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Abstract. Let ((s) be the Riemann zeta-function. If ¢ > 6.8 and o > 1/2, then it is
known that the inequality |{(1 — s)| > |¢(s)| is valid except at the zeros of ((s). Here we
investigate the Lerch zeta-function L(\, «, s) which usually has many zeros off the critical
line and it is expected that these zeros are asymmetrically distributed with respect to the
critical line. However, for equal parameters A = « it is still possible to obtain a certain
version of the inequality |L(A, A, 1 —3)| > |L(\, A, s)].
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1. INTRODUCTION

Let s = o + it be a complex variable. In 1965 Spira in [20], Theorem 2, proved
that the Riemann hypothesis is true if and only if

(1) Ca=s)>1C6) 1210, 3 <o<1.

Dixon and Schoenfeld in [4] showed that if |¢| > 6.8 and o > 1/2, then |((1 — s)| >
|C(s)| except at the zeros of ((s). Inequality (1) was studied by Saidak and Zven-
growski in [18], Nazardonyavi and Yakubovich in [17], and Trudgian in [25]. Also it
was investigated for other zeta-functions. Berndt in [3] generalized Spira’s inequal-
ity for some functions of the class of general Dirichlet series, Spira in [21] proved
it in the case of the Ramanujan 7-Dirichlet series, Garunkstis and Grigutis in [6]
considered the analog of inequality (1) for the Selberg zeta-functions. We discuss
a monotonicity of the modulus of the Riemann zeta-function. Matiyasevich, Saidak,
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and Zvengrowski in [16] note that “...strict decrease of the modulus of any continu-
ous complex function f along any curve in the complex plane clearly implies that f
can have no zero along that curve.” The monotonicity of the modulus of a complex
function | f| is related to the sign of the real part of the logarithmic derivative Rf’/ f;
see [16], Lemma 2.3.

The well known Rieman £-function is defined as

2) £(s) = %s(s )2 (5) <)

It satisfies £(s) = £(1 — ), and it is an entire function, whose zeros coincide with
nontrivial zeros of {(s). It is known that

El

§()>O when Rs > 1

and the Riemann hypothesis is equivalent to

é‘/

1
5()>0 When%s>§.

The proofs of the last two inequalities can be found by Hinkkanen in [13] or Lagarias

n [14]; see also Garunkstis [5]. Sondow and Dumitrescu in [19] also investigated the
relation between the monotonicity of |£(s)| and the Riemann hypothesis. Matiyase-
vich, Saidak, and Zvengrowski in [16] showed that

C’ ¢
e —(s) <R ¢ (s)
for |t| > 8 and o < 1. Moreover, they proved that the modulus of the function ((s)
is decreasing with respect to o in the region o < 0, |t| > 8; extending this region to
o < 1/2is equivalent to the Riemann hypothesis. The similar modulus monotonicity
properties and the sign of the real part of the logarithmic derivative of the Selberg
zeta-functions are investigated by Grigutis and Siaucitinas in [12]. See also Alzer [1]
for the monotonicity of the function Fj (o) = (1 — 1/{(0))1/(‘7_(1), where a < 1 and
o>1.

In this paper we consider the Lerch zeta-function. We always assume that 0 < A,
a < 1 are fixed parameters. The Lerch zeta-function is given by

& 2r1)\m
)\as:zjom_'_a o> 1.
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This function has an analytic continuation to the whole complex plane except for
a possible simple pole at s = 1. Let ((s) and L(s,x) denote the Riemann zeta-
function and the Dirichlet L-function, respectively. We have that

L(LLS) :C(S)v L(l,l/Q,S) = (28 —1)(:(8),
L(1/2,1,s) = (1 —-2"7°)¢(s), and L(1/2,1/2,s) = 2°L(s,x),

where x is an odd Dirichlet character mod 4. For these four cases certain versions of
the Riemann hypothesis can be formulated. For all the other cases, it is expected
that the real parts of zeros of the Lerch zeta-function form a dense subset of the
interval (1/2,1). This has been proved for any A and transcendental o and some
other cases; for more details see Laurin¢ikas and Garunkstis [15], Chapter 8. Only
for these four above mentioned cases the Euler product and a symmetry (for most
zeros) with respect to the critical line is expected.

Next we discus zero free regions and define trivial and nontrivial zeros of L(\, «, s).
For A # 1/2 and A # 1 let

it
3 l: o= ——+
@ " g I
be a line in the complex plane C. If A =1/2 or A = 1, then let [ be a real line of the
complex plane. Denote by h(s,[) the distance from point s to I. Define for € > 0,

L:(A) = {s €C: h(s,l) <e}.

