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Abstract. We introduce subclasses of analytic functions of bounded radius rotation,
bounded boundary rotation and bounded Mocanu variation with respect to 2k-symmetric
conjugate points and study some of its basic properties.
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1. INTRODUCTION

Let A be the class of analytic functions f defined on the unit disc £ = {z €
C: |z] < 1}, normalized by f(0) = f/(0) — 1 =0 and of the form

(1.1) f(z):z—l—ianz”, z€E.
n=2

Also, let S, K, S* and C denote the subclasses of A which are univalent, close-to-
convex, starlike and convex in FE, respectively. Let P,, () be the class of functions
p(2) analytic in the unit disc E satisfying the properties p(0) = 1 and for z = rel?,
m = 2,

(1.2) /OQK

The class P, (v) for v = 0 and 0 < v < 1 has been introduced and investigated by
Pinchuk in [6], and Padmanabhan and Parvatham in [5], respectively. We note that

Re@ dd <mmn, 0<vy<l1.
-7
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P, (0) = P, and P5(y) = P(7) is the class of analytic functions with positive real
part greater than . For m = 2 and v = 0 we have the class P of functions with
positive real part. We can write (1.2) as

1 [ 14 (1 —27y)ze
(13) O e e 0}

where p(t) is a function with bounded variation on [0, 21| such that

2n 2n
(1.4) / du(t) =2 and / |[dee(t)] < m.
0 0
Also, for p € Pp,(y) we can write from (1.2)
m 1 m 1
(1.5) p(z) = (Z + 5)1)1(2) - (Z - §)p2(Z)7 p1,p2 € P2(y), z € E.

It is known [3] that P, () is a convex set. Also p € P, (7) is in Py(y) = P(y) for
|z] < r1, where

(1.6) r =z (m—vm?—4).

|~

The classes V() of functions of bounded boundary rotation of order v and Ry, ()
of functions of bounded radius rotation of order «y are closely related with P, (y). A
function f € A is in V,,(v) if and only if (2f'(2))'/f(2) € Pn(7v). Also

2f'(2)

(1.7) f€Rn(y) & ) € Pn(v).
It is clear that
(1.8) feVn(v) & 2f'(2) € Pu(v).

When m = 2,y = 0, then V,(0) coincides with the class C' and R2(0) = S*. Wang et
al. in [9] introduced and investigated class Sgk)(go), which satisfies the inequality:

2f'(2)
fr(2)

where p(z) € P, k > 2 is a fixed positive integer and fi(z) is defined by the following

<p(z), z€E,

equality:

— 2ri
fu(z) = Zafvf(avz), € =exp—,
v=0

k

> =
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and a function f(z) € E is in the class ct® (p) if and only if zf'(z) € Sgk)(go).
Also Wang and Gao (see [9]) introduced and investigated two classes Sgﬁ)(ga) and
C’S(I(f) (¢) of functions starlike and convex with respect to 2k-symmetric conjugate
points. Noor and Mustafa in [2] introduced and investigated class R¥(7y) of analytic
functions which are of bounded radius rotation of order v with respect to symmetrical
points if and only if
221'(z)
f(z) = f(==)

We now define the following.

€ Py(z), z€E.

Definition 1.1. Let f € A. Then f is said to be of bounded radius rotation of
order « with respect to 2k-symmetric conjugate points if and only if

2f'(2)
far(2)

(1.9)

where k > 1 is a fixed positive integer and fax(2) is defined as

2ri

k—1
(1.10) for(2) = % Z(E_“f(es“z) +eYf(e¥z)), e=exp -
v=0

We shall denote the class of such functions as R3;2*(7y). We note that R5~2(7) is the
class S% of univalent functions starlike with respect to symmetrical points defined
by Sakaguchi (see [8]). Also we define the class V,5~2*(v) as follows.

Definition 1.2.
(1.11) fevi?k(y) e zf € R (y), z€E.

Motivated by the above-mentioned classes we now define the following subclasses of
analytic functions.

