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Infinitely many weak solutions for a non-homogeneous

Neumann problem in Orlicz—Sobolev spaces

GHASEM A. AFROUZI, SHAEID SHOKOOH, NGUYEN T. CHUNG

Abstract. Under a suitable oscillatory behavior either at infinity or at zero of
the nonlinear term, the existence of infinitely many weak solutions for a non-
homogeneous Neumann problem, in an appropriate Orlicz—Sobolev setting, is
proved. The technical approach is based on variational methods.

Keywords: non-homogeneous Neumann problem; variational methods; Orlicz—
Sobolev space

Classification: 35D05, 35J60, 35J20, 46N20, 5805

1. Introduction

Our main purpose in this paper is to study the non-homogeneous Neumann
problem
(1.1)
{ —div(a(z, |Vu(z))Vu(z)) + a(z, [u(z)|)u(z) = Af(z,u(z)) for z€Q,
a(z, |Vu(@)]) §2(x) = ng(y(u(z))) for x € 0.

Here, Q is a bounded domain in RN, N > 2, with smooth boundary 02, v is the
outer unit normal to 9, f:  x R — R is a Carathéodory function, g: R — R is
a nonnegative continuous function, A is a positive parameter, y is a nonnegative
parameter and the functions a(x,t): © x R — R and v will be specified later.
Orlicz—Sobolev spaces have been used in the last decades to model various phe-
nomena. These spaces consist of functions that have weak derivatives and satisfy
certain integrability conditions. They play a significant role in many fields of
mathematics, such as approximation theory, partial differential equations, calculus
of variations, nonlinear potential theory, the theory of quasi-conformal mappings,
non-Newtonian fluids, image processing, differential geometry, geometric function
theory and probability theory. Due to these, several authors have widely studied
the existence of solutions for the eigenvalue problems involving non-homogeneous
operators in the divergence form by means of variational methods and critical
point theory, monotone operator methods, fixed point theory and degree theory,
see for instance [2], [3], [4], [8], [6], [7], [9], [12], [16], [18], [19], [22], [25], [26], [28].
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In this paper, we will study problem (1.1) in the Orlicz—Sobolev space. Our
goal is to obtain some sufficient condition to guarantee that problem (1.1) has
infinitely many weak solutions. To this end, we require that the primitive F'
of f satisfies a suitable oscillatory behavior either at infinity or at zero, while G,
the primitive of g, has an appropriate growth (see Theorems 3.1 and 3.8). Our
approach is fully variational method and the main tool is a general critical point
theorem contained in [5] (see Theorem 2.1 in the next section). We also refer
the interested reader to the papers [3], [10], [11], [14] and references therein, in
which this variational principle and its variants have been successfully used to the
existence of infinitely many solutions for boundary value problems.

Our paper is organized as follows. In Section 2, some preliminaries and the
abstract Orlicz—Sobolev spaces setting are presented. In Section 3, we discuss the
existence of infinitely many weak solutions for problem (1.1). We also point out
special cases of the results and we illustrate the results by presenting an example.

2. Preliminaries

In this section, we recall definitions and theorems used in this paper. Let
(X, ]]-]]) be a real Banach space and J,I: X — R be two continuously Géateaux
differentiable functionals; put T' = J — I and fix r1,79 € [—00, 00], with 71 < 74.
We say that the functional I' satisfies the Palais—Smale condition cut off lower at
r1 and upper at ry ([Tll(PS)[”]—condition) if any sequence {u,} C X such that

o {I'(up)} is bounded,

o limy o0 [|T(un)||x+ =0,

or < J(up) <ry VneN,
has a convergent subsequence. If 11 = —oo and r9 = o0, it coincides with the
classical (PS)-condition, while if r; = —co and ro € R it is denoted by (PS)[T'Z]—
condition. We shall prove our results applying the following theorem of G. Bo-
nanno, see [5].

Theorem 2.1 (See [5, Theorem 7.4]). Let X be a real Banach space and let
J,I: X — R be two continuously Gateaux differentiable functionals with J
bounded from below. For every r > infx J, let

o=t Prestceon [0) 1)
P ueJ—1(—o0,r) r—J(u) ’

7= 117n_1>£f o(r), and  0:= Tj%ﬁ}fi?iﬁ o(r).
Then the following properties hold:
(a) If ¥ < oo and for every X € (0,1/7) the functional 'y = J — Al satisfies

(PS)[T]—condition for all r € R, then for each A € (0,1/7), the following
alternative holds: either
(a1) T\ possesses a global minimum, or
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(ag) there is a sequence {u,} of critical points (local minima) of T'y such
that

A5, I (tn) = 0.

