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Abstract. Finding and discovering any class of graphs which are determined by their spec-
tra is always an important and interesting problem in the spectral graph theory. The main
aim of this study is to characterize two classes of multicone graphs which are determined by
both their adjacency and Laplacian spectra. A multicone graph is defined to be the join of
a clique and a regular graph. Let Ky denote a complete graph on w vertices, and let m be
a positive integer number. In A.Z. Abdian (2016) it has been shown that multicone graphs
Kw v P17 and Ky v/ S are determined by both their adjacency and Laplacian spectra,
where Pj7 and S denote the Paley graph of order 17 and the Schléfli graph, respectively.
In this paper, we generalize these results and we prove that multicone graphs Ky, 7 mP17
and K, 7 mS are determined by their adjacency spectra as well as their Laplacian spectra.

Keywords: DS (determined by spectrum) graph; Schléfli graph; multicone graph; adja-
cency spectrum; Laplacian spectrum; Paley graph of order 17
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1. INTRODUCTION

Let G = (V(G), E(G)) be a graph with vertex set V = V(G) = {v1,...,v,} and
edge set F(G). All graphs considered here are simple and undirected. All notions
on graphs that are not defined here can be found in [8], [9], [13], [18], [30]. A graph
consisting of k disjoint copies of an arbitrary graph G will be denoted by £G. The
complement of a graph G is denoted by G. The join of two graphs G and H is the
graph obtained from the disjoint union of G and H by connecting any vertex of G to
any vertex of H. The join of two graphs G and H is denoted by Gy H. We say that
a graph G is an r-regular graph, if the degree of its regularity is . Given a graph G,
the cone over G is the graph formed by adjoining a vertex adjacent to every vertex
of G. We say that a graph is a strongly regular graph if it is a connected regular graph
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with constants A and p such that every pair of vertices has A or 4 common neighbours
if they are adjacent or non-adjacent, respectively. We use the notation srg(n, k, A, )
to denote such graphs with degree k and n vertices. If G is regular and has precisely
three distinct eigenvalues, then it is well-known that G must be strongly regular [24].
Let the matrix A(G) be the (0, 1)-adjacency matrix of G and dj, be the degree of the
vertex vg. The matrix L(G) = D(G) — A(G) is called the Laplacian matrix of G,
where D(G) is the n x n diagonal matrix with V' = V(G) = {d, ..., d,} as diagonal
entries (and all other entries 0). Since both the matrices A(G) and L(G) are real and
symmetric, all their eigenvalues are real numbers. Assume that \y > X > ... > A\,
and 1 = po = ... = pn (= 0) are, respectively, the adjacency eigenvalues and the
Laplacian eigenvalues of a graph G. The adjacency spectrum of the graph G consists
of the adjacency eigenvalues (together with their multiplicities), and the Laplacian
spectrum of the graph G consists of the Laplacian eigenvalues (together with their
multiplicities) and we denote them by Spec,(G) and Spec; (G), respectively. Two
graphs G and H are said to be cospectral if they have the same spectrum (i.e., the
same characteristic polynomial). If G and H are isomorphic, they are necessarily
cospectral. Clearly, if two graphs are cospectral, they must possess the same number
of vertices. We say that a graph G is determined by its adjacency (Laplacian)
spectra (DS, for short), if for any graph H with Spec 4(G) = Spec 4 (H) (Spec,(G) =
Spec;, (H)), G is isomorphic to H. The Schléfli graph, named after Ludwig Schlifli,
is a 10-regular undirected graph with 27 vertices and 135 edges. The Paley graph of
order 17 is a 8-regular graph which has 17 vertices and 68 edges (see [25], page 262).
The Paley graph of order 17 and the Schléfli graph are strongly regular graphs.