Definition 1.3. Let f € A and f(2)f(2)2~! # 0 for = € E. Then f is said to
be of bounded Mocanu variation of order v with respect to 2k-symmetric conjugate
points if and only if

2f'(2)

N (zf'(2))
Jor(2)

(1.12)

where 0 < o < 1 and k > 1 is a fixed positive integer and for(2) is defined by (1.10).
We shall denote the class of such functions as M3-2%(a, 7).
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Definition 1.4. Let f € A and f(2)f'(z)2~! # 0 for z € E. Then f belongs to
the class M5, 2% (o, ) if

m,mi

U NN T

where 0 < o < 1 and k > 1 is a fixed positive integer and gox(z) is defined as

k—1 .

1 2mi

(1.14) g2r(2) = o E (e7Yg(e%2) +Yg(evZ)), & =exp—
v=0

k

with g € M3-28(a, ).

miy
For simplicity, we write 15, 2% (a,v) =: Hi, 2 (o, ).

In our investigation of the classes R:72%(y), V.572¢(y), M372*(a,v) and

H3, 2% (or,7) we need the following lemmas.

Lemma 1.1 ([1]). Let p be an analytic function in the unit disc with P(0) = a,

where Rea > 0. Let P: E — C be a function such that Re P(z) > 0 for z € E.
Then

Re[p(z) + P(2)zp/(2)] > 0 = Rep(z) > 0.
Lemma 1.2 ([1]). Let 3,y € C and h be convex and univalent function in E with
h(0)=1 and Re(Bh(z)+7v) >0, z€kFE.

If p is analytic in E with p(0) = 1, then subordination

zp'(2)

T 1y <)

p(2)

implies that
p(z) < h(z).
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2. BASIC PROPERTIES OF RS 2%(v), V52K (y), M52 (a, ) AND H5, 2K (o, )

m,mi

Theorem 2.1. Let f € M3, ?*(, ). Then the function

(2.1) ¥(z) = far(2)

belongs to M5, %*(a, ).

Proof. Let f € M5 2%(a,). Then from Definition 1.3 we have

212 o ER) ;
“Tate) TGy €0 EE R
2f12) g B+ 2f(E) s
(2.2) e +(1—-a) 0 € Pu(y), z€E.

Replacing z by ¥z, v =0,1,2,...,k — 1 in (2.2) leads to

evzf'(e¥z) _ f(E2) + etz f(e02)
23) “ far(ev2) +1-a) far(€92) € Fnlr):
We note that
(2.4) fon(e¥2) = €" far(2),  for(e¥2) = for(2),

for(eVZ) = e " fak(2),  f3,(eV2) = for(2),  dan(2) = far(2).

Thus, in view of (2.3) and (2.4) we obtain

zf'(e¥z) W f(evz) +evzf"(e2)
(2.5) a () +(1-¢) ) € Ppn(7)
and

TET |, T+
(26) e AT e € (7).

Since P, () is a convex set, summing (2.5) and (2.6) leads to

L3102 + 7))
27 for(z)
PO 1V GO RS i) B o G i G B )

for(2)

€ Pn(7).
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Putting v =0,1,2,...,k — 1 in (2.7) and summing the resulting equations yields

GBS (1(E72) + (7))

far(2)
(1 T () + f<f>(+ )z(e“f"(e“z) ) o
and hence ¢ € Py(7) in E. O

Putting « = 0,1 in Theorem 2.1 we have the following results for the classes
Ry % (v) and V5728 ().

Corollary 2.1. Let f € RS 2%(v). Then the function ¥(z) = far(z) belongs to
R572k(v) in E.

Corollary 2.2. Let f € V,;5=2¥(y). Then the function ¥(z) = far(z) belongs to
Vs=2k(y) in E.

In order to prove our next result we need the following lemma.

Lemma 2.1. Let p and ¢ be analytic functions in E with p(0) = 1 and
Rey(z) >0 for z € E. If

p(2) + 0(2)2p'(2) € Pn(),

then p(z) € Py (7).

Proof. From the definition of P, () there exist ¢1,¢2 € P»(y) such that
(2.8) p(2) + 9(2)2p'(2) = maqu(2) + (1 — m)qz(2).

