Archivum Mathematicum

L.O. Jolaoso; H.A. Abass; O.T. Mewomo
A viscosity-proximal gradient method with inertial extrapolation for solving certain

minimization problems in Hilbert space
Archivum Mathematicum, Vol. 55 (2019), No. 3, 167-194

Persistent URL: http://dml.cz/dmlcz/147824

Terms of use:

© Masaryk University, 2019

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147824
http://dml.cz

ARCHIVUM MATHEMATICUM (BRNO)
Tomus 55 (2019), 167-194

A VISCOSITY-PROXIMAL GRADIENT METHOD
WITH INERTIAL EXTRAPOLATION FOR SOLVING
CERTAIN MINIMIZATION PROBLEMS IN HILBERT SPACE

L.O. Joraoso, H.A. ABaAss, AND O.T. MEWOMO

ABSTRACT. In this paper, we study the strong convergence of the proximal
gradient algorithm with inertial extrapolation term for solving classical mi-
nimization problem and finding the fixed points of d-demimetric mapping
in a real Hilbert space. Our algorithm is inspired by the inertial proximal
point algorithm and the viscosity approximation method of Moudafi. A strong
convergence result is achieved in our result without necessarily imposing
the summation condition ZZO:1 BnllTn—1 — zn|| < 400 on the inertial term.
Finally, we provide some applications and numerical example to show the
efficiency and accuracy of our algorithm. Our results improve and complement
many other related results in the literature.

1. INTRODUCTION

Let H be a real Hilbert space and C' be a nonempty, closed and convex subset
of H. Let T: H — H be a nonlinear mapping, a point = € H is called a fixed point
of T if Tx = x. We denote the set of all fixed points of T' by F(T). Let D(T) C H,
then T is said to be

(1) a contraction if there exists a € [0,1) such that
1Tz =Tyl < allz —yl, VY, ye D(T).
If @« =1, then T is called a nonexpansive mapping;
(2) quasi-nonexpansive if F(T) # () and
[Tz —p| < |lz—pll, z€D(T) and pe F(T);

(3) firmly nonexpansive if for all z,y € D(T), we have
1Tz — Ty|* < (T — Ty,x —y);
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(4) p-inverse strongly monotone (shortly S-ism) if there exists 8 > 0 such that
(v =y, Tx —Ty) > l|Te - Ty||*, Vz,y e D(T);
(5) k-strictly pseudo-contraction if there exists k € [0,1) such that
T2 = Ty|? < llz — ylI* + ko — Tz — (y = Ty)|I*, Vz,y € D(T);

(6) d-demimetric, if there exist 6 € (—oo,1) such that

(1.1) (z—p,a—Tz)> _6||:v7Tx||2, Vo € D(T) and pe F(T).

Equivalently, T is d-demimetric, if there exists § € (—oo, 1) such that
(12)  |Te—pl? < o - pl +8lo— Tal?, VoeD(T) and pe F(T).

It is easy to see that every firmly nonexpansive mapping is 1-ism. The class
of J-demimetric was recently introduced by Takahashi [46] as a generalization
of k-strictly pseudo-contraction, firmly nonexpansive, quasi-nonexpansive and
nonexpansive mappings in a real Hilbert space.

We give the following examples of J-demimetric mapping in real Hilbert space.

Example 1.1. Let H = R (the real line with usual metric). Define T: R — R by
Txr = g, for all z € R. Clearly, F(T) = {0}. Thus

(x—px—Tzy={(x—0,z— =) = (:c,g> =—(z,x)

= 5l = 15F

0,x,1
= L0 e - T

)

where § = —1. From (|1.1]), we see that T is —1-demimetric.
Example 1.2. Let H be the real line and C' = [—2, 1]. Define
z+9

0,1},
. 359, € [0,1]
4337 €[-2,0).

Obviously, F(T') = {1}. We will show that there exists § € (—oo,1) such that
Tz — 12 < |z — 12 + 8|z — Tz*,  Vre[-21].

Consider the following two cases:
Case (i): Let = € [0, 1], then

x—1]%

92 9 81
|x—Tac|2:‘x—x+ ‘ :‘

2
10 e =1
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Also
x+9 2 1
T—12:’ —1‘:— e
7o =1l 10 o0 !
99
— _12_7 _12
o= 1P = 2 fe 1]
99 81
_ _12_7 it _12
S BT L
81
<le =12+ 6. —|z —1]2
for any 6, € [~22,1). Hence [Tz — 112 < |z — 1|? + 01|z — Tz
Case (ii): Let z € [-2,0), thus
3 2 3(x—1)2 9
oo S D By e
Then
3+x 2 r—112 1
T—12:‘ —1‘_’ ’:7 — 12
[T —1] 1 1 6l =1
15
— _12_7 _12
e 1P - e 1P
9 16
9
<le =1+ 6 —|z — 1),

16
for any 65 € [—+2,1). Hence [Tz —1|> < |z — 1>+ 61 |z — Tz|?. In particular, choose
§ = min{d1,d2}. Thus, T is —+2-demimetric.

Consider the following minimization problem
(1.3) minimize {g(z) + h(z)},

where h: H — RU {400} is a proper, closed and convex function which is possibly
nonsmooth and g: H — R is a proper, closed, convex and continuously differentiable
function and its gradient Vg(-) is Lipschitz continuous on H, i.e. there exists a
constant a > 0 such that

Vg(z) = Vgl < allz—yl, Vr,yeH.

Throughout this paper, we assume that Problem has a solution and denote
its set of solutions by 2. The Proximal Gradient Method (PGM) which has been
effective in approximating solutions of can be formulate as follows: Given the
initial point 1 € H, compute

(1.4) Tpt1 = Prox,, ,(Tn — 1 Vg(r,)), n>1,

where prox, ,(z) = argen;in{h(:c) + ﬁ”x —ul|?} and 7, > 0 is a stepsize. The
u
prox.p, operator is firmly nonexpansive and when g = 0 in (1.3), the PGM reduces

to the classical proximal point algorithm, see [I8]. The PGM can be shown to
converge with rate O(4) when a fixed stepsize v, = v € (0, 1] is used (see [14} 37]).
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If o is unknown, the stepsize 7, can be found by line searching method (see [3]).
More so, if the condition

0 < liminf~, <limsup~y, < z
n—0o0 n—o0 (6%

is satisfied, then the sequence {x,} converges weakly to a point in 2. The PGM
can also be interpreted as a fixed point iteration. A point z* is a solution of
if and only if it is a fixed point of the operator prox., (I —yVg) (see Section 4.2.1
in [37] and Proposition 3.2 in [50]).

