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Abstract. Consider a second-order elliptic boundary value problem in three dimensions
with locally smooth coefficients and solution. Discuss local superconvergence estimates for
the tensor-product finite element approximation on a regular family of rectangular meshes.
It will be shown that, by the estimates for the discrete Green’s function and discrete deriva-
tive Green’s function, and the relationship of norms in the finite element space such as
L2—n0rms, Wl’oo-norms7 and negative-norms in locally smooth subsets of the domain €,
locally pointwise superconvergence occurs in function values and derivatives.

Keywords: tensor-product finite element; local superconvergence; discrete Green’s func-
tion
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1. INTRODUCTION

There have been many studies concerned with superconvergence of finite element
methods in three dimensions (see [1]-[6], [8]-[16], [18]-[23], [25]). Most of them focus
on the global superconvergent properties. However, to obtain the global supercon-
vergent properties, it is necessary to satisfy two fundamental conditions: C-uniform
partition (or piecewise C-uniform partition) and highly smooth solution such as
u € WmH2P (2 < p < 00). Obviously, it is difficult to possess these two conditions
in the whole domain 2. Nevertheless, the above two conditions are easily satisfied
in the interior subset of 2, which leads us to consider superconvergent properties in
interior subsets of ) (so-called local superconvergent properties). Up to now, in fact,
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there have been some local superconvergence results to be stated (see [11], [22], [24]
as well as literatures cited by them). Recently, we began to study local estimates for
the three-dimensional finite element, and moreover, have made some progress.

In this paper, we will discuss and only focus on local superconvergence of the block
finite element in three dimensions. We shall use the letter C' to denote a generic
constant which may not be the same in each occurrence and also use the standard
notations for the Sobolev spaces and their norms.

Consider then a real-valued second-order elliptic boundary value problem with
variable coefficients in a bounded domain € in R3,

3
u=— (ai; (X)0;u) + ag(X)u = in2, =0 on .
L 0;(aij 0, f Q o0

ij=1

It will be assumed that the coeflicients of £ are locally smooth and a;; = a;;, and
also that they satisfy the uniform ellipticity condition

3 3
3 ai(X)&E = 00 Y &P V(61 6,6) € R®
i,j=1 i=1

with og positive and locally independent of X.
The weak formulation of the above problem reads

(1.1)

Find u € H}(Q) satisfying
a(u,v) = (f,v) Vv e HQ),

where

3
a(u,v) = /Q<Z a;;0;u0;v —l—aouv) dedydz, (f,v)= /vadxdydz.

i,j=1

Here 01u = Ou/0z, Oou = Ou/0y and dsu = Ou/dz, which are usual partial deriva-
tives. For a given direction [ € R® and |I| = 1, we denote by 9,v(Z) the onesided
directional derivatives defined by

. v Z+AZ)—v(2)

0 Z)= 1 AZ = |AZ|L.
zv(Z) A A7) , |AZ]

To discretize problem (1.1), we assume that € is partitioned into a regular rectan-

gulation 7" with mesh size h € (0,1) such that Q = |J é. Further, we denote by
ecTh
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Sh(Q) the tensor-product m-degree block finite element space. Thus, the discretiza-
tion of problem (1.1) is

Find uj;, € SE(Q) satisfying
a(un,v) = (f,v) Vv € SHQ).
To derive our main results, for each Z € 2 we need yet to introduce a discrete Green’s

function G% € S§(Q) and a discrete derivative Green’s function 9z7,;G% € SH(Q)
defined by

(1.2) a(v,G%) =v(Z) Yove SkQ)
and
(1.3) a(v, 8Z7ZG%) =0z,0(Z) Yve SSL(Q)

As for G% and 0z,G"%, we have (see [15]-[17])

(1.4) G%[5, = O(Jmh*?),
(1.5) 02,G%5, = O(h™),
(1.6) 024G |11 = O([ln h[*/3),
where 15, = 3 |f21.-

ecTh

2. SEVERAL IMPORTANT LEMMAS

In this section, we will give some lemmas which will be used to derive our main
results.

Lemma 2.1. Suppose D CcC D’ C Q and the integer k > 0. Then we have

(2.1) lvllo.p < Ch™¥|Jv]|_k.pr Vv € SH(Q).

