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Abstract. We generalize some criteria of boundedness of L-index in joint variables for in
a bidisc analytic functions. Our propositions give an estimate the maximum modulus on a
skeleton in a bidisc and an estimate of (p + 1)th partial derivative by lower order partial
derivatives (analogue of Hayman’s theorem).
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1. Introduction

This paper continues our investigations from [5], where we introduced a definition

of in a polydisc analytic function of bounded L-index in joint variables. Besides, we

obtained a criterion of boundedness of L-index in joint variables which describes a

local behaviour of partial derivatives and explored some interesting properties.

Our goal is to prove new analogues of the criteria of boundedness of L-index in

joint variables. For entire functions, similar propositions were obtained by Bordulyak

and Sheremeta [7] in the case of L(z) = (l1(|z1|), . . . , ln(|zn|)) and by Bandura [1] in

the case of L(z) = (l1(z), . . . , ln(z)), z ∈ C
n.

Note that the corresponding theorems for entire functions of bounded l-index

and of bounded L-index in direction are used to investigate index boundedness of

entire solutions of ordinary and partial differential equations and infinite products

(see bibliography in [14], [3]). Thus, those generalisations for in a polydisc analytic
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functions are necessary to explore L-index in joint variables of holomorphic solutions

of PDE’s, its systems and, for instance, multidimensional counterparts of Blaschke

products.

Particularly, we prove an estimate of the maximum modulus on a greater bidisc by

maximum modulus on a lesser bidisc (Theorems 4.1 and 4.2) and obtain an analogue

of Hayman’s theorem for in a bidisc analytic functions of bounded L-index in joint

variables (Theorems 5.1 and 5.2).

2. Main definitions and notations

For simplicity, we consider two-dimensional complex space C2. This helps to dis-

tinguish main methods of investigation.

We need some standard notations. Denote R+ = [0,∞), 0 = (0, 0), 1 = (1, 1),

R = (r1, r2) ∈ R
2
+, z = (z1, z2) ∈ C

2. For A = (a1, a2) ∈ R
2, B = (b1, b2) ∈ R

2 we

will use formal notations without violation of the existence of these expressions

AB = (a1b1, a2b2),
A

B
=

(a1
b1

,
a2
b2

)
, b1 6= 0, b2 6= 0, AB = ab11 ab22 , b ∈ Z

2
+,

the notation A < B means that aj < bj , j ∈ {1, 2}; the relation A 6 B is defined

similarly. For K = (k1, . . . , kn) ∈ Z
n
+, denote ‖K‖ = k1+ . . .+kn, K! = k1! · . . . ·kn!.

The polydisc {z = (z1, z2) ∈ C
2 : |zj − z0j | < rj , j = 1, 2} is denoted by D2(z0, R),

its skeleton {z = (z1, z2) ∈ C
2 : |zj − z0j | = rj , j = 1, 2} is denoted by T

2(z0, R),

and the closed polydisc {z = (z1, z2) ∈ C
2 : |zj − z0j | 6 rj , j = 1, 2} is denoted by

D
2[z0, R], D2 = D

2(0,1), D = {z ∈ C : |z| < 1}. For p, q ∈ Z+ and partial derivative

of function F (z) analytic in D
2 we will use the notation

F (p,q)(z) = F (p,q)(z1, z2) :=
∂p+qF (z)

∂zp1∂z
q
2

, z = (z1, z2).

Let L(z) = (l1(z), l2(z)), z = (z1, z2), where lj(z) : D
2 → R+ is a continuous function

such that

(∀z = (z1, z2) ∈ D
2) : lj(z) >

β

1− |zj |
, j ∈ {1, 2},

where β > 1 is a constant, β := (β, β). Strochyk, Sheremeta, Kushnir [15], [10], [14]

imposed a similar condition for a function l : D → R+ and l : G → R+, where G is

an arbitrary domain in C. We also used related condition by the study in the unit

ball analytic functions of bounded L-index in direction [4].
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An analytic function F : D
2 → C is called a function of bounded L-index (in joint

variables) if there exists n0 ∈ Z+ such that for all z = (z1, z2) ∈ D
2 and for all

(p1, p2) ∈ Z
2
+,

1

p1!p2!

|F (p1,p2)(z)|

lp1

1 (z)lp2

2 (z)
6 max

{ 1

k1!k2!

|F (k1,k2)(z)|

lk1

1 (z)lk2

2 (z)
: 0 6 k1 + k2 6 n0

}
.(2.1)

The least such integer n0 is called the L-index in joint variables of the function F (z)

and is denoted by N(F,L,D2) = n0. This is an analogue of the definition of entire

function of bounded L-index or bounded index (L ≡ 1) in joint variables in C
2 (see

[2], [7], [6], [12], [13]) and the definition of in a domain analytic function of bounded

index [8]. Note that the primary definition of in C entire function of bounded index

was considered by Lepson in [11].