When h = I¢ (the indicator function on a nonempty closed convex subset of
H), the PGM reduces to the well known gradient projection algorithm which is
defined as follows. For an initial guess z; € H,

(1.5) Tptl = Pc(xn — fyan(a?n)) , n>1,
where P¢ is the metric projection from H onto C. The convergence of algorithm

(1.5) depends on the behaviour of the gradient Vg. It is known that if Vg is
v-strongly monotone operator, i.e. there exists a > 0 such that

(Vg(x) = Vg(y),z —y) > vz —y|?>, Ve, yeC,

then, the operator T := Po(I —Vg) is a contraction; hence, the sequence {x,}
defined by (1.5)) converges strongly to a solution of (1.3)) for A = I~. More general,
if the sequence {7, } is chosen to satisfy the property

0 < liminf v, <limsup~y, <
n—oo

n—00 a?’
then the sequence {z,} defined by converges in norm to the unique solution
of for h = Io. However, if the gradient Vg fails to be strongly monotone,
then the operator T := Po(I — vVg) would fail to be a contraction. Consequently,
the sequence {z,} generated by may fail to converge strongly (see Section 4
n [49]). The gradient projection algorithm has been studied extensively by
many authors, see for instance [8) [, [19] 20, 21 44, [49] and reference therein.

In 2000, Moudafi [29] introduced the viscosity approximation method for ap-
proximating fixed points of nonexpansive mappings. Let f be a contraction on H,
starting with an arbitrary z¢ € H, define a sequence {z,} recursively by

(1.6) Tnt1 = M\ f(zn)+ (1 = A) Tz, n>0,

where {\,} is a sequence in (0, 1). Xu [48] proved that if {),} satisfies some certain
conditions, the sequence {x,} generated by (1.6]) converges strongly to the unique
solution #f € F(T)) of the variational inequality

(I - fat,z—2") >0, VoeF(T).

Also, based on the heavy ball methods of the order-two time dynamical system,
Polyak [39] first proposed an inertial extrapolation as an acceleration process to
solve the smooth convex minimization. The inertial algorithm is a two-step iteration
where the next iterate is defined by making use of the previous two iterates. Recently,
alot of researchers have constructed some fast iterative algorithm by using inertial
extrapolation which includes inertial proximal method [2], inertial forward-backward
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method [23], inertial proximal ADMM [I2] and fast iterative shrinkage thresholding
algorithm FISTA [4, [TT]. Using the technique of inertial extrapolation, in 2008,
Mainge [24] introduced the following inertial Mann algorithm:

{yn =xn + /Bn('rn - :Enfl) P

1.7
( ) Tn+1 = (1 - )\n)yn + )\nTyn 5

for each n > 1. Mainge [24] showed that the iterative sequence {x,} converges
weakly to a fixed point of T under the following conditions:

(A1) B, €[0,«) for each n > 1, where a € [0,1);

(A2) 3207, Ballzn — zp—1]]* < +o0;

(A3) 0 <inf), <supA, < 1.

Moudafi and Oliny [30] proposed the following inertial proximal point algorithm
for finding the zero point of the sum of two monotone operators in real Hilbert
space: for z; € H,

Yn = Tn + Bn(xn - xn—l) ,
Tpi1 =T +XB) Yyn — MAzy,), n>1,

where A: H — H and B: H — 2 are monotone operators and {3,} C [0,1).
They obtained a weak convergence theorem provided 0 < A\, < % with ¢ being the
Lipschitz constant of A and that the condition (A2) holds.

Note that for the condition (A2) to be satisfied, one needs to first calculate 3,, at
each step of the iterations (see [30]). Other iterative methods involving the inertial
extrapolation process which have been introduced include the works of Beck and
Teboulle [4], Bot et.al [ [6] and Pesquet and Putselnik [38].

Recently, Chembolle and Dossel [I1] proved the weak convergence of the following
modified PGM with inertial extrapolation term in a real Hilbert space

Tn = T(yn—l)a
Up = Tn—1 +tn(xn_xn71)a n> ]-7
equivalently, (1.8)) can be written as
Tn = T(ynfl) 5
tn—1
yn:xn'i_an(mn_wnfl)v Qp = E ’ fOf?”LZl,
tn—i—l
where a > 2 is a positive real number, ¢, = "2=L for all n € N and Tz =

prox.,(z —vVg(z)).
More recently, Guo and Cui [I7] proposed the following PGM with perturbations

for solving (1.3):
(1.9) Tpy1 = anf(2n) + (1 — ) prox, ,(I = vVg)r, +en,

where {a,} C [0,1], 0 < a < liminf, .o, < 2, f: H — H is a contraction
and e: H — H is a perturbation operator satisfying >~ |e(zn)|| < +0o. They
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obtained a strong convergence theorem for the sequence generated by for
approximating solution of in a real Hilbert space.

Motivated by the above works, our interest in this paper is to introduce a new
relaxed proximal gradient algorithm for approximating a common solution of the
minimization problem and fixed point of §-demimetric mapping in a real
Hilbert space. Our algorithm is developed by combining the proximal gradient
algorithm and the viscosity approximation method of Moudafi [29] with
an inertial extrapolation term. We obtain a strong convergence result for the
approximation of common solution of and a fixed point of d-demimetric
mapping in a real Hilbert space. Finally, we give a numerical example to illustrate
the effectiveness of our algorithm. Our results complement and improve some other
related results in the literature.

2. PRELIMINARIES

In this section, we give some basic definitions and results which will be used
in the sequel. We denote the strong convergence of {z,} to z by x,, — z and the
weak convergence of {z,} to z by z, — z.

Let H be a real Hilbert space and C' be a nonempty, closed and convex subset
of H. Recall that the metric projection of x € H onto C' is the necessarily unique
vector Pox € C satisfying

[Pox —z|| < |lz—yll, Vy€C, z € H.
It is well known that Po satisfies the following property,
<x_y7PCx_Pcy> > ||PCSC—PCy||2, V.Z‘, Z/GH
Also, the metric projection have the following characterization.
Lemma 2.1. Let H be a real Hilbert space and let C' be a nonempty, closed and

convexr subset of H. Then for x € H and w € C, the following conditions are
equivalent:

(i) w= Po(x);
(ii) (& —w,y —w) <0, for ally € C;
(i) [l —wl® + [ly — wl* < [lo = y||? for all y € C.
Lemma 2.2. Let H be a real Hilbert space. Then the following hold: for all x,
yeH,
@) llz+yll* < llyl* +2(z, 2 +y);
(i) o —yl* = llzlI” + lyll* — 2(z, );
(iii) floz+ (1 —a)yll* = allz)? + (1 - )yl — a(l —a) |z —y|]?, for o € (0,1).
Let (X,d) be a complete metric space. A mapping f: X — X is called a
Meir-Keeler contraction [27] if for every e > 0, there exists § > 0 such that

d(z,y) <e+d implies d(f(z),f(y)) <e,

for all x, y € X. It is well-known that the Meir-Keeler contraction is a generalization
of the contraction.
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Lemma 2.3 ([27]). A Meir-Keeler contraction defined on a complete metric space
has a unique fized point.

