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Abstract. We propose, on a model case, a new approach to classical results obtained
by V.A.Kondrat’ev (1967), P. Grisvard (1972), (1985), H. Blum and R.Rannacher (1980),
V.G. Maz’ya (1980), (1984), (1992), S. Nicaise (1994a), (1994b), (1994c), M. Dauge (1988),
(1990), (1993a), (1993b), A. Tami (2016), and others, describing the singularities of solutions
of an elliptic problem on a polygonal domain of the plane that may appear near a corner.
It provides a more precise description of how the solutions decompose, puts into evidence
the analogy of such decompositions with standard Taylor expansions, and gives uniform
estimates with respect to the angle parameter. This last property allows the treatment of
families of elliptic problems on families of open sets.

Keywords: biharmonic operator; elliptic problems; nonsmooth boundaries; uniform sin-
gularity estimates; Sobolev spaces
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1. INTRODUCTION

The behaviour of solutions of elliptic problems on polygons near a corner has been
investigated in the 60’s. The method used by our predecessors in this matter, for
example the case of the Laplacian A (see [7]) relies, through appropriate changes
of variables, on the idea that singularities appear as poles in the complex plane of
some kernel associated to the problem. However, one drawback of this approach is
the lack of uniformity in the estimates with respect to the angle parameter. This
prevented us to use the same method for our model problem, defined on a family of
open sets with a variable angle at the origin.

We indeed consider a family of open sets €2, of the plane, whose boundaries are
smooth except at one point, the origin O, where they are locally polygonal with an
angle w € ]0,2n[. To fix the ideas, we assume that the boundary of ), near O contains
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two segments I't = {#(1,0); ¢ € [0,1]}, on one side, and '™ = {(1 — ¢)(cosw, sinw);
t € [0,1]}, on the other, and that the truncated sector {(r,0); r €]0,1], 6 € |0, w[}
is included in ,,. We want to study the family of problems (P,) A?u,, = f,, with
boundary condition u,, = Au, = 0. There, the right-hand sides (r.h.s.) are assumed
to depend smoothly on w in L?(€,).

If w < m it is known from [1] that the solution u, decomposes as

(11) Uy = Ul,w + U2,w + U3,w,

where u; ., u2,. are singular and us, is regular. Indeed, near the origin, u; .,
Uz, U3, are respectively of regularities H' 4™/« == [2+7/w=¢ H4 for every ¢ > 0,
while the solution u; is, in the neighborhood of the origin again, of regularity H*.
One thus naturally looks for a resolution of the singularity near the angle & whose
description was the main motivation for this work. Our main result is that there
exists a decomposition (1.1) of u, which is uniform with respect to w, when w — =,
with the best possible topologies for each term, which is analogous to the Taylor
expansion of u,, near 0 and which converges towards the Taylor expansion of u,.

To obtain such a result, we follow a new approach that we will fully describe.
Beyond the particular case treated here, our method is generalizable to a much
wider class of problems: this is where its main interest lies.

2. A NEW APPROACH TO BLUM AND RANNACHER RESULTS

We describe in this section our approach to solving problem (P,) with a fixed
parameter w that we restrict to the interval |0, nt], in order to avoid too heavy a mul-
tiplication of sub-cases. As we announced before, we will pay great attention to
deriving uniform estimates with respect to w.

2.1. The main steps. Let 2 be a planar open set whose boundary is smooth
except at one point, the origin, where it is locally polygonal with angle w. Recall that
we assume the boundary of 2 near O contains two segments I't = {¢(1,0); ¢ € [0,1]},
on one side, and I'™ = {(1 — ¢)(cosw, sinw); ¢ € [0,1]}, on the other, the truncated
sector {(r,0); r €]0,1], 6 € ]0,w[} being included in 2. We denote by L the elliptic
operator in the problem (P,,) above, defined in the variational sense, and by D(L) its
domain as a subspace of the Hilbert space H(A2,Q) = {u € H*(Q): A%u € L*(Q)}
with the norm [jul|g(az2,0) = (||u||%12(9) + ||A2u||2L2(Q))1/2. More precisely, D(L) =
{ue H(A%,Q): u=Au=0 on d0}.

