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Abstract. We first show that the Gaussian integral means of f: C — C (with respect to

the area measure e~ /I’ dA(z)) is a convex function of 7 on (0, 00) when o < 0. We then
prove that the weighted integral means A, g(f,r) and L, g(f,r) of the mixed area and the
mixed length of f(rD) and df(rD), respectively, also have the property of convexity in the
case of a < 0. Finally, we show with examples that the range a < 0 is the best possible.

Keywords: Gaussian integral means; weighted integral means; analytic function;
convexity
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1. INTRODUCTION
Let D represent a unit disk and dA denote the Euclidean area measure in the
complex plane C, H(D) stands for the space of holomorphic mappings f: D — C,

and U(D) denotes univalent functions in H(D). Recall that for any real number «
and 0 < r < 1, the weighted area measure is defined by

dda(2) = (1 - [2[)* dA(2),
where dA is the area measure of . Moreover, we already know that

rD={zeD: |z|<r}, rT={zeD: |z|=r1}
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For any real number o and 0 < p < co we define the Gaussian integral means of
an analytic function f: C — C as

f{z C: |z|<r} |f(z)|Pel*l dA(2)
Mpaldr) = T el dA(z)

r € (0,00).
f{zEC: |z|<r}

The above concept can be found in the theory of Fock spaces, e.g. see [2] and [12]. It
is not hard to verify that the function r — M, . (f, r) strictly increases as r € (0, 00)
unless f is a constant. Readers can refer to [7] for more details.

In [11], Xiao and Zhu first introduced the notion of the integral means of an
analytic function and discussed the area integral means of f € H(D):

S £ (2)I? dAq(2)
fip d4a(z)

Mp,a(f,r): 0<p<oo.

They proved that while 7 — M, o(f, ) strictly increases unless f is a constant, it
is different to the classical case in the sense that logM, o (f, ) is not always convex
in logr. Additionally, they proposed a conjecture where logr — logM,, o(f,r) is
convex when o < 0 and concave when o > 0. In [9], Wang and Zhu obtained the
result when —3 < a < 0 and chose p = 2, a = 1, f(z) = 1 + z to verify that the
conjecture is untrue. Subsequently, Wang, Xiao and Zhu got the conclusion when
—2< a<0and 0 < p < oo in [8]. Unfortunately, it is still unknown whether the
conjecture is always true when p # 2. Inspired by previous research, Xiao and Xu
discussed the fundamental case of p = 1 from a differential geometric viewpoint in
their manuscript, see [10]. They also discussed monotonic growths and logarithmic
convexities of the weighted integral means A, g(f,r) and Lo g(f,7) of the mixed
area and the mixed length of f(rD) and Jf(rD) for the range r € [0,1).

At exactly the same time, the problem of Gaussian integral means was also studied.
In [7], Wang and Xiao showed that the logarithmic convexity of function M, o(f,r)

k¥ is a monomial. Subsequently, the conclusions were

under the case of f(z) = z
improved. In [7], the case of an arbitrary analytic function f was considered.

Recently, Peng, Wang and Zhu investigated the (ordinary but not logarithmic)
convexity of the area integral means of analytic functions in [6]. They claimed that
for every r € [0,1) and when p = 2, the optimal range of M, o (f,r) which is convex,
is a < 0.

Naturally, we can ask a fundamental question: When p = 2, are M, ,(f,r),
Aap(f,7) and Lo g(f,r) convex functions? Indeed, we obtained the answer to the

above question, which is the main result of this paper.
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Theorem A. Let f: C — C be an analytic function.
(i) If a« <0, then r — My (f,7) is a convex function of r in the interval (0, 00).
(if) If « > 0 and k > 1, then there exists some \ (depending on k and «) in the
range (0,00) such that M (2% 1) is a convex function of r in the range (0, \)
and a concave function of r in the interval (X, 00).

Furthermore, if we take A = A(k,a), the inflection point above, we have the
following statements: for any fixed o > 0, A(k, ) increases as k (k > 1); for any
fixed k > 1, A\(k, o) decreases as a (« > 0). Based on Theorem A, we can easily see
that the range o < 0 is the best possible.

