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Abstract. We characterize the weak McShane integrability of a vector-valued function on
a finite Radon measure space by means of only finite McShane partitions. We also obtain
a similar characterization for the Fremlin generalized McShane integral.
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1. INTRODUCTION

The purpose of this note is to develop the theory of weak McShane integral, which
was initiated by Saadoune and Sayyad [6]. Our work here is motivated by two
things. The weak McShane integrability of a vector-valued function on a quasi-
Radon measure space is defined in terms of infinite McShane partitions. However,
it is possible to characterize the integrability by means of finite McShane partitions
if the measure space is compact and finite; see Proposition 2.2.

In [2] Faure and Mawhin defined the Henstock-Kurzweil integral of a vector-valued
function defined on an unbounded interval of R™ by using finite partitions; see
also [7], Section 3.7. These two things drew our interest in seeking a possibility to
characterize the weak McShane integrability of a function on a non-compact space
in terms of only finite McShane partitions. Our main result, Theorem 3.1, shows
that this is possible in the case where the space is a finite Radon measure space.
A similar assertion is also valid for the Fremlin generalized McShane integral [4]; see
Theorem 3.3.

Let us see the meaning of our main result from a different point of view. Propo-
sition 2.2 indicates that the weak McShane integral of a function on a compact
finite quasi-Radon measure space is a variant of the Riemann integral in the sense
that (2.1) involves only finite McShane sums. This, combined with Proposition 2.3
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and our Theorem 3.1, indicates that the weak McShane integral of a function on
a finite Radon measure space can be viewed as a variant of the improper integral.

2. PRELIMINARIES

In this section several notions and terminologies are recalled from [6] for the
reader’s sake. Let (S, T, X, ) be a o-finite quasi-Radon measure space which is outer
regular (the definition of a quasi-Radon measure space is supplied in Appendix). By
a generalized McShane partition of S we mean a sequence {(F;,t;)}°, such that
{E;}$2, is a disjoint family of measurable sets of finite measure, t; € S for each ¢,

and M(S\ ‘L—J1 Ez) = 0. A function A: S — T is called a gauge if s € A(s) for every

s € S. We say that a generalized McShane partition {(E;,t;)}52, is subordinate
to a gauge A: S — T if E; C A(t;) for every i« € N. Given a gauge A, we de-
note by IIo(A) the set of all generalized McShane partitions of S subordinate to A.
A sequence {P2}o°_; of generalized McShane partitions of S is said to be adapted
to a sequence of gauges {A,,}>°_, if P is subordinate to A,, for each m. Let X
be a Banach space. For a function f: S — X and a generalized McShane partition
P ={(E;,t;)}2, of S, we set

Definition 2.1 ([6], Definition 3.2). A function f: S — X is said to be weakly
McShane integrable (WM-integrable for short) on S, with weak McShane integral w,
if there is a sequence of gauges A,,: S — T, m = 1,2,..., such that, for every
x* € X* and for every sequence {PZ}>°_, of generalized McShane partitions of S
adapted to {A,,}0_4,

lim limsup [(z*,o;(f,P2) —w)| = 0.

m—o0 l— 00

We set w = (WM) [ f du in this case.

A function f: S — X is said to be WM-integrable on a measurable subset F of .S if
xef is WM-integrable on S. Here xg stands for the characteristic function of E. We
say that f is WM-integrable on X if it is WM-integrable on every measurable subset
of S. It is proved in [6], Proposition 3.2 that a function f: S — X is WM-integrable
on S, with weak McShane integral w, if and only if there exists a sequence of gauges
Ay S—T,m=1,2,..., such that

lim sup  limsup [(z*,0/(f, Po) —w)| =0 Vz* e X"

MO P €l (Am) =00
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By a finite partial McShane partition of S we mean a finite sequence {(E;,t;)}_;
such that Ey, Es,..., E, is a disjoint family of measurable sets of finite measure and
t; € S for each ¢ < p; it is said to be subordinate to a gauge A: S — T if E; C A(t;)

for each ¢ < p. A finite partial McShane partition {(E;,¢;)},_; of S is called a finite
P
strict generalized McShane partition of S if |J E; = S. It is also useful to recall the
i=1
following result:

