/ N\ IG.h)

jE&(z) heg(y)
is a fuzzy implication on L.
Proof. The proof follows similarly to the one given in Theorem |

The following example shows that T can be different from I even if 7, (L)* = M, (L)*
and they have the same I on J,(L)*.
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Example 4.5. Let L be the lattice in Example then J,(L)* = M,(L)*. If the
fuzzy implication on M, (L)* is defined by

1 ifu<o,
I(u,v) = { v otherwise,
then by Theorem [£.1] and we can get that
- |1 ifx<y,
I(@,y) = { y otherwise,

and

1 ifx <y,

by ifx=aandy=0k, k€K,
arp ifx=0b,and y=0, k€K,
y  otherwise,

f(‘r7y) =

are both fuzzy implications on L. Clearly, I # I.

Proposition 4.6. Let L be an ACDL. If the pair (S, N) satisfies the law of excluded
middle on M, (L)*, then (S, N) satisfies the law of excluded middle on L.

Proof. For all x € L, we have

SN@,n = A A smi= A A S(m.j).
me&(N(z)) J€4() meEE(Vee(w) N (1)) J€E(T)
Take any m € §(Vjee(py N (7)), then m >V, e,y N(j) . It can be written as m > N(j)

for all j € &(x). Thus, S(m,j) > S(N(j),5) = 1. Consequently, S(N(z),z) = 1 for all
z e L. g

Proposition 4.7. Let L be an ACDL with [J,(L)* = Mp(L)*, I be a fuzzy implication
on Jp(L)* and N be a strong fuzzy negation on J,(L )* If I satisfies CP(N), then

I(N(y),N(z)) = I(z,y) for all 2,y € L.

Proof. Forall z,y € L. . B
If N(y) =0, then y = 1. Thus, I(N(y), N(z)) = I(z,y) = 1.
If N(z) =0, then x = 1. We have

IN(y),N@) =IN®),00= \/ I(m,0)

and

Ia,y)=11,y)= \/ I(1,h).
hen(y)

On the one hand, suppose m € M,(L)* and m > N(y). Then there exists h € n(y) such
that m > N(h). It follows that I(m,0) < I(N(h),0). As N is strong and I satisfies
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CP(N), it holds that I(m,0) < I(1,k). Thus, I(N(y),0) < I(1,y). On the other hand,
for all h € n(y), we have N(h) € £(N(y)). It follows that I(N(h),0) < I(N(y),0). Since
N is strong and I satisfies CP(N), we have I(1,k) < I(N(y),0) for all h € 5(y). Thus,
1(1,y) < I(N(y),0). Therefore, I(N(y),0) = I(N(0),y).

If N(x) # 0 and N(y) # 0, we have

I(N@),N@) =\ N I(mn)
mee(N () nee(N (@)

= \/ /\ I(m,n)
MEE(Npeny) N(M) nEEN ey NU))

AV

jen(z) hen(y)

and

For every m € f(Ahen(y) N(h)) and n € S(AjEU(a:) N(3j)), there exist h € n(y) and j €
n(x) such that m > N(h) and n > N(j). It follows that N(m) € n(y) and N(n) € n(z).
Since [ satisfies CP(N), we have I(m,n) = I(N(N(m)), N(N(n))) = I(N(n), N(m)) €
{1, 1)l € n(x),h € n(y)}. Thus, {I(m,n)|lm € {(N(y)),n € §(N(x))} S { ( h)lj €
n(x),h € n(y)L Conversely, for all j € n(z), h € n(y), it follows that j,h € Jp(L)*
and N(j) € §(N(x)), N(h) € £(N(y)). Thus, I(j,h) = I(N(h),N(5)) € {I(m,n)|m €
EN(y)),n € E(N(x))}. That is to say, {I(j,h)|j € n(x),h € n(y)} C {I( m,n)|m €
E(N(y)),n € &(N(z))}. Thus, by the one to one correspondence of n(x) and £(N(x)),
n(y) and £(N(y)), we have I(N(y), N(z)) = I(z,y). O

Proposition 4.8. Let L be an ACDL. If 7,(L)* is a complete lattice and 7' is a t-norm
on J,(L)*, then I < Ip.