Let 0 < A < 1and A # 1/2; then L(\,a,5) # 0 if 0 < —1 and s & Ligga/=(N).
Moreover, there exists a constant 0; < —1 such that L(\, «, s) has exactly one zero
with real part between

2n(a + k)

21—\

4 o =1— ———————
@ " Tt—l—%log 3

and o1 for o < 1 (see Garunkstis and Laurinéikas in [7], Garunkstis and Steu-
ding in [9], Lemma 6, and [10]). For A = 1/2,1, from Spira in [22] and [7] we see
that L(\,a,s) # 0if 0 < —1 and [t| > 1. Also, in [7] it is shown that L(X, o, s) # 0
for 0 > 1+ a. By this we say that a zero of L(\, a, s) is nontrivial if it lies in the
strip —1 < 0 < 1+ a. If a zero lies outside the strip —1 < 0 < 1 + «, then we call it
trivial.

Denote by N (A, «, T) the number of nontrivial zeros of the function L(\, ¢, s) in
the region 0 < ¢t < T. For 0 < A, a < 1 we have [7]

T T
N T) = — log —— logT), T .
(5) (A a,T) 5 ogzﬂeaAwLO(og ), — 00
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Let 0 = o(A, ) = B + iy always denote a zero of L(\, «, s). For a positive constant
C we define the following region related to the zeros of L(\, «, s).

(6) R\, o, C) U {s: |s — o\, @) < e"€/1o87 ¢ > 9}
RSV
1
u ls — (1—o(\a))| < =, t>2¢.
Ut L)

We prove the following theorem.

Theorem 1. Let 0 < A < 1. Then there are constants C > 0 and tg = tg(\) > 0
such that for o > 1/2+e" !, s ¢ R(\\,C), and t > to,

|L()‘a /\7 1 _§)| > |L()‘a /\75)|

Theorem 1 implies the following corollary.

Corollary 2. Suppose the conditions of Theorem 1 are satisfied. Then
LA 1—3) #0.
We expect that under the conditions similar to those given in Theorem 1 the
function f(o) = |L(A, A\, 1—o+it)| is increasing, similarly to the case of the Riemann

zeta-function.
In the next section Theorem 1 is proved.

2. PROOF OF THEOREM 1
First we formulate several useful lemmas.

Lemma 3. We have
(s) = VER|sf7 et (140 )

as |s| — oo, uniformly for —n+ ¢ < args < n— 4.

Proof. The lemma follows from Stirling’s formula (see Titchmarsh [23], Sec-
tion 4.42)

1 1
logT'(s) = (s— 5) logs — s+ 210g21'c—|—0(| |)
as |s| — oo, uniformly for —t+ 6 < args < n— 9. O
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Lemma 4. For 1/2 <o <1 andt > 2n+ 1 we have

403 —
|F(S)| > \/ﬁ|8|071/2ef1¢t/2 (1 _ u) (1 _ efrct).

12¢2

Proof. To prove the lemma it is equivalent to show that

(27) 7| (s)[e™/2 > (M)U—l/Q (1 B 403 — O’)(l e,

2n 12¢2

We observe that

7115/2
o nt/2 __ ‘ 2 —soT H ‘
(2n) "7 T (s)le ) (s) cos — Teos(ms/2)

Saidak and Zvengrowski in [18], Theorem 4, proved that
3

fenmarees T)= (2)7 (1 4557)

WV

if1/2<o<1andt>2rn+ 1. By the inequality 1/(1+z) > 1 — x, where z > —1,
we get

e—ns/2 1
- ‘ _| > >1-e ™,
2 cos(ns/2) 1+ emis 14+e
The lemma is proved. |
Lemma 5. If f(s) is regular, and
s M
f(50)

in {s: |s —so| < r} with M > 1, then

f So s—0 cM

S0 — @

for |s — so| < 3r/8, where C' is some constant and ¢ runs through the zeros of f(s)
that |0 — so| < /2.

Proof. The lemma follows immediately from the proof of Lemma « by Titch-
marsh in [24], Paragraph 3.9. O

Lemma 6. For any og there is a constant A > 0 such that
(7) L\ a,0 +it) = O(t?), t— oo,
uniformly in o > og.
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Proof. For 0 < A < 1, this is Theorem 1.4 in Chapter 3 of Laurin¢ikas and
Garunkstis [15]. For A = 1, the lemma follows from the Hurwitz formula (Apos-
tol [2], Theorem 12.6) and the Phragmén-Lindel6f theorem (Titchmarsh [23], Para-
graph 5.65). O

Lemma 7. Let 0 < A\, o« < 1. Let 09 € R and Rs > 0¢. Let L(\,a,s) # 0 and d
be the distance from s to the nearest zero of L(\, a,s). Then

_ B(|L 1)1
|L(>\,a,8)| < eXp( (| Ogd' + ) Ogt))

where B is a positive constant, which depends on oy and parameters o and .