Proposition 2.2 ([6], Proposition 3.3). Let (S, T, X%, 1) be a compact finite quasi-
Radon measure space, X a Banach space. Let f : S — X be a function. Then f is
WNM-integrable, with weak McShane integral w, if and only if there is a sequence of
gauges A,: S — T, m=1,2,..., such that

(2.1) lim sup
M0 f(Biti) hici<p €Mp (Am)

<x*,i§_p;u(Ei)f(ti) —w>‘ =0 Va*eX*

Here, I14(A,,) stands for the set of all finite strict generalized McShane partitions
of S subordinate to A,,.

It is worth mentioning that this assertion is an analogy to [4], 1E Proposition. We
further recall the following implication.

Proposition 2.3 ([6], Proposition 3.4). Let (S,T,X, 1) be a o-finite outer regular
quasi-Radon measure space and let & € 3. Let X be a Banach space, f: S — X
a function. Let Tg stand for the relativizationof T to E. SetXp ={F € ¥: F C E}
and pug = pln,. Then, f is WM-integrable on E if and only if f|g is WM-integrable
on E with respect to the quasi-Radon measure space (E,Tg, ¥g, ig), and the two
integrals are equal.

We also need additional terminologies. Let (S, 7, %, i) be a o-finite quasi-Radon
measure space which is outer regular. We call a generalized McShane partition

{(Ei,t;)}2, of S a strict generalized McShane partition of S if |J E; = S. Let X

be a Banach space. For a Pettis integrable function f: S — 35 1and for £ € X,
there is a unique wg € X such that [ (z*, f)dp = (z*, wg) for every z* € X*; we
write wg = (Pe) [ fdu. The map ¥ 3 E — wg € X is called the indefinite Pettis
integral of f. We consult [1] or [5] for the notions and terminologies of the standard
measure theory. We refer to [8] for the theory of Pettis integral.
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3. WEAK MCSHANE INTEGRABILITY IN TERMS OF
FINITE MCSHANE PARTITIONS

By a Radon measure space we mean a quasi-Radon measure space which is
inner regular for the compact sets. The following theorem characterizes the
WNM-integrability of a function on a Radon measure space in terms of finite McShane
partitions.

Theorem 3.1. Let (S,7,%,u) be a finite Radon measure space, X a Banach
space. Let f: S — X be a function. Then the conditions (a) and (b) below are
equivalent:

(a) f is WM-integrable on X.

(b) For each E € %, there exist a sequence {K,}5%, of compact sets, a sequence
of sequences of gauges {A? 54 (n=1,2,...) on S and a vector wg € X such
that the following (i)—(iii) are valid:

(i) K,CE(n=1,2,...);
(ii) f is WM-integrable on each K,, and

n—oo

lim H(WM)/K fdpu —wg

(iii) for each x* € X*,

lim limsup sup
"0 joo {(Bsti)hcicp EPTF(AT)

< Zu oxee, £t >>\=o.

Here, P11y (A?) stands for the set of all finite partial McShane partitions
of S subordinate to A?.

Proof. First, we prove that (b) yields (a). Let E, {K,};2;, {A}}32, (n =
1,2,...) and wg be as in (b). It follows from the first condition of (ii) that, for
each n, there exists a sequence {d}'}32; of gauges on S such that, for each z* € X*,

lim sup lim sup
IR P el (67) 100

<x*,al(xK"f, Poo) — (WM)/K" fdu>' =0.

Define a sequence of gauges 5j: S—=T(G=12,...) by

ﬂ ) Non(t)).

n=1
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We arbitrarily pick a sequence {(E/,t/)}°, (j = 1,2,...) of generalized McShane

1771

partitions of S adapted to {5j}j:1. Pick also an x* € X*, arbitrarily. Let

< Zu e, 16|

M(n,j) = sup
{(Biti) h1<i<p€PHf(AT)

and

L(n,j) = sup  limsup
Poo€llog (87)  l—00

<x*,m<xK,,Lf, Pa) = (WM) [ fdu>‘.