Theorem B. Let 0 < <1 and0<r < 1.
(i) If & < 0, then A, g(f,r) is a convex function for all f € U(D). Furthermore,
the range a < 0 is the best possible.
(ii) If o < 0, then Lo g(f,7) is a convex function for all f € U(D). Furthermore,
the range o < 0 is the best possible.

2. PRELIMINARIES

For f € H(D) and 0 < r < 1, we respectively define the integral means of the
mixed area and the mixed length for f(rD) and Jf(rD) as:

A(f,r)

U e = S0

2nr

(bA(fa ’I“) =

?

where A(f,t) and L(f,t) denote the area of f(rD) and the length of Jf(rD) with
respect to the standard Euclidean metric on C. Next, in the sense of isoperimetry,
the mathematical expression

2
Bal0.0) = () [ [7GIPaAG) < [(m)l / |f'<z>||dz|} _ [@L(f, 0]

holds. See [10].
Furthermore, we will use the following convention in the rest of this paper:

dpa(t) = (1 =) dt?,  va(t) = pa([0,t]) Yt (0,1),
and for 0 < 8 < 1 we define

Dap(fit) = ?ﬂ(té’)?v O p(fit) =
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and

Sy Pas(fit) dpa(t) J @ s(f ) dua(t)
Aa,,B(f, 7’) - 0 for d/,[/(y(t) 9 La,ﬂ(fa 7’) - 0 f(;" d/,[/(y(t) )

which are called the weighted integral means of the mixed area and mixed length of
f(rD) and 0f(rD), respectively.

Recall that M,(f,r) = (2rn)~! OQK |f(v/rel?)|P df. If we write every analytic func-
tion f: C — C in the form of a power series

f(Z) = Z a’kzka
k=0

then we can immediately obtain that

o0
My(f,r) = larl*r*.
k=0
To simplify the notation, we will write

M = M(r) = Ma(f,r), s0=<p(x)=/0xe‘“tdt, H:H(a:)Z/OxM(t)e““dt.

Note that ¢ and H depend on the parameter «, thus here and throughout the paper
we will let dp/0a and OH /O« denote the derivatives of ¢ and H with respect to «,
respectively. In what follows, unspecified derivatives are taken with respect to the
main variable .

A calculation with polar coordinates gives

Jy Ma(f. e dt H(?)
foﬂe*at dt o(r?)

MQJX(fa ’I“) =

Using an elementary computation, we get the following formula:

axT

1—e™
w(w)—{T’ “ 70

x, a=0.

Next, we also have:

(o)
M(r) = 3 (k+ Dlaga 2 > 0, 1 € (0,00),

M"(r) = > (k+2)(k+ 1)|agsa]?>r® >0, 7€ (0,00).
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Throughout the paper, we use the notation U ~ V to denote that U and V
have the same sign, and employ the symbol = when a new notation is introduced.
Finally, N is the set of all natural numbers.

3. CONVEXITY FOR M, o(f,")

3.1. The case a < 0. In what follows, we investigate conditions for the function
M o(f,r) to be a convex function of r in the interval (0,c0). It is not hard to see
that the convexity of the function M ,(f,+/r) depends on the sign of the weight
parameter «, so we will first discuss the case of a < 0. The following basic lemma is
needed; it comes directly from [12] with (0, 1) being replaced by (0, c0).

Lemma 3.1. Suppose f(z) is twice differentiable on (0, 00). Then f(z?) is convex
in the range (0,00) if and only if f'(z) + 2xf"(x) is nonnegative on (0,00). In

particular, if f(z) is nondecreasing and convex in the interval (0,00), then f(x?) is
convex on (0, 00).

Proof. Let g(x) = f(2?), we easily have
9" (x) = 2[f'(2) + 227 f"(2?)].
Then the desired result follows. O
Lemma 3.2. Suppose o > 0, then the function
E(x) = 42¢'(z) — (1 — 20x)p(2)

is strictly positive on (0, 00).