So far numerous examples of cospectral but non-isomorphic graphs have been con-
structed by interesting techniques such as Seidel switching, Godsil-McKay switching,
Sunada or Schwenk method. For more information, one may see [25], [26] and the
references cited in them. Only a few graphs with very special structures have been
reported to be determined by their spectra (DS, for short) (see [1], [2], [3], [5], [10],
[11], [12], [14], [15], [16], [17], [19], [21], [25], [26], [27], [28] and the references cited
in them). Recently Wei Wang and Cheng-Xian Xu have developed a new method
in [24] to show that many graphs are determined by their spectrum and the spectrum
of their complement. Van Dam and Haemers [25] conjectured that almost all graphs
are determined by their spectra. Nevertheless, the set of graphs that are known to
be determined by their spectra is too small. So, discovering classes of graphs that
are determined by their spectra can be an interesting problem. The characterization
of DS graphs goes back about half a century and it originated in Chemistry [16], [22].
About the background of the question “Which graphs are determined by their spec-
trum?”, we refer to [25]. A spectral characterization of multicone graphs were studied
in [27], [29]. In [29], Wang, Zhao and Huang investigated the spectral characteriza-
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tion of multicone graphs and they also claimed that friendship graphs F,, (which are
special classes of multicone graphs) are DS with respect to their adjacency spectra.
In addition, Wang, Belardo, Huang and Borovi¢anin [27] proposed such conjecture
on the adjacency spectrum of F,. This conjecture caused some activities on the
spectral characterization of F,. Das [12] claimed to have a proof, but some authors
found a mistake [7]. In addition, these authors gave correct proofs in some special
cases. Finally, Cioaba et al., [12] proved that if n # 16, then friendship graphs F,, are
DS with respect to their adjacency spectra. Abdian and Mirafzal [5] characterized
new classes of multicone graphs which were DS with respect to their spectra. Ab-
dian [1] characterized two classes of multicone graphs and proved that the join of an
arbitrary complete graph and the generalized quadrangle graph GQ(2, 1) or GQ(2,2)
is DS with respect to its adjacency spectra as well as its Laplacian spectra. This
author also proposed four conjectures about adjacency spectrum of the complement
and signless Laplacian spectrum of these multicone graphs. In [2], the author showed
that multicone graphs K, \7 P17 and K, 7 S are DS with respect to their adjacency
spectra as well as their Laplacian spectra, where P;7 and S denote the Paley graph of
order 17 and the Schlifli graph, respectively. Also, this author conjectured that these
multicone graphs are DS with respect to their signless Laplacian spectra. In [3], the
author proved that multicone graphs K, v L(P) are DS with respect to both their
adjacency and Laplacian spectra, where L(P) denotes the line graph of the Petersen
graph. He also proposed three conjectures about the signless Laplacian spectrum and
the complement spectrum of these multicone graphs. For getting further information
about characterizing some multicone graphs which are DS see [4], [6].

We believe that the proofs in [29] contain some gaps. In [29], the authors conjec-
tured that if a graph is cospectral to a friendship graph, then its minimum degree is 2
(see Conjecture 1). In other words, they could not determine the minimum degree
of graphs cospectral to a (bidegreed) multicone graph (see Conjecture 1). Hence, by
their techniques [29] they cannot characterize new classes of multicone graphs that
we want to characterize. Conjectures (Conjectures 1 and 2) which had been proposed
by Wang, Zhao and Huang [29] are not true and there is a counterexample for them
(see the first paragraph after Corollary 2 of [12]). In Theorem 3 (ii) of [29] first the
minimum degree of a graph cospectral to a graph belonging to S(n — 1, d) (classes of
bidegreed graphs with degree sequence § and n — 1, where n denotes the number of
vertices) must be determined, since in general the minimum degree of a graph can-
not be determined by its spectrum. Therefore, we think that the theorem without
knowing the minimum degree of a graph cospectral with one of graphs 8(n — 1,9)
will not be effective and useful.

In this paper, we present some techniques which enable us to characterize graphs
that are DS with respect to their adjacency and Laplacian spectra.
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The plan of this paper is as follows. In Section 2, we review some basic information
and preliminaries. In Subsection 3.1, we show that multicone graphs K, 7 mPi7
are determined by their adjacency spectrum. In Subsection 3.2, we prove that these
graphs are DS with respect to their Laplacian spectrum. In Section 4 we characterize
additional classes of graphs (K, 57msS) and prove that these multicone graphs are DS
with respect to their adjacency and Laplacian spectra. Subsections 4.1 and 4.2 are
similar to Subsections 3.1 and 3.2, respectively. In Section 5, we recapitulate our
results in this paper and propose four conjectures for further research.

2. PRELIMINARIES

In this section we present some results which will play an important role through-
out this paper.

Lemma 2.1 ([1], [2], [3], [5], [21], [25]). Let G be a graph. For the adjacency
matrix and the Laplacian matrix of G, the following can be obtained from the spec-
trum:

(i) The number of vertices.
(ii) The number of edges.

For the adjacency matrix, the following follows from the spectrum:

(iii) The number of closed walks of any length.
(iv) Whether G is regular, and the common degree.
(v) Being bipartite or not.

