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Asymmetric tie-points and almost clopen subsets of N*

ALAN DOWwW, SAHARON SHELAH

To the memory of Bohuslav Balcar

Abstract. A tie-point of compact space is analogous to a cut-point: the comple-
ment of the point falls apart into two relatively clopen non-compact subsets. We
review some of the many consistency results that have depended on the construc-
tion of tie-points of N*. One especially important application, due to Velickovié,
was to the existence of nontrivial involutions on N*. A tie-point of N* has been
called symmetric if it is the unique fixed point of an involution. We define the
notion of an almost clopen set to be the closure of one of the proper relatively
clopen subsets of the complement of a tie-point. We explore asymmetries of
almost clopen subsets of N* in the sense of how may an almost clopen set differ
from its natural complementary almost clopen set.

Keywords: ultrafilter; cardinal invariants of continuum

Classification: 54D80, 03E15

1. Introduction

In this introductory section we review some background to motivate our in-
terest in further study of tie-points and almost clopen sets. The Stone-Cech
compactification of the integers N, is denoted as SN and, as a set, is equal to N
together with all the free ultrafilters on N. The remainder N* = SN\ N can be
topologized as a subspace of the Stone space of the power set of N as a Boolean
algebra and, in particular, for a subset a of N, the set a* of all free ultrafilters
with a as an element, is a basic clopen subset of N*.

A point x of a space X is a butterfly point (or b-point, see [23]) if there are
sets D, E C X \ {z} such that {z} = DN E. In [4], the authors introduced the
tie-point terminology.

Definition 1.1. A point x is a tie-point of a space X if there are closed sets
A,B of X such that X = AU B, {z} = AN B and x is a limit point of each
of A and B. We picture (and denote) this as X = A ><I B where A, B are the
closed sets which have a unique common accumulation point z and say that x is
a tie-point as witnessed by A, B.
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In this note the focus is on the local properties of x with respect to each of the
closed sets A and B such that A > B in the case when A, B witness that x is

xT
a tie-point. For this reason we introduce the notion of an almost clopen subset
of N*.

Definition 1.2. A set A C N* is almost clopen if A is the closure of an open
subset of N* and has a unique boundary point, which we denote x 4.

Proposition 1.3. If A is an almost clopen subset of N*, then B = {z 4 }U(N*\ A4)
is almost clopen and xp = x 4. In addition x 4 is a tie-point as witnessed by A, B.

Definition 1.4 ([4]). A tie-point z is a symmetric tie-point of N* if there is a pair
A, B witnessing that x is a tie-point and if there is a homeomorphism h: A — B
satisfying that h(z) = .

If A is almost clopen, then we refer to B = {x4} U (N*\ A) as the almost
clopen complement of A. A more set-theoretically inclined reader would surely
prefer a straightforward translation of almost clopen to properties of ideals of
subsets of N and the usual mod finite ordering C*.

Definition 1.5. If A is any subset of N*, then Z, is defined as the set {a C N:
a* C A}

For any family A of subsets of N (or w), we define A+ to be the orthogonal
ideal {b C N:Va e A bNna=*0}. We state this next result for easy reference.

Proposition 1.6. If 7 is an ideal that has no C*-maximal element, then the
ideal generated by T UZI" is a proper ideal.

Lemma 1.7. If A is an almost clopen subset of N* with almost clopen comple-
ment B, then Ty NZp is the Fréchet ideal [N]<Y Ty = T4, and x4 is the unique
ultrafilter that is disjoint from T, U Zp.

Almost clopen sets (and tie-points) first arose implicitly in the work [9] of
N.J. Fine and L. Gillman in the investigation of extending continuous functions
on dense subsets of N*. A subset Y of a space X is C*-embedded if every bounded
continuous real-valued function on Y can be continuously extended to all of X.
The character of a point z € N* is the minimal cardinality of a filter base for x
as an ultrafilter on N.

Proposition 1.8 ([9]). If x is a tie-point of N*, then N*\{z} is not C*-embedded
in N*. Every point of character X, is a tie-point of N*.

It was shown in [3] to be consistent with Zermelo—Fraenkel set theory (ZFC)
that N* \ {z} is C*-embedded for all z € N*. It was also shown by J. E. Baum-
gartner in [1] that this result holds in models of the Proper forcing axiom (PFA).

Proposition 1.9 ([3], [1]). PFA implies that N*\ {z} is C*-embedded in N* for
all x € N*
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Corollary 1.10. PFA implies that there are no almost clopen sets and no tie-
points in N*.

Almost clopen sets arise in the study of minimal extensions of Boolean algebras
(see [15]) and in the application of this method of construction for building a va-
riety of counterexamples (e.g. [16], [12], [22], [6]). The next application of almost
clopen subsets of N* was to the study of nontrivial automorphisms of Z?(N)/ fin,
or nontrivial autohomeomorphisms of N*. M. Katétov in [14] proved that the set
of fixed points of an autohomeomorphism of SN will be a clopen set. It is imme-
diate from N.J. Fine and L. Gillman’s work [9] that every P-point of character
of N is a fixed point of a nontrivial autohomeomorphism of N*.