By Q(D2) we denote the class of functions L, which satisfy the condition

(∀rj ∈ [0, β], j ∈ {1, 2}) : 0 < λ1,j(R) 6 λ2,j(R) < ∞,

where

λ1,j(R) = inf
z0∈D2

inf
{ lj(z)

lj(z0)
: z ∈ D

2[z0, R/L(z0)]
}
,(2.2)

λ2,j(R) = sup
z0∈D2

sup
{ lj(z)

lj(z0)
: z ∈ D

2[z0, R/L(z0)]
}
.(2.3)

3. Auxiliary propositions

Denote B = (0, β] and B2 = (0, β]× (0, β], where × means the Cartesian product.

We need three following theorems from [5].

Theorem 3.1 ([5]). Let L ∈ Q(D2). A function F analytic in D
2 has bounded

L-index in joint variables if and only if for each R ∈ B2 there exist n0 ∈ Z+, p0 > 0

such that for every z0 = (z0) ∈ D
2 there exists (k01 , k

0
2) ∈ Z

2
+, 0 6 k01 + k02 6 n0, and

(3.1) max
{ 1

k1!k2!

|F (k1,k2)(z)|

lk1

1 (z)lk2

2 (z)
: k1 + k2 6 n0, (z1, z2) ∈ D

2[z0, R/L(z0)]
}

6
p0

k01 !k
0
2 !

|F (k0

1
,k0

2
)(z0)|

l
k0

1

1 (z0)l
k0

2

2 (z0)
.
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Theorem 3.2 ([5]). Let L ∈ Q(D2). In order that a function F analytic in D
2

be of bounded L-index in joint variables it is necessary that for every R ∈ B2 exists

n0 ∈ Z+ and exists p > 1 such that for all z0 ∈ D
2 exists k0 ∈ Z

2
+, k

0
1 + k02 6 n0, and

max{|F (k0

1
,k0

2
)(z)| : z ∈ D

2[z0, R/L(z0)]} 6 p|F (k0

1
,k0

2
)(z0)|,(3.2)

and it is sufficient that for every R ∈ B2 exists n0 ∈ Z+ and exists p > 1 such that

for all z0 ∈ D
2 exist k01 6 n0, k

0
2 6 n0 and

max{|F (k0

1
,0)(z)| : z ∈ D

2[z0, R/L(z0)]} 6 p|F (k0

1
,0)(z0)|(3.3)

max{|F (0,k0

2
)(z)| : z ∈ D

2[z0, R/L(z0)]} 6 p|F (0,k0

2
)(z0)|.(3.4)

Denote L̃(z) = (l̃1(z), l̃2(z)). L ≍ L̃ means that exists Θ = (θ1, θ2) > 0, such that

∀ (z1, z2) ∈ D
2 : θ1 l̃j(z) 6 lj(z) 6 θ2 l̃j(z), j ∈ {1, 2}.

Theorem 3.3 ([5]). Let L ∈ Q(D2) and L ≍ L̃. A function F analytic in D
2 has

bounded L̃-index in joint variables if and only if it has bounded L-index.

4. Estimate of maximum modulus on a bidisc

For an entire function F (z) we put M(R, z0, F ) = max{|F (z)| : z ∈ T
2(z0, R)}.

Then M(R, z0, F ) = max{|F (z)| : z ∈ D
2[z0, R]}, because the maximum modulus

for an entire function in a closed polydisc is attained on its skeleton.