For the Laplacian matrix, the following follows from the spectrum:

(vi) The number of spanning trees.
(vil) The number of components.
(viii) The sum of squares of degrees of vertices.

The adjacency spectra of graphs P17 and S are given below:

(ix) Specy(Prr) = {[8]', [5(~1+ VI, [5(=1 = VID} (see [25]).
(x) Speca(8) = {[10]', [11%°, [=5]°} (see [25]).

Theorem 2.1 ([5], [1], [2], [3], [13], [21], [29]). If G} is ri-regular with n; vertices
and Gy is ro-regular with ngy vertices, then the characteristic polynomial of the join
G1 v Gs is given by

Pg, (y)PGz (y)

PG1VG2(Z/) = (y — 7“1)(y — 7“2) ((y - rl)(y - 7’2) - n1n2)-
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The spectral radius of a graph A is the largest eigenvalue of the adjacency matrix
of the graph A and is denoted by o(A). A graph is called bidegreed, if the set of
degrees of its vertices consists of two elements.

For further information about the following inequality we refer the reader to [29]
(see the first paragraph after Corollary 2.2 and also Theorem 2.1 of [29]). It is stated
in [29] that if G is disconnected, then the equality in the following relation can also
occur. However, in this paper we only consider connected case and we state the
equality in this case.

Theorem 2.2 ([1], [2], [3], [5], [21], [29]). Let G be a simple graph with n vertices
and m edges. Let 6 = 0(G) be the minimum degree of vertices of G and o(G) the
spectral radius of the adjacency matrix of G. Then

_ 2
Q(G)<(52—1+\/2m—n5+ (6—21) .

Equality holds if and only if G is either a regular graph or a bidegreed graph in which
each vertex is of degree either § orn — 1.

Theorem 2.3 ([1], [2], [3], [5], [20], [21]). Let G and H be two graphs with
Laplacian spectrum \y > Ao > ... =2 Ay and p1 = 2 = ... = [, respectively.
Then the Laplacian spectra of G and G v Haren—X\i,n—X\o,...,n— \p—1,0 and
n+m,m4+xi,...,m~+ Ap—1,0+ Hq,...,n+ Hp_1,0, respectively.

Theorem 2.4 ([1], [2], [3], [5], [20], [21]). Let G be a graph on n vertices. Then
n is one of the Laplacian eigenvalues of G if and only if G is the join of two graphs.

Theorem 2.5 ([18]). For a graph G, the following statements are equivalent:
(i) G is d-regular.
(ii) o(G) = dg, the average vertex degree.
(iii) G hasv = (1,1,...,1)T as an eigenvector for o(G).

Proposition 2.1 ([1], [2], [3], [5], [13], [21], [23]). Let G — j be the graph ob-

tained from G by deleting the vertex j and all edges containing j. Then Po_;(y) =
m

Po(y) > a?j (y — wi), where m and «;; are the number of distinct eigenvalues and
i=1

the main angles (see [23]) of the graph G, respectively.

Proposition 2.2 ([26]). Let G be a disconnected graph that is determined by its
Laplacian spectrum. Then the cone over G, that is, the graph H obtained from G
by adding one vertex that is adjacent to all vertices of G, is also determined by its
Laplacian spectrum.
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Remark 2.1. For further information about the adjacency spectrum of graphs S
and Pi7, one can see [25]. For finding why graphs mP;7 and mS are DS with
respect to their adjacency spectra as well as their Laplacian spectra one can see
Propositions 3 and 10 of [25].

3. MAIN RESULTS

The main goal of this section is to prove that any connected graph cospectral with
a multicone graph K, vy mP;7 is DS with respect to its adjacency spectrum as well
as its Laplacian spectrum.

3.1. Connected graphs cospectral with a multicone graph K,, 7 mP7;
with respect to adjacency and Laplacian spectra.

Proposition 3.1. Let G be a graph cospectral with a multicone graph K,,\ymP7.
Then

" g

Speca(6) = { 11" 1877 |

where § = w+ 7 and IT' = 8(w — 1) — 17muw.

Proof. By Lemma 2.1 and Theorem 2.1 the proof is straightforward. O

Lemma 3.1. Let G be a connected graph cospectral with a multicone graph
K., v mPi7. Then §(G) = w + 8.