Definition 1.11. A point x of N* is a P-point if the ultrafilter x is countably
complete mod finite. For a cardinal x, an ultrafilter  on N is a simple P;-point
if x has a base well-ordered by mod finite inclusion of order type k.

Proposition 1.12 ([9]). If A is an almost clopen subset of N* and z 4 is a simple
Py, -point of N*, then
(1) A is homeomorphic to N*;
(2) x4 is a symmetric tie-point;
(3) there is an autohomeomorphism f on N* such that {z} is the only fixed
point of f.

As we have seen above, PFA implies that there are no almost clopen subsets
of N*, and of course, PFA also implies that all autohomeomorphisms of N* are
trivial, see [24]. However Velickovié¢ utilized a similar simple P-point trick (mo-
tivating our definition of symmetric tie-point) in order to prove that this is not
a consequence of Martin’s axiom (MA).

Proposition 1.13 ([27]). It is consistent with MA and ¢ = Rg that there is an
almost clopen set A of N* such that x4 is a simple Py,-point and,
(1) x4 is a symmetric tie-point,
(2) there is an autohomeomorphism f on N* such that {z} is the only fixed
point of f.

Velickovié’s result and approach was further generalized in [25] and [26]. It is
very interesting to know if an almost clopen subset of N* is itself homeomorphic
to N*, see [8], [13]. This question also arose in the authors’ work on two-to-one
images of N*, see [5]. Velickovi¢’s method was slightly modified in [5] to produce
a complementary pair of almost clopen sets so that neither is homeomorphic to N*,
but it is not known if there is a symmetric tie-point A > B where A is not a copy
of N*.

Our final mention of recent interest in almost clopen subsets of N* is in connec-
tion to the question, see [19], [7], of whether the Banach space I /co is necessarily
primary. It was noted by P. Koszmider in [20, page 577] that a special almost
clopen subset of N* could possibly resolve the problem. For a compact space K,
we let C(K) denote the Banach space of continuous real-valued functions on K
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with the supremum norm. It is well-known that C'(N*) is isomorphic (as a Ba-
nach space) to lo/co. Naturally if a space A is homeomorphic to N*, then C(A)
is isomorphic to C(N*).

Proposition 1.14 ([20, page 577]). Suppose that A is an almost clopen subset of
N* and that B is its almost clopen complement. If C(N*) is not homeomorphic
to either of C(A) or C(B), then l/co is not primary.

2. Asymmetric tie-points

In many of the applications mentioned in the introductory section, the tie-
points utilized were symmetric tie-points. In other applications for example the
primariness of I /cg, it may be useful to find examples where the witnessing sets
A, B for a tie-point are quite different. There are any number of local topological
properties that = may enjoy as a point in A that it may not share as a point in B.
We make the following definition in connection with simple P,-points.

Definition 2.1. Let k be a regular cardinal. An almost clopen set A is simple
of type k if Z4 has a C*-cofinal C*-increasing chain {a,: « € k} of type k.

If {an: @ € K} is strictly C*-increasing and C*-cofinal in Z4 for an almost
clopen set A, then the family Ay = {an+1\@a: @ € K} cannot be reaped. A family
A C [NJ* is reaped by a set ¢ C Nif |a\ c| = |aNc| for all a € A. We verify
that A4 cannot be reaped. Let ¢ C N and, by symmetry, assume that ¢ is not
an element of the ultrafilter 2 4. Therefore ¢* N A is a compact subset of A\ {z}
and so is contained in a}, for some o € k. Thus (¢ \ aq)* is disjoint from A and
80 ¢ N (@a+1 \ Gq) is finite. This proves that A4 is not reaped by c.

The reaping number t is the minimum cardinal of a family that cannot be
reaped, see [11] and [18]. For any infinite set a C N, let next(a, -) be the function
in NV defined by next(a, k) = min(a \ {1,...,k}). As usual, for f,g € N¥ we say
that f <* g if {k: g(k) < f(k)} is finite.

Proposition 2.2 ([11]). If A C [N]® and if there is some g € NV such that
next(a,-) <* g for all a € A, then A can be reaped. In particular, b < t.

If {aa: a € K} is strictly C*-increasing and C*-cofinal in Z4 for an almost
clopen set A, then the family {aqt1 \ ¢a: @ € K} is an example of a converging
family of infinite sets.

Definition 2.3. Let A be a family of infinite subsets of N. We say that A
converges if there is an ultrafilter x on N such that for each U € =z, the set
{a € A: a\ U #* (1} has cardinality less than that of A.

We say that A is hereditarily unreapable if each reapable subfamily of A has
cardinality less than that of A.