All functions u in D(L) are of regularity H* outside any neighbourhood of the
origin and by the Poincaré inequality ||A2u||2(q) is a norm on D(L). Let us define
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by Do(L) the closure in D(L) of the set {u € D(L); u = 0 in some neighborhood
of 0}. Our method starts with the following:

Lemma 2.1. Under the hypothesis above, in particular when w # 1,

Do(L) ={ue D(L); ue H*(Q)}.

Hence, by the Hahn-Banach theorem, to describe the behavior of those functions
u in the domain of L which are singular near the origin, it is enough to understand
what are the linear forms on D(L) which vanish on Dg(L). Denote by Ag(L) the
space of all such linear forms. Note that, when | € Ao(L) and u € D(L), we have
I(u) = I(uy) for any C* function Y, compactly supported in © and identically equal
to 1 in some neighborhood of O.

Lemma 2.2. The space Ay(L) is of finite dimension.

> It is trivial when w < %n.

> When %n <w < %n, it is one-dimensional and any | € Ag(L) can be represented
as
l(u) = c/ A%(ux)(r, 0)r* /¥ sin 597“ drdé,
Q

where ¢ is a constant and x a C*° function compactly supported in N B(0, 1)
and identically equal to 1 in some neighborhood of O.
> When %n < w < m, it is two-dimensional and any | € A¢(L) can be represented as

lu) =1 / A (ux)(r, 0)r* /% sin 597“ drdo
Q
2
+ e / A%(uy)(r, 0)r? =2/ sin Zﬂer dr dé,
Q

where c1,ce are two constants and x a C* function, compactly supported in
QN B(0,1) and identically equal to 1 in some neighborhood of O.

From this lemma it is then easy to recover the Blum and Rannacher [1] description
of the singularities of the functions in the domain in a more accurate version.

Theorem 2.1. Let u € D(L). Then, depending on w, one has:

> when w < i1, u € H*(Q);

> when %n <w < %n, there exists a ball B centered at the origin, a constant C
independent of w, and for each w a linear form A € Ag(L) such that any v € D(L)
decomposes on B as

(2.1) u(r,0) = Mu)r™/* Singe—l—uo(r, 0)
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with ug € H*(2), where
IA(w)| + [[uol| 1) < Cllullp(ry;

> when %T[ < w < 7, there exists a ball B centered at the origin, a constant C'
independent of w, and for each w two linear forms A\, u € Ao(L) such that any
u € D(L) decomposes on B as

2
(2.2) u(r,0) = Mu)r™* sin 59 + pu(u)r¥/“ sin 59 + up(r, 0)
with ug € H*(2), where

@) + [p(w)] + [Juoll 40y < Cllullp(z)-

In these statements, the linear forms A and p are supported on {O}, being elements
of Ao(L)
Let us now go into the proofs.

2.2. Proof of Lemma 2.1. We begin by choosing v € D(L)NH*(Q) and showing
that it belongs to Do(L). Let € € ]0, [, n € ]0, ¢, and define

0 if r <,
hen(r) = e~ (n(r—n)/lne-1)%/2  j¢ n<r<n+e,
1 ifr>n+e.

These functions are at least C*, and for 1 < k < 4 we have

B%) ()] < c L —(nerm/me-1)/24

s,n(r)| X m (7’ — 77)’“ n<r<nte

uniformly in 7, e. We set u.,, = uhe,, so that u., € Do(L). For any a > 0, by the
Poincaré inequality it will be sufficient to show that there exist £ and 1 such that
[A2%u — A%uc ylL20) < o

The term [|[A%u — (A%u)he p|L2(0) is obvious. The other terms are of the form

HDkU D4_kh6,n”L2(Q)7

where 0 < k < 3 and DF is a generic notation for any partial derivative of order k.
For a given k these terms are dominated by the square root of

cz ¢ 1 5
Ty = —— // DFu(r, 9)27637(1“(“")/1“71) rdrdd.
|h’15|2 0 Jn<r<n+e ( (T - 77)8_%
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When 27 < r < n+ ¢, one has

2
c 1 ef(ln(rfn)/lnsfl)5 < ¢ )
IInef? (r—n)s-2 r8=2k(Inr)?