Proof. Suppose that §(G) = w+ 8 + x, where z is an integer number. First, it
is clear that in this case the equality in Theorem 2.2 occurs if and only if x = 0. We
show that x = 0. By contrary, we suppose that x # 0. It follows from Theorem 2.2
and Proposition 3.1 that

o(G) = w+7+\/8k—4léw+8)+(w+9)2

_ w+T+z+/8k—4l(w+8)+ (w+9)2+22 + 2w+ 18 — 4l)z
2 )

where the integer numbers k& and [ denote the number of edges and the number of
vertices of the graph G, respectively. For convenience, we let B = 8k — 4l(w + 8) +
(w+9)? > 0and C = w+9—2[, and also let g(z) = 2%+ 2w+ 18 —4l)z = 2% +2Cx.

Then clearly
VB = /B +g(z) < .
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We consider two cases:

Case 1: = < 0.

It is easy and straightforward to see that |\/B — /B + g(z)| > |z|, since z < 0.
Transposing and squaring yields

2B + g(x) — 2¢/B(B + g(z)) > 2°.

Replacing g(x) by 22 + 2Cz, we get

B+ Cxz > \/B(B + 22 + 2Cx).

Obviously Cz > 0, sincex < 0and C = w+9—-2l = w+9—-2(1Tm+w) =
—34m + 9 — w < 0. Squaring again and simplifying yields

C? > B.

Therefore,

I(1—1)
-

So, if z < 0, then G cannot be a complete graph. In other words, if G is a complete

k<

graph, then z > 0. Or one can say that if G is a complete graph, then:
(3.1) 0(G) >w+8.

Case 2: x> 0.
In the same way as in Case 1, we can conclude that if G is a complete graph, then:

(3.2) 5(G) < w+38.
But, Cases (3.1) and (3.2) cannot occur together. Hence we must have x = 0.

Therefore, the assertion holds. O

In the next lemma, we show that any connected graph cospectral with a multicone
graph K,, sy mP;7 must be bidegreed.

Lemma 3.2. Let G be a connected graph cospectral with a multicone graph
K. 7y mPy7. Then G is bidegreed and any vertex of G is either of degree w + 8 or
w—1417m.

Proof. By Theorem 2.5 G cannot be regular. Now, by Lemma 3.1 and Theo-
rem 2.2 the proof is completed. ([
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In the next theorem, we prove that any connected graph cospectral with a multi-
cone graph K; sy mP7, the cone of graphs mP;7, is DS with respect to its adjacency

spectrum.

Lemma 3.3. Any connected graph cospectral with a multicone graph K,y mPy7
is DS with respect to its adjacency spectra.

Proof. Let G be cospectral with the multicone graph K7 7 mPy7. It follows
from Lemma 3.2 that G is bidegreed and each of its vertices is of degree 17m or 9. We
suppose that G has t vertex (vertices) of degree 17m. Therefore, by Lemma 2.1 (ii)
and due to the spectrum of the graph G, we deduce that t(17m)+ (17m+1—1¢)9 =
170m. So, t = 1. This means that G has one vertex of degree 17m, say j. By
Proposition 2.1 Pg—j(A) = (A = p3)¥" 1A — pa)®™ 1A — ps)™ %03, Y1 + a3,V +
ozng3 + ozin4 + Oéng5], where p; = %(8 + 64 +68m), s = %(8 — /64 + 68m),
ps = 5(=1+V17), g = 3(=1 - V/17) and ps = 8,

Y1 = (A= p2)(A— pz) (N — pa) (A — ps),
Yo = (A= p1)(A = p3)(A = pa) (A — ps),
Y= (A= p1)(A = p2)(A — pa) (A — ps),
Yi= (A= p1)A = p2)(A = p3)(A — ps),
Ys = (A= p1)(A = p2) (A — p) (A — pia).

We know that G — j has 17m eigenvalues. In other words, Pg_;(A) has 17m roots.
Also, by removing the vertex j from graph G, the number of edges and triangles
that are removed from graph G are 17m (the number of vertices of graph G — j)
and 68m (the number of edges of graph G — j), respectively. Moreover, it follows
from Lemma 3.2 that G — j is regular and the degree of its regularity is 8. By
Lemma 2.1 (iii) for the closed walks of lengths 1, 2 and 3, we have:

a+B+0+8=—(8m—1)us+ (8m —1)us+ (m — 2)ps),
o + B2 462 + 64 = 136m — ((8m — 1)u2 + (8m — 1)p2 + (m — 2)u?),
o3 + B3 4 6% +512 = 408m — ((8m — V)i + (8m — 1) + (m — 2)ud),

where «, 8 and 0 are the eigenvalues of graph G —j. The roots are a = %(—1 +V17),
B =21(-=1—+/17) and 6 = 8. Hence Spec 4 (G — j) = Spec,(mPi7) and so G — j =
mPy7. Therefore, the result follows. O

Up to now, we show that each connected graph cospectral with a multicone graph
K; sy mPy7, the cone of graphs mP,7, is DS with respect to its adjacency spectrum.
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The natural question is; what happens for multicone graphs K, 7 mP17?7 The next
theorem answers this question.