Let p; and ps be the solutions of the Cauchy problems

(2.9) p(z) + ¢(2)2p'(2) = q1(2),  p(0) =1
and
(2.10) p(z) +0(2)2p'(2) = g2(2), p(0) =1,

respectively. In view of (2.9) and (2.10) we rewrite (2.8) as

p(2) + ¢(2)2p'(2) = m(p1(2) + ¢(2)2p} (2)) + (1L — m)(p2(2) + ¢(2)2p5(2)),
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or equivalently,

(2.11) (p(2) = mp1(2) = (1 = m)p2(2)) + 2p(2) (P (2) — mp' (2) — (1 = m)ps(2)) = 0.

Now if we define h(z) = p(z) — mpi(z) — (1 — m)p2(z), then h(0) = 0 and (2.11)
yields

(2.12) h(z) + ¢(2)zh/(2) =0, h(0) =0.

But it is clear that Cauchy problem (2.12) has the only solution h(z) = 0. Hence
p(z) = mp1(z)+ (1 —m)pa(z). For completing the proof we show that p1, p2 € Pa(7y).
Form equation (2.9) we can write

1—7 1—7 1-—

Since Re (q1(2) —v)/(1 —~) > 0 and Rep(z) > 0, applying Lemma 1.1 we obtain
Repi(z) > ~. Similarly, we have Repa(z) > v and this means that p € P,,(v) and
the proof is complete. ([

Theorem 2.2. Let 0 < a <1,k >1 and m > 2. Then
Hy 3 (v, 9) € H 3 (17, 9)-

Proof. Letf e H: 2*(a,,g). Then by the definition of the class #5. 2*(a, v, g)

m,2 m,2

and applying Theorem 2.1 we know that gop, € M35 2% (a, ), i.e.

29'(2) &) )
%) +(1-a) RIE € P(v),
where ¢ = goy.
Or equivalently,
W) L GHEY 102
(2.13) et 202 +(1-0a) PIE < h(2) =
Set ()
_zy(z
1= n)
then we can rewrite (2.13) as
N L BN e e e
(2.14) o0) +(1-a) 70) q(z) + 02) =< h(z).
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Since h is convex and univalent in E with h(0) = 1 and Re(h(2)/(1 — «)) > 0,
applying Lemma 1.2, we obtain

(2.15) q(z) < h(z), z€E.
By Setting )
z2fl(z
p(z)‘f ng(z)a
we get

CIENow() ~ ()2l (2) _ IR @)

72.(2) an(z) gon(2)]
CIEY 2

(2.16) zp'(2) =2

7o) T gn(2)

s—2k
m,2

Therefore in view of f € H (v, 7,9) and (2.16) we conclude that

SO RPN 716 (NN £
0 )T =)+ (- a) T € Pua)

Now from relation (2.15) it is clear that Re(q(z)/(1—a)) > 0, so applying Lemma 2.1,
we get p(z) € Py, (7y) and the proof is complete. O

By Putting m = 2 and considering g = fo in Theorem 2.2, we have the following
corollary.

Corollary 2.3. Let 0 < a <1 and k > 1. Then
M5 (a,7) C R (y) CK C 8.

Theorem 2.3. Let 0 < a < 1 and f € M372%(a,~). Then there exists a function
p € Pp () such that

z u _ 1-a
(2.17) for(2) = <1ia/0 ua/<1a>exp<1ia/0 h(t)t 1dt> du) |

where

(2.18) h(z) === (p(e"2) + p(e¥z)).
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Proof. Since f € M2, % (a,7), there exists a function p € P, () such that

2f'(z) (zf'(2))

2.19 «o + (1 - =p(2).
( ) far(2) ( VG for(2) (=)
Using similar arguments given in the proof of Theorem 2.1 to (2.19) we obtain
k—1
Zka( ) (2/3,(2)) 1
2.20 +(1-«a — vZ)) = h(z
@20) TG T OTHE T m b 1 eEE) =k

Let us define I as

ol 5:(2) _ (2f2,(2)) _ 2F'(2)
“Tul T RG TR
then
z 1/(1—a) \17@
(2:21) for(z) = (1 i Oé/o (F(t))t dt)
and the function F is analytic with F'(0) = 0 and from (2.20) we can write
2F'(z)

Now by solving the last equation and putting its response into equality (2.21) we get
the result and the proof is complete. ([

Theorem 2.4. Let 0 < a < 1 and f € M$,;%*(«,). Then there exists a function
p € Pp () such that

1 [ u 0 exp((1— @)t [ (h(t) — Dt~ dt)p(u) du

(222) ) = = ([Tun 0o exp(1 — @)=t [ (h(t) — =T ey du)”

where h is given by (2.18).

