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Abstract. We use the Laplace transform method to solve certain families of fractional or-
der differential equations. Fractional derivatives that appear in these equations are defined
in the sense of Caputo fractional derivative or the Riemann-Liouville fractional derivative.
We first state and prove our main results regarding the solutions of some families of frac-
tional order differential equations, and then give examples to illustrate these results. In
particular, we give the exact solutions for the vibration equation with fractional damping
and the Bagley-Torvik equation.
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1. INTRODUCTION

The origin of fractional calculus rests in the 17th century. However, the first use of
fractional operations was made by Niels Henrik Abel in 1823. Abel used fractional
calculus to obtain the solution of the tautochrone problem and this area rapidly
progressed from that day in [13].

In the last few decades, fractional calculus has been used to model many processes
in physics and engineering with the use of fractional order differential equations. Sig-
nal processing, fluid mechanics, diffusion process, capacitor theory, electro chemistry,
continuum and statistical mechanics are some important areas in which fractional
calculus is used [1], [9], [11], [12].

There are several ways to get exact or numerical solutions of fractional order
differential equations. In this paper, we use the Laplace transform method to obtain
exact solutions of some families of fractional order differential equations [13].
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In the remainder of the paper, we give the definitions of the Laplace transform op-
erator and some related operators which are the Riemann-Liouville fractional integ-
ral, the fractional derivative operators and the Caputo fractional derivative opera-
tor. Also, we give place to the Laplace transform of the Riemann-Liouville fractional
derivative and the Caputo sense fractional derivative of a function. Then, we in-
troduce various theorems about the solutions of some families of fractional order
differential equations which include the Riemann-Liouville fractional derivative or
the Caputo sense fractional derivative. Finally, we use the introduced theorems to
obtain the solutions for the vibration equation with fractional damping, the Bagley-
Torvik equation and some other fractional differential equations.

2. PRELIMINARIES

Definition 2.1. The Laplace transform of a function f(t) is defined by [4]

(2.1) LA} = F(s) = / Tetia,

where s € C and Re(s) > 0.

Definition 2.2. The inverse Laplace transform of f(s) is defined by [4]

c+ioco
(2.2) L)} = () = — / e*t f(s) ds,

B 2_7'C1 —ico
where s € C and Re(s) > 0.

Definition 2.3. The quantity (f * ¢)(¢) is called the convolution of the func-
tions f(t) and g(t) and defined by the integral

(2.3) (f*g)(t) = / f(t — 7)g(r) dr.

Theorem 2.4. If L{f(t)} = f(s) and L{g(t)} = g(s), then the following equation
holds true [4], p. 146,

(2.4) L{(f *9)()} = f(s)a(s).
Definition 2.5. The Gamma Euler function is given by the integral
oo
(2.5) I'(z) = / e 't*71dt, Re(z) > 0.
0
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Definition 2.6. The Riemann-Liouville fractional integral of f(¢) of order v is
defined by [13]

(2.6) Dy <t>:% / (t — )" f(x) da,

v

where z > 0, v € C, and Re(v) > 0.

Definition 2.7. The Riemann-Liouville fractional derivative of f(¢) of order u
is defined by [13]

(2.7) DG f(t) = D™ [Do f(1)], >0, t>0,

where m > Re(p) > m —1 and v =m — p.
In equation (2.7), D™ is defined as the so-called Newton-Leibniz differential ope-
rator, where m € N,

(2.8) D™ f (1) = def).

Definition 2.8. The fractional derivative of f(¢) of order p in the Caputo sense
is defined by [9]

(2.9) Drf(t) = D&;’[Dmf(t)], uw>0,t>0,

where m > Re(u) >m —1 and v =m — p.

It can be easily seen that, if we choose y = m € Z%1 in equations (2.7) and
(2.9), then we get the classical derivative that is defined in equation (2.8). So, the
Riemann-Liouville fractional derivative and the Caputo sense fractional derivative
coincide with the classical derivative under the choice of y =m € Z+.

Theorem 2.9. If f(")(t) is the nth derivative of f(t) for n € N, then the Laplace
transform of f(™(t) is given by the formula [4], p. 144,

(210) L{f™(1)} = 5" f(s) = "1 f(0) = s"2(0) — ... = sf72(0) = F"7D(0)
= 5" f(5) = 3 SO(O)s"
r=0

where f(")(0) is the value of f")(t) at t =0 forr =0,1,...,n — 1.
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Theorem 2.10. The Laplace transform of the Riemann-Liouville fractional
derivative of f(x) of order u is given by [5],

m—1
(2.11) L{DY f()}y =s"f(s)— 3 s*Di Y 1 (0),
k=0

where € C, m > Re(u) > m — 1 and v = m — pu for Re(u) > 0.