Proof. Take zg = 1/2«a, we can easily obtain that
1 =202 <0, z€[xg,00),

which implies that E(z) > 0 in the range [z, 00). For x € (0,z9) we get

1—-2az >0
and o)
4z (z o
B(z) ~ 15— = ¢(z) = Ea(2).
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It follows from direct computations that:

4(o" + ") (1 — 2ax) + 8axy’
B () - A& 7)1~ 200) .

(1 —2ax)?
A —axg!)(1 = 20) 4+ Baxy' — (1 —2ax)?¢’  (4a2z? + 3)¢/
B (1 -2ax)? (1= 2ax)?

Thus, E(z) ~ Ei(xz) > E1(0) = 0 on (0, zo). This completes the proof of the lemma.

Lemma 3.3. If « >0, k> 1, z € (0,00) and

h = h(x) :/ the=at 4t
0

then the following statements hold:

(0 g1(x) = a*p(x) - h(z) >0,

() g2(xz) := (9¢/0)(x) + zp(x) > 0,

(IIL) gs(x) := ( )(0¢/0a)(x) — (9h/0a)(x)p(x) > 0,

(IV) ga(w) = —2e7"((9p/Da)(z) + zp()) + ¢*(z) > 0.
Proof. (I) Obviously,

h(z) = / the= dt < xk/ e~ dt = zFp(2),
0 0

which means g;(z) > 0.
(IT) It is not difficult to get

8230 —ax / 82]7‘ k+1 _ —ax k+1 7
dadz - T (@), dadz ° TN ¥ (@),
and
8290 / / /
go() = 900 T p(z) + 29 () = —2¢' () + @() + 29" () = () > 0.

Thus g2(x) > g2(0) = 0, for which (II) holds.

(IIT) Based on the definition of g3(z) and several calculations we have:

2 2
(2) = W (@) 92 (@) + h(w) e~ DTy O )t

[ g m)+xk+1sﬂ($)—g_z(x)}
z) +zp(x)) —zh(z) 8h()
Oa
~ 2 (22@) + 0p(a)) - ohla) - L (2) = g(a)
(a ) Oax
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Note that

g (x) = kak~! (%(m) + xga(a:)) + 2Fa(z) — h(x) — 2P Tlemo® 4 ghtlemow

= kah1 (%(x) + xga(x)) +zfa(z) — h(z).

Then ¢'(xz) > 0 follows from (I) and (II). Hence g5(x) ~ g(xz) > ¢(0) = 0, then
g3(x) > g3(0) = 0, which proves (III).
(IV) It is easy to check that

gy(r) = 20e™ " (%(x) + xap(x)) > 0.

Thus ga(x) > ¢4(0) = 0, which means (IV) holds.

Lemma 3.4. Let k > 1 and x € (0,00). Then the function

v(a) = (:ck - %) (4??3:(;) + 20 — 1)

increases for a € (0,00), where h(x) is defined above.

Proof. In order to simplify the above formulae, we will represent h(z) as h

and ¢(x) as ¢. It follows from direct computations that

V(@) = % {h% - %@} [4920/ + 2ax — 1}

N (xk 3 %) [—43:2@—%@%0—2 4o’ 0p/0a L 24

- E{AR52 - 2ot - -0

+2(zFp — h) [—Qe"” (g—z + xga) + 302} }

~ é {h% - 2—24 [4z¢" — (1 - 2ax)¢]
+ Z(mkga —h) {—Ze_o‘x (g—z + xg&) + 502}
= —gs(0) B@) + 201 (x)ga () > .

Then the desired result follows.
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Theorem 3.5. Let f: C — C be an analytic function. If a < 0, then both
Ms o(f,+/7) and My o(f,r) are convex functions of r on (0, 00).

