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Abstract. We construct a special class of fermionic Novikov superalgebras from linear
functions. We show that they are Novikov superalgebras. Then we give a complete classifi-
cation of them, among which there are some non-associative examples. This method leads
to several new examples which have not been described in the literature.
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1. INTRODUCTION

The notion of Novikov algebras arises from mathematical physics and is closely
related to the Poisson brackets of hydrodynamic type (see [2], [4], [5]) and the
Hamiltonian operators in the formal variational calculus (see [6], [7], [8], [9], [10]).
In [6], [7], Gel'fand and Dikii gave a bosonic formal variational calculus and in [10]
Xu gave a fermionic formal variational version. Combining the bosonic theory of
Gel’fand-Dikii and the fermionic theory, Xu gave in [11] a formal variational calculus
of supervariables. Fermionic Novikov algebras are also related to the Hamiltonian
superoperator in terms of this theory.

The notion of a fermionic Novikov superalgebra is a super-version of that of
a fermionic Novikov algebra, which is a Zs-graded vector space A = Ay + A; with
a bilinear product (x,y) — zy satisfying the condition that for any z € A;, y € A;,
z € A, we have

(1.1) (zy)z — 2(yz) = (=1)7 ((yz)z — y(x2)),
(1.2) (zx)y = —(=1)" (zy)a.
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The even part of a fermionic Novikov superalgebra is exactly a fermionic Novikov
algebra. The supercommutator

[z,y] = vy — (—1)ijyx Vee A, ye A,

makes any fermionic Novikov superalgebra A into a Lie superalgebra.

Fermionic Novikov superalgebras constitute a special class of left symmetric su-
peralgebras which are defined by the identity (1.1). For algebras the most important
problem is to study their structure and classification. However, up to now there has
not been a suitable structure and classification theory for general fermionic Novikov
superalgebras due to their non-associativity. Since known fermionic Novikov super-
algebras are rather rare, it is important to construct new interesting and explicit
examples.

The main goal of this article is to produce a class of new examples of fermionic
Novikov superalgebras from linear functions. We will show that all of our examples
are also Novikov superalgebras. Our method is inspired by [1], in which the author
constructed a class of interesting left symmetric algebras (including some fermionic
Novikov algebras) from linear functions. Meanwhile, in the proof of our main results,
we will take use of some results in [3].

2. THE MAIN RESULTS

Let A = Ag+ A; be a Zs-graded vector space over the complex field C. A bilinear
function h: A x A — C is said to be supersymmetric if

h(z,y) = (—1)7h(y,z) Yz € A;, y€ A;.
Let f,g: A — C be two linear functions. Define a product on A by
(21) x*y:f(x)y+g(y)x+h0(xay)co+h1(xay)cl vxvy € Aa

where hg, hy are supersymmetric bilinear functions, ¢y € Ag, ¢; € A1 and co+c¢y # 0.
Suppose dim Ag = n, n > 2 and dim A; = m, m > 1. Let {e;,...,e,} be a basis
of Ag, and {f1,..., fm} a basis of A;. The main theorem of this paper can be stated
as follows:

Theorem 2.1. Keep the above notation. Then the product defined in (2.1)
makes A a fermionic Novikov superalgebra. Moreover, any fermionic Novikov su-
peralgebra defined by (2.1) must be isomorphic to one of the following algebras:
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(1) FV = faj_1 % foj = e1 = — foj * foj1, 1 <j < k, 2k < m;

(2) Fo=eixfi=fi=fixei, erxfj=hiler, fi)fi = fi*xe,2<i<k,2<j<m
for any k < min{m,n};

(3) Ey™ = foj * foj1 = €1 = —faje1 % foj, €% fy = aufi = fixei, j <k,
2<i<n,2<l<m,2k+1<m, ay €C;

(4) Fél(kl)’(kz) =ei*xe; =e1, foj_1 % foj =e1 = —foj % foj1, 2 < i < k1, § < ko,
2< k< n, 2k <my;

(5) Fékl)’(b)’a =ej*xe; = e1, foj* fojr1 = €1 = —fojr1x foj, erx fr = qauef1 = fexer,
2< i<k, 1<j<hn,2<I<n,2<t<m2<k <n,1<2ks+1<m,
aip € C;

(6) Fs =erxe; =¢e;, e1x fj = f;,2<i<n,1<j<m, where {e1,...,e,} and

{f1,..., fm} are bases of Ay and Ay, respectively.

Remark 2.1.
(1) It is easy to see that A is non-associative if and only if A is isomorphic to Fg.
(2) F:,J(k)’a and Fékl)’(kz)’a are new examples of Novikov superalgebras, which have
not been described in [3].

(3) Note that for different complex numbers a1, aq, it can occur that

F?Sk}),al ~ F?Sk?),az .