Theorem 4.1. Let L ∈ Q(D2). If an analytic function F in D
2 has bounded

L-index in joint variables, then for any R′, R′′ ∈ R
2
+, 0 < R′ < R′′ 6 (β, β) there

exists p1 = p1(R
′, R′′) > 1 such that for each z0 ∈ D

2,

M(R′′/L(z0), z0, F ) 6 p1M(R′/L(z0), z0, F ).(4.1)

P r o o f. Let N(F,L,D2) = N < ∞. Suppose that inequality (4.1) does not

hold, i.e. there exist R′, R′′, 0 < R′ < R′′ such that for each p∗ > 1 and for some

z0 = z0(p∗),

M(R′′/L(z0), z0, F ) > p∗M(R′/L(z0), z0, F ).(4.2)

By Theorem 3.2 there exists a number p0 = p0(R
′′) > 1 such that for every z0 ∈ D

2

and for some k0 ∈ Z
2
+, k

0
1 + k02 6 N one has

(4.3) M(R′′/L(z0), z0, F (k0

1
,k0

2
)) 6 p0|F

(k0

1
,k0

2
)(z0)|.
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We put

b1 = p0N !
(r′′1 r′′2
r′1r

′

2

)N
λN
2,1(R

′′)λN
2,2(R

′′)

N∑

j=1

(N − j)!

(r′′1 )
j

,

b2 = p0λ
N
2,2(R

′′)

N∑

j=1

(N − j)!

(r′′2 )
j

max{(r′′1 )
−N , 1},

p∗ = p0(N !)2
(r′′1 r′′2
r′1r

′

2

)N
+ b1 + b2 + 1.

Let z0 = z0(p∗) be a point for which inequality (4.2) holds and k
0 be such that (4.3)

holds. We choose z∗ and z∗(j1,j2) such that

M(R′/L(z0), z0, F ) = |F (z∗)|, M(R′′/L(z0), z0, F (j1,j2)) = |F (j1,j2)(z∗(j1,j2))|

for every j = (j1, j2) ∈ Z
2
+, j1 + j2 6 N . We apply Cauchy’s inequality

|F (j1,j2)(z0)| 6 j1!j2!

(
l1(z

0)

r′1

)j1( l2(z
0)

r′2

)j2

|F (z∗)|(4.4)

to estimate the difference

|F (j1,j2)(z∗j,1, z
∗

j,2)− F (j1,j2)(z01 , z
∗

j,2)|(4.5)

=

∣∣∣∣
∫ z∗

j,1

z0

1

F (j1+1,j2)(ζ, z∗j,2) dζ

∣∣∣∣

6

∫ z∗

j,1

z0

1

max
{
|F (j1+1,j2)(ζ, z∗j,2)| : |ζ − z01 | =

r′′1
l1(z0)

}
|dζ|

= |F (j1+1,j2)(z∗(j1+1,j2)
)|

r′′1
l1(z0)

.

The point (z01 , z
∗

j,2) belongs to D
2[z0, R′′/L(z0)]. Therefore, for k ∈ {1, 2} we have

|z∗j,k − z0k| = r′′k/lk(z
0) and lk(z

0
1 , z

∗

j,2) 6 λ2,k(R
′′)lk(z

0). Putting j = k0 in (4.4), by

Theorem 3.1 we obtain

|F (j1,j2)(z01 , z
∗

j,2)| 6 j1!j2!p0|F
(k0)(z0)|

lj11 (z01 , z
∗

j,2)l
j2
2 (z01 , z

∗

j,2)

k01 !k
0
2 !l

k0

1

1 (z0)l
k0

2

2 (z0)
(4.6)

6
j1!j2!λ

j1
2,1(R

′′)λj2
2,2(R

′′)lj11 (z0)lj22 (z0)

k01 !k
0
2 !l

k0

1

1 (z0)l
k0

2

2 (z0)
p0k

0
1 !k

0
2 !

×

(
l1(z

0)

r′1

)k0

1
(
l2(z

0)

r′2

)k0

2

|F (z∗)|

6 j1!j2!λ
j1
2,1(R

′′)λj2
2,2(R

′′)p0
lj11 (z0)lj22 (z0)

(r′1)
k0

1 (r′2)
k0

2

|F (z∗)|.
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From inequalities (4.5) and (4.6) it follows that

|F (j1+1,j2)(z∗(j1+1,j2)
)|

>
l1(z

0)

r′′1
(|F (j1,j2)(z∗j,1, z

∗

j,2)| − |F (j1,j2)(z01 , z
∗

j,2)|)

>
l1(z

0)

r′′1

(
|F (j1,j2)(z∗j,1, z

∗

j,2)| − j1!j2!λ
j1
2,1(R

′′)λj2
2,2(R

′′)p0
lj11 (z0)lj22 (z0)

(r′1)
k0

1 (r′2)
k0

2

|F (z∗)|
)

=
l1(z

0)

r′′1
|F (j1,j2)(z∗j,1, z

∗

j,2)| − j1!j2!λ
j1
2,1(R

′′)λj2
2,2(R

′′)p0l1(z
0)

lj11 (z0)lj22 (z0)

r′′1 (r
′

1)
k0

1 (r′2)
k0

2

|F (z∗)|.