Lemma 2.4 ([45]). Let f be a Meir-Keeler contraction on a convex subset C of a
Banach space E. Then for every e > 0, there exists r. € (0,1) such that

lz—yll =€ = [If(x) = fFWI < rellz —yll
forallx, y e C.

A point z* € C is said to be an asymptotic fixed point of T if C' contains a
sequence {z,} which converges weakly to z* and lim,_,« ||z, — T2,|| = 0. The
set of asymptotic fixed points of T is denoted by EF(T).

A mapping T: H — H is said to be an a-averaged mapping if T = (1 — )l +aS,
where a € (0,1) and S: H — H is nonexpansive. Many nonlinear operators belong
to the class of averaged mapping. For instance, the class of firmly nonexpansive
mapping is %—averaged. The following lemmas will be used in the sequel.

Lemma 2.5 ([7,[13]). Let S, T, : H — H be given nonlinear operators:
(i) IfT=(1-a)S+aV, for some a € (0,1) and if S is averaged and V is
nonezxpansive, then T is averaged.
(ii) The composition of finitely many averaged mapping is averaged. In particu-
lar, if T\ is a1-averaged and Ty is as-averaged, where ay, s € (0,1), then,
the composition T1Ts is a-averaged, where o = a1 + ag — 1.
(i) If {T;} is a finite family of averaged mappings and have a common fized
point, then

() F(T;) = F(Ty...Ty).

Lemma 2.6 ([7,26]). Let U: H — H be a given operator, we have
(i) U is nonexpansive if and only if the complement I — U is %-ism.
(ii) If U is k-ism, then for v > 0, kU is %-ism.

(iii) U is averaged if and only if the complement I — U is k-ism for some k > %
Indeed, for a € (0,1), U is averaged if and only if I — U is 5= -ism.

2a
Lemma 2.7 ([16] (Demiclosedness Principle)). Let C' be a closed and convex subset
of a Hilbert space H and T: C — C be a nonezpansive mapping with F(T) # (.
If {z,} is a sequence in C weakly converging to p and if {(I — T)x,} converges
strongly to q, then (I —T)p = q. In particular, if ¢ =0, then p € F(T).

Lemma 2.8 ([24]). Let {ay,} and {v,} be sequences of nonnegative real numbers
such that

an+1§(1_5n)an+ﬂn+7na n>1,
where {0,} is a sequence in (0,1) and {B,} is a real sequence. Assume that
ZZO:O Bn < 00. Then, the following results hold:

(i) If B < 6, M for some M >0, then {an} is a bounded sequence.
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(i) If 3207 o 6n = 00 and limsup,,_, ?—n <0, then lim,_,o ap = 0.

Lemma 2.9 ([25]). Let {a,} be a sequence of real numbers such that there exists
a subsequence {n;} of {n} with a,, < an,+1 for all i € N. Consider the integer
{my} defined by

m, =max{j <k:a; <ajt1}.
Then {my} is a nondecreasing sequence verifying lim, .. m, = oo, and for all
k € N, the following estimate hold:

Amy < Amp+1 ond  ap < Gyt -

3. MAIN RESULT

In this section, we modify the proximal gradient algorithm combine with an
inertial extrapolation term and prove a strong convergence theorem for approxima-
ting solution of and fixed point of §-demimetric mapping in a real Hilbert
space. First, we proof the following lemma which plays a crucial role in the proof
of the main theorem.

Lemma 3.1. Assume that the minimization problem (1.3)) is consistent and gra-
dient Vg is Lipschitz continuous with Lipschitz constant L > 0. Let v > 0 such
that 0 < v < %, then the following inequality holds:

(3.1) | prox,,(I —yVg)z — 2| < 2(x —y,x — prox., (I —vVg)z).

Proof. Since prox.; is firmly nonexpansive, then it is %—averaged. Also, the
Lipschitz condition on Vg implies that Vg is %—ism and by Lemma ii), YVg is

L _ism. Hence, by Lemma iii), we have that I — Vg is %—averaged. It follows

yL
from Lemma ﬁ(ii) that the prox.;, (I —yVyg) is averaged with constant #. In

particular, prox,, (I —yVg) is nonexpansive. Then, for any z € C and y € Q, we
have

[ prox., (I = yVg)z —yl|* = || prox.,, (I = vVg)x — prox;, (I — yVg)y|*
<z —yl?
= (v —y,x — prox,, (I —yVg)z
+ prox,,(I —yVg)z —y)
= (z —y,x — prox,,(I —yVg)z)
+ (z — y,prox, (I —vVg)r —y).
This implies that
(prox, (I —yVg)z — z,prox,,(I —vVg)z —y) < (z —y,x — prox, (I —yVg)z).
Thus

(prox,,(I —vVg)z — z,prox,, (I —yVg)z —z +x —y)
< <.’IJ YT — prOX’yh(I - ’ng>$> )
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which gives that

(pros, (I —1Vg)z — . pros. , (I~ Vg)a—a) < {—y, 2 —prox, »(I—1Vg)z)
+ <l‘ YT — prOX'yh(I - ’ng)J?>,

therefore

| prox. (I = vVg)z — z[|* < 2(z — y, & — prox., (I — yVg)z).
O

Theorem 3.2. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let g, h: H — RU {400} be two proper convex lower semicontinuous
functions such that h is nonsmooth and the gradient Vg is %—ism with L > 0.
Let f: C — C be a Meir Keeler contraction mapping, B: C — H be a strongly
positive bounded linear operator with coefficient 7 > 0 such that 0 < £ < § and
T:C — C be a §-demimetric mapping for § € (—oo, 1) and ﬁ(T) = F(T). Suppose
Lr=QnFE(T)#0, let an €0,1], B, €[0,1), wy, 0, € (0,1) and v, > 0. Choose

initial points xo, x1 € H arbitrarily and let {x,}, {yn} and {u,} be generated by

Yn = Tn + ﬁn(l‘n - xn—l) 5
(3.2) Uy = (1 — wn)yn + wy prOX,Ynh(yn = mV3g(yn)),
Tpal = Pc(anff(xn) + Opzy, + (L —0,)I — anB)TAnun) , n>1,

where T,
are satisfied:

(C1) limp—oo v, =0 and Y 7 | ay, = 00,

(L= A )T+ AT for Ay, € (0,1). Assume that the following conditions

(C2) limp oo 22 |2 — zp—1] =0,

(C3)

(C4) 0 < liminf,, o v, < limsup,,_, o Vn < %,
(C5)

0 < liminf,, o w, <limsup,,_, . w, <1,

0 < liminf,, o Ap <limsup,,_, ., An <1—29.

Then, {x,} converges strongly to a point T, where & = Pr(I — B+ £f)(Z) is the
unique solution of the variational inequality

(3.3) (B=¢&f)r,z—y) <0, yel.