(b) If 6 < oo, and for every A € (0,1/6), the functional Ty = J — A sat-
isfies (PS)[T]—conditjon for all r > infx J then, for each A € (0,1/6), the
following alternative holds: either
(b1) there is a global minimum of J which is a local minimum of Ty, or
(bg) there is a sequence {u,} of pairwise distinct critical points (local

minima) of Ty such that lim,, o J(uy,) = infx J.

Let us first introduce Orlicz—Sobolev spaces and give just a brief review of some
basic concepts and facts of their theory, for more details we refer the readers to
R.A. Adams in [1], L. Diening in [15], J. Musielak in [24] and M. M. Rao and
Z.D. Ren in [26].

Suppose that the function a(z,t): @ x R — R is such that the mapping
d(z,t): Q@ x R — R, defined by

| a(z,|tht for ¢t #0,
gb(x,t){ 0 for t=0

satisfies the condition (¢) for all x € Q, ¢(x,-): R — R is an odd, increasing
homeomorphism from R onto R, and

t
@(m,t):/ d(z,8)ds  VoeQ, t>0
0

belongs to class @ (see [24], page 33), that is, the function ® satisfies the following
conditions:

(®1) for all z € Q, ¢(x,-): [0,00) = R is a non-decreasing continuous function
with ®(z,0) =0 and ®(z,t) > 0 whenever ¢ > 0, lim;_,oc P(z,t) = o0,
(®y) for every t > 0, ®(-,t): @ — R is a measurable function.

Since ¢(x,-) satisfies condition (¢), we deduce that ®(z,-) is convex and in-
creasing from RT to Rt.
For the function ®, we define the generalized Orlicz class,

Kgs(Q) = {u: Q—-R:u measurable,/ O(z, |u(z)])dz < oo}
Q
and the generalized Orlicz space,

L*(Q) = {u: Q — R: v measurable, lim / O(z, Mu(x)])dz = 0}.
A—=0t Jo
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The space L®(2) is a Banach space endowed with the Luzemburg norm

o :mf{u > 0: /{;ﬁ(m@) da < 1}

or the equivalent norm (the Orlicz norm)

|u|(¢)sup{‘/uvdz
Q

where ® denotes the conjugate Young function of ®, that is,

: vELE(Q),/QE(x, lv(z)|) dz < 1},

O(x,t) = sup{ts — D(x,s): s € R} Vo e, t>0.
>0

Furthermore, for ® and ® conjugate Young functions, the Hélder type inequality
holds true

(2.1) ’/qudx

where B is a positive constant (see [24], Theorem 13.13).
In this paper, we assume that there exist two positive constants ¢o and ¢° such
that

< Blulslvlz  YueL®(Q), ve La(Q) ,

(2.2) 1<¢0§%§¢0<m VreQ, t>0.

The above relation implies that ® satisfies the As-condition, that is,
(2.3) O(z,2t) < K ®(x,t) VoeQ, t>0,

where K is a positive constant (see [23, Proposition 2.3]). Relation (2.3) and
Theorem 8.13 in [24] imply that L®(Q) = Kg(f2). Furthermore, we assume that
® satisfies the following condition

(2.4) for each = € Q, the function [0,00) 3 t — ®(x, /1) is convex.
Relation (2.4) assures that L*(Q) is a uniformly convex space and thus, a reflexive
space (see [23, Proposition 2.2]).

On the other hand, we point out that assuming that ® and ¥ belong to class
® and
(2.5) U(z,t) < K1 ®(z, Ko t) + h(zx) Vo eQ, t>0,

where h € LY(Q), h(z) > 0 a.e. * € Q and K;, Ky are positive constants,
then by Theorem 8.5 in [24] we have that there exists the continuous embedding
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L®(Q) — LY(Q). Next, we define the generalized Orlicz—Sobolev space

Wie(Q) = {u e L*(Q): g—“ e L), i=1,.. N}
z;

On W1?(Q) we define the equivalent norms

[ullie = Vul | + [ule,

[ull2,e = max{|[Vul[s, |u|a},

lul| = inf{u > 0: /Q [@(x, %—zﬂ) +<I>(:r, W)} do < 1}.