Proof. Note that M o(f,/r) = H(r)/¢(r), hence in order to prove the con-
vexity of Ma o(f,/r) we just need to show that the function H(x)/p(z) is convex
in the range (0,00). In the following section, we also write h for h(x), ¢ for ()
and M for M (z). These functions were defined previously. A basic calculation gives

H\' He—-HY H HY
(L ozt it

© 02 o @
(E)H _H'e-H'¢  (H'¢ +H")* — Ho'(20)
@ ©? v
_HT 2H Hy' 2H(A)H" H' +2§(£/)2 _HY
® ©? ©? @3 @ @ @ p\gp @ P
B M/QO/—FM(,O” 2M(<p/)2 (2(4,0/)2 90”)[_[
= - 7 T 3 2
® ® ® @

~ M'Q'* + Mg"p* —2M ()0 + 2(¢')°H — " oH
= M'¢'¢* + M(—ay)p* —2M (¢ )20 + 2(¢')*H — (—ay')pH
=@ [M'* + (1+¢')(H - Mp)]| ~ M'¢” + (1+¢')(H — M)

MIQOQ M/QOQ
1+ ¢

=(1+¢) +H—-Mp ~1+¢/+H—M¢EU(3:).

Here we used the identity
ap=1-¢
which is valid for all a including a = 0.
Next, we will proceed to determine the sign of o(z) for the interval (0,c0). By
a direct calculation we have:

902 502 /
O_/(x):M// +M/(—) _’_MSDI_MSO/_MISD

1_‘_%0/ 1_‘_%0/
2 2 ’ 2 /
1_‘_%0/ 1_‘_%0/ 1_‘_%0/
M
= W[W(l +¢') — o’ = (1+¢')?
M "2 / —OzM/gOQ
= — —]_ =
(Hw,)Q[(so) + ap’ — 1] i:0) 0

Thus o(z) > 0(0) = 0, which means that (H/)"” > 0 holds for &« < 0 and z € (0, 00).
This proves that the function Ms o(f,/r) is convex for r € (0,00). Note that
Ms o(f,r) is increasing, then by Lemma 1 we can easily get that M, o(f,7) is also
convex for r € (0,00). This completes the proof of Theorem 3.5. (]
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3.2. The case a > 0. In the following section we use examples to show that
M o(f,r) is generally not a convex function of r for positive «. These examples
actually reveal more delicate behaviour of M o (f,7) when a > 0.

Theorem 3.6. Suppose k > 1 and o > 0. Then there exists some A = A(k,a) €
(0, 00) such that Ms o (2%, r) is a convex function of r on (0, \) and a concave function
of r on (A, 00). Furthermore, for any fixed o, A(k, ) is increasing in k; and for any
fixed k, A(k, «) is decreasing in «.

Proof. When f(z) = z*, it follows that

27

M(t) = My(f,1) = QL/ (Vi) 240 = ¢,
T Jo

thus

Hir) = [ Mpetar = / et dt = h(r).
0 0
Consequently,
H(r?)  h(r?)
My o (2%, 1) = = .
20N =50 T o)

By Lemma 3.1, in order to prove the theorem, we only need to determine the sign

o= (A2) (22’

of the function

on (0,00). Via a rewrite,
h = h(z,a,k) :/ the=ot dt
0

and

By direct computations we have

h/ h i h// h/ / h \2 h "
Alw) = — -2 +2x[——2 2 42 (<p3) - }

2 2 2 2 4 2
1

== [h’gpz — h'p + 22h" ©* — dah' ' o + dah(p)? — 2xhg0"<p]
'
1

= [p(W' @+ 22h" @ — 4zh'¢') + h(4x(¢')? — 220" 0 — )]

~ e (h'p + 2zh" o — dzh/¢") + he™ (4z(¢)? — 229" p — ')
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= pe®®(prfe™® 4 2pkaPe™ " — 2apxhTle™® — 4ohtle—20m)
+ he®® (4ae 2% 4 20upxe” T — e %)

= 20%ka” 4 (4ze™ % + 2zap — ) (h — a*)

= 2ka*o? + [dag’ — (1 — 2ax)¢](h — pa*) = w(z, o, k).

With the help of Lemma 3.2 we get

2kxk p?
dxp’ — (1 = 2ax)p

w(x, a, k) ~ +h—paF = Ay (z).