Proof. Firstly, we show that {z,} is bounded. Let 2* € T' and a number € > 0.
Suppose ||z, —z*|| < €, then we can easily see that {z,} is bounded. On the other
hand, let ||z, — 2*|| > ¢, then by Lemma[2.4] there exists p. € (0,1) such that

(3.4) [f(@n) = f&) < pellzn — 27|
From (3.2)), we have

lyn — 2| = [[2n — 2" + Bp(Tn — Tn-1)|
(3.5) <|lzn — || + Bullzn — Tn-1]l -



176 L.O. JOLAOSO, H.A. ABASS AND O.T. MEWOMO

Also
[un = 2*|” = [|(1 = wn)yn + wn, prOX»y,z,h(I — 1V 9)yn — z*|?

= [|(yn — ") + wn(prox, (I = ¥ V9)Yn — yn)
*H2

I?

= llyn — "||* + 2wn (yn — ", prox, ,(I =V 9)Yn — Yn)
(3.6) + w’?LH prOX%Lh(I — YV G)Yn — yn||27
and from Lemma [3.1] we have that

[un = &*[1* < llyn — 2*|* = w1 = wy)| prox, (I =7 V9)yn — yull?
(3.7) < flyn — "%
Moreover, from the definition of d-demimetric , we have
T, un — $*||2 = [[(un — 2%) + An(Tup — un)||2
= |l — 2> = 200 (U — 2%, wn — Tup) + A2 ||ty — T |2
< lup — x*”Q = A (1= 0)||un — Tun||2 + >‘121||un - TunH2
(3.8) = Jlupn — 2 = Aa(1 =8 = M) [lun — Tunlf?,
and by condition (C5), we get
(3.9) 1T, un = 2| < Jlun — 2|12
Thus, we have from that
2n41 — ¥ = [[Po(ané f(2n) + Opzn + (1 — 00)] — , B)T, un) — Poz™||
< Nan&f(zn) + Onzn + (L —60,)I — oy, B)T), uy, — x|
= [lan(&f(2n)— B H-0n(zn—2") +((1—05) [— 0 B) (T, up—2") |
< an(Ellf(wn) = f@O)I + 1€f(27) = Bx™[|) + On||zn — 27|
+ (1 = 02)] — an7) [T, un — 27|
< anépellzn — || + anllEf(z") — B[ + Op|lzn — 2™ ||
+ (1= 60p)I — an7)||lun — 27|
< anbpellzn — || + anll§f(2") — Bx™|| + 0, ||zn — 27|
+ (1= 00)1 — anT)[[|xn — || + Ballzn — 2p-1ll]
= (L= an(r = &pe))lln — 2" + anl[§f (") — Bz™||
+ (1= 0n)] — anT)Brllzn — zn—|
= (1 = an(1 = &pe))l|wn — || + an(T — &pe)

§f(a*) — Ba™|| (1 =0n) — ) BnllTn — Tn-1l
@10 B i N

Putting
||fL'n - xn*l” 9

o = ((1 —fn)lgp—sanT) On

n
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from condition (C2), it is easy to see that lim,_ ., 0, = 0, which implies that the
sequence {0, } is bounded. Let

M:maX{H@”@)——BﬂcH,SUM},
T_gps neN

by using Lemma [2.§[i) and (3.10), we have that the sequence {||lz, — z*|} is

bounded. This shows that {z,} is bounded and consequently, {u,} and {y,} are
bounded. Note that

yn — x*”Z = |lzn — 2" + Bn(zn — l’nfl)HQ
(3.11) = ||zn — || + 260 {xn — ", 2y — Tp_1) + ﬂi”xn - xn_1||2 ,
and from Lemma [2.2[(ii), we have

(312)  2(wn — 2%, 2p — 2po1) = |20 — 2| + |20 — T |® = 201 — ¥,
therefore, by substituting (3.12)) into (3.11]), we have
lym = 2I1* = llzn — 2™1* + Ba [llzn — 2" + |20 — 21| = llzn—1 — 2*[|?]

+ Ballzn — tn1l? < llzn — 2% + Ba[lon — 2*)1* = 2n-1 — z*|1%]
(3.13)  +2Bullwn — 01|
Now, put m,, = a,&f(zn) + Opzn + (1 — 0,)I — a0, B)T, up, using Lemma i)
and (3.2), we have
n i1 — 22 < llan€f (o) + Onon + (1= 0)] — @ BTt — 2° |
= [lon(&f(zn) — Bx") + bn (2 — 27)
+((1 = 00)] — anB)(Th, up — 2)|?
< (1 = 0,)I — a,B)(Tx, tp, — %) + O (2, — )2
+ 20, (¢ f(xn) — Bx*,my, — x*)
= [I((1 = 0u)1 = B) (T, un — &)|* + 07 ||lwn — 2|
+ 20, (((1 = )] — an B) (T, up — %), & — ac*>
+ 20, (£ f(xn) — Bz, my, — 2*)
< (L= 0)1 = apm)?(| T, un — 2| + 03 |l — 2|2
+20,((1 = 0,)1 — ant)||Th, un — 27| |2 — 27|
+ 20, (£ f(xn) — Bz, my, — 2*)
< (1= 0)1 = anm)?(| T, un — 2| |* + 65 |2 — ™|
+ 0 ((1 = 0p)1 — an7)[[[Th, un — x*||2 + l|lzn — x*HQ]
+ 20, (¢ f(xn) — Bx*,my, — x*)
< (1= 0) — anT)||Ts, tn — 2*||? + Op |2y — 2|2
(3.14) + 20, (& f (x) — Bz, my, — x7) .
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Thus, from (3.9) and (3.13)), we have

m i1 — 212 < (1= 0)T — @) lltm — 2712 = An(1 = Ay — 8)lftn — Tt

+ 0p |20 — 2¥)|? + 20, (Ef (2,) — Bz*,m,, — %)

< ((1=0,)I —a,7)
X {llzn —a*|* + Balllon — 21 = 2n—1 — 2*|1%]
+28n )l — -1 lIP} — An(1 = Ay — 8)[|un — Tunl?
+ 0,20 — 2¥)|? + 200 (Ef (2,) — Bz*,m,, — %)

< (L —ann)|zn =22 + Bufllzn — 2| = lon-1 — z*|]?]
+ 2Bnl|zn — $n71”2 — Al = An = 6)|lun

(3.15)  — Tup||® + 20, (Ef(xn) — Bx*,my, — z*).

Set D,, = ||, — z*||* and consider the following two cases.

Case I: Suppose there exists a natural number N such that D,,+1 < D,, for all
n > N. In this case, {D,} is convergent. Since {z,} is bounded, it is easy to see
that condition (C2) implies 5, ||xn — Tp_1| — 0.