Proof. Suppose that f € M3-2%(a,7), we can get

TG RPN G (C))

far(2) far(2)
so there exists a function p € Py(7) such that
2f'(2) (=f'(2)'
e T e T
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Taking F'(z) = zf'(z) and G(z) = far(z) in the above equation yields

FC) | P
aG(z) + (1 )G’(z) p( )7
22 R AL

Now solving Cauchy problem (2.23) and considering (2.17) we get our result and the
proof is complete. O

Theorem 2.5. Let f,g € Mgf%(a,'y) and suppose that F' is defined by

(2.24) Flz) = — /Z P52y (1)1 08 (g (1)) 1/ 049 i,

T 5211

where z € E, 6 >0, 8>0and v+ 6 ' —1>0. Then F belongs to M;f%(l,'y).

Proof. Since f,g € M35 ?*(a,v), by applying Theorem 2.1 and Corollary 2.3
we obtain for, gor € M;‘Qk(l,'y). Differentiating (2.24) logarithmically and setting

p(z) = 2F'(2)/F(2), we have

W) B G 1 ()
+07 1 =1 148 fa(z) 148 gal(z)

(2.25) p(z) + )

Since the functions zf5, (2)/ for(z) and zgh,(2)/gai(2) belong to Pr(7y) in E, and
P5(7y) is a convex set,

B zfou(z) 1 zg5,(2)
1468 fau(z) 148 gow(2)

S PQ(’)/).

We now apply Lemma 1.2 to obtain p(z) € Pa(7) and the proof is complete. O

Let L(r, f) denote the length of the image of the circle |z| = r under f. We prove
the following.

Theorem 2.6. Let f € Hy 2¥(1,7). Then for 0 < r < 1,

dn(1 — )

(2.26) L(r, f) < EDIGE
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Proof. Using Theorem 2.2 and in view of the definition of class #5 2*(1,)
there exists a function g € Mgf%(l, ) such that

(2.27) z2f'(z) = p(2)h(2), ¥ =gax € S*(7), h € Pa(y).

Since ¢ € S*(y) and ¥ is a k-fold symmetric function, there exists a k-fold symmetric

function 1 (z) such that
we) ==(22)

z

Now for z = re'? we have

27
Lirf) = / 2 f(2)] a0

21 17,\/ 27
-/ (LN hz) a0 = 7w e e s,
0 0
and so, using Holder’s inequality, we obtain

z
) 1 27 ) 1/2 1 21 9 1/2
(2.28) L(r, f) < 2nr <2—ﬂ/0 1 (2)] d9> <2—ﬂ/0 Ih(2)] da) .

For h € Py(), from the Parseval’s identity it is easy to see that

1 [ 4(1 — )2 — 1)r?

1—r2

(2.29) ()2 do < L

21 Jo
Also for k-fold symmetric function ¢4 it is known that (see [4])

|2]

(2.30) 1h1(2)| < A= |z

Using (2.29) and (2.30) in (2.28), it follows that

1+ (4(1 —7)%2 = 1)r2\1/2 r - 4rn(1 — )
1= ) A=)k S (L= )itk

L(r, f) < 2117'7(
This completes the proof. (I
Theorem 2.7. Let f € H3 2*(1,7). Then for 0 <r < 1,

(2.31) |a,| < 4n(1 — y)n?/".
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Proof. Since with z = re? Cauchy Theorem gives

1
na, = ——
2mrn

2n
/ zf!(z)e” 1" dg,
0

then

2n
nla,| < L/0 |zf'(2)]dO = lnL(r, .

2mrn 2nr

Using Theorem 2.6 and putting r = 1 —n~!, n — oo, we obtain the required result.
O
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