For convenience, we discuss Fék)’a in some detail. Obviously, there is a one-to-
one correspondence between the set {a;, 2 < ¢ < n, 2 <1 < m} and the matrix
M=(ci1)(n—1)x(m—1)- Without loss of generality, we assume that the first column
of M is a nonzero vector. Then by a linear transformation on {ei,...,e,}, the
matrix M can be reduced to the form

If the second column is still a nonzero vector, then by a similar transformation the
matrix M can be reduced to one of the following forms:

1 a ... 1 0

0o 0 ... 1
(a) A (b)

0o 0 ... 0 0
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If all entries of the second column are zero, then we consider the third column. When
the third column is a nonzero vector, the matrix M can be reduced to one of the
following forms:

1 0 a 1 0
0 0 0 0 1
(a) . w |-
0 0 O 0 0 O

If m < n, then we can repeat the above process to get a standard form which
corresponds to a fermionic Novikov superalgebra F?J(k)’a up to isomorphisms. If
m > n, then the first n columns can be reduced to a standard form in a similar way
and the other entries of the matrix can be any complex numbers.

Corollary 2.1. All fermionic Novikov superalgebras induced by (2.1) are Novikov
superalgebras.

Proof. It follows from Theorem 2.1 that (z*y)* 2z =0 for all z,y,z € A. Then
the corollary follows. O

3. PROOF OF THE MAIN THEOREM

In this section, we will prove Theorem 2.1. We first prove the following two

lemmas.

Lemma 3.1. For any x € Ay, we have f(z) = g(x) = 0.

Proof. For any z € Ay, y € Ap, we have z xy = f(z)y + g(y)x + ho(z,y)co +
hi(z,y)cr € Ay. This implies that f(x)y + ho(z,y)co = 0. Note that dim Ay > 2.
Thus f(x) = 0. Similarly one can prove that g(z) = 0 for any x € A;. O

Lemma 3.2. Assume that x xy = ho(x,y)co for any x,y € A;. Then there exists
a basis {f1,..., fm} such that fa;_1 % fo; = co = —foj * foj—1, j < k, 2k < m.

Proof. The proof of this lemma is easy and can be omitted. O

Proposition 3.1. If cg = 0 and ¢; # 0, then A is isomorphic to F5.
Proof. By the assumption, we have

rxy=f(x)y+9y)r+hi(z,y)er = f(z)y +g(y)r Va,y € Ao.
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Note that the even part of A is a fermionic Novikov algebra. Thus by [1], Ay is trivial
and f(z) = g(z) =0 for all z € Ay. Then the product in A is given by

yxx=hi(z,y)en =xxy VY€ A, ye€ A,

and
zxy=0 Vz,ye A;.

To verify (x *y) * z = 0 for any z,y,z € A, we only need to show (z *y) * z = 0 for
x € Ay, y,z € Ag. Since for z € Ay,

(cr1xz)xz=—(c1%2) %z,

we have 0 = (c1 * 2) x 2 = (h1(c1, 2))%c1, which means hj(c1,2) = 0. Consequently,
for x € Ay, y,z € Ay we have

(xxy)*xz=hi(x,y)c1 * z = hi(x,y)hi(c1,2z)er = 0.

Therefore, by the assumption, A is a Novikov superalgebra and its structure is the
same as described in Proposition 2.6 in [3]. Thus, A is isomorphic to F; (the notation
in [3] is N¥). O

Proposition 3.2. If ¢y # 0, c; = 0 and ho(z,y) = 0 for any x,y € Ay, then A is
isomorphic to Fl(k).

Proof. By the assumption, ho(z,y) = 0 for any x,y € Ap. Then it follows from
the discussions in [1] that Ay must be trivial and f(z) = g(z) = 0 for all € A.
Note that

zxy=gy)r+ho(z,y)co € A1 Va € Ao, y € Ai,

which means x * y = 0 for any = € Ag, y € A1. Therefore, (z * y) * z = 0 for any
x,y,z € A, namely, A is a Novikov superalgebra and its product structure is the
same as Case 1 in Proposition 2.4 in [3]. Therefore, A is isomorphic to Fl(k) (the
notation in [3] is N¥). O

Proposition 3.3. If ¢ # 0, ¢ = 0 and there exists x,y € Ay such that
ho(z,y) # 0, then A is isomorphic to Fékl)’(b) or Fg.

Proof. Similarly to Proposition 3.5, we can easily show that Aj is isomorphic
to one of the following algebras:

(1) A =ejej=e1, 2<j<k+1,k=0,...,n—1

(2) A?4) =eej=¢e;,2<j<n.
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Then the proof can be divided into two cases.
Case 1. Ag = AET; It is shown in [1] that

f(x):g(x)_oa hO(x;CO):O Ve Ag.
Thus we have
xxy=g(y)zr+ho(z,y)co =0 Ve Ay, y€ A

Similarly, we can show that yxxz = 0 for all z € Ay and y € A;. Then the nontrivial
product in A must be given by

zxy=ho(z,y)co Va,y€ Ao;
x*xy = ho(z,y)co Va,y € A;.