Theorem 3.1. Any connected graph cospectral with a multicone graph
K,, v mPy7 is DS with respect to its adjacency spectrum.

Proof. We solve the problem by induction on w. If w = 1, by Lemma 3.3 the
proof is clear. Let the claim be true for w; that is, if Spec 4 (G1) = Spec 4 (K SymPi7),
then G; = K, \y mPy7, where (G; is an arbitrary graph cospectral with a multicone
graph K,, v mPy7. We show that the claim is true for w + 1; that is, if Spec 4 (G) =
Spec 4 (K11 7 mPi7), then G =2 K41 v mPi7, where G is an arbitrary graph
cospectral with a multicone graph K, 1y mPi7. It follows from Lemma 3.2 that G
has w vertices of degree 17m + w — 1 and 17m vertices of degree w + 8. Also, this
lemma implies that G has w+1 vertices of degree 17m+w and 17m vertices of degree
w + 9. On the other hand, G has one vertex and w + 17m edges more than G;. So,
we must have G = K; 7 G1. Now, the inductive hypothesis yields the result. O

3.2. Connected graphs cospectral with a multicone graph K,, sy mP;7;
with respect to Laplacian spectrum. In this subsection, we show that multicone
graphs K, v mP;7 are DS with respect to their Laplacian spectrum.

Theorem 3.2. Multicone graphs K,, \y mPi7 are DS with respect to their Lapla-
cian spectrum.

Proof. We perform mathematical induction on w. If w = 1, by Proposition 2.2
the proof is clear. Let the claim be true for w; that is, if

Specy, (G1) = Specy, (K 7 mPy7)

VIT+17 ]Sm {—\/ﬁ+17 r’”}
——tw| | tw ,

_ {[0]1, [17m +w]”, fw] ™ [ 5

then G; = K, \y mPy7, where (G; is an arbitrary graph cospectral with a multicone
graph K, sy mPi7. We show that the theorem is true for w + 1; that is, we show
that it follows from

Specy, (G)
- {[o]l, [17m 4w+ 1] fw+ 1], [@ + “’] Sm’ {@ " w} 8m}

that G =2 K41 v mPy17, where G is a graph. By Theorem 2.4 G; and G are the
joins of two graphs. In addition, it follows from Theorem 2.3 that Spec;(G) =
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Spec (K1 57 G1). On the other hand, G has one vertex and w + 17m edges more
than G;. Therefore, we must have G = K; v G;. Now, the induction hypothesis
yields the assertion. O

From now on, we characterize other new classes of multicone graphs that are DS
with respect to their adjacency and Laplacian spectra.

4. CONNECTED GRAPHS COSPECTRAL WITH A MULTICONE GRAPH K, \V4 msS
WITH RESPECT TO ADJACENCY AND LAPLACIAN SPECTRA

In this section we prove that any connected graph cospectral with a multicone
graph K,y mS is DS with respect to its adjacency spectrum as well as its Laplacian
spectrum.

Proposition 4.1. Let G be a graph cospectral with a multicone graph K,,ymS.
Then

Spec 4 (G)

= { e o e s |

] [T

2 2

where A =9+ w and I' = 10(w — 1) — 27mw.
Proof. By Theorem 2.1 and Lemma 2.1 the proof is completed. O
Similarly to Lemma 3.2 we have the following lemma.
Lemma 4.1. Let G be a connected graph cospectral with a multicone graph

K, sy mS. Then G is bidegreed and any vertex of G is either of degree w + 10 or
w—1+27m.

4.1. Connected graphs cospectral with the multicone graph K;ymS with
respect to adjacency spectra. In this subsection, we show that any connected
graph cospectral with a multicone graph K7 57m.S is DS with respect to its adjacency
spectrum.