Theorem 2.11. The Laplace transform of the fractional derivative of f(z) of
order p in Caputo sense is given by [12],

(2.12) L{D*f(t)} = s"f(s) Zs” kDE=11(0),

where p € C, m — 1 < Re(u) < m, and v = m — p for Re(u) > 0.

The vibration equation with fractional damping with one degree of freedom is
stated as

(2.13) mD?y(t) + qD"y(t) + ky(t) = f(t),

where m represents the mass of the oscillator, ¢ represents the fractional damping
coefficient and k represents the stiffness coefficient [8], [15].

The solution of the equation (2.13) depends on the interval to which p belongs. In
this paper, we give the solutions to the equation (2.13) for the intervals 1 > Re(u) > 0
and 2 > Re(u) > 1.

The general form of the Bagley-Torvik equation is written as

(2.14) aD%y(t) + bD3/2y(t) + ¢Dy(t) = f(t),
with the initial conditions

(215) y(O) = Co, y,(O) = (1,

where a # 0, byc € R, t > 0, and f(¢) is a given function from the interval [0, 7]
into R, see [17].

The parameters in equation (2.14) and the initial conditions in equation (2.15)
can be varied to attain different responses.

Linearly damped fractional oscillator that includes a damping term contains a frac-
tional derivative of order y = 3/2 and can be represented by the Bagley-Torvik
equation with the initial conditions ¢y = 0 and ¢; = 0, see [2].
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To get another response for expression (2.14), let m denote the mass of a thin rigid
plate, S denote the area of the rigid, and i and ¢ denote the viscosity and the density
of a Newtonian fluid, respectively. Moreover, let k& denote the stiffness of a spring.
In equation (2.14) if we let a = m, b = 25/lip, and ¢ = k, then the Bagley-Torvik
equation represents the modelling of motion of a rigid sheet that submerged in the
Newtonian fluid [2], [6].

In this paper, we give the solution to the equation (2.14) with the initial conditions
y(0) = co #0 and ¢/ (0) = ¢1 £ 0.

Before proceeding to the main theorems, we give the definitions of two generaliza-
tions of the Mittag-Lefller function since we frequently use these generalizations for
the representation of the solutions of the fractional differential equations.

Definition 2.12. The Wiman’s function E,, ,(z) is defined by the series

(2.16) Bulz) = 3 W Re() > 0,

n=0
where v, i € C, see [16].
Definition 2.13. The function E)  (z) is defined by the series

v

Y _ - (V)n2" o

where v,u,v € C and the function (v), is defined by the equations (), =
P(y+n)/T(7) and (y)o = 1, see [16],

The function E7 ,(2) is an entire function of order [Re(u)] ™' and some special
functions can be written as particular cases of this function [16].

If we take v = 1 in the equation (2.17), we obtain the Wiman’s function. If we
take v =1 and v = 1 in the equation (2.17), we obtain the function E,(z) which is
the Mittag-Leffler function [16]. If we take v = 1, » = 1, and p = 1 in the equation
(2.17), we obtain the exponential function e, see [10].

Remark 2.14. For Re(v) > 0,Re(s) > 0 and |s| > |A|Re(@)]™" the Laplace
transform of the function tﬁ_lEgﬁ(/\ta) is given by [16], Eq. (2.5),

1

(2.18) LB (M)} = e

Remark 2.15. The Laplace transform of the function t°~! is given by [7],
p. 137, Eq. (1),
(2.19) L{1y =1(B)s 7,
for Re(s) > 0.
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3. SOLUTIONS FOR VARIOUS FRACTIONAL DIFFERENTIAL EQUATIONS

Lemma 3.1. Ifa,be R, b#0, a, u € C, Re(a) > Re(p) > 0, and

bs™H
=] <1
S K 4 q
then
(3 1) 1 _ i(_b)ksfakfa(l + asufa)fkfl ‘ bs™¢ _
' s*+ast+b "1 4 asp@
Proof. Note that we have the equality
1 sTH
3.2 =
(3:2) s*4ast+b  sH4a+bsTH
sTH
- bs™H
a—p 1 )
(S +a)( +sa*“+a
By using the series expansion [9]
bs—H -1 X _ps—H \k
3.3 (1 7) - (7) :
(33) t ) — 2 e
k=0
we obtain the equation
1 sTH ./ —bsTH Nk
3.4 = ( )
(34) 5@ +ast+b s*H4a kZ:O 597H +q

(ks
(Sa—u+a)k+1

() rbr
gla—p)(k+1) (1 + asu—a)k—i—l

|
(]

el
I

0

o

=
Il
=]

(_b)ks—(yk—a
(1 + asp—a)F+l’

o

=
Il
=]

as desired.
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Lemma 3.2. If be R, b # 0, a € C, and |bs~%| < 1, then the equation

oo

_ Z(_b)ksfakfa
k=0

(3.5)

is a special case of Lemma 3.1.