More precisely, for every u € WH®(Q), we have

(2.6) l[ul < 2[|u|

2.0 < 2||ullie < 4fful,

(see [23, Proposition 2.4]).

The generalized Orlicz—Sobolev space W% () endowed with one of the above
norms is a reflexive Banach space.

In the following, we will use the norm ||-|| on E := W1®(Q) and we suppose
that v: E — L®(Q) is the trace operator.

Following lemma is useful in the proof of our results.

Lemma 2.2. Let u € . Then
(2.7) /Q@(% Vu(z)]) + @(x, |u(z)])) de > [[u|® i |ull > 1;
(2.8) /Q(CP(% Vu(@)]) + (2, [u(@)]) dz > Jul|* i |ul <1.

For the proof of the previous result see, for instance, Lemma 2.3 of [21]. We
point out that assuming that ® and ¥ belong to class ®, satisfying relation (2.5)
and infyeq @(x,1) > 0, inf,cq ¥(z,1) > 0 then there exists the continuous em-
bedding W?(Q) — Wh¥(Q).

In this paper, we study problem (1.1) in the particular case when ® satisfies

(2.9) M|tP® < &(x,t)  VYzeQ, t>0,
where p(z) € C(Q) with p~ = infaeqp(z) > N for all € Q and M > 0 is
a constant.

Throughout the sequel, f: @ x R — R is an L!-Carathéodory function and
g: R — R is a nonnegative continuous function. We recall that f: 2 x R — R is
an L!-Carathéodory function if:

(1) the mapping x — f(z,£) is measurable for every £ € R;
(2) the mapping & — f(z,£) is continuous for almost every = € €;
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(3) for every o > 0 there exists a function [, € L*(Q2) such that

sup |f(z,8)] < lp()
[¢]<e

for almost every = € €.
Put

t
Fla,t) = /O f(a.€) de
for all (z,t) € 2 x R, and

G(t) ::/O g€)de  VicR

By relation (2.9), we deduce that E is continuously embedded in W'P(*)(Q)
(see relation (2.5) with W(z,t) = [t[P(*)). On the other hand, as pointed out in [17]
and [20], WP(#)(Q) is continuously embedded in WP~ () and since p~ > N, we
deduce that W1? (Q) is compactly embedded in C°(2). Thus, E is compactly
embedded in C°(2) and there exists a constant ¢ > 0 such that

(2.10) lulloo < cfjul] YueE,
where [|ul|oo := sup, g |u(z)|.
Finally, we say that v € E is a weak solution for problem (1.1) if

/a(ac,|Vu(ac)|)Vu(x)Vv(ac)dx+/a(m, lu(z))u(z)v(z) dz
Q Q
= [ fe @)@ ds+u | gou@)i) do

Q

for every v € F.

3. Main results
In this section, we present our main results. Let

Jo maxy<¢ F(x,t)dz

A= 1i€rg<i£f £o0 )
F d
B :=limsup 7“[9 (I’f) x,
£—o0 £¢
. fQ O(z,1)dx _ 1
L B ’ 2T oA’
and
1
(3.1) 5y : (1= Ac™A),

T cP0b(09) lim sup(G(€) /£%0)

£—o0
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where b(992) := [,, do and we read “$” = oo whenever this case occurs.
With the above notations, we formulate our main result as follows.

Theorem 3.1. Let f: QxR — R be an L'-Carathéodory function. Assume that

(Al) A< 72750 T q}(a:,l)dzB'

Then, for every A €A1, A2[ and for every nonnegative continuous function g:
R — R such that

G(©)

3.2 lim sup —= < oo,
( ) oo gdm

there exists 01 > 0 given by (3.1) such that for each y € [0,04], problem (1.1) has
a sequence {uy} of weak solutions in F such that

/Q (CID(:E, |V, (x)]) + (z, |un(x)|)) dr — oo.

PROOF: Our aim is to apply Theorem 2.1 (a) to problem (1.1). To this end, fix
A and g satisfying our assumptions. Since A < As, we have

1
- c?0b(09Q) lim sup(G(€) /£%0) (

£—o0

&1 1—Ac™A) > 0.