Lemma 2.4. If for a cardinal k, {aq: a € K} is a strictly C*-increasing family
of subsets of N, and if {aq+1 \ Ga: & € K} converges, then the closure of | J{aZ,:
a € Kk} is a simple almost clopen set of type k.
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PRrROOF: Suppose that {aat1 \ aa: o € k} converges to z € N* and let A =
{z} UU{al: a € k}. It suffices to prove that A is closed. Choose any y € N*\ A
and let a be an element of z \ y. Choose 8 € k so that (aq+1 \ aa) C* a for all
B8 < a € k. By induction on «a < &, it follows that a \ ag C* a. Therefore A is
contained in the clopen set (ag Ua)* € N*\ {y}. O

An ultrafilter z of N* is said to be an almost P;-point (or pseudo-P,-point)
if each set of fewer than x many members of 2 have a pseudo-intersection (an
infinite set mod finite contained in each of them). Certainly a converging family
is hereditarily unreapable and converges to a point that is an almost P,-point
where k is the cardinality of the family. Clearly the cardinality of any hereditarily
unreapable family will have cofinality not larger than the splitting number s.
Therefore if, for example, s = Ny and v = ¢ = Ny, there will be no hereditarily
unreapable family. If s = ¢, then there is a hereditarily unreapable family of
cardinality 5. In the Mathias model of s = ¢ = b = Ny, there is no converging
unreapable family because there is no almost Py,-point. In the Goldstern—Shelah
model of vt =5 = X; < u, see [11], there is (easily checked) no converging family
of cardinality .

If there is a simple almost clopen set of type &, are there restrictions on the be-
havior of its almost clopen complement and can there be simple almost clopen sets
of different types (including the complement)? These are the types of questions
that stimulated this study. The most compelling of these has been answered.

Theorem 2.5. If A is a simple almost clopen set of type k and if the comple-
mentary almost clopen set B is simple, then it also has type k.

We defer the proof of this, and the next two theorems, until the next section.
Similarly, there is restriction on what the type of a simple almost clopen set can
be that is shared by simple P,-points (as shown, for simple P,-points, by Nyikos
(unpublished), see [2]).

Theorem 2.6. If A is a simple almost clopen set of type k, then k is one of
{b,0}.

Now that we understand the limits on the behavior of a complementary pair
of simple almost clopen sets, we look to the properties of the complement B
when it is not assumed to be simple. The topological properties of character and
tightness of zp in B are natural cardinal invariants to examine. These correspond
to natural properties of Zp as well. An indexed subset {x3: 5 < A} of a space
X is said to be a free sequence if the closure of each initial segment is disjoint
from the closure of its complementary final segment. A A-sequence {zg: § < A}
is converging if there is a point x such that every neighborhood of = contains
a final segment of {zg: 8 < A}. A subset D of N* is said to be strongly discrete,
see [10] and [21], if there is a family of pairwise disjoint clopen subsets of N* each
containing a single point of D.

Theorem 2.7. If k < X are regular cardinals with ¢ < A, then there is a countable
chain condition (ccc) forcing extension in which there is a simple almost clopen set
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A of type k such that the almost clopen complement B contains a free A\-sequence
{zg: B < A} that converges to x 4.

We finish this section by formulating some open problems about almost clopen
sets and possible asymmetries.

Question 2.8. Can there exist simple almost clopen sets of different types?

If A is a simple almost clopen set of type k, then, as a point in A, x4 is
a P-point with a linear neighborhood base of clopen sets. Therefore the next two
questions seem natural. See also the remark about Nyikos’ result, see [2], about
simple P,-points preceding Theorem 2.6.

Question 2.9. If there is a simple almost clopen set of type & is there a point of
N* of character k7 Is there a simple Py-point?

Question 2.10. Is a simple almost clopen set of type R; necessarily homeomor-
phic to N*?

Question 2.11. If A is a simple almost clopen set of type k, is there a simple
almost clopen set B’ contained in the almost clopen complement B of A such that
x4 = xp? Is there a family of k-many members of Zp that converges to .47

3. Proofs

Our analysis of simple almost clopen sets depends on the connection between
the type of the clopen set and the ultrafilter ordering of functions from N to N.
For an ultrafilter z on N the ordering <, is defined on NY by the condition that
f <z gif {n € N: f(n) < g(n)} € x. Since z is an ultrafilter, a set FF C NN
is cofinal in (NN, <,) if it is not bounded. Of course a subset of NV that is un-
bounded with respect to the < -ordering is also unbounded with respect to the
mod finite ordering <*.

Fix a <*-unbounded family {f¢: & < b} C NN such that each f¢ is strictly
increasing and such that f, <* f¢ for all n < £ < b. The following well-known
fact will be useful.

Proposition 3.1. For each infinite b C N and each unbounded T' C b, the family
{fe I b: £ €T} is <*-unbounded in N°.

PRrROOF: For each n < b, there is a £ € I'\ ny such that f,, <* f¢, hence {f¢: £ € T'}
is <*-unbounded. If g € N® then g o next(b,-) € NN. So there is a ¢ € T' such
that fe £* g onext(b,-). Since f¢ is strictly increasing, fe [ b £* g. O

Lemma 3.2. If a family A C [N]¥ converges to an ultrafilter x and if {f¢: £ € b}
is bounded mod <., then A has cardinality b.

PrOOF: Choose g € N so that f¢ <, g for all £ < b. Since A cannot be reaped,
Proposition 2.2 implies that b < |A|. For each &, let Us = {n € N: fe(n) <
g(n)} € z. If b < |AJ, then there is a b € A such that b C* Ug for all £ < b
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(i.e.  is an almost Py+-point). However we would then have that f: [b<* g [ b
for all £ < b, and by Proposition 3.1, there is no such set b. This completes the
proof. O

Concerning this next result, we do not know if it is consistent to have a family
in [N]® of singular cardinality that is converging.