Proof. Equation (3.5) could be easily obtained by letting @ = 0 in Lemma 3.1.
O

Theorem 3.3. If a,b e R, b # 0, a,p € C, m,n eN, n 2 Re(a) >n—1>2m >

Re(p) > m—1 >0, and |bs™#/(s* " + a)| < 1, then the solution of the fractional
differential equation,

(3.6) Dy(t) +aD"y(t) + by(t) = f(b),

with the initial conditions y™(0) = ¢, forr = 0,1,2,...,n — 1 is

B7 )= /0 F@)> (=b)F(t — x) o R L (—alt —2)* ) da

k=0
n—1 e}
k _
+ZC'“Z( DM EGT apgrgr (—at® ™)
r=0 k=0
m—1 e}
k+ +j pk+1 —
ta € Z( b) gerTens an Hyakta— M+J+1( at® u).
j=0 k=0

Proof. Applying the Laplace operator to the differential equation (3.6), we get

(3-8) L{Dy(t) +aD"y(t) +by(t)} = LLf()}-

By the equation (2.12), this implies that we have

@l

m—1
Zsa "L, + asty( Z ast I e; + by(s) = f(s),
7=0

where ¢, = D"y(0) for r = 0,1,2,...,n — 1, ¢; = DIy(0) for j = 0,1,2,...,m — 1,
7(s) = L{y(t)}, and f(s) = L{f(t)}. Therefore, by solving this equation for g(s),
we get

Fls) + 3072 ers™ ™"~ 'tayl, foyst I
s* +ast +b '

(3.9) y(s) =
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Now, by using Lemma 3.1, we have
n—1 m—1 ]
(3.10) g(s) = <f(s) + Z s e, + Z as“_3_10j>
r=0 7=0

% (_b)ks—(yk—a(l + asu—a)—k—l

M8

o

=0

(s)

WK

g

(_b)ksfakfa(l 4 asufa)fkfl

[
=l
)

n

[ee]
+ CTZ

k=0

ﬁ
I
o

3

(_b)ks—ak—r—l(l + asp—oz)—k—l
(_

oo
+a ¢ Z b)ks*ak*‘”“*j*l(l + as“*a)*kfl.

j= k=0

(e}

If we take the inverse Laplace transform of §(s), by using Theorem 2.4 and equa-
tion (2.18), we get

(3.11) y(t) = f(t) i(—b)kta’“Jf“—lE(’;t}W“a(—at“—“)

LS
ki ak k+1 —
+ Cr Z(_b) - +TEaJ—ru,ozk+r+1(_a‘ta H)

oo
ta ¢ Z(_b)ktwﬁai“ﬂ E«it;li,amafuﬂ’ﬂ (—at®™").
j=0 k=0
Then the equation (3.7) directly follows from the equation (3.11) by using the defi-

nition of convolution (2.3) O

Corollary 3.4. If a,be R, b# 0, a,p €C,nym €N, n > Re(a) >n—-12>2m >
Re(p) >m —1 >0, and |bs™#/(s* * +a)| < 1, then the solution of the fractional
differential equation

(3.12) D%y(t) + aD*y(t) + by(t) =0

with the initial conditions y)(0) = ¢, forr =0,1,2,...,n — 1 is

n—1 0o

(813)  y(t) = S e SRR L (—att )

kiok+a—p+j mk+1 o=
t Eafp,,akJrafp,Jerrl( at )

_|_
UL
WE
&
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Proof. Equation (3.13) can be easily obtained by substituting f(t) = 0 in The-
orem 3.3. O

Theorem 3.5. If a,b € R, a,u € C, n € N, n > Re(o) > n—1 > 0, and
|bs~%| < 1, then the solution of the fractional differential equation

(3.14) D%(t) + by(t) = f(t)
with the initial conditions y"(0) = ¢, forr = 0,1,2,...,n — 1 is
t n—1
(3.15)  y(t) = / F@)(t =) Egya(=b(t —2)*) dz + Yt Ea 1 (=bt%).
0 r=0
Proof. Applying the Laplace operator to the differential equation (3.14), we get
(3.16) L{Dy(t) +by(t)} = L{f(D)}.