Fix p € [0,61]. For each u € E, we let the functionals J,I: E — R be defined by

() ::/Q((I)(Jc, Vu(@))) + (. [u(z)))) de
and
1) = [ Feu@)de+ 5 [ cow@)an

and put
Tap(u) == J(uw) — M (u), ue k.

Since ® is convex, it follows that J is a convex functional, hence J is sequentially
weakly lower semi-continuous. Similar arguments as those used in [23, Lemma 4.2]
imply that J € C'(E,R) with the derivative given by

(J’(u),v}:/Qa(z,|Vu(x)|)Vu(:r)Vv(z)d:r+/Qa(:r, lu(z))u(x)v(x) da

for every v € E. Also J is bounded from below. By the same argument as given
in [21, Lemma 3.2] we observe that J’ has a continuous inverse on E*. Moreover,
I € CY(E,R) and

w0 = [ e u@@ e+ 5 [ b))

for every v € F.
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So, with standard arguments, we deduce that the critical points of the func-
tional I'y ,, are the weak solutions of problem (1.1).

Moreover, owing to [5, Theorem 2.1], the functional Iy , satisfies the (PS)[T]—
condition for all » € R. Now, we show that A < 1/5. For this, let {£,} be
a sequence of positive numbers such that lim, .~ &, = oo and

i fQ max|y<¢, F(z,t)dz

n— 00 é’no

(&)

for all n € N. By Lemma 2.2 and this fact that max{ry
deduce

= A.

Put

/¢0 1/¢>°} 1/¢>o we

{veE:Juv)<r,} C{vekE: H’UH<’I‘1/¢°}={’UEE vl <€n}

Moreover, due to (2.10), we have

(@) < o]l < clv]| <& Vz el
Hence,

oe Bl <) c{ve B: ol <)
Note that J(0) = I(0) = 0. Then, for all n € N,

. (Sup'UEJfl(—oo,rn) I(’U)) - I(u)
n) = f
(,D(T ) ulell?foo,rn) Tn — J(U)
SuvaJ*l(foo,rn) I(U)
Tn

_ Jomaxy<¢, F(z,t)de + § maxy<¢, G(t)do

(E: )%

< oo [fg maxy <, F(z,t)de ub(aﬁ)G(En)]_

gno A gno
Therefore,
& H G(§)
(3.3) 5 < hnrglorolf o(ry) <c¢ “(A + Ab(@Q)h?Ls;jp &0 ) <00

The assumption p € (0,d7) immediately yields
1— AP0 A

H G(©)

< %o ®o
F¥<¢ (A—i—)\b(aQ)h&msup &0 )<c A+ \
Hence,

1 1
= < -
oA+ (1A AN 7
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Let X be fixed. We claim that the functional I'y ,, is unbounded from below. Since

B

1
XS T da’

there exist a sequence {n,} of positive numbers and 7 > 0 such that

lim 7, = o0
n—oo
and

1
(3.4) — <7<

for each n € N large enough. For all n € N define w,, € F by

wn(x) = T, x €.
For any fixed n € N large enough, due to the inequality
O(x,0t) Sad)O(I)(x,t) VeeQ, t>0,0>1

(see [23]), one has

(3.5) J(wn) = /Q@(:r,nn) da < n?’ /Q ®(z, 1) dz.

On the other hand, since G is nonnegative, from the definition of I, we infer
Iw,) = [ Plaw,e)da+k [ Gotw,@)do

(3.6) on

— [ P dz + Ko00)Gom)
Q A
By (3.4), (3.5) and (3.6), we see that

Do) <’ [ @ 1)de = [ Flaon) do = (006 (n,)

<n (=) [ (o 1)do - wbE)Gn)
Q
for every n € N large enough. Since A7 > 1 and lim, . 7, = 00, we have

nh_>rr010 Ty u(wy) = —oc0.

Then, the functional I'y ,, is unbounded from below, and it follows that I'y , has
no global minimum. Therefore, by Theorem 2.1 (a), there exists a sequence {uy }
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of critical points of I'y ,, such that

/Q (@ (e, [V (2)]) + B, [un ()])) iz — 00,

and the conclusion is achieved. O

Remark 3.2. Under the conditions A = 0 and B = oo, from Theorem 3.1 we see
that for every A > 0 and for each

1
[O’ p —cGl
c?0b(0Q2) lim sup Yo

E—o0

we

problem (1.1) admits a sequence of weak solutions in E. Moreover, if

G(§)

limsup —= =0
£—o0 £¢U ’

the result holds for every A > 0 and p > 0.