Lemma 4.2. Any conncted graph cospectral with a multicone graph K; 57 mS
is DS with respect to its adjacency spectrum.
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Proof. Let G be cospectral with multicone graph K; 57 mS. By Lemma 4.1,
it is easy to see that G has one vertex of degree 27, say I. On the other hand,
it follows from Proposition 2.1 that Pg_;(\) = (A — u3)?" (A — pug)®™ 1\ —
ps)™ " 2[a3; D1 + a3;Da + a3; D3 + a3 ; Dy + a3; Ds], where py = 5+ 1/100 + 108m,
p2 =5 — /100 4+ 108m, pz =1, pg = —5 and p5 = 10,

Dy = (A= p2)(A = p3) (A — pa) (A — ps),
Dy = (A = p1)(A = p3) (A — pa) (A — ps),
D3 = (A = p1)(A = p2)(A = pa)(A — p5),
Dy = (A= pa)(A = p2)(A = ps) (A — pis),
D5 = (A — p1)(A — p2)(A — p3) (A — pa).

Now, by computing the closed walks of lengths 1, 2 and 3 belonging to G — j we have

X+&+r+10=—((20m — D)ps + (6m — L)pa + (m — 2)p5)),
X2+ €2+ k2 4100 = 270m — (20m — 1)p2 + (6m — 1)p3 + (m — 2)u?),
X+ €3 4 K3 4+ 1000 = 270m — (20m — 1) + (6m — 1)us + (m — 2)pl),

where x, £ and k are the eigenvalues of the graph G — j. By solving the above
equations we obtain y = 1, £ = —5 and x = 10. Hence Spec4(G — j) = Spec4(mS)
and so G — 7 2 mS. This completes the proof. O

Theorem 4.1. Any connected graph cospectral with a multicone graph K,,\7mS
is DS with respect to its adjacency spectrum.

Proof. We will proceed by induction on w. For w = 1, the result follows from
Lemma 4.2. Let the claim be true for w; that is, if Spec4(G1) = Spec (K 7 mS),
then G; = K, v mS, where (G; is a graph. We show that the claim is true for
w+1; that is, if Spec 4 (G) = Spec 4 (Ky+1vmS), then G = Ky, 11 7 mS, where G is
a graph. It follows from Lemma 4.1 that G; has w vertices of degree 27m+w —1 and
27m vertices of degree 10 + w. Also, this lemma implies that G has w + 1 vertices of
degree 27m + w and 27m vertices of degree 11 + w. On the other hand, G has one
vertex and w + 27m more than G;. Hence we must have G & K; sy G1. Now, the
inductive hypothesis implies the assertion. (Il

4.2. Graphs cospectral with a multicone graph K,, 5y mS with respect to
Laplacian spectrum. In this subsection, we show that multicone graphs K,, 5y mS
are DS with respect to their Laplacian spectra.

Theorem 4.2. Multicone graphs K,,symS are DS with respect to their Laplacian
spectra.
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Proof. We solve the problem by induction on w. For w = 1, the result follows
from Proposition 2.2. Let the claim be true for w; that is, if

Specy, (G1) = Specy, (K ymsS) = {[w+27m]", [w]™ ™, [w + 9", [w + 15]"", [0]'},

then G; =2 K,, v mS, where (1 is an arbitrary graph cospectral with a multicone
graph K,, v mS. We show that the theorem is true for w + 1; that is, we show that

Specy,(G) = {[w+ 1+ 27m]" ", fw+ 1], [w + 101", [w + 16]", [0]'}

implies that G = K,,+1 v mS, where G is a graph. By Theorem 2.4 G; and G are
the joins of two graphs. In addition, it follows from Theorem 2.3 that Spec; (G) =
Spec; (K1 7 G1). On the other hand, G has one vertex and w + 27m edges more
than G;. So, we must have G = K; 7 G;. Now, the inductive hypothesis completes
the proof. O

5. CONCLUDING REMARKS AND FOUR PROBLEMS

In this study, we proved that any connected graph cospectral with a multicone
graph K., v mPy7 or K, 7y mS is DS with respect to its adjacency and Laplacian
spectra. Now, we pose the following conjectures.

Conjecture 1. Graphs K,, 7 mPi7 are DS with respect to their adjacency spec-

trum.

Conjecture 2. Multicone graphs K,,xymPy7 are DS with respect to their signless
Laplacian spectrum.

Conjecture 3. Graphs K,, 5y mS are DS with respect to their adjacency spec-

trum.

Conjecture 4. Multicone graphs K,, 7 mS are DS with respect to their signless
Laplacian spectrum.