Lemma 3.3. If a family A C [N]*° of regular cardinality converges to an ultra-
filter x and if {f¢: £ € b} is unbounded mod <, then A has cardinality equal
to 0.

PROOF: Since we are assuming that {fe: £ € b} is <g-unbounded, it is actually
<g-cofinal. Also, we check that the family {fs onext(a,-): £ <b, a € A} is a <*-
dominating family. Take any strictly increasing ¢ € NV and choose ¢ < b such
that U = {n: g(n) < fe(n)} € z. Since A converges to z, there is an a € A such
that a C* U. Since g is strictly increasing, it is clear that g < fe o next(U,-) <*
fe onext(a, ). Again, since A cannot be reaped, we have b < |A| and this implies
that 0 < |A|. Assume that {gg: 8 < 0} € NVis a <*-dominating family. For each
a € A, there is a 8, < 0 such that next(a,-) <* gg,. Now since A is hereditarily
unreapable, Proposition 2.2 implies that the mapping a — S, is <|A|-to-1. Since
we assume that |A| is regular, this implies that |A| <. O

Corollary 3.4. If A is a simple almost clopen set of type k, then k = b if
{fe: £ < b} is <4 ,-bounded. Otherwise k = 0.

PROOF: Let {an: a € k} be the family contained in Z4 witnessing that A has
type k. Set A equal to the family {an4+1 \ ¢a: « € K} which converges to x4. If
{fe: £ < b} is <4 ,-bounded, then by Lemma 3.2, x = b. Otherwise, since & is
a regular cardinal, we have by Lemma 3.3, k = 0. O

PRrROOF OF THEOREM 2.5: Assume that A and its complementary almost clopen
set B are both simple and let * = x4. If {fe: £ < b} is <;-bounded then, by
Corollary 3.4 they both have type b; otherwise they both have type 0. O

PRrROOF OF THEOREM 2.6: Immediate from Corollary 3.4. (]

We can improve Theorem 2.5. First we recall that a family A C [N]®o is
a splitting family if for all infinite b C N, there is an a € A such that |bNal = |b\al.
We say that b is split by a. The splitting number s is the least cardinality of
a splitting family and s <9, see [11].

Proposition 3.5. There is no almost P,+-point in N*.

PRrROOF: Let A be a splitting family of cardinality s. We may assume that A is
closed under complements. Let x be any point of N*. It is easily seen that any
pseudointersection of N A is not split by any member of 4. Since A is splitting,
x N A has no pseudointersection, and so « is not an almost P,+-point. (Il

Now we improve Theorem 2.5.



458 Dow A., Shelah S.

Theorem 3.6. If A is a simple almost clopen set of type k then x4 is not an
almost P, +-point.

PRrROOF: We first note that by Proposition 3.5 we must have that k < 9. Therefore,
by Lemma 3.3, {f¢: £ < b} is <, ,-bounded. Choose any g € N so that f¢ <., g
for all £ < b. For each &, let Us = {n € N: fe(n) < g(n)}. By Proposition 3.1,
we have that the collection {Ug: £ < b} C =z has no pseudointersection. By
Theorem 2.5, b < x and this proves the theorem. (I

PROOF OF THEOREM 2.7: We first prove the easier special case when x = N;.
An o-length finite support iteration sequence of posets, denoted ((Pg: 8 < a),
(Qg: B < a)), will mean that (Pg: f < «a) is an increasing chain of posets, QB is
a Pg-name of a poset for each 8 < «, and members p of P, will be functions
with domain a finite subset, supp(p), of « satisfying that p | 5 € Pg forces that
p(B) € Qp. As usual, py < py providing pa [ B IFp, “p2(8) < p1(B)” for all
B € supp(p1). Since Pq is the trivial poset, we will allow ourselves to simply
specify a poset Qg in such an iteration sequence rather than the Pp-name of that
poset.

Definition 3.7. Let A= {ag: 8 < a} be a C*-increasing chain of subsets of w,
and let Z be an ideal contained in .A+. We define the poset Q = Q(A;Z) where
q € Qif ¢ =(Fy,04,by) where

(1) Fy € lw ]<N°
(2) b € T is disjoint from F,
(3) 04: Hy — w and H, 6[]<N°;

(4) for each B € Hy, ag \ 04(B) is disjoint from b,.
For r,q € @ we define r < q providing F, D Fy, 0, D g4, and b, D by.

Definition 3.8. If @ is Q(A;Z) for some C*-increasing chain of subsets of w
and ideal Z C A", then the Q-generic set a¢q is defined as the natural name
{(n,q): g € Q@ and n € F}, i.e. for each Q-generic filter G, valg(ag) is equal to
the union of the family {F,: ¢ € G}.

Lemma 3.9. Let A = {ag: 8 < «a} and T be as given in the definition of
Q(A;Z) and let Q = Q(A;T). Then 11kg “ag € I+, and for all ¢ € Q(A;T)
and 8 € dom(ay), ¢ lFg “ag\ 04(8) C ag”.