Pick an € > 0, arbitrarily. It follows from (iii) that there is an N7 € N such that for
any integer n > Ni, limsup M (n,j) < e. By the last condition of (ii), we see that

J—oo

there is an Ny € N such that for any integer n > Na, |[(WM) fK fdp —wg| <e.
Put N = max{Ny, N2}. Note that

IS gu@f‘xmm )|
< \<§ B e e = 00 [ du>‘

+\<x*,<WM>/KNfdu—wE>\ (s Zu ey () )|

We see that there exists a J € N such that, for any integer j > J, M(N,j) < € and
L(N,j) < e. Pick arbitrarily an integer j satisfying j > max{J, N}. Since j > N,
it holds that §;(t) C AN( ) and &;(t) C (5N( ). Thus, the generalized McShane
partition {(E7,#/)}%°, is subordinate to both AN and 6). Hence,

1771

lim sup ‘<fc EI:M(E{)(XEf)(ﬁ) - wE>‘

l—o0 i—1

S LN, j) + llz*]le + M(N, j) < (2+ [[z7[e.

Since € > 0 was arbitrary, we have

lim limsup
J=0 s

<x*,§u(Ef)(XEf)(t3) - WE>‘ =0,

that is, f is WM-integrable on F and (WM)fE fdp =wg.
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Next, we prove the converse; suppose (a). It follows from [6], Corollary 3.3 that f is
Pettis integrable. So, the function v: ¥ — X defined by

(G) = (W) [ fa (: (Pe)/Gfdu), cex,

is a countably additive vector measure that is absolutely continuous with respect
to u (see [4], Subsection 2A). Fix E € 3. Since (S, T, %, v) is a finite Radon measure
space, there is an increasing sequence {K,}">; of compact sets which satisfies (i)
and u(E\ K,) — 0 (as n — 00). Pick an € > 0, arbitrarily. There is an m € N such
that, for any A € ¥ satisfying A C E \ K,

(3.1) H(WM)/AfduH <e.

Particularly, if we put wg = (WM) [, f dpu, then (i) holds. For each n, there exists
a sequence of gauges A”?: S — T (j =1,2,...) such that, for any z* € X*,

lim sup lim sup
I790 P €Tl (A7) I-300

<a:*, o1(XE\K, [+ Poo) — (WM)/

E\K,

fdu>‘ =0,

because f is WM-integrable on E'\ K,,. This, combined with the weak Saks-Henstock
lemma [6], Lemma 3.2, implies that, for each n € N and 2* € X*,

(3.2) lim sup
IO {(Eiti) 1<icp €PTIF(AT)

<$*, > BN (xe\x, F)(t:)
i=1

- (WM)/O . XE\andM>‘ =0.

i
i=1

We fix * € X*. Pick arbitrarily an integer n satisfying n > m. Since

sup
{(Eiti) hi<icp €PI;(AT)

<a:*, g ,U(Ei)(XE‘\an)(ti)> ‘

< sup
{(Eisti) h<icpEPILF (AT)

<x*,§:ﬂ(Ei)(XE\K,,f)(ti) - (WM)/P B, XE\K"fdM>‘

i=1 U E:

i=1
<x*, (WM) » fdu>‘
(B\K)N U B
i=1

+ sup
{(Eiti) h<icp€PI(AT)
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and since (E\K,)N J E; C E\Kp, for {(E;, ;) }1<i<p € P (A7), we see from (3.1)
i=1

and (3.2) that

lim sup sup
g0 {(Eiti)hici<p P (AT)

< iMEixxE\an)(ti)N <ella”]l.

i=1

Thereby, (iii) holds. O

We include the following proposition in this section, which belongs to remarks.
Recall that a topological space S is said to have the Lindelof property if every open
cover of S admits a countable subcover.