Acknowledgment. The first author would like to thank Prof. W. H. Haemers for
giving some useful suggestions. Also, the valuable suggestions of the anonymous
referee of the Czech. Math. J. which greatly improved the presentation of the paper,
are highly appreciated.

1102



References

[1] A. Z. Abdian: Graphs which are determined by their spectrum. Konuralp J. Math. 4

(2016), 34-41. MR
[2] A.Z. Abdian: Two classes of multicone graphs determined by their spectra. J. Math.
Ext. 10 (2016), 111-121. MR
[3] A.Z. Abdian: Graphs cospectral with multicone graphs K., 7 L(P). TWMS. J. App.
Eng. Math. 7 (2017), 181-187. MR]
[4] A.Z. Abdian: The spectral determinations of the multicone graphs K., 7 P. Avaible at
https://arxiv.org/abs/1706.02661 (2017).
[5] A.Z. Abdian, S. M. Mirafzal: On new classes of multicone graphs determined by their
spectrums. Alg. Struc. Appl. 2 (2015), 23-34.
[6] A.Z. Abdian, S. M. Mirafzal: The spectral characterizations of the connected multicone
graphs Ky <7 LHS and Kw 57 LGQ(3,9). Discrete Math. Algorithms Appl. 10 (2018),
Article ID 1850019. MR
[7] A.Abdollahi, S. Janbaz, M. R. Oboudi: Graphs cospectral with a friendship graph or its
complement. Trans. Comb. 2 (2013), 37-52. IMR]
[8] R.B. Bapat: Graphs and Matrices. Universitext, Springer, London; Hindustan Book
Agency, New Delhi, 2014. MR
[9] N. Biggs: Algebraic Graph Theory. Cambridge Mathematical Library, Cambridge Uni-
versity Press, Cambridge, 1994. MR
[10] R. Boulet, B.Jouve: The lollipop graph is determined by its spectrum. Electron. J.
Comb. 15 (2008), Researh Paper 74, 43 pages. MR
[11] A. E. Brouwer, W. H. Haemers: Spectra of Graphs. Universitext, Springer, New York,
2012. MR]
[12] S. M. Cioaba, W.H. Haemers, J. R. Vermette, W. Wong: The graphs with all but two
eigenvalues equal to £1. J. Algebr. Comb. 41 (2015), 887-897. MR
[13] D. Cvetkovié, P. Rowlinson, S. Simié: An Introduction to the Theory of Graph Spectra.
London Mathematical Society Student Texts 75, Cambridge University Press, Cam-
bridge, 2010. IMR]
[14] K. C. Das: Proof of conjectures on adjacency eigenvalues of graphs. Discrete Math. 313
(2013), 19-25. MR
[15] M. Doob, W. H. Haemers: The complement of the path is determined by its spectrum.
Linear Algebra Appl. 356 (2002), 57-65. MR
[16] H. H. Giinthard, H.Primas: Zusammenhang von Graphentheorie und MO-Theorie
von Molekeln mit Systemen konjugierter Bindungen. Helv. Chim. Acta. 39 (1956),
1645-1653. (In German.) doi
[17] W.H. Haemers, X. Liu, Y. Zhang: Spectral characterizations of lollipop graphs. Linear
Algebra Appl. 428 (2008), 2415-2423. MR]
[18] U. Knauer: Algebraic Graph Theory. Morphisms, Monoids and Matrices. De Gruyter
Studies in Mathematics 41, Walter de Gruyter, Berlin, 2011. MR
[19] Y. Liu, Y. Q. Sun: On the second Laplacian spectral moment of a graph. Czech. Math.
J. 60 (2010), 401-410. MR]
[20] R. Merris: Laplacian matrices of graphs: a survey. Linear Algebra Appl. 197/198 (1994),
143-176. MR]
[21] S. M. Mirafzal, A.Z. Abdian: Spectral characterization of new classes of multicone
graphs. Stud. Univ. Babeg-Bolyai Math. 62 (2017), 275-286. IMR]
[22] W. Peisert: All self-complementary symmetric graphs. J. Algebra 240 (2001), 209-229. MR
[23] P. Rowlinson: The main eigenvalues of a graph: A survey. Appl. Anal. Discrete Math.