We thus have

(2.3) cj/:/ DFu(r, 0) g drdd
<2 ( )

1 5
2 —(In(r—n)/Ine—1) dr de.
|1n€| / ~/77<7“<277 ) (T - 77)8_2k ¢ mer

The second integral on the r.h.s. of (2.3) above is as small as we want provided ¢ is
fixed and 7 small enough. The first integral tends to 0 with € thanks to the following
estimate, pertaining to the class of Hardy inequalities.

Lemma 2.3. For any u € D(L) N H*(2) and 0 < k < 3, one has
1
D u(r,0)* ————rdrdf < C|lul? .
/5203(0,1/2) r8=2k(In )2 HA(®)

Proof. Since u € H*(Q), its trace is at least C2. Therefore, because the two
tangent directions defined by the boundary at the origin, along I'~ and I'", are not
collinear (w # n!), the Dirichlet boundary condition on u and on Au implies u(0) = 0,
Vu(0) = 0, D?u(0) = 0. That any v € H*(2) which vanishes at the origin at the
order 2 does satisfy the lemma is shown as follows.

We start by proving the inequality when k = 3. It is a direct consequence of the
observation that, for all v € H!(Q),

(2.4) drdo < Cllo]% q)-

1
v(r,0)° ———5
/QmB(o,1/2) r(lnr)?
Indeed, assuming first that v € D(f), integration by part gives
5 1
v(r,0) dr dé
QNB(0,1/2) (hl r)?

1
=2/ v(r,@)@(rﬂ)—drde—/ v(r, 0)? —ds
QNB(0,1/2) or Inr a(NB(0,1)) Inr

1 1/2 v 1/2
< 2(/ v(r,0)* ——— dr d9> (/ (r,0)r dr d9)
QNB(0,1/2) r(lnr)? QNB(0,1/2) or

"‘CHU”%H(Q),
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which implies (2.4) for v in D(Q2) . Then the inequality holds in H'(2) by density.
Next, if k < 2, we write

"o
k _ k
U(T, 9) */0 8QD ’LL(Q, 9) dQ,

using that D*u vanishes at the origin. Hence, one can readily verify that this allows
to deduce the inequality of the lemma for such a k from the same inequality for k+1.
This ends the proof. O

Therefore, we have obtained that u € Do(L) as desired.
Let us conversely show why any u € Do(L) belongs to H*(Q2). We may assume
that u is compactly supported in the ball B(0, %) We will prove that, in this case,

(2.5) [ ptwr = [ @

where we have defined

Dl = (%)2 * 4<8i§gy)2 * 6(852451;2 )2 N 4(8221;3 )2 * (%)2'

By density it is enough to prove this when, moreover, v is vanishing in some neigh-

borhood of O. But then, using an appropriate partition of unity, we can write
u = u1 + ue, where wu; is supported in the half-plane P, = {y > 0}, uo is supported
in the half-plane P, = {sinw —ycosw > 0}, both are in H*(P;), satisfy the bound-
ary condition u; = Au; = 0 on 0P;, and supp u; Nsupp us is a compact subset of €.
In fact, equality (2.5) is satisfied by each wu; separately: To see this, by density one
can consider first u; € C°(P;) integration by parts and commutativity of partial
derivatives for smooth functions give immediately (2.5) for each u;. We thus have

(2.6) /|D4 /|D4 |2+2/D4 u1) - D*(uz) /|D4 us)|
Q

= [@2u 2 [ i) DY) + [ (B2

Choosing h € C2°(Q)) with A = 1 on supp u; N supp usz, we also have
/ DMur) - D'(us) = | D*(urh) - D*(ush)
Q R2

= AQ(’U,lh)AQ(’U,Qh):/QAQ(Ul)AQ(U'Q)v

R2

the second equality relying on the same arguments of commutativity of partial deriva-
tives as for u; and wug separately. Inserting this identity into (2.6) gives inequa-
lity (2.5). This completes the proof of Lemma 2.1.
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Remark 2.1. It follows from the argument above that there exists a constant C'
independent of w such that

Vu € Do(L)||ull g1y < Cllullpr)-

It should be pointed out that one can easily check that, for all u € Dy(L), the
estimate u(r, ) = o(r®|lnr|) holds true near the origin (see [15]).