Proof. Set D = J{e: enD # 0, e € T"}. For an element ¢ C D we define

e
a negative-norm as follows:

[(v, )el

(2.2) [vll-k,e=sup :
k,e

PECE(e) el
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Further, we define an affine transformation by
F: Xeé—X=BX+bece,

where € is a standard element and B = (b;;) is a matrix of order 3 x 3. We write
P(X) = ¢(F(X)) and #(X) = v(F(X)). In addition, we have (see [24])

Wk p.e < CIB7|*|detB[/P|@lipe Vi € WHP(E).
Thus we get
(2.3) |elie < CRP7¥(Gye.

From (2.3), we obtain

lllze = leﬁl Chi~ 2’CZIsDI = Ch{ |21 e

namely,
(2.4) lollr.e < CRE22) 5]k e

By (2.4), the definition of the negative norm (2.2), and the equivalence of norms in
the finite-dimensional space, we have

h3/2 hs/zHUH he < Chi’/Q sup (D, 9)e]
gecg @) |1Plke
< OR3/2-3+(3-2k)/2 sup |(v, )|
¢ PECE (e) lloll&,e
namely,
(2.5) lollo.e < Che*||v]l-ke.
Thus, from (2.5) and 1 < h/he < Co,
(2.6) lolly 5= > Iollg.. < Ch7 3 o2
e e

For every ¢ > 0, choosing ¢, > 0 such that }_ e, = ¢, we have

e
(2.7) [0 ke = e < 1(v,00)el?,  @e € C5°(e) and [[@elie = 1.
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We write w = Y (v, @e)ee € C§°(D’) and then

e

(2.8) (v,w)pr = Z|vgoee
Combining (2.6)—(2.8) yields

29)  ol2 5 < Ch 2 ((w.w)pr +¢) < Ch (Jol| .ol +€)-

In addition,

2
o= [ 3 S e v ax
D7 O<q<k e
2
= (v, pe)e Vipe| dX
0<s<k
=Y Z|vgpe |/|VSgoe|2dX
0<s<k e

= 310, 00)el = W,w)pr < [Vll—r,prllwlli, -
e
Thus,

(2.10) | < [oll-k.p-

When ¢ — 0, we have by (2.9) and (2.10)
lollo,5 < Ch™*lvll .-

Obviously, D C D, thus [|v]jo,p < [[v]lo. 5 < Ch™*||v]|—k,ps. The proof of Lemma 2.1
is completed. (I

Lemma 2.2. Suppose D CC D' C Q, d = dist(0D,dD’), and the boundary dD’
is smooth enough. Let the integer k > 0, a;; € WkT2:°°(D'), and y € S}(Q) satisfy

a(x,v) =0 for all v € SE(D'). Then we have

(2.11) Ixll—x.0 < C(d)h]x]1.0r + C(@A)]X] k1,0
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Proof. Choosing D; such that D CcC D; CcC D', dist(0Dy,0D’) = dist(dDq,
dD) = d/2, and p € C*°(Q) satisfying suppuy CC D’ and u|p, = 1, and setting
X = px, we have by the a priori estimate

(0, X)pr

| < ¢ sup 20|

(2.12) Ixll-x.0 < IXl|-k,pr = sup ;
wer || Wlk+2,0r

peCse (D’

where Lw = ¢ and w € H = H**2(D') N H}(D'). Similarly to the arguments of
Theorem 5.6 in [24], with the conditions of this lemma we get

(2.13) a(w,X)p = a(W,x)p + Ip = a(w — 1w, x)p' + Ipr,

where W = pw and
Ip = / Z i (xwa;j0; i) + x0j(wai;0; ) + xai;O;wdjp) de dy dz.

=1

Since w € H, we have
3
(2.14) [Ip/| = ‘/ Z (x0j(wa;;0; 1) + xa;;0;wojp) de dy dz
=1
< C(d)|xll k-1, p |0k 12,0

From (2.13) and (2.14), we obtain

(2.15) la(w, X)pr| < Cllxll, prl|lw = @y, pr + C(d)|Ix[| k-1, D7 [0l 542,07

<
< C(d)h|xll,p|wl k2,00 + C(@)|IX]|-k—1,0 [|w][kt2,D-

Combining (2.12) and (2.15) yields the result (2.11). The proof of Lemma 2.2 is
completed. |

Lemma 2.3. Suppose D' C Q and the boundary OD’ is smooth enough. Let
the integer k > 0, a;; € WF2°(D'), and x € SH(Q) satisfy a(x,v) = 0 for all
v € SH(D'). For each D* and D** satisfying D* CC D** CC D', we then have

(2.16) IXl1,00,0+ + Ix||=k,0+ < C(DIX[|-k-1,D,
where d = dist(0D*, 0D**).