1(2007), 445-471. MR

1103


https://zbmath.org/?q=an:1355.05152
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3571504
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3621464
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3741897
https://zbmath.org/?q=an:1383.05190
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3786377
http://dx.doi.org/10.1142/S1793830918500192
https://zbmath.org/?q=an:1302.05083
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3150451
https://zbmath.org/?q=an:1301.05001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3289036
http://dx.doi.org/10.1007/978-1-4471-6569-9
https://zbmath.org/?q=an:0797.05032
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1271140
http://dx.doi.org/10.1017/CBO9780511608704
https://zbmath.org/?q=an:1163.05324
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2411451
https://zbmath.org/?q=an:1231.05001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2882891
http://dx.doi.org/10.1007/978-1-4614-1939-6
https://zbmath.org/?q=an:1317.05111
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3328184
http://dx.doi.org/10.1007/s10801-014-0557-y
https://zbmath.org/?q=an:1211.05002
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2571608
http://dx.doi.org/10.1017/CBO9780511801518
https://zbmath.org/?q=an:1254.05099
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3016969
http://dx.doi.org/10.1016/j.disc.2012.09.017
https://zbmath.org/?q=an:1015.05047
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1944676
http://dx.doi.org/10.1016/S0024-3795(02)00323-3
http://dx.doi.org/10.1002/hlca.19560390623
https://zbmath.org/?q=an:1226.05156
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2416560
http://dx.doi.org/10.1016/j.laa.2007.10.018
https://zbmath.org/?q=an:1338.05001
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2848562
http://dx.doi.org/10.1515/9783110255096
https://zbmath.org/?q=an:1224.05312
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2657957
http://dx.doi.org/10.1007/s10587-010-0043-1
https://zbmath.org/?q=an:0802.05053
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1275613
http://dx.doi.org/10.1016/0024-3795(94)90486-3
https://zbmath.org/?q=an:06847482
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3714100
http://dx.doi.org/10.24193/subbmath.2017.3.01
https://zbmath.org/?q=an:1021.05051
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1830551
http://dx.doi.org/10.1006/jabr.2000.8714
https://zbmath.org/?q=an:1199.05241
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2355287
http://dx.doi.org/10.2298/AADM0702445R

[24] E. R.wvan Dam: Nonregular graphs with three eigenvalues. J. Comb. Theory, Ser. B 73

(1998), 101-118. MR

[25] E. R.wvan Dam, W. H. Haemers: Which graphs are determined by their spectrum? Linear

Algebra Appl. 378 (2003), 241-272. MR

[26] E. R.van Dam, W. H. Haemers: Developments on spectral characterizations of graphs.

Discrete Math. 309 (2009), 576-586. MR]

[27) J. Wang, F. Belardo, Q. Huang, B.Borovi¢anin: On the two largest Q-eigenvalues of

graphs. Discrete Math. 310 (2010), 2858-2866. MR

[28] W. Wang, C. Xu: A sufficient condition for a family of graphs being determined by their

generalized spectra. Eur. J. Comb. 27 (2006), 826-840. IMR]

[29] J. Wang, H.Zhao, Q.Huang: Spectral characterization of multicone graphs. Czech.

Math. J. 62 (2012), 117-126. MR

[30] D. B. West: Introduction to Graph Theory. Prentice-Hall of India, New Delhi, 2005. IMR]

Authors’ addresses: Ali Zeydi Abdian, Department of the Mathematical Science,
Lorestan University, College of Science, Lorestan, Khoramabad, Iran, e-mail: azeydiabdi
@gmail.com, abdian.al@fs.lu.ac.ir; S. Morteza Mirafzal, Department of Math-
ematics, Lorestan University, Faculty of Science, Lorestan, Khoramabad, Iran, e-mail:
smortezamirafzal@yahoo.com, mirafzal .m@lu.ac.ir.

1104


https://zbmath.org/?q=an:0917.05044
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1631983
http://dx.doi.org/10.1006/jctb.1998.1815
https://zbmath.org/?q=an:1026.05079
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2022290
http://dx.doi.org/10.1016/S0024-3795(03)00483-X
https://zbmath.org/?q=an:1205.05156
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2499010
http://dx.doi.org/10.1016/j.disc.2008.08.019
https://zbmath.org/?q=an:1208.05079
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2677645
http://dx.doi.org/10.1016/j.disc.2010.06.030
https://zbmath.org/?q=an:1092.05050
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2226420
http://dx.doi.org/10.1016/j.ejc.2005.05.004
https://zbmath.org/?q=an:1249.05256
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2899739
http://dx.doi.org/10.1007/s10587-012-0021-x
https://zbmath.org/?q=an:1121.05304
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1367739

		webmaster@dml.cz
	2020-07-03T23:21:22+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