It is not hard to obtain that
(2kz*p?) = 2k22k 1 p? + dkap — daka®
dae’ — (1 = 20x)p = 4o — ¢ — 20z,
(dzy’ — (1 = 2ax)p) = 3 — ap — 20z + 202z,
(h — o) = —ka*=Lo.

Then

(2k2xF 1% + dkabp — daka®p?) (4 — o — 2ax0)
(4z — ¢ — 2azp)?
2kz* 0 (3 — ap — 20w 4 20°wp)
- (4x — p — 2axp)? -
kat L2 [8ka — 2k — dkawy — 20 — daa® + 20wp — ¢
(42 — ¢ — 2axp)?

Aj(z) =

k$k7130

~ 8kx — 2k — 4kaxp — 2z — dax® 4 2azp — @

2 1 2 1
= 4kx — 4oz’ — ket s )e_axzé(x).

+ (ks — 20+
To continue the calculation we have
8 (z) = 4k — 8ax + (2k — 3 — 4akz + 2ax)e” ",
Note that
§'(0)=3(2k—-1)>0, d'(c0) <0,
so there exists some A\ € (0,00) such that §'(x) > 0 on (0,A1) and ¢'(z) < 0
on (A1, 00). Since §(0) = 0,0(c0) < 0, it follows that there exists a point Ay € (0, 00)
such d(x) > 0 for z € (0, A2) and §(x) < 0 for = € (A2, 00). It is easy to see that
lim A;(z) =0, lim A;(x) <0,

z—0+t T—00
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with details deferred to after the proof. So there exists A € (0,00) such A(x) > 0
for z € (0,A) and A(x) < 0 for z € (A 00). That is to say there exists some
A = Ak, ) € (0,00) such that Ms ,(z*,7) is a convex function of r on (0, ) and
a concave function of r on (A, 00).

Take A = A(a, k) as a solution of equation

w(z,a,k) =0,
or equivalently, A(z) = 0. For any | > k we will proceed to determine the sign of
wAa, k), a,l) = w(A a,l).
Since
WA, o, k) = 2kXE Q2 (N @)+ [4Xg' (A, @) — (1—2a0) (N, )] (h(A, o, k)= AF (), a)) = 0,

it follows that

2kNF 2 (N, a
AN’ (N, @) — (1 —2aN\)p(\, ) = NoOna) —(h(/\ )oz o

Thus, we can get

W\ 0, 1) = 22 (0, ) + A (0 ) — (1= 2N (0, )] (BN 1) — Np(A, )
2kAFp2 (N, @)
Mep(A\ @) — (X a, k)

ko2(\. o
- Akap(zkliix)w—(i?{m)a, X (A 0) = A\ . k) + k(A a.1) = Np(X, )]

~ INTFOF (N, @) — h(A, oy k) + k(B o, 1) — A(X, a))

=2I\'p?(\, o) + (A(A, @, 1) = Np(A, @)

=wi(\ a, k).
Since T
% =11 — KA TP o\, a) — (X, a, k) > 0,
we obtain

wA o) ~wi (A a, k1) > wi (0,0, k,1) =0,
which implies that for any fixed «, A is increasing in k.
Next, we are going to determine the sign of w(A(e, k), 8, k) = w(A, 8, k) for 8 > a.
Since
W\, o, k) = 2EXFQ% (N, @)
+ [4)“»0,()‘; a) - (1 - 2&)\)30()\, a)](h()‘a Q, k) - )‘kSD(Av a)) = 07
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it follows that
1

2kAF =
A ©* (A a)

()‘kso(/\7 Oé) - h()‘a «a, k))[4)\(,0/(A, Oé) - (1 - 20&)\)(,0()\, 0&)]
With the help of Lemma 3.4 and direct calculations, we have

w(X, B, k) = 2kA° QP (N, B) + [4A' (A, B) — (1 = 28N (A, B)I(R(A, B, k) — A*(A, B))

9 s PO a k)14’ (A @)
=¥ (A’B){{A ) H o\ a)