By the equation (2.12), this implies that we have
n—1 B
(3.17) sYy(s) — Z s e, 4 byg(s) = f(s),
r=0

where ¢, = D"y(0) for r = 0,1,2,...,n — 1, g(s) = L{y(t)}, and f(s) = L{f(t)}.
Therefore, we can easily get

(3.18) (s) = {f_(s)—kzrg crsam} (s 4+ 5)L.

Now, by using Lemma 3.2, we obtain

(_b)ksfakfa

WE

(319  gls) = (f<s> .S )

r=0 k=0
00 n—1 00
_ f_(s)Z(_b)kS—ak—(y + ZCTZ(_b)kS_ak_T_l'
k=0 r=0 k=0

If we take the inverse Laplace transform of §(s) by using Theorem 2.4, equa-
tion (2.19), and Definition 2.12, we get

n—1

(3.20) L7HG()} = y(t) = F(£) 1% Ega(—bt") + > crt" By (—bt*).
r=0

Then, equation (3.15) directly follows from equation (3.20) by using the definition
of convolution (2.3). O
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Theorem 3.6. If a,be R, b#0, ueConmeN, n>2m>=Re(up) >m—-120
and |bs™"/(s" ™" + a)| < 1, then the solution of the fractional differential equation

(3.21) D"™y(t) + aD"y(t) + by(t) =0

with the initial conditions y)(0) = ¢, forr =0,1,2,...,n — 1 is

n—1 e8]
k —
(3.22) y(t) = > ey (=0)HHTERT L (—at™ )

r=0 k=0

m—1 e’}

kynk+n—p+j pmk -

ta Y oy (=b)FE T g e (—at™ ).

j=0 k=0

Proof. Applying the Laplace operator to the differential equation (3.21), we get
(3.23) L{D™y(t) + aD"y(t) + by(t)} = 0.

By the equations (2.10) and (2.12), this implies that we have

n—1 m—1
(3.24) s"y(s) — Z crs" T +asty(s) —a Z cjst I 4 by(s) =0,
r=0 =0

where ¢, = D"y(0) for r = 0,1,2,...,n — 1, ¢; = DIy(0) for j = 0,1,2,...,m — 1,
and g(s) = L{y(t)}. Therefore, by solving this equation for F(s), we get
Z?;()l cps" L 4 az;ﬁ:—ol stu—j—l

s™ +as* +b

(3.25) O
The rest of the proof is similar to the proof of Theorem 3.4. O

Theorem 3.7. Ifa,b € R, a,u € C,m,n € N,n > Re(a) >n—1>=m > Re(u) >
m—12>0, and |bs™#/(s*"* + a)| < 1, then the solution of the fractional differential
equation

(3.26) D y(t) + aDy y(t) + by(t) = f(1)

with the initial conditions D&;Tﬁly(O) = ¢ forr = 0,1,2,...,n — 1 and
D7 y(0) =b; for j=0,1,2,...,m—1is

t oo
B21)  yt) = | f@)d (b)), o (—alt - @) de
k=0
n—1 o)
e S
r=0 k=0
m—1 o'} ‘
ta b] Z(_b)ktakJrai]ilE(If(J—rllL,ak—i-a—j(_a’taiu)'
j=0 k=0
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Proof. Applying the Laplace operator to the fractional differential equa-
tion (3.26), we obtain

(3.28) L{Dg y(t) + aDp y(t) + by(t)} = L{f (1)}
By using equation (2.11), we have

(3.29) Z crs” +asty(s) —a Z bis? +by(s) = f(s),

where D§ ;" 'y(0) = ¢, if r = 0,1,...,n—1, Dy 'y(0) = b if j =0,1,...,m — 1,
y(s) = L{y(t)} and f(s) = L{f(t)}. Then, by solving equation (3.29) for 7(s), we
get

F(s)+X02g crs” +a YT bys?