From ({3.15)), we have

An(L=Ap = 6)[lun — Tun”2 < (I—an7)|zyn — x*HQ = [[Zn41 = x*”Q
+ Ballzn — a*[* = llan-1 — 2]
+ 2ﬁnH$n - mn71||2 + 20‘n<§f(mn) — Bz™,m, — x*>
= (Dn — Dyt1) + Bp(Dy — D—1) + 2By |20 — JCn—1||2
— antDy + 20, f(2,) — Bx™,m,, — ™).

Since {D,,} is convergent and o, — 0, we have

Jim (1= X = 0)Jun — Tun||* =0,
hence, by using condition (C5), we have
(3.16) nlgr;o lun, — Tup|| =0.

This implies that

Hm ||Th, un — tupl = lHm |[(1 = Ap)up + Ap Ty — uy|
(3.17) = lim |Ay| |up — Tuy| =0.

n—oo
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Also, from and , we see that
41— 2|2 < (1=0n)] —anT)[[[un =2 2= A (1 = A = )[|un — T[]
+ Ol — 2| + 200 (Ef (2n) — Bz*,my, — %)
< (1= 0) — anT)llup — *||* + Oy — 2|
+ 20, (& f(x) — Bx™,m,, —x™)
< (1 =001 = anT)[llyn — "> = wa (1 — wy)||
x prox, (I =¥V 9)yn — ynl’]
+ 0p)|2n — 2¥||? + 20, (Ef (20) — Bz*,m,, — %)
< ((1=0) I —an){ lwn =[P +Balllen —a*||* = [|lzn—1—a*||]
+ 2601 ®n — acn_1||2}
—wn (1 —wy,) prox%h(I —mVg)Yn — yn||2 + |y —
+ 20, (£ f(xn) — Bz, m,, — ¥)
< (1= ann)llen — 21 + Bulllen — 2 = [l2n-1 — «*||’]
+ 26n||$n_xnfl||2_wn(l —wy)|| prOXy,Lh(I_'ang)yn - ynH2
+ 20, (§f(xn) — Bx™,my, — 2¥) .

*||2

Therefore,
Wy (1 — wy)|| prox%h(f — YV G)Yn — ynH2 < (1 —an7)||z) — x*||2
~Nznsr =2 + Bulllen — 2*(* = zn-r — 2*|%]
+ 28|20 — na|* + 200 (Ef (n) — Bz*,my, — %)
= (Dyn = Dpy1) + Bn(Dp = Dp1) + 26n|2 — @n || — anT|lz, — 2|
+ 20, (& f(xy) — Bx™,m,, — ™).
Since {D,,} is convergent and a, — 0, we have that
Jim w1 —wn) | prox, 1, (I = ¥ Vg)yn — yall* = 0,
and by using condition (C3), we obtain
(3.18) Jim || prox, (I =¥ Vg)yn — ynll = 0.
Furthermore, it is easy to see from that
(3.19) lyn — znll < Bull®n — n-1]] = 0, as n— oo,
and
tun — ynll < wallprox, ,(I =¥ Vg)yn —ynl — 0, as n — oo,

hence

(3200l fup — ]l <l (fun — gl + lym — 2al) =0.
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Also from , we have that
nh_)néo [mn — unll < nh_{r;o (O‘n”ff(mn) = Bug || + Onlzn — un|
+ (1 = )] — a7)|| T, tn — un|]) =0,
then from , we get
(3.21) e — 2|l < |Mn — tnl] + ||Jun — zn|| = 0, as n— oo.
More so, by the firmly nonexpansivity of the Po and Lemma iii), we have that
|Zns1 — 2| = [[Pemy — Poa™||?
(3.22) < |lmn — 2*||? = | Pomn — man|? .
Substituting into , we get
[Znt1 = 2*[* < (1 = anT)llzn — 2™ + B [llzn — «*[|* = lzn-1 — 2"|?]
+ 2B8nllZn —Tp_1 || 200 (Ef (2n) — Bx*, my, — ) — || Pomy, —my ||,
therefore
1Pomn = ma||* < (1 = ant)llzn — 2*|* = [2n1 — 27|12
+ Balllen — 2|* — llea—1 — 2™
+20n e — T |® + 200 (Ef (20) — Bz, my — 2*)
= (Dy = Dys1) + Bu(Dy — D) — antlzy — 2”1
+20ullwn — T |® + 200 (Ef (20) — Ba*,my — 2)

then

(3.23) 7}1_>H;o |Pomy, —my] =0.

Thus, we have from and

(3.24) lim (21— 2ol = T ([zsn —mall + m — 2a]) = 0.

Since {z,} is bounded, there exists a subsequence {z,;} of {z,} such that
xn, — 2 € C. It follows from and that yn, — 7 and Up,; — T TESpec-
tively. Since prox., , (I —7,Vg) is nonexpansive and lim, ., [|yn — prox, , (I —
V@) ynll =0, so by Lemma we have that # € F(prox., ,(I —v,Vg)). Hence,
Z is a solution of the minimization problem , that is, & € Q. Also, since
lim,, o0 ||ty — T, || = 0 and F(T) = F(T), we have that # € F(T). Therefore
zeQNFE(T).

We now show that lim sup,, . ((B—&f)z, 2—2n41) < 0, where z = Pr(I—B+£f)z.
Since x,,, — T and from Lemma ii), we have

limsup((B — £f)z, 2 — Tp41) = thgo«B —&f)z 2 = Tny41)

n—oo

(3.25) =((B—¢&f)z,2—x) <0.

Next, we show that 2, — z as n — oo. Assume that {z,} does not converges
strongly to z. Then, there exists € > 0 and a subsequence {x,, } of {x,} such that
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|€n, — 2|| > € for all k € N and by Lemma there exists a number r. € (0,1)
such that

1f(@n,) = fR) < rellzn, — 2.
Thus, we have
|Zn, i1 — 2||> = (Pemip, — 2, Pomy,, — z)
= (Pcmy,, — My, + My, — 2, Pomy,, — 2)
= (Pomp, — M, , Pomn,, — 2) + (Mp,, — 2,0, 11 — 2)
< My, — 2, Tpp41 — 2)
= (n, . §f (@) +0nxn, + (1—0n, )] —an, B)T Ap, Un, —2, Tpyt1—2)
= an, (§f(Tn,) = Ef(2), Tnps1 — 2) + o, (£f(2) — B(2), Tny41 — 2)
+ 0, (@), — 2, Ty 1 — 2)
+ (1 = On ) —an, B) (T, tny — 2), Tngp1 —2)
< o &rellzn, — 2l |Zng+1 = 2l + Oy |0y, — 21| (|0, 11 — 2]
+ (1= On ) = an, 7)1, tny, — 2| [|#n, 41 — 2]
+ o, (§f(2) = Bz, Tny41 — 2)
< an, &rel|Tn,, — 2l |Tny+1 — 2| + Ong |70y, — 2] | Zng 41 — 2]
+ (1= 0n )] — an, 7)llun, — 2| l2n,+1 — 2|l
+ an (§f(2) = Bz, Tny41 — 2)
< an, &rell@n, = 2| |2n+1 = 2] + On, [|#n, — 2] |Tn,41 — 2]
+ (L= 00 )] — an, T)[l|l2n, = 2] + Bullzn, — Tn—1lllllzne+1 — 2|l
+ (S f(2) = Bz, 2n, 11 — 2)
= (1 = any (T = &re))|om, — 2l |zne+1 — 2]l + (1 = On )] — 0, 7)
X Bollzn, = Tnp—1ll |Tn+1 — 2|l + any (Ef(2) — Bz, Tng41 — 2)
< (1= an, (7= Ere))%(ﬂxnk — 2| + |#n 41 — 2[1%)
+ (1 = O )T — an, 7) By | Tny, — Tg—1 | |1 Zng+1 — 2]
+ o, (§f(2) = Bz, Tnyy1 — 2) -
This implies that