2.3. Proof of Lemma 2.2. Since, HAQ’U,HLZ(Q) is a norm on D(L), any linear
form [ on the domain of L can be written as

l(u):/QAQU,z

for some z € L*(2). If now [ vanishes on Do(L), we have [, A%pz = 0 for any test
function ¢ on 2, which means that

A%z =0 in D'(Q).

Let x € C°(]0,1[), k > 1 and u(r, 0) = x(r) sin(knf/w). Then u € Dy(L), so that
I(u) = 0. This gives in polar coordinates followed by integration w.r.t. 6 the equation

[ (63 - T Eronasemn

2 w
zi(r) = — / z(r, 6) sin bz dé.
O w

where

w
Thus, we have
LAY (5 A =0 w0

or equivalently, since » = 0 is not in )0, 1[, the associated Dirac mass at 0 will vanish
for test functions in C2°(]0, 1[) so that one can omit the factor r from the left-hand
side of this last equation and obtain in D’(]0, 1[) the system

L)~ (5 o=

FaCa) = (3) oo

where the second equation has straightforward analytical solutions,

2.7)

or(r) = apr™@ + Br—hr/e
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which are in L _(]0, 1[) for all constants ay, 8); € R. It follows by standard arguments
of interior elliptic regularity from the second equation of (2.7) that ¢y € HZ _(]0,1[),!
and consequently the first equation of (2.7) implies under the same arguments that
zr € H [(]0,1]). As a result, 2y, satisfies in L2 (]0,1]) the differential equation

loc
Garlra) -~ (3) ) =0 =0
It follows that

2 = akr2+kn/w +bk7“kn/w +Ckr27krc/w +dk’l"7km/w

for some constants ay, by, ci, di. Moreover, we immediately get rid of most of the
constants ¢, di. Indeed, we have z, € L2(]0,1[,7dr), since z is square-integrable
on €, so that di must vanish for all ¥ and ¢, vanishes as soon as k > 3w/x, too.
Define
o0 oo
= Z apr?the/@ sin @9 + Z berF™/@ sin %9,
k=1 k=1

2-1/@ when

so that, on QN B(0,1), we have z = 2y when w < %n,z = zy+ ar
%T[ <w < %TE, and z = zg + 1727V 4 ¢or?~20/% when %Tt < w < 1. Notice that

these series have their radii of convergence equal to at least 1, since

Z (a7 +03) < C 2(r,0)?r drdf < co.
k=1 {r<1}

?rl»—*

Choose x a C* function, compactly supported in N B(0, ) and identically equal
to 1 in some neighborhood of O. Lemma 2.2 directly follows from the fact that

(2.8) Yu € D(L) /Q A?(ux)zo = 0.

To prove it, we forget y and assume that wu itself is compactly supported in
QN B(0,3). Let ¢ >0 and Q. = QN B(O,z—:)c. We have

A2 u)zg = hm A?(u)zg.
Qe

!For any integer m > 0, Hj}.(]0,1[) def

Ce=(o, 1N}

{v € D'(J0,1]), xv € H™(]0,1]) for all x €
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Our functions are regular enough to allow the use of Green’s formula on {).. Since u
vanishes on the boundary of Q and zy is biharmonic on supp u, we obtain

0Au 029
QQ _ — Au—— —+ AU
,/QE uzo/g( 871 %0 ua )ds /’E Ue%0

= A (aaAnuzo - Au%) ds + A (%Zo - u%) ds,

where 7. is the arc {(¢,6); 0 < § < w} and ds its arclength measure. We estimate

the r.h.s. above using standard results on the traces:

0Au 0z
2 0
/ ATuz H HH sy POl AUl -2 HHl/Z(’Ya)
820
H HH 1/2(32) HZOHHW COR LIRS %HH*IN(%)

< Ollullpyllzohell 20, + Cllull o, l|lzohe |51 (0.)

where h. is a smooth cut-off function identically equal to 1 on ~. and supported on
B(0,3¢). One can check that ||zohe| g2 < Ce™*“~! and ||20he|| g1 < Ce™*. This
concludes the proof of (2.8) and of the Lemma 2.2.