PROOF: Let ¢ € Q, 8 € 0, and b € Z. Since qp = (Fy,04,bq U (b \ F,)) forces
that ag is disjoint from b, this proves that 1 kg “ag € Z+7. Choose any
k € ag\ 04(p) and let » < ¢g. By condition (4), k ¢ b,. It is easily checked that
v = (F, U{k},op, b)) <rand that v kg “k € ag”. O

For constructing our models, we will need instances of Q(A;Z) that are ccc.
This first result is sufficient to produce simple almost clopen sets of type Nj.

Lemma 3.10. Let A = {ag: f < a} be a C*-increasing chain of subsets of w
and let T be an ideal contained in A*. If o is countable or if T = [w]<®°, then
Q(A;Z) is o-centered.
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PROOF: Let b, F € [w]<M and H € [a]<Y and o: H, — w. Then each of the
sets {g € Q(A;Z): F; =F and o, =0} and {¢ € Q(A;Z): F; = F and b, = b}
is centered. (]

Lemma 3.11. If X is a regular cardinal with ¢ < A, then there is a ccc forcing
extension in which there is a simple almost clopen set A of type Ny such that
there is a strongly discrete free \-sequence converging to x 4.

PROOF: There are ccc posets of cardinality A that add a strictly C*-increasing
sequence {bc: ¢ < A} of infinite subsets of w (e.g. [17, II Example 22]). Alter-
natively, by Definition 3.7 and Lemma 3.10, we could let Q¢ be a A-length finite
support sequence of posets of the form Q({bs: 8 < (}; [w]<¥) and recursively let
be be the resulting ag as in Definition 3.8. In each of these models we obtain that
c= A\

For convenience we now work in such a ccc forcing extension in which A = ¢ and
we construct a finite support ccc iteration sequence of cardinality A and length
w1 that will add a strictly C*-increasing sequence {a,: o € wy} of infinite subsets
of w so that the closure A of [J{ak: @ € w1} is almost clopen. Suppose that we
do this in such a way that {bc: ¢ < A} is contained in {as: a € wi}t and for
all U € x4 and all ¢ < A there is an n < A such that U N (b, \ b¢) is infinite.
We check that there is then a strongly discrete free A-sequence converging to z 4.
Let {U:: ¢ < A} enumerate the members of x4. Recursively define a strictly
increasing function g from X into A satisfying that U N (bg(sy \ bs) is infinite for all
¢ < 4 € A. Choose any cub C' C X satisfying that the family {Ug: £ < 0} is closed
under finite intersections. For each § € C, the family {Uc N (by(s) \ bs): ¢ < d} is
closed under finite intersections, so we may choose an ultrafilter x5 extending it.
Pass to a cub subset C7 C C satisfying that g(n) < ¢ for all n < § in C;. Since
the family {b¢: ¢ < A} is mod finite increasing and bs \ b, € z,, for all n < ¢ in C4,
it follows that {zs: § € Cy} is strongly discrete and free. Similarly, the sequence
converges to x4 since Uy € x5 for all ( < 9 € C;.

Now we construct the iteration sequence to define the C*-increasing chain
{aa: @ € wi} that will be cofinal in Z4. We will use iterands of the form Q. =
QUap: B < a};1,) for 0 < a < wi, and will recursively let a, be the standard
Pqot1-name for ap (as in Definition 3.8). Clearly the only choices we have for
the construction are the definition of ay and, by recursion, the definition of Z,.
By recursion on v < a < wy we ensure that P, forces each of the following:

(1) Zy41 C I, C {ap: B < a}t;
(2) {b¢: ¢ < A} is a C*-unbounded subset of Z,,;
(3) if a =y + 1, then Z,, U {as: B < a} generates a proper maximal ideal.

To start the recursion, using Lemma 1.6, we can choose a proper maximal
ideal Z; extending the ideal generated by {bc: ¢ < A} U {b¢: ¢ < A}*. There is
no C*-bound for {b¢: ¢ < A} in 7; since the complement of any such bound is
in 7. Very likely {b;: ¢ < A} is simply [w]<%, so we let ag be exceptional and
equal the emptyset. We now have our definition (working in the extension by Qo)
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of Q1 = Q({ao};Z1) and the generic set a1 = ag, is forced to be almost disjoint
from every member of Z; (it is a pseudointersection of the ultrafilter dual to 7).
Now assume that @ < wj and that we have defined Iﬁ for all # < «. For the
definition of fa we break into two cases.

If o is a limit ordinal, then we define 7, to be the P,-name of the ideal {aa:
B < a}*. By induction we have for v < a that IFp, “Z, C {ag: 8 < a}* =1,”
as required in (1). Condition (2) holds by induction and (3) is vacuous.

In the case that @ = v + 1, we note that, by the genericity of @, and the
induction hypothesis (1), P,, forces that the family {a,} UJ{Z,+1: 7 < 7} gen-
erates a proper ideal J,. Furthermore, hypotheses (2) (and the definition of ay)
ensures that P, forces that {b;: ¢ < A} is C*-unbounded in Ju. Again using
Lemma 1.6, we can choose j(; to be the P,-name of any proper maximal ideal
that contains J, U (Ju)". Just as in the first inductive step, P, again forces
that {b¢: ¢ < A} is C*-unbounded in J/. The definition of Z, is the P,-name of
{be J.:bnay, = 0}. The set G, \ @, will be forced by P,y to be an infinite
pseudointersection of the ultrafilter that is dual to j(; For convenience, let 94
denote the P,-name of this ultrafilter.