(3.30) is) = ot
Now, by using Lemma 3.1, we find
m—1 e}
(3.31)  g(s) = ( —l—Zs c,«—l—aZsjb)Z b)ksmok=(1 4 qstm) 7Rt
7=0 k=0
oo
= Fl5) Do (-0)Fs (1 4 sty h
k=0
n—1 0o
+ Z c, Z(_b)ks—(yk—a+r(1 + asu—a)—k—l

0 k=0
oo

+a b; Z(—b)ksfakfa”(l + ast) Tk
j=0 k=0

T

3

If we take the inverse Laplace transform of g(s) by using Theorem 2.4 and equa-
tion (2.18), we get

(3.32) y(t) = f(t) * Y _(=b)Fer et B (et
k=0
n—1 o]
+ CTZ( b) takJra r— 1E§+;1/, whta r( atafu)
r=0 k=0
m—1 e}
+a bJZ A SN G T
7=0 =0
Then, the equation (3.27) directly follows from the equation (3.32) by using the
definition of convolution (2.3). O
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Corollary 3.8. If a,b € R, a,p € C, mn € N, n 2 Re(a) 2n—-12>2m >
Re(p) > m —1 > 0 and [bs™/(s*™* 4+ a)| < 1, then the solution of the fractional
differential equation

(3.33) DG y(t) + aDyy ,y(t) + by(t) =0
with the initial conditions Dg, " () = ¢ for r = 0,1,2,...,n — 1 and
D{itj ! y(0) =b; for j = 0,1, 7...,m—lis
n—1 00
(3.34) =) e > (bRt R e (—at® )
r=0 k=0
m—1 o]
Fa Yy by (=b)FteRresiTlEE o (—att ).
=0 k=0

Proof. Equation (3.34) can be easily obtained by substituting f(¢) = 0 in The-
orem 3.7. 0

Theorem 3.9. Ifa,be R, a,p € C,n e N,n > Re(a) >n—1>0and|bs™% < 1,
then the solution of the fractional differential equation

(3.35) Dgy(t) +by(t) = f(t)

with the initial conditions Dy, "~ Y9(0)=¢, forr=10,1,2,...,n —1is

o0
(3.36) D= [ 5@ S0 ) ()
k=0
+ZCTZ( b)ktozk+oz r— 1E§4+L,<yk+o{ ,,,.(0)

Proof. Applying the Laplace operator to the fractional differential equa-
tion (3.26), we obtain

(3.37) L{DG 1y (t) + by(t)} = LL{f (8}

By using equation (2.11), we have

(3.38) Zcrs +by(s) = f (),

@l
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where Da;r_ly(O) =c forr=0,1,2,...,n—1,9(s) = L{y(t)} and f(s) = L{f(t)}.
Then, by solving equation (3.38) for §(s), we get

(3.39) { +Zcr }s +b)”

Now, by using Lemma 3.2, we find

(3.40) [ —I—Zc,« }Z b)k sk

k=0

£ S)i(_b)ksfakfa i i k 7ak7a+r.
r=0 k=0

k=0 =

If we take the inverse Laplace transform of §(s) by using Theorem 2.4, equation (2.19)
and Definition 2.12, we get

n—1
(3.41) y(t) = f(t) 1% Eaa(=bt*) + > et " Egayr(—bt%).

r=0

Then, the equation (3.36) directly follows from the equation (3.41) by using the
definition of convolution (2.3). O

Theorem 3.10. If a,b e R, p € C,m,n e N, n > m > Re(u) >m —1 > 0 and
|bs™#/(s" " + a)| < 1, then the solution of the fractional differential equation

(3.42) D"y(t) + aDﬁty(t) +by(t)=0

with the initial conditions y™~""1(0) = ¢, for r = 0,1,2,...,n — 1 and
D7 y(0) =b; for j=0,1,2,...,m—1is

n—1 00
(3.43) = e SR L L (ar )
r=0 k=0
m—1 [e%s}
k k 1 pk+1 -
+a bjz " i En pynk+n— ]( at" M)'
j=0 k=0

Proof. Applying the Laplace operator to the differential equation (3.42), we get

(3.44) L{D™y(t) + aDg’ty(t) +by(t)} =0.
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By the equations (2.10) and (2.12), this implies that we have

3

n—1
(3.45) s"y(s) — Z s"er +asty(s) — as’b; + by(s) = 0,
r=0 7

I
o

where D&;Tﬁly(O) =cforr=0,1,...,n—1, D(’)‘;jfly(O) =bjforj=0,1,...,m—1
and g(s) = L{y(t)}. Therefore, we get
Sl ers” +ad ) bys?

(3.46) y(s) = b

The rest of the proof is similar to the proof of Theorem 3.7. O

4. TLLUSTRATIVE EXAMPLES

As applications of the theorems that we give, we have the following results. By
the first two examples, it could be seen how the solution of the fractional differential
equation differs for the different interval values that the fractional order derivative
part of the differential equation belongs to.