388



Proof. When k£ = 0, choosing D such that D* cC D CcC D** and dist(aﬁ,
0D**) = dist(0D,0D*) = d/2, we have by similar arguments as for Theorem 5.6
n [24]

(2.17) x[l1,00,0+ < C(d)RIxlg 5 + C(DIXI_y, 5-
Combining (2.1) and (2.17) yields

(2.18) Ixllo,px < lIxll1,00,0+ < C(D)Ix][-1,0+,

which indicates, when k = 0, the result (2.16) holds. Next, when k = ¢, we suppose
the result (2.16) holds, namely,

(2.19) Il ,00,00 + lIXll—2,0+ < C(d)Ix]|-t-1,07+-

We consider the case of k = t+1. Choosing {D;}!13 such that D* cC D cc Dy cC
D, cc Dy, CC ... CC Dt+2 CcC D**, and diSt(aD,aDo) = diSt(@Di,8Di+1) =
d/(2(t+4)),i=0,...,t + 1, we have by (2.11) and (2.19)

(2.20) IXIl ;1.5 < C(@hlx1,p + C(d)[X]|-t-2,D,
< C(d)hlIx|1,00,00 + C(@)[IX || —t—2,D0
< C(d)hlIx|-t-1,0, + C(d)|Ix||-t-2,D,-
Similarly,

2:21) |xll~t-1,p; < C(D)Rlx]-t-1,0i11 + C DXl ~t-2,501 T=1,2,.. 8+ 1.

From (2.1), (2.20), and (2.21),

(2.22) X1 5 < CR2(IX]=t-1,0,12 + C(@DIX]~t-2.D,
< C(d)ht+2||X”0,Dt+2 + C(d)”X”*t*ZDrwz
< Ol 20+

In addition, from (2.19) and (2.22),

(2.23) IXIl1,00,0 < CA)IXI_;—y 5 < ClA)IX]|—t—2,0-+-

Thus, from (2.22) and (2.23),

Ixl11,00,0 + X[l ~t=1,0+ < C(d)[[x]|-t-2,0-~,

which shows, when k& = ¢ 4 1, the result (2.16) holds. The proof of Lemma 2.3 is
completed. ([
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Lemma 2.4. Suppose D CC D' C Q, d = dist(0D,dD’), and the boundary & D’
is smooth enough. Let the integer k > 0, a;; € W*t2°°(D'), and x € SI(Q) satisfy
a(x,v) =0 for all v € S}(D’). Then we have

(2.24) Ixllo,p < C(d)|[x]|-k-1,07,
(2.25) IX1,00,0 < C(A)IX[|-k-1,D"-

Proof. Choosing {Di}fill such that D cc Dy CcC Dy CC ... CC D, CC
Dyy1 = D', and dist(0D,0D;) = dist(0D;,0D;41) = d/(k+1), i = 1,...,k, we
have by (2.16)

IXI1,00,0 < C(d)Ix[l 1,00 < C(A)IX][-2,0, < C(d)lx]|-3,D;
< - < O -r-1,0r
which is the result (2.25). Obviously,
Ixllo.p < [lxl1,00,0-

Combined with (2.25), we immediately obtain the result (2.24). The proof of
Lemma 2.4 is completed. O

3. LOCALLY POINTWISE SUPERCONVERGENCE

In this section, we will give our main results on the locally pointwise superconver-
gence.

Theorem 3.1. Suppose D CcC D' C Q and let u, be the tensor-product m-
degree block finite element approximation to the solution w of (1.1), and II,, the
corresponding interpolation operator. When u € W™+2:°°(D') N H}(Q) and m > 1,
we have

(3.1) un = nttlt,o0,0 < CO™ AP |ullnr2,00,00 + lu = un | -1,07).