Proof. For any z,y € L, by Definition 2.15 and Theorem [{.1] we have

Ix(z,y) = \/{z € LIT(z,z) <y}

and

Twy= N\ Gh

jen(z) hen(y)

We claim Iz(z,y) = V{k € Jp(L)*[T(k,z) < y}. Obviously, it holds that \/{k €
Tp(L)*T(k,z) < y} < \/{z € LIT(2,2) < y}. Take any u € {z € L|T(z,z) < y},
then T'(u,z) < y. Thus, n(u) C {k € J,(L ) |T(k,x) < y}. That is, u < \/{k €

TIp(L)*|T(k,z) < y}. Hence, \/{z € LT (z,z) < y} < V{k € Jp(L)* |T(k‘,x) < y}.
Consequently, \/{z € L|T(z, a:) <y} =V{k € L(L)*|T(k,z) < y}.

Take any v € {k € J,(L)*|T(k,z) < y}, then T(v,z) < y. That is \/]677@) T(v,j) <
y. Thus, for every j € n(x), there exists h; € n(y) such that T'(v,j) < It follows
that v < V¢, I7(j, h) for all j € n(z). Thus, V< Njen) Vient) IT(j, h) It yields
that \/{k € J,(L)*[T(k,2) <y} < Njeye) Viene) TG h). That is, Iz < Ir. O



490 H. LIU AND B. ZHAO

Example 4.9. Consider the lattice L in Example Tp(L)* = Uper 0k, ar, br, 11}
is a complete lattice. Let ky € K \ {Ox, 1k}, we have defined a t-norm T on J,(L)*.
By calculation, we can get

1, z<y,

lkes @ = aky,Y € {Okgsbkg} OF T =bry,y € {0y, ko
Ir(z,y) = Q by, @ =ag,y=0kk# ko,

ag, T =by,y=0yk# ko,

Y, otherwise.

Thus, by Theorem

1,

liys @ =aky,y € {0y, bk} OF & =biy,y € {Oky, A s
or & = ¢y, Y € {Okg, Qhgs Do

b, x=ak,y=_0kk# ko,

ag, ©=bg,y =04k # ko,

Y, otherwise.

r <y,

Ip(z,y) =

By Definition [2.15] we have

L, z<uy,

Chos & = QpsY € {Okg,bio } OF & = bpy, Y € {Oky, ko
or & = o,y € {Oky, Qkgs Do }

b, = =ak,y =04k ko,

ak, T =bg,y =0k, k # ko,

Y, otherwise.

‘[T(mv y) =

Obviously, I < Ir.

Proposition 4.10. Let L be an ACDL and J,(L)* = M, (L)*. If I is a fuzzy implica-
tion on J,(L)* and N is a strong fuzzy negation on J,(L)*, then In(z,y) = Ix(z,y)
for all z,y € L.

Proof. Let x,y € L, we have
In@y) =\ A InG.h= '\ A\ IIN(),NG)).
J€&(x) heg(y) J€&(x) hed(y)

and 3 - o
Ig(z,y) = I(N(y), N(z)) = \/  I(m,n)
men(N(y)) nen(N(z))

= /\ \/ I(m,n).

mETI(/\UEn(y) N(u)) "ETI(/\vgn(z) N(v))
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Obviously, m € (A, e, N(w)) if and only if N(m) € {(y), n € (A ey N (V) if
and only if N(n) € &(z). Since N is strong, we have I(m,n) = I(N(N(m)), N(N(n))).
Whence, In(z,y) = Ix(z,y) for all 2,y € L. O

5. EXTENSION OF UNINORMS

This section aims at constructing infinitely \/-distributive uninorms and infinitely A-
distributive uninorms.

Theorem 5.1. Let L be an ACDL and U be a uninorm on J,(L)* with neutral element
e. If 1 € J,(L), then the binary operation U on L defined by

V V uGh

jen(z) hen(y)

is a uninorm on L with neutral element e.

Proof. Clearly, U is well-defined. The commutativity and monotonicity of U can be
proved on the analogy of Theorem [3.14

(1) For allz € L, U(z,€) =V cpa) Vieney UG R) = Vjenwy Ul €) = Vjepw) J =
x. Thus, U(z,e) = .

(2) Let x,y,z € L, then

U(U(2,y),2)

=T\ V UG.h).z

Jjen(z) hen(y)

= \/ \/ U(p, k).