_ [/\k _ h(A,ﬁ,k)} {4A<p’(k,6)
e(A,B) o(A, B)

N {)\k 3 h()\,a,k)} [4)\30’()\,04)
(A a) 1L p(Xa)

_ [}\k _ hO‘aBa k)} {4>‘90/(>‘a6)
e(\, B) oA, B)

which implies that for any fixed k, X is decreasing in «. This completes the proof of
Theorem 3.6. U

+2aA—1}

+2,6’/\—1}}

1 2a)\ — 1}

+2/3>\—1} <0,

Remark 3.7. In the proof of Theorem 3.6 we claimed that

lim A;(z) =0, lim A;(z) <0.

z—0t T—00

This is elementary but cumbersome, so we deferred the details here. Recall that

2k k2
A - h — pzF.
1(®) dxp’ — (1 = 2ax)p + e
Then L’Hopital’s rule gives us
. 2kxk p? o 2Kk2xF 2 dkak o — dakxkp?
lim = lim = 0.
z—0+ dog’ — (1 — 2ax)p  2—0+ 3 — ap — 20z + 202z

From the explicit formulae for h and ¢ we deduce that

lim h=0, lim zFp=0.
xz—0t z—0+t

Thus 111(1)1+ Aq(z) = 0.
T
Again with the help of L’Hopital’s rule we obtain

. 2kxF p? o 2k22F 10?2 4kt — dakakp?
lim = lim
z—oo dxp’ — (1 — 2ax)p  a—oo 3 — ap — 20z + 202z

2225 20[(k — 1)¢ + 2z — 2azp] + 4ka* (ke — x — 22a) ¢’

= lim

T—00 =20+ 2a2¢ + (202x — a)¢’

. 2k22520[(k — 1)p + 22¢'] + 4kaF L (kp — 2 — 2z0)¢’ <0
= 1m .

T—00 =20+ 2a2¢ + (2022 — o)y’
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The last inequality holds due to the fact that

1
lim o= =, lim ¢ =0.

r—00 (0% r—00

Moreover, Lemma 3.3 (I) states that h — 2¥¢ < 0, hence lim A;(x) < 0.

Tr—00

4. CONVEXITY FOR A, g(f,-)

In this section, we deal with the convexity of A, g(f,r). First, we consider the case
when f(z) = 2" is a monomial. For our purpose we need the following preliminary
results, which come directly from [10].

Lemma 4.1. Let —co < a < o00,0< < 1and f € HD). Thenr— Aag(f,7)
strictly increases on (0,1) unless

{ constant when 3 < 1,

linear map when g = 1.

Proposition 4.2. Let 0 < f<1land0<r < 1. If « <0 andn € N, then both
A (2", /1) and A, g(2™, 1) are convex functions on (0,1). Consequently, Ay g(f,r)
is convex for all f € U(D).

Proof. From [9] we know that fa(z) = [, t*(1 —¢)*dt. Given n € N, a direct
calculation gives ® 4 g(2",t) = nt =Pt2("=B) "and by a change of variable we have

Jo @a.p(z",t) dpa(t) _ net =2 [P (1 — ) dt
Jo dpa(t) Jo (1 —t)>dt

nT =P fin_g)(r?)
fo(r?) '

Aap(2", 1) =

To prove the convexity of A, g(2", /) we just need to show that the function
F(z)/¢(zx) is convex on (0,1). Here

F(z) = /x P -t dt, Y(z) = /z(l —t)“dt.

0 0

To simplify the displayed formulae we will write F' for F'(z) and ¢ for ¢(z). Next, let
N = N(z) := 2" ?, then F’ = Nv/. Obviously, both N’ and N are nonnegative.
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A basic calculation gives

F\ B Fl/ 2Fl,¢l Fw/l 2F(w/)2
&) =%
~ PIN"Y'Y + N@"p —2("))] + (2(¢")? — " ¢)F
~ (1= 2)N'9? + 2 = (a + 2)¥](F — Nv).