2((1 B 0”}9)] - ankT)ﬂnk
14+ ap, (T —&re)

(£f(2) = Bz,xp, 11 — 2)

(1 —an, (1 =&re))
14+ ap, (T —&re)

|, = 21* +

lZn, 41 — 2|2 <
20,
14+ ap, (7= ¢&re)

20,
1+ ap, (71— &re)

X, =zl [#n 41 = 2]l +

< (I—an, (7= &re)) lwn, — 21+ € = Tnppr [ 1m0 — 2]l

n 20,
1+ an, (7 —&re)

<€f(2’) - Bzvxnk-i'l - Z>



182 L.O. JOLAOSO, H.A. ABASS AND O.T. MEWOMO

200, (T — &1e)
(14 an, (7 = &re) ) (T — &re)

Br
% (B o, = ol @t = 21+ (€F(2) = Bz @ns1 = 2))
Nk

(3.26) = (1= pu)llzn, = 20 + Poitin, -

= (1= an, (1 = &ro))wn, — 2] +

2ony 417 B
where P = iy (7 = &) and an, = (e 24ty ) e fons = na |+

an,

o = Eu =T <§f( )— Bz, 2Zpn, +1— 2). Applying Lemma and using condi-

tions (C1), (C2) and (3.25), we conclude that the sequence {z,,} converges
strongly to z. The contradiction permits us to conclude that z,, — z, where
z = Pr(I — B+ £f)z which is the unique solution to the variational inequality

(3-3)-

Case II: Suppose there exists a subsequence {n;} of {n} such that D,,, < D, 1
for all ¢+ € N. Then, by Lemma there exists a decreasing sequence {my} C N
such that my — 00, Dy, < Dy, 41, for all k € N. Let € > 0 and ||z, — 2*|| > e,
then, by Lemma [2.4] there exists r. € (0,1) such that

1f (@) = F@) < rellzm, — 27|

Following similar argument as in Case I, we obtain ||y, —prox, 4 (I=Ym, V@)Y, |l
— 0, ”umk _Tumk H — 0, Humk — Ty, ” — 0 and mek-i-l — Tmy, H — 0. Since {xmk}
is bounded, there exists a subsequence of {x,, } still denoted by {x.,, } which
converges weakly to z. Suppose {z,, } is such that

limsup(¢f(x*) — Bx*, X, +1 — 2*) = klin;o<£f(x*) — Bx™ X1 — 7).

k—oo

It follows from Lemma 2.1] that

limsup(¢f(a*) — Bx™, Xpm,41 — 2*) = lergo<§f(x*) — Bx*, &, 41 — )

k—o0
(€f(z*) = Ba*,z — ") <0.

Hence

(3.27) limsup({f(z*) — Bz, xpm,+1 —2*) < 0.

k—oo

Similarly as in (3.26]), we obtain
200,

(14 amy (1 = &re))

Jm, = Tmpcs1ll |omys1 = 2|+ (€f(2%) = B 21— 2%))

|m+1 = 2* < (1= (7 = &re)) |am, — 2" |* +

B

Oy,

(3.28) x (
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Since Dy, < Dy, 41, then from (3.28), we have

0 < eyt =272 = flom, 2" 2 < (1= am, (7 = &) om, — |
2« 16}
tiran ey (o N = maallma s =)
mpg € mi

+{€f (@) = Be g1 = 7)) = m, — 2%
This implies that
20,

(1 + i, (7 — €12))
(3.29) x (ﬁmk [ = Tt 1 = 2|+ (65 (2) = Ba* @m0 =)

mg

At (T = &) wm, —a™[|* <

Hence, from condition (C2) and (3.27)), we obtain
(3.30) lim ||@m,, —z*||=0.
n—oo

As a consequence, we obtain

Hmkarl - LC*H < ||xmk+1 - mmkH + ||xmk - {,C*” —0,
as n — co. By Lemma [2.9, we have D,, < Dy, 41 and thus
(3.31) Dy = [lzn — a*||* < |zmper — &[> — 0,
as n — oo. This implies that {x,} converges strongly to z*. This complete the
proof. (I

The following consequences can easily be obtained from our main result.
1. Suppose h = i¢, the indicator operator on C, and w, = 1, we obtain the
following result which improve and complement the results of Cai and Shehu [§]
and Tian and Huang [47].

Corollary 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let g: H — RU{+00} be a proper convex lower semicontinuous function
such that the gradient Vg is %-ism with L > 0. Let f: C — C be a Meir Keeler
contraction mapping, B: C — H be a strongly positive bounded linear operator with
coefficient T > 0 such that 0 < £ < % and T: C'— C be a d-demimetric mapping
for § € (—o00,1). Suppose ' = QN F(T) # 0, let a, € [0,1], B, €10,1), 6, € (0,1)
and 7yp, > 0. Choose initial points xo,x1 € H arbitrarily and let {z,},{y.} and
{un} be generated by

Yn = T, + On(Tn — Tn_1),
(3:32) S up = Po(yn — mV9(yn)),
Tpt+1 = PC[angf(xn) + enxn + ((1 - en)l - OénB)TAn'U/n] ’ n = 1 ’

where Ty, = (1 = A\p) I + AT for Ay, € (0,1). Assume that the following conditions
are satisfy:

(C1) limp—oo vy, =0 and Y 2 | ay, = 00,

(C2) limp oo 2200 — a | =0,
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(C3) 0 < liminf,, o v, < limsup,,_, . Vn < %,
(C4) 0 < liminf,, o Ay <limsup, oo An <1—14.

Then, {x,} converges strongly to a point T, where & = Pr(I — B+ £f)(Z) is the
unique solution of the variational inequality

(3.33) (B-¢f)lz,z—y) <0, yel.