We choose j = (j1, j2) = (k01 , k
0
2) and deduce

|F (k0

1
,k0

2
)(z∗k0 )|(4.7)

>
l1(z

0)

r′′1
|F (k0

1
−1,k0

2
)(z∗(k0

1
−1,k0

2
))|

−
p0(k

0
1 − 1)!k02 !l

k0

1

1 (z0)l
k0

2

2 (z0)

r′′1 (r
′

1)
k0

1 (r′2)
k0

2

λj1
2,1(R

′′)λj2
2,2(R

′′)|F (z∗)|

>
l21(z

0)

(r′′1 )
2
|F (k0

1
−2,k0

2
)(z∗(k0

1
−2,k0

2
))|

−
p0(k

0
1 − 2)!k02 !l

k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
2(r′1)

k0

1 (r′2)
k0

2

λj1
2,1(R

′′)λj2
2,2(R

′′)|F (z∗)|

−
p0(k

0
1 − 1)!k02 !l

k0

1

1 (z0)l
k0

2

2 (z0)

r′′1 (r
′

1)
k0

1 (r′2)
k0

2

λj1
2,1(R

′′)λj2
2,2(R

′′)|F (z∗)|

> . . .

>
l
k0

1

1 (z0)

(r′′1 )
k0

1

|F (0,k0

2
)(z∗0,k0

2

)|

−
p0k

0
2 !l

k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′1)
k0

1 (r′2)
k0

2

λj1
2,1(R

′′)λj2
2,2(R

′′)|F (z∗)| − . . .

−
p0(k

0
1 − 2)!k02 !l

k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
2(r′1)

k0

1 (r′2)
k0

2

λj1
2,1(R

′′)λj2
2,2(R

′′)|F (z∗)|

−
p0(k

0
1 − 1)!k02 !l

k0

1

1 (z0)l
k0

2

2 (z0)

r′′1 (r
′

1)
k0

1 (r′2)
k0

2

λj1
2,1(R

′′)λj2
2,2(R

′′)|F (z∗)|

=
l
k0

1

1 (z0)

(r′′1 )
k0

1

|F (0,k0

2
)(z∗(0,k0

2
))|

−
p0k

0
2 !l

k0

1

1 (z0)l
k0

2

2 (z0)

(r′1)
k0

1 (r′2)
k0

2

λj1
2,1(R

′′)λj2
2,2(R

′′)|F (z∗)|

k0

1∑

j1=1

(k01 − j1)!

(r′′1 )
j1
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>
l
k0

1

1 (z0)

(r′′1 )
k0

1

l
k0

2

2 (z0)

(r′′2 )
k0

2

|F (z∗(0,0))|

−
p0k

0
2 !l

k0

1

1 (z0)l
k0

2

2 (z0)

(r′1)
k0

1 (r′2)
k0

2

λ
k0

1

2,1(R
′′)λ

k0

2

2,2(R
′′)|F (z∗)|

k0

1∑

j1=1

(k01 − j1)!

(r′′1 )
j1

−
p0l

k0

1

1 (z0)l
k0

2

2 (z0)

(r′1)
k0

1 (r′2)
k0

2 (r′′1 )
k0

1

λ
k0

2

2,2(R
′′)|F (z∗)|

k0

2∑

j2=1

(k02 − j2)!

(r′′2 )
j2

=
l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

|F (z∗(0,0))|−|F (z∗)|(̃b1+ b̃2),

where

b̃1 =
p0k

0
2 !l

k0

1

1 (z0)l
k0

2

2 (z0)

(r′1)
k0

1 (r′2)
k0

2

λ
k0

1

2,1(R
′′)λ

k0

2

2,2(R
′′)

k0

1∑

j1=1

(k01 − j1)!

(r′′1 )
j1

(4.8)

= p0k
0
2 !
l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

(r′′1 )
k0

1 (r′′2 )
k0

2

(r′1)
k0

1 (r′2)
k0

2

λ
k0

1

2,1(R
′′)λ

k0

2

2,2(R
′′)

k0

1∑

j1=1

(k01 − j1)!

(r′′1 )
j1

6 p0N !
l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

(r′′1 r′′2
r′1r

′

2

)N
λN
2,1(R

′′)λN
2,2(R

′′)
N∑

j=1

(N − j)!