Remark 3.3. If in Theorem 3.1, we assume f(x,0) = 0 a.e. ¢ € §, then the weak
solutions obtained are nonnegative. Indeed, define

Cf fxt) i t>0,
f+(°””’t)_{ 0 if ¢ <0,
and consider the following problem
(3.7)
{ —div(a(z, |Vu(z)|)Vu(z)) + a(z, |u(z)|)u(z) = Af4(z,u(z)) for z € €,
o, [Vule) ) 34(2) = g (3(ula) for & € 05

Let v9 € E be one (nontrivial) weak solution of problem (3.7). Arguing by
contradiction, if we assume that vy is negative at a point of € the set

Q7 ={z € Q: vy(z) <0},

is nonempty and open. Moreover, let us consider vf := min{vg, 0}, one has v} € E.
So, taking into account that vy is a weak solution and by choosing v = vg, from
our sign assumptions on the data, we have

| ata Vo@DV @) ds+ [ ate.foo(a)Dloo(a) da
=3 [ @@ de | gt @) <o

Therefore,

| atwFeo@DI Vo) do + [ afe o) lun(a) e =0,
Q- Q-
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which means
8. [Voo(@)) Voo(a) do+ [ o, un(a)len(a)| d = 0.
Q- Q-

Now, from the previous relation and bearing in mind that t¢(x,t) > ®(x,t) for
every x € ) and ¢t > 0, we find that

/ (s, |Vv0(:c)|)dac+/ B, [vo(x)]) dz = 0.
_ o
Hence, by Lemma 2.2 we observe that ||vg||y1.¢ -y = 0 which is absurd. Hence,
our claim is proved.
The following result is a special case of Theorem 3.1 with p = 0.

Theorem 3.4. Assume that all the assumptions of Theorem 3.1 hold. Then, for
each

Jo®(z,1)dz 1
A€ B Teto A’
the problem
(3.8)
{ —div(a(z, |Vu(z))Vu(z)) + a(z, ju(@))u(z) = Af(z,u(z)) for zeQ,
%(a@):() for x € 00

has a sequence of weak solutions in F.
Now, we present a consequence of Theorem 3.1.

Corollary 3.5. Let f: Q x R — R be an L!'-Carathéodory function. Suppose
that

1
Then, for every nonnegative continuous function g: R — R such that
: G(©)
limsup —* < oo,
§—>oop €¢0
there exists
1
= 1—c%A
% = o) msup(Gre) jean |~ >0
£—o0
such that for each p € [0, 3], the problem
(3.9)
{ —div(a(z, |Vu(z))Vu(z)) + a(z, |u(z)|)u(z) = f(z,u(z)) for z € Q,
(e, [Vue)]) 22 (2) = pug(y(u())) for @ € 00

has a sequence of weak solutions in F.

Here, as an example of our main result, we state a special case of Corollary 3.5.

371
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Corollary 3.6. Let f: R — R be a nonnegative continuous function. Put F'(§) :=
fog f(t)dt for all ¢ € R and assume that

F() (6

liminf —2~ =0 li =
e gl T T e T

Then, the problem

—div(a(e, [Vu(@) ) Vu(@)) + ale, [u@)Ju(z) = f@,u(@)  for v e,
9u () =0 for x € 0
v

has a sequence of weak solutions in F.

We next present a consequence of Theorem 3.1.

Corollary 3.7. Let hi: R — R be a nonnegative continuous function. Put
Hi(t) := fot hi1(§)d€ for all t € R and assume that

£%0

(A3) limsup I?T(f) = 0.

E—o0

(A2) liminf 22&) < oo;
E— o0

Then, for every a; € LY(Q) for 1 < i < n, with mingeq{a;(z): 1 <i<n} >0
and with a; # 0, and for every nonnegative continuous h;: R = R for 2 <i < n,
satisfying

max{supHi(f): 2<i< n} <0

ceR
and H
min{liminfﬁ: 2 gign} > —o0,
§—o0 do

where H;(t) := fot hi(€)d¢ for allt € R and 2 < i < n, for each

1
A e ] O o T inf oo (1 (€)/6%0) Jo ot () do {

and for every nonnegative continuous function g: R — R such that

G(©)

lim sup —= < oo,
E—o0 €¢0
there exists

_ 1 b0 .. Hi(E)
53c%b(m)hmsup@(g)/g%)<1A(C /Qal(z)d‘””> i en >>0
E—o0

such that for each p € [0,03[, the problem
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—div(a(z, [Vu(2))Vu(@)) + a(z, [u(z)Ju(z) = A3 0i(2)hi(u)

for x € Q,
a(z, |Vu(z)|) Gz (z) = ng(y(u(z))) for = € 99,
admits infinitely many distinct pairwise weak solutions in E.