Example 4.1. If 1 > Re(u) > 0, then the solution for the vibration equation
with fractional damping with one degree of freedom

(4.1) mD?y(t) + gD y(t) + ky(t) = (1),

with the initial conditions y(0) = ¢ and y'(0) = ¢, is

@2 w0 = [ f@) T =B o(alt - 2P do
k=0

(oo}
+co Z(—b)kt%ngi,%H (—at®™*)
k=0
[ee]
kp2k+1 k41 2
ey (S0)MEMET o (—at® )
k=0

(o)
+aco Y (=b)FFTETRERT g (—at® ).
k=0

Proof. If we divide both sides of equation (4.1) by m, we get the equation

(13) Dy(t)+ Loy + Sy() = f).

Now, if we make choices of & = 2, a = §/m and b = k/m in equation (3.6), we obtain
equation (4.3). So, equation (4.2) directly follows from Theorem 3.3. O
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Remark 4.2. If 1 > Re(u) > 0, then the solution for the fractional differential
equation

(4.4) mD?y(t) + gD y(t) + ky(t) = 0,

with the initial conditions y(0) = ¢p # 0 and 3'(0) = ¢1 # 0, is

oo ]’% k q _
@) =X (-5 ) B (-5 )
k=0
oo ];: . (j B
+o Z<_E) t2’“+1E2+;72k+2< L2 N)

0
Q. ~~(_k q
kS _ 2k+2—p k+1 41 42—p
LS (e, (L)
k=0
Note that this is the special case of the vibration equation with fractional damping

defined in the equation (2.13) with the choice of 1 > Re(u) > 0 and f(t) =0

Example 4.3. If 2 > Re(u) > 1, then the solution for the vibration equation
with fractional damping with one degree of freedom

(4.6) mD?y(t) +qD"y(t) + ky(t) = f(2),

with the initial conditions y(0) = ¢ and y'(0) = ¢, is

(4.7) / f(z i( ~ ) )Qk“EéHi 2k+2( i(t - x)Q_H> da

k=0
o0 7 ~
ﬁ 12k pht1 4 t2*“
€o m 2—p,2k+1
k=0
oo 7 ~
Z ﬁ (2k+1 k1 _dpp
€1 m 2—p,2k+2 m
k=0
q io: _E t2k+2 HEk+1 _itQ—p
— m 2—p,2k+2—p+1 m
~ oo 7 ~
_c Z k t2k+3 u gkl _itQ—p
1 2— 11,2k +2—p+2 m :

Proof. If we divide both sides of equation (4.6) by m, we get the following
equation

(1) y(t)+ Loy + Ly = )
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Now, if we make choices of « =2, a = ¢/m and b = ]~€/T7L in equation (3.6), we obtain
equation (4.8). So, the equation (4.7) directly follows from Theorem 3.3. O

Remark 4.4. If 2 > Re(u) > 1, then the solution for the fractional differential
equation,

(4.9) mD?y(t) + gD"y(t) + ky(t) = 0,

with the initial conditions y(0) = ¢ and y'(0) = ¢y, is

(4.10) _COkZ_O< _) t2kE2+,12k+1( th u)

]; 2k+1 pk+1 q 2—
+e —E>t Y o (— 2t

N

k=0

—I—qo
m

Mx

I% 2k+2— k+1 (j 2—
(=) P s ()

k=0

Mg

q 2k+3—p k41 q 2—
+ = (- )t PEE e (- Lyzw).

E
Il

0

Note that this is the special case of the vibration equation with fractional damping
defined in equation (2.13) with the choice of 2 > Re(p) > 1 and f(t) =

Example 4.5. The solution for the Bagley-Torvik equation,
(4.11) aD?y(t) + bD*2y(t) + ey(t) = f(t),
with the initial conditions y(0) = ¢o # 0 and y'(0) = ¢; # 0, is
! [ eV b
(412)  y(t) = /0 f(z) Z(_5> (t— ) T By 2k+2( Z(t- 37)1/2) da

k=0

O\ ok okt b 1/2
+co Z(‘a) t E1/+2,2k+1 <_5t1/ )
k=0
o~ G\ 2k+1 ph+1 b 1/2
ta 3 (=7) P B (-5)
k=0
b =/ @ b
2k+1/2 mk+1 1/2
# g X (28] P B R (-51)
k=0
b 2% (2k+3/2 ph+1 Btl/Q
+501Z T 1/2,2k+5/2\ " 5 :
k=0
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Proof. If we divide both sides of the equation (4.11) by a, we get the equation
b é
(113) Dy(t) + = DYy (1) + <y(t) = £(0)