Therefore (z*y)*z = 0 for any z,y, z € A, and A is a Novikov superalgebra with the
same product structure as Case 1 of Proposition 2.5 in [3]. Therefore, A is isomorphic
to Fékl)’(b) (the notation in [3] is NJ**).

Case 2. Ay = AEZ;. In this case, it is shown in [1] that g(x) = 0 for all z € Ay
and there exists a basis {e1,...,en} of Ag such that ho(ei,e1) # 0, ho(es, ex) = 0,
2<i<n, 1<k<n, fle1) =1, fle)) =0,1>2, f(co) # 0 and Ag = €1 xe; = ej,
2<j<n.

Note that

rxy = f(@)y+9(y)z+ ho(z,y)co = f(x)y Va € Ao, y € Ai,
yxx = f(y)x+ ho(z,y)co =0 Va € Ay, y€ Ay,

and
x*xy = ho(z,y)co Va,y € A;.

Thus the product in A must be given by
.l?*y:f(l‘)y V$€A07y€1417

and
xxy=ho(z,y)cg Va,y€ A;.

So there exists a basis { f1, ..., fm} of A1 such that A; = foj_1%fo; = co = faj*faj—1,
7 <k, 2k < m. We claim that £k = 0. Otherwise, we have

(f1* fo) *ea = co x e2 = f(co)ea # 0.
However, (f1%e2)* fo = 0, which is a contradiction. Hence A is isomorphic to Fs. O
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Proposition 3.4. Assume that ¢y # 0, ¢1 # 0 and ho(z,y) = 0 for any x,y € Ag.
Then A is isomorphic to Fl(k), F or FB(k)’a.

Proof. By the assumption that ho(x,y) = 0 for any z,y € Ay, we have
xxy=f(x)y+gly)zr Vaz,y € Ap.

Note that the even part of A is a fermionic Novikov algebra. Thus by [1], Ay is trivial
and f(z) = g(z) = 0 for all z € Ay. Therefore, by Lemma 3.1, the nonzero product
in A must be given by

xxy=hi(x,y)cr =y*xx V€ Ay, ye€ A,

and
xxy =ho(z,y)co Va,y€ A;.
Note that
0= (z*xy)xz=—(x*x2)*xy=—hi(z,2)hi(c1,y)c1 Va,y € Ay, 2 € Ay
and

0=(zxy)xz=—(zxz2)*y=—hi(z,2)ho(c1,y)co Y,y € A1, z € Ap.

If hi(z,y) = 0 for any = € Ay, y € A, then by Lemma 3.2 we can find a basis
{f1,--., fm} of Ay such that A is isomorphic to Fl(k).
If there exist © € Ag and y € Ay such that hq(z,y) # 0, then we have

hi(er, ) = holer,y) =0 Va € Ay, y € A;.

Now let e; = ¢p and f1 = ¢1. Then by Lemma 3.2, there exists a basis {f1,..., fm}
of A; such that fo; % fo;41 = e1 = —fojq1 * fo;, j < k, 2k +1 < m. Thus the
discussion can be divided into the following two cases:

Case 1. k = 0. In this case it is easy to see that A is isomorphic to Fy through
the basis transformation.

Case 2. k£ > 1. Note that

0= (faxfi) * fs = (fax f3)* fi = hi(er, fi) fr, ©#3
and
hi(er, fa)fi = (fa* f3) * fa = —(fs * f2) * fa = —(fs * f3) x f2 = 0.

Therefore hy(e1, fi) =0, 1 < ¢ < m. Hence hy(eg,z) = 0 for all z € A;. Thus A is

isomorphic to F3(k) “ g
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Proposition 3.5. Assume that ¢y # 0, ¢; # 0 and there exist x,y € Ag such that
ho(z,y) # 0. Then A is isomorphic to Fikl)’(kz), Fékl)’(kZ)’a or Fg.

Proof. By the assumption, there exist x,y € Ag such that ho(z,y) # 0. Then
it follows from the discussions in [1] that Ay is isomorphic to one of the following
algebras:

(1) AET; =ejej =e1,2< <

(2) A‘()4) =ejej =¢€j,2< j< n.
Thus the proof can be divided into two cases.