Then from the proof of Theorem 6 in [6] we find A, g(2",+/r) is convex for
r € (0,1). Since A, (2", 7) is nondecreasing (see Lemma 4.1), which we com-
bine with Lemma 3.1, we see that A, (2", r) is also convex on (0,1).

For f € U(D), writing f(z) = > a,z™ we can easily get that
n=0

Dap(f(2).t) = () PA(f,1) = 7 inlanlth("—BL

n=0
whence
Aap(fir) = for n' =P Zf:onlanlz’tz""‘ﬁ’ dpta(t)
«, ’ -
for dpa(t)
Yoo lanl fo () PAE" D dpa(t) N
=== =D _lanl"Aap(z", 7).

for dpa(t) nzz:o e

Therefore Ay g(f,r) is also convex function on (0,1) for all f € U(D). O

Proposition 4.3. Let 0 < 8 <1 and 0 < r < 1, and suppose o > 0. Then there
exists a positive integer n such that the function A, g(z™,r) is not convex in the
interval (0, 1).

Proof. Note that

1 fn—p)(r?)

Aa,ﬂ(znﬂ T) =nn fO(TQ) I

so by Lemma 3.1, in order to prove the conclusion, we need to determine the sign of

sio- (E2) (283

for the range (0,1). Let A\=n— 8 > 1, then n > 5+ 1. A rewrite results in

the function

x
F=F(z,0,\) = / A1 —t)>dt
0
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and

v=vlwa) = [0

From the proof of Theorem 7 in [6] we know that there exists a unique point
xo € (0,1) such that Ay(xz) > 0 for x € (0,20) and Ag(x) < 0 for z € (z0,1).
We therefore find that A, g(z™,7) is not convex on (0,1) when n > § + 1. O

Theorem 4.4. Let 0 < S < 1land0 < r < 1. Ifa <0, then Ay g(f,r) is a convex
function for all f € U(D). Furthermore, the range e < 0 is the best possible.

Proof. The result directly follows from Proposition 4.2 and Proposition 4.3.
O

We have proved that when o < 0, A, g(f,7) is a convex function. Naturally, when
a > 0, is the function A, g(f,r) concave for the interval (0,1)? In fact, it is not.
In what follows, for @ > 0 we give an example such that the function A, g(f,r) is
neither convex nor concave on (0,1). First, we need the following lemma:

Lemma 4.5. Let f € H(D). Then f belongs to U(D) provided that one of the
following two conditions is valid:

/ zzf’ Py
10 =710t [ <2
(see [3] or [1]),
HJJC"'((«:))}, a %[J;’((j))ﬂ <2(1-|2/*)"% VzeD
(see [4] or [3]).

Example 4.6. Let a =1, 3 =1 and f(z) = z + 22/2. Then function A, 5(f,7)
is neither convex nor concave for r € (0, 1).

Proof. Since

|z| <1<2—2|<|2+2] VzeD,

27G) || 20k | P
f*(2) (z+22/2)2 7| z+2P 7
therefore f € U(D) due to Lemma 4.5. As f'(z) = z + 1, we have
4
A(f,t) :/ |z + 112 dA(2) :n(t2+—)
tD 2
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and

iy d 2 710
t =12 - —— —.
| oantroamo == -5
Meanwhile,
T 7“4
o () :/ (1—)d =r2—
O 2
thus we get
12 —3r2 — 274
A == — = PF?.
l,l(fvr) 6(2—7"2) (7“ )

Hence we just need to consider the convexity of P(x?) on (0,1). Note that

Q(x)

Ag(z) = P'(z) +22P" (x) = m,

where Q(z) = 6 — 15z + 622 — 23.

Note that Q'(x) = —15 + 122 — 322 is an open-downward parabola with its axis
of symmetry about z = 2 > 1, so @’(x) increases on (0, 1) and thus Q'(z) < Q'(1) =
—6 < 0, hence Q(z) decreases on (0,1). Since Q(0) = 6 > 0, Q(1) = —4 < 0,
then there exists zp € (0,1) such that Q(xz) > 0 for z € (0,z9) and Q(z) < 0
for © € (z9,1). Consequently, function A, g(f,r) is neither convex nor concave for
re (0,1). O

5. CONVEXITY OF L, s(f,")

Analogously, we can obtain the following results for the mixed lengths, but in this
section we need the following lemma from [10].