This completes the definition of the poset P,,. Now we establish some addi-
tional properties. It will be convenient to observe that for each o = v+ 1 < wy
the P,-name for {w\ (bUa,): b € Z,} is forced to be a base for ¢,. Let A denote
a P,,,-name of the closure in w* of J{a}: a € w1}.

Claim 1. For each 8 < o < wy, Py41 forces that a, \ ag is a pseudointersection
of the filter yg41.

PRrROOF: We prove the claim by induction on @« > g+ 1. For a = 8+ 1, a4 is
almost disjoint from each member of T, and o o \ ag is almost disjoint from
every member of J'. Thus dq \ ag is forced to be mod finite contained in every
member of the dual filter, namely ¢g4,. Similarly, for « > 8+ 1, a, is forced to
be almost disjoint from each member of Z,. This means that a, is almost disjoint
from each member of fﬂ+1, and so aq \ Gg41 is also almost disjoint from every
member of j,é-i-l' O

Claim 2. The family {§g+1: f < w1} is a family of P, -names and the union
is forced to generate an ultrafilter * ; that is indeed the unique boundary point
of A.

PROOF: Since, for each 8 < a < wy, j:ﬂ_l’_l is contained in j:a_l,_l and ag is forced to
be a mod finite subset of a4, the filter dual to the ideal generated by {ag} UiBJrl
is contained in the filter dual to the ideal generated by {aq} UZq4 1. This implies
that P, forces that |J{¢s+1: 8 < w1} is a filter. Furthermore, since Py, is ccc,
every [P, -name of a subset of w is forced to be equal to a Pg-name for some
B < wi. Since Pg4q forces that gz, is an ultrafilter, this shows that PP, forces
that & ; is an ultrafilter. Finally, it follows from the previous claim and Lemma 2.4
that & ; is the unique boundary point of A. [l
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We now verify the final property required of the construction.

Claim 3. Let P, are forces that for each U € & ; and each ¢ < X, there is an
n < X such that U N (b, \ b¢) is infinite.

PROOF: Let U be any P, -name and assume that p € P, forces that U € T4
Since B, is ccc and p IFp,, “U C w”, we may suppose there is an o < w; such
that p € Py41 and Uisa P, y1-name. By Claim 2, p lbp,,, © Ue Uat+1' - Let W be
the Pyy1-name of w \ (U U aq), and note that p lkp, “W e fa+1”. Therefore,
by induction hypothesis (2), p IFp,., “(3n < A) b, \ (b UW) #* (7. Since
P41 is ccc and A has uncountable cofinality, we may choose an 1 < A such that
plre, ., “by \ (be UW) #* 7. Finally we have that plFp,,, “(b, \ be) NU #£* 0
since p lrp,,, “aq Nby =*0". O

a+1

This completes the proof of Lemma 3.9. (Il
Now we return to the complete proof of Theorem 2.7.

Definition 3.12. We say that A is a pre-ccc sequence if A = {ag: 8 < a} C [w]™
is C*-increasing and for each sequence {b¢: { € w1} C AL, and sequence {7e :
£ € wi} C a there are £ < 7 such that either a,, Nbg # 0 or (a,, Ua,,)N
(bg U bU) = 0.

Lemma 3.13. If A is a pre-ccc sequence, then Q(A;Z) is ccc for any ideal
IcCAL

PrOOF: Let A = {ag: B < a} C [w]¥ be C*-increasing. Let {ge: £ € w1} C
Q = Q(A;7). By passing to a subcollection we can suppose there is a single
F € [w]<™ such that F,, = F for all . For each &, let be = by,, 0¢ = 0y, and
H¢ = dom(o¢). By passing to an uncountable subcollection, we can assume that
the family {H¢: £ € wi} is a A-system with root H. Similarly, we can assume
that for all £,m, o¢ | H = o, | H. For each &, let ¢ be the maximum element
of Hg.

Next, we choose an integer m sufficiently large so that there is again an un-
countable I C w; and a subset b of  such that for all £ € I and all B € Hg
o¢(B) <m, ag \ M C a, and be N = b. Now we apply the pre-ccc property
for the family {ve¢: £ € I} and the sequence {b¢ \ m: £ € I}. Since a., is disjoint
from be \ T for all £ € I, there must be £ < 7 from I so that (a,, Ua,,) is disjoint
from ((be U by) \ ).

We claim that r = (F,0¢ U oy, be Uby) is in @ and is an extension of each of
qe and gy. It suffices to prove that for 8 € He, ag \ o¢(B) is disjoint from b,), and
similarly, that ag\ o, (8) is disjoint from b¢ for 8 € H,. Since be N = b, N = b,
it suffices to consider ag \ ™ in each case. For 8 € H¢, we have ag \m C a,, and
a., is disjoint from b, \ m. For 8 € H,, we similarly have that ag \ m C a, and
a., is disjoint from be \ m.