2.4. Proof of Theorem 2.1. When w < ir, we have D(L) = Do(L) by

Lemma 2.2, hence the H*-regularity of the solutions to problem (P,) whatever
feL?Q).
When in < w < 21 and u € D(L), define A € Ag(L) b

— 1 2 2—n/w L E
Au) = Inwjo—1) /QA (ux)(r,0)r smw9rdrd9

for a fixed C*° radial y, compactly supported in QN B(0, %) and identically equal
to 1 in some neighborhood of O, picked on once and for all. Note that, using the
proof of (2.8), we also have

(2.9) AMu) = ﬁ /Q A%(ux)(r, 0)(r2~™/% — r™/“) sin 597“ dr dé.

4r(

This identity implies that ||A|| is bounded uniformly with respect to w. Indeed, the
proof results from the Cauchy-Schwarz inequality and the uniform estimate

1 T
< — —
|6(r, 0)] < o Vrelo,1], 6 €]0,7], and w € [3,1‘[],
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where
TTE/UJ

(2.10) 5(r,0) = { 4n(r/w—1)

r . .
—Inr?sing ifw=rn,
T

(7“2_2“/“’ —1)sin E9 1f 3 S <w<r,
w

so that 6(r, ) is continuous with respect to w at w = .

Let 1 € D(L) be such that (r,0) = r*/*sin(nf/w) when (r,) € supp x (that
such a 1 does exist is straightforward). Then, setting x1(r) = 2nx'(r)/w + (rx'(r))’,
we have

AMW) = m/ ((1 - 22))(10")
+ 2(— - 1)7’)('1(7") +r(ry} (r))’) sin? 59 drdé

! T
m/o sin? —9d9/0 ((1 — 2;)){1(7")
+ 2(— — 1)7“)('1(7“) +r(ry} (7“))’) dr.

Note that the expression of x;1 contains only derivatives of x so that all integrals
w.r.t.  in the previous identity are independent of the interior values of y given
that they involve only its boundary values at r = 0 or » = 1 and that x(0) = 1 and
x(1) = 0. So, integration by parts leads after calculus to A(¢)) = x(0) = 1.

Therefore, ug = u — A(u) is in the kernel of the form A, that is to say, in Do(L),
since Ag(L) is generated by A. This means, by Lemma 2.1, that ug is in H*, as
desired. Moreover, the estimate given in Remark 2.1 shows that

luoll a2y < Cllullpry + [Mw)|) < Cllullpr)

which completes the case %n <w< %n.
When %TE < w < m, we keep on the definition of the form A\ above, and define
another form p € Ag(L) by

w(u) = W/ A?(ux)(r, 9)r? =2/ 51n—9rdrd9

Note that ||x]| is bounded uniformly with respect to w. Then, if we choose ¢ € D(L)
such that ¢(r,0) = 7>*/% sin(2n0/w) when (r,6) € supp x, an analogous calculation
gives p(¢) = 1. Note that A(¢) = u(vp) = 0. Therefore, ug = u — A(u)yp — p(u)¢ is

in the kernel of the forms A, u, that is to say, in Do(L), since Ag(L) is generated by
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X and p. This means, by Lemma 2.1, that ug is in H*, as desired. Moreover, the
estimate given in Remark 2.1 shows that

luoll a2y < Cllullpry + Mu)| + u(w)]) < Cllullp),
which ends the proof of Theorem 2.1.

2.5. Study of the singularity of solutions in the neighborhood of . We
want now to describe more precisely how the functions u,, converge toward u,, em-
phasizing the resolution of their singularities. Recall that, for reason of simplicity,
we restrict ourselves to the case w < .

We know from Theorem 2.1 and from (2.9) that, when %Tt < w < 7, the solution u,,
of the problem (P,) has near the origin the decomposition

(2.11) gy (r,0) = Aoty (r,0))r™/* sin 59 + o (g (7, 0))r2™/¢ sin %9 + Uy o(r,0),

where
1 T
2.12) A, (uy,) = 2 " 2—n/w _ /WY i
(2.12) Au(uw) ey — /QwA (uwx)(r, 0)(r r )smwerdrde,

1 2
/ A% (ug,x)(r, 0)r? =2/ sin Lo dr dé,
) Ja, w

(2.13) pos(uw) = §22jw — 1)

and wu,, o is the regular part, of regularity H*. Here, x is a C°° function, compactly
supported in N B(0,1) and identically equal to 1 in some neighborhood of O. In
the sequel, we forget y and assume that u, and wu, are compactly supported in
QHT(OJ). This simplification is harmless, as the reader will easily check.