Lemma 5.1. Let —oco < a <00, 0< < 1and f € UD) or f(z) = ap + anz"
with n € N. Then r — L g(f,r) strictly increases in the interval (0, 1) unless

{ constant when 5 < 1,

linear map when 3 =1.

Proposition 5.2. Let 0 < f<land0<r < 1. If « <0 and n € N, then both
Lo (2", /1) and L, g(2"™,r) are convex functions on (0,1). Consequently, Lo g(f,r)
is convex for all f € U(D).
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Proof. The proof is similar to that of Proposition 4.2, except for the following
statement: If f € U(D), then there exists g(z) = Z bpz™ such that g is the square

root of the zero-free derivative ' on D and f/(0 ) = g 2(0), and hence

@p(f,t) = (2nt) 7 /TT |f'(2)]dz| = (2nt) =7 /TT l9(=)Pldz] = (25t)' 7 Y [bal?6*".
t t n=0

Thus, we have completed the proof. ([
Similar to Proposition 4.3 and Theorem 4.4 we then have the following two results.

Proposition 5.3. Let 0 < 8 <1 and 0 < r < 1, and suppose o > 0. Then there
exists a positive integer n such that function Lo g(2",r) is not convex on (0,1).

Theorem 5.4. Let 0 < S < 1land0<r < 1. Ifa <0, then Ly g(f,r) is a convex
function for all f € U(D). Furthermore, the range o < 0 is the best possible.

Next, we give an example to verify that when a > 0, L, g(f,r) is neither convex
nor concave for r € (0,1).

Example 5.5. Let a =1, =0 and f(z) = (2 + 2)3. Then function L, 5(f,7)
is neither convex nor concave for r € (0,1).

Proof. Obviously, we can obtain that f’(z) = 3(z + 2)? and f”(2) = 6(z + 2),

thus POV LR 4
[f’(Z)} __[f’(Z)} Tt

It is not hard to see that
V21— |2)?) <2—|2| VzeD.
So,

4 4 2
2422 7 2122 T (12

/() f"(2)
Hf’(Z)} 2[f( )]

Then we know f € U(D) via Lemma 4.5. If we continue the computation, we have

2n
L(f,t) = /0 |/ (tel®)|t O = 6nt(t* + 4)

and

' 4 ., 3
@ 5(f, 1) dps () = 12n( =% — Z¢% — Z¢7).
[ weatsdumo = 125300 - 20 - 1)
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Combining this with v1(r) = r2 — r%/2 we get

247(140r — 63r3 — 15r5)
105(2 — r2)

Lig(fir) =

For our purpose we just need to determine the convexity of the function

140z — 632°® — 152"

R
() 5.7
Note that 2 ord s
280 — 238z — 77x* + 45z
R =
and

RY(x) = 62(28 — 1822% + 90z — 152%) _ 62T(x)
(2 — a2)3 (2 — 22)%’

where T'(z) = 28 — 18222 + 90z* — 1525.
If we let s = 22, then we get

T(x) =U(s) = 28 — 1825 + 905> — 15s>.

Since U’(s) = —182 + 180s — 45s? is an open-downward parabola with its axis of
symmetry being s = 2 > 1, we get U’(s) increases in the interval (0,1), whence
U'(s) < U'(1) = =47 < 0. Therefore U(s) decreases in the range (0,1). Obviously,
we also have the equalities

U(0) =28, U(1)=—T9.

Summing up, we therefore find that there exists so € (0,1) such that U(s) > 0 for
s € (0,s0) and U(s) < 0 for s € (sg,1). Then there exists xo € (0,1) such that
R'(x) > 0 for z € (0,x9) and R"(z) < 0 for z € (x0,1). Consequently, L, g(f,7) is
neither convex nor concave on (0, 1). O
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