PROOF: Set f(z,t) = > i, ai(x)h;(t) for all (z,t) € OQ x R. From the assump-
tion (A3) and the condition

H;
min{hminfﬁ: 2 gign} > —o0,
£—o0 do
we have
Jo F(z,8)dx 1( §) Jqoulz )
limsup =2——2"" — limsup Li- & =00
§—o0 gd)o £—o0 54)0

Moreover, from the assumption (A2) and the condition

max{supHi(g): 2<4< n} <0
§eR

we have
F(zx,t)d H
lim inf fQ Haxjy<e (z,t) da < (/ oq(ac)dac) liminfﬁ < 00
£€—o00 £do Q f—oo  £Po
Hence, applying Theorem 3.1 the desired conclusion follows. ([
Now, put
F(zx,t)d
A e T g 12 MAx)y e (e, t)dz
£—0t £¢
)d
B’ :=limsup Jo F(2:8) x,
=0t gdm
e Jo @z 1)d
_Jo @(x, 1)dx 1
=TT M

Using Theorem 2.1 (b) and arguing as in the proof of Theorem 3.1, we can obtain
the following result.

Theorem 3.8. Let f: O x R = R be an L'-Carathéodory function. Suppose
that

/ 1 /

(Ab5) there exists o > 0 such that

d(z,t) < ot Y(x,t) € Qx(0,1).
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Then, for every A €]As, A4 and for every nonnegative continuous function g:
R — R such that
G(©)

38

lim sup
£—0t
B 1
~ cPb(09) lim sup(G(€) /€9°)

£—0t

< 00,

there exists

54 t(1—=Ae?"4) >0

such that for each p € [0,d4], problem (1.1) has a sequence of weak solutions,
which strongly converges to zero in F.

PROOF: Fix A €]As3, \4[ and p €]0,94]. We take J,I and Ty , as in the proof
of Theorem 3.1. Now, as has been pointed out before, the functionals J and I
satisfy the regularity assumptions required in Theorem 2.1. As first step, we will
prove that A < 1/6. Then, let {£,} be a sequence of positive numbers such that
lim,, o0 &, =0 and

lim fQ maXMSEnOF(xat) dx — A
n—oo €n

By the fact that infg J = 0 and the definition of §, we have § = liminf, _,q+ (7).
Then, as in showing (3.2) in the proof of Theorem 3.1, we can prove that § < cc.
From u €]0, 64, the following inequalities hold

1— e A/
3 )

< ¢ ! ! Y
0<c (A + )\b(@Q)h{msOEp o ) <c? A+

Therefore,
1 1

A= < —.
A+ (1= N’ A)/XN 6
At this point, we will show that 0, that is the unique global minimum of J, is not

a local minimum of I'y ,. For this goal, let {n,} be a real sequence of positive
numbers such that lim, .. 7, =0 and

fQ F(l‘a nn) dx

. oY
(3.10) 7}1_}11;@ T =B
For all n € N, let w,, € E be defined by

wn(-r) = Tn, T e Q.

So, we have
J(wy) = / O(x,n,)dx
Q

for every n € N. Moreover, from hypothesis (A5), taking into account that
lim,,_, 0 w,, = 0, one has that there exists 7 > 0 and vy € N such that w, €]0, 7|
and ®(z,wy,) < gwﬁo for every n > 1.
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If B’ < 00, let € €|pmeas(Q)/AB’,1[. By (3.10) there exists v, such that

/ F(x,n,)dz > eB'n% Vn > v,.
Q

Hence,
Iy p(wn) = J(wy) — M (wy,)

< ow?meas(Q) — AeB'w? — ub(0Q)G(w,,)
= w? (omeas(Q) — A\eB') — ub(dN)G(w,,) < 0
for every n > max{vg,v:}. On the other hand, if B = oo, let us consider M >
omeas(2)/A. By (3.10) there exists vas such that
/ F(z,n,)dx > Mng° Vn > .
Q

Moreover,
Ty p(wn) = J(wy) — M (wy,)
< ow?meas(Q) — AMw? — ub(0Q)G(wy,)
= w? (o meas(Q) — AM) — ub(9Q)G(w,) < 0
for every n > max{vp,vap}. Hence T'y ,(w,) < 0 for every n sufficiently large,
I'x,.(0) = J(0) — AI(0) = 0, this means that 0 is not a local minimum of T’y ,.