Case 1. Ay = AEIB By [1], we have f(z) = g(z) = ho(z,co) = O for any = € Ay.
Then by Lemma 3.1, the product in A must be given by

zxy=hi(z,y)ee =y*xx Vo€ Ay, y€ As;
xxy=ho(z,y)cog Va,y€ A;.
Note that for any x € Ag and y, z € Ay, we have
(x*xy)*xz=hi(z,y)c1 xz=h1(y,z)c1 x 2 = (y*x) * 2
= —(yx 2) *x = —ho(y, 2)ho(co, x)co = 0

and

(1[,' * y) * 2= hl(xa y)hO(Cla Z)CO~
This implies that

hi(z,y)ho(c1,2) =0 Va € Ao, y,z € A;.

If for any z € Ag and y € Ay, hi(z,y) = 0, then by Lemma 3.2 there exist bases
{e1 =co,...,entof Agand {f1,..., fm} of A; such that A is isomorphic to Fékl)’(b).
If there exist x € Ag and y € Ay such that hy(z,y) # 0, then ho(c1,2) = 0 for

any x € A;. By the discussions in [1], one easily sees that Ag = e; xe; = e1, § > 2,
<n

i
where {e1 = ¢g,...,€e,} is a basis of Ag. Now set f; = ¢;. Then for any 1 < ¢,

)

1 <7 <m, we have

(e; % fj) x er = ha(ei, fi) fr * e = ha(ei, f)ha(f1. e) fr
and
(e; * f;) xep = —(e; xe) * fj = —ho(ei, er)er * fj = —ho(ei, er)hi(er, f5) fi,
which gives the equation

hi(es, f5)h1(f1,e1) = —ho(es, er)hi(er, fj).

Setting i =1 = j = 1, we get hi(f1,e1) = 0. Similarly, setting ¢ =, j = 1, we get
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hi(fi,e) =0, 1 <i < n; setting i =1 = 2, we get hi(er, fj) =0, 1 < j < m. Thus,

by Lemma 3.2, A is isomorphic to Fékl)’(kz)’a.

Case 2. Ag = AY,,. It is shown in [1] that g(x) = 0 (for all x € Ap), ho(e1,e1) # 0,
=1

(4)
ho(eiﬂek) =0,2<i<n, 1< k < n, and f(el) 7f(el) =0, [ = 2, f(Co) 7&0

Consider the equation
xxy=ho(z,y)cog Va,y€ A;.

By Lemma 3.2, we can choose a basis { f1, . .., fm } of A1 such that A1 = (fo;_1% f2; =
co = —foj * faj—1, j < k), 2k < m. We claim that k¥ = 0. Otherwise, for any
fir i, fi € A1, we have

(fix f3) * fi = ho(fi, fj)co * fr = ho(fi, f3)(f(co) fi + hi(co, fi)cr)

and
(fi * f1) % f; = ho(fi, fi)co * fj = ho(fi, f1)(f(co)f; + hi(co, fi)cr).
Note that (f;  f;) * fi = (fi * fi) * f;. Thus we have
ho(fi, f3)(f(co)fi + hi(co, fi)er) = ho(fi, f1)(f(co)fj + hi(co, fi)e1)-

Now, setting i = j = 1, | = 2, we have f(co)f1 + hi(co, f1)c1 = 0. Since f(cg) # 0,

f1 and ¢; are linearly dependent. Considering the case i = j = 2, [ = 1, we can

similarly deduce that fo and ¢; are linearly dependent, which is a contradiction.
Now setting f1 = ¢1, we have

(e1* fi) x e1 = (fi + ha(er, fu) f1) * e1 = (ha(fk, e1) + ha(er, fi)ha(f1,e1)) fr-

Moreover, setting k = 1 and taking into account the fact that (e; xe1) * fr, = 0, we
obtain hi(f1,e1) + hi(e1, f1)hi(f1,e1) = 0, which implies that hi(es, f1) =0 or —1.
If hy(e1, f1) = 0, then we have hy(eq, fr) =0, 1 < k < m. Note that for 2 < j < n,

we have
(ejxej)x fr=0 and (e;* f1)*e; = hi(ej, f1)hi(f1,e5)f1,

which implies that hq(e;, f1)h1(f1,e;) = 0. It follows that hi(e;, f1) = 0 for all
7 > 2. On the other hand, for 2 < j < n and 1 < k < m, we have

(61 * ej) * fk = ej * fk = hl(ej, fk)fh
and

(e1 * fi) x ej = (fix + ha(er, fu) f1) * €5 = (ha(fx, €5) + ha(er, fi)hi(f1,€5)) f1.
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Therefore —2hi(ej, fi) = hi(e1, fu)hi(f1,e;) = 0. It follows that hi(e;, fi) = 0 for
2<j<n, 1< k< m. Hence A is isomorphic to Fg.
Finally, if hi(ey, f1) = —1, then we have

(fixer)xer =hi(fi,e1)fr xex = (ha(er, /1)) fr = fu.

On the other hand, we have (fi xe1) xe; = —(f1 *e1) *xe1. Thus (f1 *e1) xe; =0,
which is a contradiction. This completes the proof. O
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