2. Ifh=i¢, 0, =0, =\, =w, =1, B be identity operator on H and T': C' — C
is nonexpansive, we obtain the following result from our Theorem [3.2] which improve
the corresponding results of Xu [49, Theorem 5.2] and Shehu [42, Theorem 1].

Corollary 3.4. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let g: H — RU{+o00} be a proper convex lower semicontinuous function
such that the gradient Vg is %-z’sm continuous with L > 0. Let f: C — C be a Meir
Keeler contraction mapping and T: C' — C be a nonexpansive mapping. Suppose

L=QnNF(T)#0, let ap, € 10,1], B €[0,1) and v, > 0. Choose initial points xq,
x1 € H arbitrarily and let {z,}, {yn} and {u,} be generated by

Yn = Tn, + Bn(xn - -rn—l) 5
(3.34) un = Po(Yn — 1V 9(yn)) ,

Tpi1 = Polanf(xn) + (1 — ay)Tuy,], n>1.
Assume that the following conditions are satisfy:

(C1) limp—oo oy, =0 and Y 0 | ay, = 00,

(C2) limp oo 2™ |[2n — Tp_1|| =0,

) n
(C3) 0 < liminf, oo ¥ < Hmsup,_ .7 < 2,
(C4) 0 < liminf,, oo Ay, <limsup,, . An <1—9.

Then, {x,} converges strongly to a point T, where T = Pr(I — B+ £f)(Z) is the
unique solution of the variational inequality

(3.35) (I-f)z,5—y)<0, yel.

3. Also in Theorem we obtained a strong convergence result using a proximal
gradient algorithm with an inertial extrapolation term, this improve the weak
convergence result proved by Chambolle and Dossal in [I1].

Remark 3.5. In [I7], the authors proposed a modified proximal gradient algorithm
with perturbation for approximating solutions of the minimization problem ,
where as in this paper, we presented a strong convergence result using a modified
proximal gradient algorithm with inertial extrapolation term without imposing
the summation condition (A2). This result improve other recent results on inertial
algorithms in the literature.
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4. APPLICATIONS AND NUMERICAL EXAMPLE

In this section, we present some applications of Theorem [3.2] and give a numerical
example to show the efficiency of the iterative scheme (4.10)).

4.1 Application to monotone variational inequality problem

Let H be a real Hilbert space and C be a nonempty closed convex subset of H. The
Monotone Variational Inequality Problem (MVIP) can be formulated as finding a
point z* € C such that

(4.1) (Mz*,z—2x%y >, YVzeC,

where M : C — H is a monotone operator. The set of solutions of the MVIP is
denoted by VIP(M,C). The MVIP was first initiated independently by Fichéra [15]
and Stampacchia [43] in the early 1960’s to study the problems in the elasticity and
potential theory respectively. However, the existence and uniqueness of solutions of
MVIP was proved by Lions and Stampacchia [22] in 1967.

One method for solving the MVIP is by using the projection gradient
algorithm which generate a sequence {x,} in H starting with an arbitrary point
xo € H by the formula

(4.2) i1 = Po(zn — AMzy,),

where A > 0 is properly chosen as a stepsize. If M is v-ism, then the iteration (4.2)
with 0 < A < 2v converges weakly to a point in VIP(M,C). The MVIP (4.1)) is
equivalent to finding a point z* € C such that (see [40])

0€ (M + N¢g)z*,

where N¢ is the normal cone operator of C. Note that the resolvent of the normal
cone is the projection operator and that if M is v-ism, then the set VIP(M,C)
is closed and convex. Also, if M : C — RU {400} is a proper, convex and lower
semicontinuous function, then, the sugradient 0M which is defined by

OM :={ueC:M(y)>Mx)+ (u,y—z), VyeC}

is maximal monotone operator (see [41]). Thus, setting M = g and Ng = h in
our Theorem we get the following strong convergence theorem for finding a
common solution of MVIP (4.1) and fixed point of §-demimetric mappings in a
real Hilbert space.

Theorem 4.1. Let C be a nonempty, closed and convex subset of a real Hilbert
space H. Let M : C — RU{+o0} be a proper convex lower semicontinuous function
such that the gradient VM is %-ism with L > 0. Let f: C — C be a Meir Keeler
contraction mapping, B: C — H be a strongly positive bounded linear operator with
coefficient 7 > 0 such that 0 < § < % and T': C — C be a §-demimetric mapping
for § € (—o0,1) and F(T) = F(T). Suppose T = VIP(M,C) N F(T) # 0, let

€10,1], B, €10,1), {wyp} and {6,} are sequences in (0,1) and v, > 0. Choose
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initial points xo,x1 € H arbitrarily and let {x,},{yn} and {u,} be generated by

Yn = Tp + ﬁn(l'n - xnfl) )

(4.3) U = (1 — wp)yn + wy prox,, p,(Yn — YV M (yn)),

LTn+l = Pc[anf.f(xn) +0pzy + ((1 - 971)] - oan)T)\"un} , n>1,
where Ty, = (1 = X)L + A\, T for A, € (0,1). Assume that the following conditions
are satisfy:

(C1) limp—oo vy, =0 and Y o7 | ay, = 00,

ﬁn‘

C2) limp—oo 5™ |€n — Zpn-1]| =0,

(C2)
(C3) 0 < liminf, oo wy, < limsup,, . wy, <1,
(C4) 0 < liminfy, oo ¥ < limsup, o 7n < 2,
(C5)

Then, {x,} converges strongly to a point T, where & = Pr(I — B+ £f)(Z) is the
unique solution of the variational inequality

0 < liminf,, o Ap < limsup,,_, .o An < 1—19.

4.2 Application to proximal split feasibility problem
Let Hy and Hs be real Hilbert spaces, C' and @) be nonempty closed and convex
subset of Hy and Hs respectively. Let R: Hy — RU{+o0} and S: Hy — RU{+o0}
be proper, convex and lower semicontinuous functions and let A: H; — Hs be a
bounded linear operator. The Proximal Split Feasibility Problem (PSFP) is to find
a point x* with the property

(4.5) x* € argmin R such that Az* € argmin 5,
where

argmin S:={zx € Hy:S(x)<S(y), Vye Hi}, and
argmin R:={u € Hy: R(u) < R(v), Vv € Ha}.

We denote the solution set of the PSFP by A. The PSFP was first introduced
by Moudafi and Thakur in [3I]. By taking S = ic and R = ig, the indicator
functions on C' and @ respectively, the PSFP reduces to the split feasibility
problem introduced by Censor and Elfving [I0]. The SFP have been applied to
model inverse problem arising in machine learning, signal processing, medical
radiation therapy, etc [I0]. To solve the PSFP, it is very important to investigate
the following minimization problem: Find a solution z* € H; such that

(4.6) mimneigllize{R(m) + 5, (Ax)},

1
where S, (y) = argmin{S(u)—f—Q— lu—y||*} stands for the Moreau-Yosida approxima-
u€Hso w

tion of S with parameter u [31]. By the differentiability of the Yosida approximation
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S,. (see for instance [41]), we have the additive of the subdifferentials and thus, we
can write

O(R(z) + Su(Ax)) = OR(z) + A*V S, (Ax)
I —prox,,g

; )m@.
This implies that the optimality condition of can then be written as
(4.7) 0 € pdR(x)+ A*(I — prox,g)Ax,
where OR stands for the subdifferential of R at z, i.e.
OR:={u € H; : R(y) > R(x) + (u,y —x), Yy € Hi }.