Especially, if the boundary 0D’ is smooth enough and the integer k > 0, we then
have

(3.2) lun — Ml 1,00,0 < CR™ I A ||ullmg2,00,00 + [t — || —k—1,07).
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Proof. Choose D" such that D cC D" cC D', and take u € C*°(f2) such that
suppp CC D'; and p|pr = 1. Set @ = pu and @ = u — 4. Thus, for each Z € D we
have by the weak estimate of the first type (see [19]) and (1.6)

(33) |8l(ﬂh — Hmﬂ)(Z)| a(uh — mfl,, 82716‘%) = a(ﬂ — Hmﬂ, 82716‘%)
Ch™ M| im 42,00, 07102, G |11

<
< CR™ I A2 |ull e 2,00,07-
Obviously, @ = 0 in D”. For every v € S&(D") we have a (i, — 4,v) = 0. Thus,
(3.4) a(ap,v) = a(a,v) = 0.
In addition, similarly to (2.17) we get
(3.5) [an]l1,00,0 < C(@)Rl[Enllo,0 + Clo)|unll-1,07,
where ¢ = dist(6D, dD”). From (2.1), (3.4), and (3.5),
(3.6) un — M tl1,00,0 = |Un|1,00,0 < Chll@nllo,pr + C|lunl|-1,07
< Clanll-1,07 = Cllt = tnl| 1,07
< Cllu — upl|-1,p7 + Ot — tp|| 1,07

In addition,
(3.7) i —anll-1,pn < || = anllo,pr < CH™Hfiillmsr,pr < CH™Hull s,

Combining (3.3), (3.6), and (3.7) yields the result (3.1). If the boundary 0D’ is
smooth enough and the integer k > 0, similarly to the arguments of (3.1), we may
get by Lemma 2.4 the result (3.2). The proof of Theorem 3.1 is completed. O

Theorem 3.1 is concerning the case of m > 1. In fact, when m > 2, we have yet
the following superconvergent estimates.

Theorem 3.2. Suppose D CC D' C Q and let up be the tensor-product m-
degree block finite element approximation to the solution w of (1.1), and II,, the
corresponding interpolation operator. When v € W™+2°(D"Y N H}(Q) and m > 2,
we have

(3-8) lupn — 1,000 < C(W" |t ma2,00,00 + [t = unl|=1,07).

Especially, if the boundary 0D’ is smooth enough and the integer k > 0, we then
have

(3.9) lun — M ttf1,00,0 < CR™ Ul mt2,00,00 + lt = wnl|—k—1,00).
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Proof. By the arguments of Theorem 3.1, we find that it is only needed to prove
(3.10) [ = Tt .0 < CH™ 2,00,

In fact, for each Z € D we have by the weak estimate of the second type (see [19])
and (1.5)

|8l(fth — Hmﬂ)(Z” = a(zlh — Hmﬂ, ({)Z?lG}ZL) = a(’a — Hmﬂ, 8Z7ZG}ZL)
Ch" 2 |illm-42,00,07102,1GY 2.1
C

A" || 2,00, 0

NN

which leads to (3.10). Thus, the result (3.8) holds. If the boundary 9D’ is smooth
enough and the integer k£ > 0, similarly to the arguments of (3.8), we may get by
Lemma 2.4 the result (3.9). The proof of Theorem 3.2 is completed. O

The above two theorems are about local superconvergence of derivatives. As for

function values, we have also the similar results.

Theorem 3.3. Suppose D CC D' C Q and let up be the tensor-product m-
degree block finite element approximation to the solution w of (1.1), and II,, the
corresponding interpolation operator. When v € W™+2°(D"Y N H}(Q) and m > 2,
we have

(3.11) Jun = Wnulo,co,.0 < CO 2 A2 ul|m2,00,00 + Ju = unl|-1,07).

Especially, if the boundary 0D’ is smooth enough and the integer k > 0, we then
have

(3.12)  |up — Mottfo,o0,0 < COW™ 20 A |Jul|r2,00, 07 + [t — wn ]| —k-1,07)-

Remark 3.1. Similarly to the arguments of Theorems 3.1 and 3.2, together
with (1.4), the results (3.11) and (3.12) will be proved.