Proposition 3.2. Let (S, T, %, i) be a o-finite outer regular quasi-Radon measure
space. Suppose that (S, T) possesses the Lindeléf property. Let X be a Banach space,
w: S — X a function. In order that ¢ be WM-integrable, with WM-integral w, it
is necessary and sufficient that there exists a sequence of gauges Aj: S = T, j =

1,2,..., such that, for every sequence {(EZ, tf) >, 3=1,2,..., of strict generalized

McShane partitions of S adapted to {A;}32, and for every z* € X*,

<x*,iz_l;u(Ef)so(t3) - w>\ o

lim lim sup
IR0 500

Proof. The necessity is clear. We deduce the sufficiency by the following obser-
vation. Let A: S — T be a gauge and let {(E;,?;)}32, be a generalized McShane

partition of S subordinate to A. Then, N = S\ |J F; is a null set. Because (S,7)

i
possesses the Lindelsf property and {A(t)}:cs is an open cover of S, there is a se-
oo

quence {&;}2, in S for which S = |J A(&). Put N; = N N A(E). We define
i=1

1=

~ - - i—1
a sequence {N;}22, of subsets of S by Ny = Ny and N; = N; \ |J N; (i > 1). For
j=1

each i, N; is a null set, and N; C A(&). We define a sequence {F;}32, of subsets
of S and a sequence {n;}$2; in S by

Iy 1 =E;, Fy=N;, moi—1=t; 1n2=4E&.

Then, {(F;,n;)}52, is a strict generalized McShane partition of S subordinate to A,
and it holds for every | € N that

We obtain the conclusion at once from this fact. O
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We shall see that a characterization similar to Theorem 3.1 is valid also for the
Fremlin generalized McShane integral (for the definition of this integral, see [4],
1A Definitions). To this end we introduce a terminology. Let (S, T, X, 1) be a o-finite
outer regular quasi-Radon measure space and let £ € ¥. Let X be a Banach space,
fi+ S — X afunction. We say that f is McShane integrable (M-integrable for short)
on E if xpf is McShane integrable. In this case we designate by (M) [}, fdu the
McShane integral of x g f. We have the following assertion.

Theorem 3.3. Let (S,T,X%, 1) be a finite Radon measure space and let E € .
Let X be a Banach space, f: S — X a function. Then, the following conditions (a)
and (b) are equivalent:

(a) f is M-integrable on E.
(b) There is a wg € X such that, for any € > 0, there exist a compact set K and
a gauge A: S — T for which the following (i)—(iii) are valid:
(i) K C E;
(ii) f is M-integrable on K and ||(M) [, fdu —wg| < &;
(iii)

<E.

> B (e f)(t:)

i=1

sup
{(Biti) }1<i<p €PIf(A)

We omit the proof, as it is similar to that of Theorem 3.1.

4. APPENDIX

We recall from [3], Subsection 72 the definition of a quasi-Radon measure space
for the sake of convenience; several auxiliary notions are also recalled.

Definition A.1. Let (S,%, 1) be a measure space.

(i) (S,%,p) is said to be finite (or totally finite) if p(S) < oco. (S, %, p) is semi-
finite if, whenever E € ¥ and u(E) = oo, there is an F' C E such that F' € ¥
and 0 < p(F) < 0.

(i) Set ©f = {F € %: u(F) < oo}. (S,%, ) is said to be locally determined if it is
semi-finite and, for any set £ C S,

ENFeXforevery FeX = Eex.

Definition A.2. Let G be a family of sets. We say that G is directed upwards if
for every pair A, B of elements of G there is a C' € G such that A C C and B C C.
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Definition A.3. A quasi-Radon measure space is a quadruple (S, T, X, i), where
(S, 3, 1) is a measure space and 7 is a topology on S such that:
(i) (S,X%,u) is complete and locally determined,;
(i) T cx
(iii) if £ € ¥ and p(E) > 0, then there is a G € T such that u(G) < oo and
wENG) >0
(iv) u(E) =sup{u(F): F C E, F closed} for every E € X;
(v) if G is a nonempty subfamily of 7" which is directed upwards, then

M(U Q) =sup{u(G): G € G}.
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