This inclusion in (4.7]) yields the following equivalent fixed point formulation (see
311)

:8M@+A%

(4.8) prox., z(z" — yA*(I — prox,g))Az* = z~.

Hence, to solve (4.6)), (4.8) suggest we consider the following split proximal algo-
rithm:

(4.9) Tpy1 = ProxX., p(Tn — YA (I — prox,,q)) Az, .

Several other iterative methods have been introduced for solving the PSFP in

Hilbert spaces, see for instance [II, 28] [33] 34}, 35, [36] and references therein.
Setting Vg(r) = A*(I — prox,g)Az in Theorem then Vg is 1-ism with

v = ||A|| (see [7], Page 113). This implies that we can apply Theorem [3.2| to obtain

solution of PSFP in real Hilbert space. Thus, we give the following result which

complement other results in literature on finding solution of PSFP.

Theorem 4.2. Let C and @ be nonempty, closed and convexr subsets of real
Hilbert spaces Hy and Ho respectively. Let A: Hy — Hs be a bounded linear
operator, R: Hi — R U {400} and S: Hy — R U {400} be two proper convex
lower semicontinuous functions such that A # 0. Let f: C — C be a Meir Keeler
contraction mapping, B: C — H be a strongly positive bounded linear operator
with coefficient 7 > 0 such that 0 < £ < % and T: C — C be a 6-demimetric
mapping for § € (—oo,1). Suppose T' = ANF(T) # 0, let ay, € [0,1], B € [0,1),
Wy, 0, € (0,1) and 7y, > 0. Choose initial points xo, x1 € Hy arbitrarily and let
{zn},{yn} and {u,} be generated by

Yn = Tn + 5n(xn - xnfl) s
U = (1 — wy)Yn

(4.10) + wy, proxun%R(yn — Y A*(I — proxunS)Ayn) ,
Tnt1 = Polonéf(zn) + Onxn + (1 — 0,)] — ay B)Ty, un] ,
n>1,

where Ty, = (1 = A\p) I+ A\, T for A, € (0,1). Assume that the following conditions
are satisfy:

(C1) limp—oo v, =0 and Y 7 | ay, = 00,
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(C2) limy oo 22|22 — 21| = 0,

(C3) 0 < liminf,, o w, <limsup,,_, ., w, < 1,
(C4) 0 < liminf, o0 vn < limsup,, o Yn < W,
(C5) 0 < liminf, oo A\p <limsup, . A\p <1—90.

Then, {x,} converges strongly to a point T, where T = Pr(I — B+ £f)(Z) is the
unique solution of the variational inequality

(4.11) (B=¢f)z,z—y) <0, yeTl.

4.3 Numerical example
In this subsection, we give a numerical example to show the efficiency and im-
plementation of our algorithm for solving PSFP. All codes were written in
Matlab 2016(a) and run on HP EliteBook 6930p laptop.

Example 4.3. Let H; = RY = H, and S := || - |2, the Euclidean norm on R¥. Tt
is obvious that we can project onto the Euclidean unit ball B,. as follows:
(4.12) Py (2) = 4T i llellz> 1

" x, if |zl <1.
In this case, the proximal operator is given by

(1--)w if |zl >1

4.13 roxg(z) = llefl2 /= -
(4.13) proxs(z) {0, it fzfs <1.

This proximal operator is called the block soft thresholding. Also, let z; € R,
i1=1,2,...,N. Define

ij(xj):max{|xj|—1,o}, j=1,2,....N,

and

Jj=1
Then (see [14])
Lj, Zf |$]‘ <1,
(4.14) prox, (a;) = { sign(e;),  if 1< el <2,
sign(z; — 1), otherwise,
and
proxp(z) = (prox;, (1), prox,, (z2),...,prox;, (zn)).
Suppose Az = x € RY. We consider the following PSFP:
(4.15) find 2" € argmin R such that Az* € argmin S.
1 1 n 1
Chosen ayy = ——, 0 = ——, 0, = ————, w, = ——— and \, =
n+1 b (n+1)3 2(n + 3) 51+14)
n

i3 Let f(z) = 5, B(x) =, T(z) = §, { = 1, 19 = 0.5 x randn(50, N) and
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6 T T T T T T T

—%— Choice 1
—¥— Choice 2
—#%— Choice 3

0 5 10 15 20 25 30 35 40
Iteration number (n)

F1c. 1: Example [£.3] Case (i): N = 100.

|Tn1 — 2nll2

|22 — @1|2
1079 as the stopping criterion, we consider various values of N and choices of v,
as follows:

Case (i): N =100, Case (ii): N =500, Case (iii): N = 1000, Case (iv): N = 2000,

and

r1 = 2 x randn(50, N) (randomly generated vectors in RY). Using

Choice (i): v, = Choice (ii) v, = Choice (iii) v, = 0.7.

n n
R g
Remark 4.4. Figures [ and Table 1 show that there is no significant
change in the CPU time taken and the number of iterations for different values of
N and the stepsizes.
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12 T T T T T T T
—*— Choice 1
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X
¥ 6T 1
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=
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o) . . R e e e e
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Iteration number (n)
Fic. 2: Example [1.3] Case (ii): N = 500.
18 T T T T T T T
—¥— Choice 1
16 —¥— Choice 2 | |
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P i
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(o] 5 10 15 20 25 30 35 40

Iteration number (n)

F1c. 3: Example [£.3] Case (iii), N = 1000.
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25 T T T T T T T
—¥— Choice 1
—¥— Choice 2
—#— Choice 3
20 B
15 B
=
.\—C
-
<
=
10 B
5 | i
o L . AN
o 5 10 15 20 25 30 35 40
Iteration number (n)
Fia. 4: Example Case (iv), N = 2000.
N Choice (i) Choice (ii) Choice (iii)
Number of Iter. 25 27 27
100 CPU time (sec) 0.0356 0.0399 0.0476
500 Number of Iter. 27 29 29
CPU time (sec) 0.3913 0.5061
0.2244
1000 Number of Iter. 29 30 30
CPU time (sec) 0.4697 0.4095 0.5235
2000 Number of Iter. 30 30 30
CPU time (sec) 1.0731 1.0912 0.8785

Table 1 : Showing the number of iteration and CPU time (sec) for each values
of the stepsize and N in Example 4.3
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