For the remainder of the section, k < X are regular cardinals with ¢ < A (as in
Theorem 2.7).
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Definition 3.14. 2 is the class of triples (3, .4, J) such that, there is an ordinal
0 < a < K, and the following holds for each v < 8 < a:
(1) P = ((Pg: B <), {Qp: B < a)) is a finite support iteration sequence of

ccc posets, and has cardinality A;

) Ais an a-sequence {ag: 8 < a} and ag = 0;

) Jis an a-sequence {Z5: < a};

) agis a Pgyi-name, and kg, , “a, C* ag C w™;

) Py forces that 11 is an ideal on w that has a cofinal C*-increasing chain
of type A;

) Zs is a Pg-name, and IFp, “Tg C {ae: € < B}* is an ideal 7;

) IFp, “I-7+1 C fg”, and IFp, “fl is C* -unbounded in I-7+1”;

) IFe, “Qp = Q({ae: £ < B} 15)";

) P41 forces that {a,} UZ, 1 generates a maximal ideal;

) ag is the Pgiq-name for dg g, . £<BhLa)’

)

if of (8) = w, then Ibp, “Ts = U{Zer1: € < BY.

We omit the routine modifications of the proof of Lemma 3.11 needed to prove
the following.

Lemma 3.15. If (, A, J) € A and P = ((Ps: B < ), (Qp: < k), and
A = {ag: B < Kk}, then P, is a ccc poset that forces that the closure A of
U{d,}; : B < K} is a simple almost clopen set of type « and that there is a strongly
discrete free A\-sequence converging to T 4.

To finish the proof of Theorem 2.7 we have to prove there is an element of 2 of
length . Towards doing so, we let <g denote the obvious coordinatewise ordering
on the elements of 2. Using Zorn’s lemma, we let C C 2 be a maximal <g-chain.
It is easily checked that the maximality of C implies that it has a maximal element
which we denote

(B, A T) = (Bg: B<a),(Qs: B <), {ag: B<a}{Zs: B <a})
and we prove that a = k.
Lemma 3.16. If o < k then (B, .4, J) is not maximal.

PRO'OF: In order to extend (B, A, J) we have to define a Pa—name 7, and to then
let Q. be the Py-name of Q(A;Z,). We then set Po11 = Py * Q, and let a, be
the Po1-name for ag 4.7 1. We must show that (B~ {((Pat1), (Qa))}, A {da},

J{Z.}) is in 2 to complete the proof. We defer to the end of the proof that
our choice of ia will result in the fact that P, forces that Q(A;fa) is ccc.

First we assume that « is a limit ordinal and explain the construction of T,. If
o has uncountable cofinality, we let Z, simply be the Py-name for A+. If o has
countable cofinality, then define Z,, = |J{Z¢41: € < @} as required in item (11).
These definitions ensure that items (2)—(11) in the definition of 2 are fulfilled.
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In the case that « is a successor, let a = § + 1. We proceed exactly as in the
successor case in the proof of Lemma 3.11. By property (7) of 2, P, forces that
fl is unbounded in jv+1 for all v < 4. In this case, A has a maximal element a,,
and we follow the steps in Lemma 3.11 to define a P,-name of an ideal ia that
is forced to contain for each v < 4, jv+1 as an C*-unbounded subset, and in such
a way that every member is almost disjoint from a, and the ideal generated by
{aa}UZ, is a maximal ideal. This ensures that properties (2)-(11) of 2 will hold
in this successor case.

Now to finish the proof, we have to prove that P, forces that Q(A;Z,) is ccc.
By Lemma 3.13, it suffices to prove that P, forces that A is a pre-ccc sequence.
To prove this we consider, as in the definition of pre-ccc, Po-names {§¢: £ € w1}
and {55: & € wy} such that there is some py € P, forcing that for each £ < wy,
Ye € a, i)g e At and e N i’E is empty.

Assume first that, by possibly passing to an extension of py and to an uncount-
able subsequence, there is some 8 < a such that py forces that 4. < g for all
& <wy. For each 0 < ¢ < wy choose pg < po, an integer m¢ and a y¢ < B so that
ay, \ ag C mg and pe IFp, “4¢ = 7¢ and agn be C me”. We may also assume
that there is some d¢ C mg¢ such that pe IFp, © i’E Nmg = d¢”. There is a pair m, d
so that S = {¢: m¢ = m and de = d} is uncountable. Since P, is ccc, we may
choose § < n from S so that p¢ and p, are compatible. Let ¢ € P, be any common
extension of p¢ and p,. Note that g forces that as, U ay, is contained in ag Um
and that (be Ub,)\m is disjoint from ag. Since q also forces that be Nm = b, Nm,
it should now be clear that g forces that a;, U as, is disjoint from i)g U I'),]. This
proves that pg does not force this to be a violation of the pre-ccc property.