Now, equation (4.12) directly follows from Theorem (3.3) by the choices of a = 2,
pw=3/2,a=>b/a, b=¢/a and the fact that m = 2 for u = 3/2. O

Remark 4.6. The solution for the fractional differential equation
(4.14) aD?y(t) + bD3y(t) + ey(t) = 0,

with the initial conditions y(0) = ¢o # 0 and y'(0) = ¢; # 0, is

o }
C\F b
(4.15) vy =coy_ (%) B (—21%)
k=0
= N okt k1 b 1/2
ra X (=5) M E (<51
k=0
B - 6 k 2k+1/2 rmk+1 E 1/2
tae0 3 (=5) P E s (-517)
k=0
E . ¢ k 2k+3/2 k+1 E 2
taed (5) B (<50).
k=0

Note that this is the special case of Bagley-Torvik equation defined in (2.14) with
the choice of f(t) =0.

For the next example, we choose f(t) = t~! in Theorem 3.3 and obtain the
solution for a particular case of the fractional differential equation (3.6).

Example 4.7. The solution for the fractional differential equation
(4.16) D%y(t) + aD"y(t) + by(t) = te*

with the initial conditions (") (0) = ¢, for 7 =0,1,2,...,m — 1 is

o0
1 -k _
(4.17) y(t) = D (=b)ftertote gt L (—at®h)
k=0
n—1 oo
k _
) e Y (bRt ERE L (—att )
r=0 k=0
m—1 00
kpak+a—p+j mk+l -
+GZ CJZ(_b) pekre M+]Ea—u,ak+a—u+j+1(_ata ")
j=0 k=0
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Proof. By taking f(t) = t~! in Theorem 3.3, we get the following solution for
the equation (4.16):

18 900 = [0 S (ot )
k k k+1 —

Z O +TE04+H ak+r+1( at® “)

r=0 k=0

m—1 (oo}

k+ +j pk+1 _
Z ta o an pw,ak+a— p,+g+1( at® M)'

:0 k=0

Now, by changing the order of the integration and the summation in equation (4.18)
and then calculating the integration by using the relation [16], pp. 10, Eq. (2.10),

(4.19) / N5t (w—s) T LE2 (A —9)?) ds = T(u)(a—) 1 E2 (A —1)?),

we obtain equation (4.17). O

Remark 4.8. If 1 > Re(p) > 1/2, then the solution for the fractional differen-
tial equation

(4.20) D2Fy(t) + aD"y(t) + by(t) =t

with the initial conditions y(0) = ¢ and y'(0) = ¢; is

(4.21) y(t) = D (=b)feekrnte gt (—ath)
k=0
[ee]
+ co Z(_ thMkEﬁ—gikH( at")

(o)
+ Z(_ t2ﬂk+1 Eﬁ—;}‘bk+2( at”)

(o)
+aco Y (=bFPRHER o (—ath).

Note that this is the special case of the equation (4.16) with the choices of a = 2u
and 1 > Re(u) > 1/2.

As is known, ordinary differential equations and partial differential equations are
widely used to solve physics problems. However, due to the distinctive behaviour
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of materials, classical damping descriptions may fail. The reason for this is that in
classical theory, the operators are local ones. One of many well-known techniques
that are applied to overcome this kind of difficulties is to use differential equations
with fractional time derivatives. For details see [14]. The next example is given for
this reason.

Example 4.9. In fractional mechanics, Newton second law of motion could be
defined as

(4.22) F =ma=mD"v(t),

where “m” is the mass of the body. If the force “F” is constant, the body in motion
moves with a constant fractional acceleration of F'/m. Now, we consider the vertical
motion of a body in a resisting medium in which there is a resisting force proportional
to the fractional velocity. If the body is projected downward with zero initial velocity
in a uniform gravitational field, then the equation of motion is given by the fractional
differential equation

(4.23) mD"v(t) =mg — kv(t), 1>v>0,

and the solution for this fractional differential equation is

(4.24) o(t) = % [1 - E,,(—%t”)].