The objective of this subsection is to prove the more precise result:

Theorem 2.2. With the previous notation we have

. Ouy
(2.14) ul;lglr Aw(Uy) = An(ur) = a9y (0,0),

) 1 0%u,
(2.15) }}Lnr fho (o) = pix(uz) = iamay (0,0).

The Taylor expansion of u; near 0 being of the form

Ouy
dy

1 0%u
2 0z0y

uz(z,y) = 5 (0,0)y + (0,0)zy + (2% + y?)e(z, y),

where ¢(z,y) — 0 as (z,y) — (0,0), Theorem 2.2 shows that, in the decomposi-
tion (2.11) of w,,, each term converges to one of the terms of this development.
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Proof. We prove the equality (2.14) starting from (2.12), which straightfor-
wardly implies

1
lim A, (uw) = Ax(ug) Lf - A?(uz)(r,0) rInrsin fr dr db.

wW—T 21

To prove the equality A(u;) = du,/9y(0,0), we apply Green’s theorem and obtain

Ar(uy) = % o Aug(r,0)GL(r,0)r drdé,

where G1(r,0) = —(sin#)/r. Note that this integral exists, since Au, € L*(£,), by
Sobolev embeddings.
To go further, we classically put Q. . = Q. \ B(0,¢) and

Arelun) = %/ Auy(r,0)GL((r,0)r drdo

so that hII(l) Aze(uz) = Az(uz). Applying Green’s theorem, we find:
e—

(2.16) Ane(un) = l/ Auy(r,0)GL(r, 0)r dr do
= - %/ ) - VGL(r,0)rdrdo

0)GL(e,0)e d6.

The boundary term is equal to

—/ Ous —(&,0) sin 6 db.
0 Or

T

Since Vu, is C!, it converges towards

Ouy ~ 10u,
%/0 5 (0,0)sinfdo = 23y (0,0).

Applying once more Green’s theorem, we obtain that the other term in (2.16) is
equal to

T 1
1 / un(evg)aG
T Jo

- Ouy 1 .
" (€,0)edb = —/0 ( (0,0)esinf + O(e ))E—Qsm@ed@

T dy
1 du,
=3y (0,0) + O(e).
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This concludes the proof of (2.14).
We prove similarly the equality (2.15) starting from:

of 1
lim g, (ug) = pir(ur) d:f / A2 (uy)(r, 6) sin 20r dr d6.

w—T

We obtain as in the former case

1
pr(uz) = —/ Aug(r, 0)G?(r, 0)r dr dé,
2n Q.
where G2(z,y) = —(sin26)/r? in polar coordinates. That this integral converges

comes from the H? regularity of Au, together with the Dirichlet boundary condition
it fulfils, which implies that Au.(r,0) = o(r®) for all @ < 1. We set 2 . = 2\ B(0, ¢)

and )
e (Uz) = —/ Auy(r,0)G?(r, 0)r dr do,
21 Qn,a

so that hII(l) tre(Uz) = pr(uz). Applying Green’s theorem gives us
e—

(2.17) pre(tz) = — ZL/ Vg (r,0) - VG*(r,0)r dr do
T
1 [ OJug 2
4—2—TC " (r,0)G=(e,0)e do.

The boundary term reads

T Oy
2n J, Or

(e, 9)—51n29d9— /[a;r( 0) — 8;r(0 9)} sin 20 d6.
r

We thus have

8“1‘[ 1 82un

(2.18) 2%2—71 . or — (e, 9) sin26df = 5 ), o2 (0,0) sin 26 d0
SEATATRY
 40xz0y°

The other term in (2.17) is equal, by Green’s formula again, to

_/ur

8ur 1 62u. . N1
= _/O ( oy (0,0)esiné + §8x8y(0’0)6 sin 20 + o(e ));Sln%)d@.

,0)e db
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Passing to the limit, we obtain

1 1 0%u
2.1 lim —— : 2 == ul .
(2.19) lim - /Q V() VG )rdrdd = {58 0.0)
We deduce from (2.19) and (2.18) that
1 9%u,
(i) = §8x8y( /0)-
This completes the proof of Theorem 2.2. O
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