Proof. The lemma is proved by Garunkstis and Tamositnas in [11], Proposi-
tion 2. We reproduce the proof here for completeness.

In Lemma 5 we choose f(s) = L(\ «,s), so = 3 + it, and a sufficiently large
but fixed radius r. In view of Lemma 6 we take M = blogT, where b = b(r).
The function 1/L(A, «, sg) is bounded. By the formula for the number of nontrivial
zeros (5) and in view of the distribution of trivial zeros (see the discussion next to
formula (4)), the number of zeros in the disc |s — so| < r/2 is less than clog S'sg.
This proves the lemma. O

Lemma 8. Let 0 < A\, « <1 and € > 0. Let s be such that

_ 1
min |s — (1 — o(A\, )| > —.
min Js = (1~ g0,a)| > -

Then for a sufficiently large t and a sufficiently large o,

(8) IL(\ o, 1 —3)| > [s|179)°.

Proof. By the distribution of trivial zeros of the function L(\,a,s) (see the
discussion next to formula (3)), in the half-plane o > 2 the zeros of the function
L(A, o, 1 —3) lie near to the line

it

k::z{s:a: X } if)\#%,l,

IOg T—x

and
E:={s: Is=0} ifx=1/2,1.

First we consider the case 1/2 < A < 1. Then log(A/(1 — A)) is positive and the
line k intersects the area {s: ¢ > 2, ¢ > 0}. We will investigate inequality (8) for
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the following three subcases correspondingly: the value of s is (a) above, (b) below,
and (c) near to the line k.

We start with the functional equation of the Lerch zeta-function (see for example
Laurin¢ikas and Garunkstis [15], Chapter 2, or Garunkstis, Laurinc¢ikas and Steu-
ding [8], formula (1)), which we write in the form

(9) L\, o, 1 —3) = (21) ~°D(s) (e ™¢/2+2HA (o A, 5)
+ emis/2f2nia(17{)\})L(1 —a,1— {)\}7 8))

where {A} denotes the fractional part of number A. Let £ > 0. By Lemma 3 for any
sufficiently large o and sufficiently large ¢,

(10) IT(s)|(2r)~7e™/2 > (%)0—1/26_‘7(1 . o(%)) > |s|a-90

Subcase (a). In view of formula (9) we see that for o > 0 and any ¢,

1 4 gris—2ria (1 _/\{)\} )S

3 (Gw) o =gy

(11) LA\, o, 1 —35)| = |F(S)|(2ﬂ>—ﬁent/2A_g

We consider the function

12) o) =1 4 e (LAY

* n; (()\—i—Lm) e (o {;} )

This is an analytic function for o > 1. If s lies on the line k, then

oris—2ria ( - _A{/\} )S

If s € k and ¢ > 0, then there is 6 > 0 (independent on s) such that for Sz > § + s
(i.e. z is above the line k),

oriz—2ria ( - _A{)\} )z

Moreover, for sufficiently large o and any ¢ > 0,

w S e )

=1

ity 1
lo L) S 3
LREey:

< exp (—
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By the last two inequalities we conclude that there are 6 > 0, 09 > 0 and #y > 0
such that

Wl

(14) lg(s)| =

ift > tg and

(15) 09 <o < L_f)
log =17

Thus, if s satisfies condition (15), then by formulas (9) and (10) we get for a suffi-
ciently large t and a sufficiently large o,

1
(16) IL(A, a,1—3)| > §|F(s)|(2ﬂ)7”e"t/2/\7" > ||t

Subcase (b). Further we consider the half-plane beneath the line k. By the
functional equation (9) we see that

(17) 1L, 1=3) > [D(s)](2r) e ™/2(1 — {A}) ™

x (1 N em(1 —A{A})U
> () o) )

m=1

Similarly as above, there are §; > 0, and ¢; > 0 such that

‘1 (3 _A{A})_U - mzal (em(1A_+{T})_a + (1 5 {_—A& =) )| 1

3

=

if t >t; and
< n(t+ 1)

= A .
log =157 i2y;
From the inequalities above, inequality (8) follows for Subcase (b).

Subcase (c). Let 6 and 61 be as in Subcases (a) and (b), respectively. Let s; =
o1 + it; be such that

Tt(f,l — 5) <o < Tt(f,l + 51)

(18) — <01 < X
log =7 log =07

and

min [s; — (1 — o(\, @) =d > 0.
o(Xa)
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We will apply Lemma 5 to prove that there is a constant C; = C1(A, «,6,61) > 0
such that

(19) g(s1) > exp(Ci(—[logd| — 1)).