Proof. Dividing the equation (4.23) by m, we get

(4.25) D¥v(t) + —v(t) = g.

k
m

Choosing f(t) = g, b = km™!, a = v and y(0) = ¢o = 0 in Theorem 3.5 and using
the fact that n =1 for 1 > v > 0, we have

m

(4.26) o(t) = /Ot g(t — )" 'E,, (—ﬁ(t - x)”) da
t oo n(f — g)vntr—1
=0 [ S () oo
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Then, by making the change of variable ¢t — x = u and changing the order of integra-
tion under the condition of absolute convergence, we obtain

(4.27) v(t) =g fx_ﬁ ";) /Ot W1 4y,

k\n+1 tyntv
_E) I‘(l/n—i—z/—i—l)}

n=—1
e n vn
=S =X (-2 )
—\ m (vn+1)
Finally, we can get the equation (4.24) by using Definition 2.13. O

The fractional differential equation (4.23) could also be solved in [3] by using
another method.

By the following examples, we give solutions for some fractional differential equa-
tions that contain the Riemann-Liouville fractional derivative.

Example 4.10. The solution for the fractional differential equation
(4.28) D§ y(t) + aDf y(t) + by(t) = o~

with the initial conditions Dg;r_ly(O) = ¢ for r = 0,1,2,...,n — 1 and
D77 y(0) = b for j =0,1,2,...,m—1,is

(4.29) y(t) = > (=b)Feektotertphts o (—at®H)
k=0
n—1 oo
+) e Y (=hykektemr Tt gE e o (—at )
r=0 k=0
m—1

_|_

=)
&
M8
&

kiak+a—j5—1 pnk+1 _a—
t Ea_u7ak+a_j( at ).
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Proof. By taking f(t) = t¢~! in Theorem 3.7, we get the solution for the equa-
tion (4.28)

(430) () / W) T B s alt — 0 ) o
TL— o0
Z Z tak+a " 1E§+/11, ak+a— r( ata_u)
r=0 k=0

m— o0

k ak+a—j—1 pk+1 a—p
Z biz ¢ Ea Hr,ok+a— J( at )
j= k=0

Now, by changing the order of the integration and the summation in equation (4.30)
and then using equation (4.19), we can directly get the equation (4.29). O

Remark 4.11. If 1 > Re(u) > 1/2, then the solution for the fractional diffe-
rential equation

(4.31) Dy (t) + aDf y(t) + by(t) = 12~

with the initial conditions D&;ly(O) = cp, D&;zy(O) =c1 and Dfy, Yy(0) = bo, is

(4.32) y(t) = i( pfgruktutestpht) o (—ath)

k=0 .

+COZ( b) t2uk+2u 1E];J5;11k+2u( at”)
kozoo

+a Z(_ Hasan 2E/]j<gitk+2p 1( att)
o0

+abg Y (=b)FPR I B (—att).
k=0

Note that this is the special case of the equation (4.28) with the choices of a = 2u
and 1 > Re(u) > 1/2.

Example 4.12. The solution for the fractional differential equation

(4.33) D2y(t) + D3 2y(t) + y(t) = £ (1),
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with the initial conditions Dg’/tQ_ry(O) = ¢ for r =0,1,2,3 and DS’/tQ_jy(O) = by,

for 7 =0,1,21is

t 0
(4'34) y(t) = /O f(.l?) Z(_l)k(t - x)7/2k+5/2EfJ;/12k+7/2(x - t) da
k=0

+ ¢ Z(_1)kt7/2k+5/2Ef,J;/l2k+7/2(_t)
k=0

[ee]
T Z(_1)kt7/2k+3/2EiJ;/12k+5/2(_t)
k=0

[ee]
+ ¢y Z(_1)kt7/2k+1/2Ef47_/12k+3/2(—t)
k=0

[o ]
k,7/2k—1/2 k41
+c3 Z(_l) /2= By jatgry2(—1)
k=0

o0

+bo Z(_1)kt7/2k+5/2Ef,J;/l2k+7/2(_t)
k=0

o0

+ bl Z(_1)kt7/2k+3/2Ei—‘,7-/12k+5/2(_t)
k=0

o0

+ by Z(_1)kt7/2k+1/2Ei—i7-/12k+3/2(_t).
k=0

Proof. By taking o = 7/2, p =5/2 and a = b = 1 in equation (3.26), we get the
equation (4.33). Then, the equation (4.34) directly follows from Theorem 3.7. O

5. CONCLUSION

Laplace transform method is widely used and very effective tool for solving frac-
tional differential equations. Throughout the paper, we use this method to obtain
general solutions for various families of fractional differential equations and solutions
for some specific members of these families. Solutions for several different frac-
tional differential equations that contain the Caputo sense fractional derivative or
the Riemann-Liouville fractional derivative could also be achieved by the theorems
that are presented in this paper.
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