Remark 3.2. As for the negative norms in the above theorems, we now give
their bounds. From the definition of the negative norm, we have ||u — up||—x—1,p’ <
lu —up||—k—1,0- Thus, for each ¢ € H**1(Q) there exists an ¢ € H*3(Q) N H(Q)
such that

[(u = un, @) = la(u = un, ¢ = n@)| < Cllu = unll1 [|¢ = Mmpl1-
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Further, when m > 2 and 0 < & < m— 2, we have by the interpolation error estimate
the optimal approximation estimate and the a priori estimate

(= u @) < CH™ 2 1 [ Blrs < CR™ 2 et .
Thus we have
lu = unll-k-1,00 < lu = up)—k-1,0 < CR" 2 |Juf i, 0<k<m—2.
When m = 1, we have

u—unl|-1,00 < lu—unl|-1,0 < Cllu — unlloo < CA?|[ull2.

The above results show that the negative norms do not spoil the order of supercon-

vergence.

Using the results in Theorems 3.1-3.3 and the estimates for negative norms, we
easily obtain the corresponding superconvergence points and their estimates.

Let X* € D be an interpolation point of the operator II,,,. Then we have the
function value superconvergence estimate

(3.13) [(u —up)(X*)| < CA™ P2 b3 ul|myo.conr, m = 2.

In fact, when X* € D is a zero-point of the antiderivative of the Legendre polynomial
of degree m, the superconvergent result (3.13) holds too.

In addition, let Y* € D be a stress good point of the operator II,, (usually
taking zero-point of the Legendre polynomial of degree m), thus we have the gradient

superconvergence estimates

(3.14) V(u—up)(Y*)| < CR™HInh*3 || ullmy2.00.0r,  m =1,
and
(3.15) V(u —up)(Y*)] < CR™" H|ullmizoon, m=2.

Remark 3.3. The study of superconvergence at special points started with the
work by Douglas, Dupont, and Wheeler [7]. Later, many works on superconvergence
points have been given. For example, Schatz, Sloan, and Wahlbin [22] gave super-
convergence estimates on locally symmetric points. Lin and Zhang [14] pointed out
where are the natural superconvergence points in three-dimensional setting. How-
ever, our results in the present paper differ from the ones in [14] and [22]. The details
are as follows.
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(1) For function value superconvergence, [22] requires superconvergence points
being locally symmetric points, and moreover, the degree m of the finite element is
even. However, our results do not need these conditions. When the negative norm
|lu — up||—k—1,p’ is of the highest order O(h?™) with k = m — 2, the function value
convergence order at superconvergence points in [22] is O(hm+1H(m=1/(m+1.5)|1y )
(m > 2 even) and O(h™*2[Inh|?/3) (m > 2 any integer) in the present paper.

(2) For derivative superconvergence, [22] still requires superconvergence points be-
ing locally symmetric points, and the degree m of the finite element is odd, which
are unnecessary in our paper. When the negative norm ||u — up| —x—1,p’ is of the
highest order O(h*™) with k = m — 2, the derivative convergence order at supercon-
vergence points in [22] is O(h™+™/(m+25)|In h]) (m > 2 odd) and O(h™*1) (m > 2
any integer) in the present paper. For m = 1, the former is O(h'*?/7|In h|) and the
latter is O(h2|In h|*/3).

In summary, our results are better than the ones in [22]. In addition, although [14]
also gave the same superconvergence points as the present paper, it did not show the
convergence order at these points.

Example 3.1. Consider the following Poisson equation:

—Au=f inQ=(0,1) x(0,1) x (0,1),
u=20 on 01,

where
f=(—e™(e? — (e~ 1)y —1) = e¥(e” — (e — 1)z — 1)

+r2e” — (e — 1)z —1)(e¥ — (e — 1)y — 1)) sin(nz).

The true solution is
u=(e"—(e—1z—1)(e — (e — 1)y — 1)sin(nz).

Let u; be the tensor-product two-degree finite element approximation to u. Set
X*=1(0.5,0.5,0.5) and

v (3—\/§h,3—\/§h,3—\/§h).
6 6 6

Obviously, X* is an interpolation point and Y* is a zero-point of the Legendre poly-

nomial of degree 2 in ). Both of them are the function value superconvergence point

and the derivative superconvergence point, respectively. For simplicity, we consider

only the numerical results at X* and Y*. We solve Example 3.1 and obtain the

following numerical results:
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h = un)(X)] [0 (u = up) (")

0.5  24184e—004  6.434le — 003
025  1.3204e—005  4.9586e — 004
0.125  7.8025¢ — 007 5.3748e — 005

Table 3.1. Numerical results at superconvergence points on uniform meshes.
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