First we show that g(s) is bounded in any fixed width neighborhood of the line k.
More precisely, if o > 0 and

. n(t + d2)

~ A )
log T=]3F

s —2ria ( - _)\{)\} )5

The last inequality, (12) and (13) give that for a sufficiently large ¢ and a sufficiently

(20)

then

< exp(&).

large o satisfying inequality (20),

4 709
(21) lg(s)] < 5 +exp(———).
3 (1 ﬁ)
Let
A
(22) So =01 +1%10g1_{>\}+15,

i.e. so has the same real part as s1, and sq lies on the line

t—20
k410 := {s: o= L}\)}
1og—1_{/\}

Then by (14) we see that

(23) 9(s0) >

Wl

The functional equation (9) and the definition (12) of the function g(s) imply that
for o > 2, the set of zeros of g(s) is equal to the set

(24) {1 =0\ a): oA ) is a trivial zero of L(\, a, s)}.

We apply Lemma 5 with f(s) = g(s), so defined by (22), and r = 8(6 4+ 61)/3. By
inequalities (21) and (23) we choose

78(d + 51)/3).

M =4+ 3exp( .
08 T-X
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In view of the distribution of trivial zeros of L(\, «,s) (see the discussion next to
formula (4)), and formula (24) we have that the number of zeros of g(s) in the disc
|s — so| < r/2 is less than or equel to Co = Cy(A,d,d1). Then Lemma 5 gives the
desired inequality (19). Let 1 — o(\, @) be the zero of g(s) nearest to s;. In view
of the distribution of trivial zeros of L(A, a, s), there is a constant C5 = C3(\,d,01)
such that v < t; + C3. Thus, choosing d > 1/ we obtain from inequality (19) that
for a sufficiently large ¢4,

9(s1) > exp(C1(—log(t1 + C3)).
Then bound (10) together with (11) gives for large o and large ¢4,
ILO a, 1= 57)| > 51|79

By this, (16), and Subcase (b) we prove Lemma 8 for 1/2 < A < 1.

If0< A< 1/20r A =1, then s with a positive real and a positive imaginary part
lies above the line k. In this case Lemma 8 follows by reasoning similar to that in
Subcase (a). The lemma is proved. O

Now we will prove Theorem 1. It is a consequence of the following more general
proposition.

Proposition 9. Let ¢ > 0 and 0 < A\, « < 1. Then there are constants C > 0
and to = to(\, a,€) > 0 such that foro > 1/2+e7 " s ¢ R(a,\,C), and t > to,

|IL(A\, o, 1 —=35)| > |L(a, A, 8)|.

Proof. The Dirichlet series of L(c, A, s) converges absolutely for o > 1, thus
L(a, A, s) is bounded for o > 2. Then in view of Lemma 8 we conclude that there is
oo such that for ¢ > o and a sufficiently large ¢, Proposition 9 is true.

Let 1/2 < 0 < 0¢. In view of the functional equation (9) and Lemma 4 we obtain

LA o1 — L(1- —{A},9)
9 ‘ _ o rt/2‘ Ti(s—20(14+[A])) )
(25) Lo\, s) IT(s)le e (a)\s)
3

t \o—1/2 40° — o
> - - _ Tt
Z (21‘[) (1 122 )(1 ™)

(1 eme Lm0 = ()

L(ay A, 8)
Let d be the distance from s to the nearest zero of L, A, s). Note that this nearest
zero is a nontrivial zero of L(a, A, s) if ¢ is large. By Lemma 7, there is a positive
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constant B such that

(26) < exp(B(|logd| + 1) logt).

|L(cv, A, s)|
Moreover, by Lemma 6, we see that L(1 — a,1 — {)\},s) = O(t*). This and formu-
las (25), (26) show that there is a positive constant D such that

L(A,a,l—?)‘ - ( t )‘7—1/2(1 403—0)
L(a, A, 8) 2n 12¢2
% (1 _ e—nt)(l _ De—nt+B(|10gd|+1)logt-i-Alogt).

(27)

Next we will prove that, under conditions of the proposition,

LA\ a,1-73)

g
°8 L(a, A\, )

‘>0.

It is easy to see that for 1/2 < o < oy,

403 — o o—1/2
(28) 10g<1_Tt2)70( e ), t — oo
and
(29) log(l—e ™) =0(e"™), t— oo.

The condition s ¢ R(a, \) implies that [logd| < Ct/logt, where C will be chosen
later. Therefore,

(30) log(l _ DefrctJrB(\log d\+1)logt+Alogt) — O(e(fer(BCJrl))t), t = 00.

We choose 0 < C' < (n— 3)/B. Then by the condition 0 — 1/2 > e~ and by
formulas (27)—-(30) we have

S Do) ot oo

>e " +0(6e?) >0, t—oc0.

This proves Proposition 9 for 1/2 < ¢ < 0 and finishes the proof. O
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