PENV jenizy Vieny) UGR)) kEn(2)

On the one hand, let p € J,(L)* and p < V¢, 1) Vieyey) UG 1), then p < U4, h)
for some j € n(xz) and h € n(y). So it holds that U(p,k) < U(U(j,h), k) for all
k € m(z). That is U(p,k) < Ve Vienw) Viene) UUG,R), k) for all k € n(z).
Whence, U(U(z,y),z) < Ven) Vaenw) Vien) UUG,h), k). On the other hand,
< U(z,y) for all j € n(x) and h € n(y), we can get U(U(j,h),k) <
v for allﬁin(z). So it holds that V¢, ) Vienwy) Vien) UUG 1), k) <
U(U(z,y),2). Thus, UU(z,9),2) = Ven@) Vienw) Vien UU U, 1), k). Similarly, we
can prove U(z,U(y, 2)) = Viente) Vienw) Vienz) U Uk, k). Since U is associative,

it holds that U(U(z,y),z) = U(x,U(y, z)). That is, U is associative.
Consequently, U is a uninorm on L. O

since U(j, h
UU(z,y), 2

o

Example 5.2. Consider the ordinal sum L of lattices Ly, m=1,2,3, where L = L is
the lattice in Example Ly = {02,152} is a chain, Ly = {0s3,as3,bs, 15} is a diamond
lattice which is the horizontal sum of chain {03, a3, 13} and chain {0s3,bs3, 13}, L, () Ln
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is a singleton coinciding with 1in(m,n) and with Opax(m,n)- Then L= Ufnzl L,,, and
x <y whenever x € Ly,, y € Ly, and either m < n or m =n and z < y. Adding a new
top element to L we can obtain a new lattice L = L & 1. It can be checked that L is
an ACDL, and ._7P( ) = (Urextar, br}) U{0s,a3,b3} J{1}. If the uninorm on Tp(L)*
is defined by: for all v,w € J,(L)*,

if v > 03, w > 03,
if v < 03, 03 < w,
if 03 < v, w < 03,
if v <03, w < 03,
ifU:03,
if’w:Og,

U(v,w) =

e R o8 &

then we can get that

if z > 03,y > 03,

if z < 03, O3 <y,

1f03 <z,y< 037

if z < 03, y < 03,
y otherwise,

U(Z‘,y) =

<ow 8

is a uninorm on L.

Theorem 5.3. Let L be an ACDL and U be a uninorm on M,,(L)* with neutral element
e. If 0 € M,(L), then the binary operation U on L defined by

A A UGH
Jj€&(x) heé(y)

is a uninorm on L with neutral element e.

Proof. The proof follows similarly to that of Theorem [5.1] O

Theorem 5.4. Let L be an ACDL and U be a conjunctive uninorm on J,(L)* with
neutral element e. If 1 € J,(L), then U is infinitely \/-distributive.

Proof. Suppose a € L and {b;}ic;. Then we distinguish two cases:
(1) If I =, then Ul(a Vierbi) = U(a,0) = \/m@](a)U(m 0)=0.
(2) If I # (), then

Ula, \/ bi) = \/ \/ U(m,1).

el men(a) len(V,; ¢y bi)

On the one hand, for all I € n(\/,c;b:), it follows that [ < \/,_;b; and | € J,(L)*,
from which we get that there exists @ € I such that [ < b;. That is [ € n(b l Thus,
U(m,1) < U(m,b;) for all m € n(a). It follows that \/,,c, o) U(m, 1) <V, ¢ ) U(m, b;).
Hence, \/lEn(ngb )y Vinena) Ums ) < Vici(Vonena) U(m b)) = Ve Ula, b ). That
is, U(a, V;er bi) < V,ep Ua,b;). On the other hand, the monotonicity of U implies that

\/ieIU(a,b y<Ula a, \/;cy bi). Consequently, Ula Vierbi) = Vier Ula, b;). O
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Corollary 5.5. Let L be an ACDL and U be a disjunctive uninorm on M, (L)* with
neutral element e. If 0 € M, (L), then U is infinitely A-distributive.

Proof. The proof is similar to that of Theorem [5.3 g

6. CONCLUSION

In this paper, some fuzzy connectives, such as t-norms, t-conorms, fuzzy negations, fuzzy
implications, uninorms, have been constructed on ACDL by means of completely join-
prime elements and completely meet-prime elements. We prove that De Morgan triple
can be preserved when N is a strong negation, and some properties of fuzzy implication
can be kept. Moreover, the behaviors of these extensions for two special classes of fuzzy
implications, namely, R-implication and reciprocal implication, are discussed. Finally,
we prove that the uninorms constructed by completely join-prime elements are infinitely
\/-distributive and the uninorms constructed by completely meet-prime elements are
infinitely /\-distributive.

For future projects, we would like to investigate some further properties of the ex-
tended uninorms and propose a version of the extension, as is shown in this paper, for
other aggregation functions, such as copula, overlap function, grouping function and
2-uninorm. Moreover, we are interested in investigating questions involving extension
and a generalized notion of additive generators.
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