Now we may suppose that py forces that {%¢: & € w1} is strictly increasing
and cofinal in . We may assume that py decides the value, 79, of 5. For each
& < wi, choose any pe < po that decides a value, v¢, of §¢ and that i)g is a Pg-name
for some 8 € supp(pe). Let g be a continuous strictly increasing function from
w1 into « with cofinal range. Since P, is ccc we have, for each § € wy, the set
{&: v¢ < g(d)} is countable. Therefore there is a cub C' C w; such that for all
§ € C, g(6) < s and g(d) is a limit ordinal with countable cofinality. We may
also arrange that for each 6 € C and § < 6, supp(pe) C g(9).

For each § € C, we may extend ps so as to ensure that each of g(d) and s are in
supp(ps) and such that there is a 8 € supp(ps) such that bsis a Pg-name. We also
extend each ps so that we can arrange a list of special properties (referred to as
“determined” in many similar constructions). Specifically, for each 8 € supp(ps)

(1) there are F§ € [w]<, H} € [B]<%, 0}: H} — w, and a Pg-name b% such
that ps [ B1Fp, “ps(B) = (F3,0%,0%)";

(2) if g(6) < s, then g(6) € HS;

(3) Hg C supp(ps);

463
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(4) if B is a limit with countable cofinality, then there is a ug < B such that
bg is a Pug—name and supp(ps) NS C ug;
(5) if ¢ < B is in supp(ps), then H? D Hg Ne.

Let us note that, by our assumption on C, we have defined u‘;(a) < g(0), as in
(4) for all § € C. By the pressing down lemma, there is a stationary set S C C
and a p < « such that ug(é) < pfor all 6 € S and so ¢g() is the minimum element
of supp(ps) \ p. Since P41 is ccc, it follows by a standard argument that there is

a p € P,11 with the property that for all cub C C O, the set {peTp:£€8nN 5}
is pre-dense below p. Pick such a p and let p € G, 1 be IP,11-generic filter. Now
we work in V[G,41]. In effect, p has forced that {€ € S:ps | p € Guy1} is
stationary. By passing to a stationary subset S; of this set, we may also arrange
that the values of the pair {F® F%} is the same for all £ € Sq. Forall 8 € p+1,

g(§)’
we let ag denote the valuation of ag by G,41. By further shrinking S; we may

suppose there is an ™ € w and a b C m, satisfying that for all § € S;

(1) for all 8 € supp(ps), Fg cm, and for all © € Hg, O'g(L) < W

(2) for all B € supp(ps) N i, a, \ a, C ; '

(3) b=mn b‘;(a), where b‘;(a) is the valuation of bgw) by Gi1;

(4) b5 Na, C .
Fix any £ < n from S;. Define ¢¢ so that supp(ge) = supp(pe) \ ©+ + 1, and for
B € supp(ge),

4e(8) = {(F5<€>"’5.<f> UL ()} B UBY ) iE B = g(€),
(Fg,ag,bg Uby, \ ) if g(&)<p.

We prove by induction on 8 € supp(qe), that there is a condition rg € G41 such
that rg U(ge I B+1) <pe | B+ 1. Evidently, for the case 8 = g(§), Fgg(g) and
m N a, are disjoint from b and so there is some condition in G, that forces
that, they are disjoint from bZ(n)' Similarly, for ¢« € Hgg(g), a,\m C a,, and since

= 3 Ui
au \ MmN (bg(E) U bg(n)

qe(9(8)) € Qg(g) and that g¢(g(£)) < pe(9(§)). In addition, r Uge [ g(§) + 1 forces
that a4 is disjoint from bZ(n) \ M. Now, suppose that g(§) < 8 € supp(pe),

and that » Ug | B is a condition in Pg that is below ps | 8. We recall that
Hg C supp(pe), and so it follows that r U ge | B forces that ¢, is disjoint from

) is empty, there is a condition r in G, that forces that

bZ(n) \m for all v € Hg This is the only thing that needs verifying when checking

that rUqe [B+1<pe | B+ 1
Now that we have that r U g¢ forces that a.,, is disjoint from b;’(n) \ T, we can

add {(ye,m)} to O‘Z(n) and still have a condition. Similarly, for all ¢ € supp(p,)Ny,
a, \ ™ is contained in a,, and r U g¢ forces that a, \ M, being a subset of a,,, is
disjoint from be. This implies that r U g¢ forces that (F;(n) , U_Z(n) U{(ve,m)}, b;’(n) u
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(be\ 7)) is a condition in Qg(n) and is less than p,(g(n)). Now we define a condition
gn so that supp(g,) = supp(py) \ ¢ + 1, and for 5 € supp(gy),

(F;(U) ’ 03(71) U {(755 m)}) bZ("]) U i)Vg) if 6 = 9(6),

WO (#0880 (g \ ) it gn) <5

It again follows, by induction on 8 € supp(gy), that r U g¢ forces that r U g¢ U
(gn | B+ 1) is a condition in Pg4q and is below p, | 8+ 1. Finally, we observe
that r U g¢ U gy forces that a,, C a,, because it forces that a,. N m = a,, Nm
and that G, \™ C ag(y) \™ C @, Similarly rUge U dn forces that a,, is disjoint

from bg because bg Nm = b and Q, is disjoint from bg \ m. This completes the

proof that A is pre-ccc and the proof of the Lemma 3.16. O
This finishes the proof of the main theorem, Theorem 2.7. (I
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