Then, owing to J has 0 as unique global minimum, Theorem 2.1 (b) ensures the
existence of a sequence {u,} of critical points of the functional I'y , such that

lim,, o0 J(up) = 0. By Lemma 2.2, we have lim,,_, [[tn|| = 0. In view of the
fact the embedding £ < C°(Q) is compact, we know that the critical points
converge strongly to zero, and the proof is complete. ([

Remark 3.9. Under the conditions A’ = 0 and B’ = oo, Theorem 3.8 ensures
that for every A > 0 and for each

1
T e b(0Q) limsup(G(€) /€4°) |

£—0t

ne (0

problem (1.1) admits a sequence of weak solutions, which strongly converges to 0

in E. Moreover, if limsupg_,q+ (G({)/§¢U) = 0, the result holds for every A > 0
and pu > 0.

Remark 3.10. We observe that the role of functions f and g can be reversed.
For instance, we can study the following problem
(3.11)

{ —div(a(z, |Vu(z)|)Vu(z)) + a(z, [u(z))u(z) = pg(u(z)) for z € Q,
a(z, |Vu(z)|) 24 (z) = M (z,u(z)) for z € 092,

and obtain a sequence of weak solutions providing an oscillating behavior of f
for a suitable interval of parameters A. It is enough to substitute in the proof of
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Theorem 3.1 the functional I with the following
= p
i) = [ Faa@)do+§ [ o) da
2Q AJa

We now exhibit an example in which the hypotheses of Theorem 3.1 are satis-
fied.

Example 3.11. Let Q = {(z,y) € R?: 22 + y* < 3}. Define

|t|P(ev)—2¢

—_— for ¢ d =
10g(1+|t|) or #Oa an QS( z, Y, ) 0;

o(z,y,t) = p(z,y)

where p(z,y) = 2% + y? + 3 for all (x,y) € . Some simple computations imply

o 2 . i d
t) = —————~
(xaya ) 10g(1 + |t|) +/0 (1 + S)(lOg(l + S))2 ”

and relations (¢), (®1) and (®;) are verified. For each z € () fixed, by Example 3
on page 243 in [13], we have

tp(w,y,t)
= B(z,y.t)

Thus, relation (2.2) holds true with ¢p = 2 and ¢° = 6. Next, ® satisfies condition
(2.9) since

p(r,y) —1<

| /\

plz,y)  Vt>0.

D(z,y,t) > P@EV"L (2 ) €0, t > 0.

Finally, we point out that trivial computations imply that w > 0 for all
(z,y) € Q and t > 0. Thus, relation (2.4) is satisfied. Let {an }nen and {b, }nen
be the sequences defined as follows by = 2, b, 41 = (b,)** and a,, = (b,)*? for all

n € N. Moreover, let f: R — R be a positive continuous function defined by

7«/17(17t)2+1 if te[0,2],

£(t) = (an — (bn)")/1—(an —1—t)2 +1 if teUpZilan —2,a4],
((bn+1) - an)\/l = (bppr —1=t)2+1 if t € Ufzozl[bn-‘rl = 2,bp11],
L, otherwise.
Put F(¢ fo t)dt for all £ € R. In particular, one has F'(a,) = an(7/2 + 1)
for all n E N. Hence
F F(ay,
timint £&) = py £ _
£—o0 n—oo  ag
and ) Fby)
limsup —z= = nlﬁngo B 0.

E—o0
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Then, owing Theorem 3.1, the problem

wlP@v)—2,,

. w|P@ ) =257,
dlv(p(z,y)%) +p(x,y)|1o‘g(1w = f(u) for (z,y) € Q,

UV gy
P&, Y) gV ov = TG for (z,y) € 92

has a sequence of weak solutions in F.
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