(r′′1 )
j

=
l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

b1,

b̃2 =
p0

(r′′1 )
k0

1

l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

λ
k0

2

2,2(R
′′)

k0

2∑

j2=1

(k02 − j2)!

(r′′2 )
j2

6 p0
l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

λN
2,2(R

′′)
N∑

j=1

(N − j)!

(r′′2 )
j

max
{ 1

(r′′1 )
N
, 1
}

=
l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

b2.

Inequality (4.7) implies that

|F (k0

1
,k0

2
)(z∗(k0

1
,k0

2
))| >

l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

|F (z∗)|

(
|F (z∗(0,0))|

|F (z∗)|
− (b1 + b2)

)
.(4.9)

In view of (4.2) we have that |F (z∗(0,0))|/|F (z∗)| > p∗ > b1+b2. Hence, applying (4.4)

and (4.3) to (4.9), we deduce

|F (k0

1
,k0

2
)(z∗(k0

1
,k0

2
))| >

l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

|F (z∗)|(p∗ − (b1 + b2))
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>
l
k0

1

1 (z0)l
k0

2

2 (z0)

(r′′1 )
k0

1 (r′′2 )
k0

2

(p∗ − (b1 + b2))
|F (k0

1
,k0

2
)(z0)|(r′1)

k0

1 (r′2)
k0

2

k01 !k
0
2 !l

k0

1

1 (z0)l
k0

2

2 (z0)

>

( r′1r
′

2

r′′1 r
′′

2

)N

(p∗ − (b1 + b2))
|F (k0

1
,k0

2
)(z∗

(k0

1
,k0

2
)
)|

p0(N !)2
.

Therefore, p∗ 6 p0(N !)2(r′′1 r
′′

2/r
′

1r
′

2)
N + b1 + b2, but it contradicts the choice p∗ =

p0(N !)2(r′′1 r
′′

2/r
′

1r
′

2)
N + b1 + b2 + 1. Thus, inequality (4.1) is valid. �

Theorem 4.2. Let L ∈ Q(D2), F be a function analytic in D
2. If there exist

R′, R′′ ∈ R
2
+, 0 < R′ < e < R′′ 6 (β, β) and p1 > 1 such that for each z0 ∈ D

2

inequality (4.1) holds, then function F has bounded L-index in joint variables.

P r o o f. Let z0 ∈ D
2 be an arbitrary point. We expand the function F in power

series in D
2(z0, R):

(4.10) F (z) =
∑

k>0

bk(z − z0)k =
∑

k1>0, k2>0

bk1,k2
(z1 − z01)

k1(z2 − z02)
k2 ,

where k = (k1, k2), bk = bk1,k2
= F (k1,k2)(z01 , z

0
2)/k1! k2!, R = (r1, r2).

Let µ(R, z0, F ) = max{|bk|R
k : k > 0} = max{|bk1,k2

|rk1

1 rk2

2 : k1 > 0, k2 > 0} be

a maximal term of series (4.10) and ν(R) = ν(R, z0, F ) = (ν1(R), ν2(R)) be a set of

indices such that

µ(R, z0, F ) = |bν(R)|R
ν(R),

‖ν(R)‖ = ν1(R) + ν2(R) = max{k1 + k2 : k1 > 0, k2 > 0, |bk|R
k = µ(R, z0, F )}.

We apply Cauchy’s inequality:

∀R = (r1, r2), 0 < rj < 1, j ∈ {1, 2} : µ(R, z0, F ) 6 M(R, z0, F ).

For given R′ and R′′ such that 0 < r′j < 1, 1 < r′′j < β we conclude

M(R′R, z0, F ) 6
∑

k>0

|bk|(R
′R)k 6

∑

k>0

µ(R, z0, F )(R′)k

= µ(R, z0, F )
∑

k>0

(R′)k =

2∏

j=1

1

1− r′j
µ(R, z0, F ).

Besides,

lnµ(R, z0, F ) = ln(|bν(R)|R
ν(R)) = ln

(
|bν(R)|(RR′′)ν(R) 1

(R′′)ν(R)

)

= ln(|bν(R)|(RR′′)ν(R)) + ln
( 1

(R′′)ν(R)

)

6 lnµ(R′′R, z0, F )− ‖ν(R)‖ lnmin{r′′1 , r
′′

2}.
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This implies that

‖ν(R)‖ 6
1

lnmin{r′′1 , r
′′

2}
(lnµ(R′′R, z0, F )− lnµ(R, z0, F ))(4.11)

6
1

lnmin{r′′1 , r
′′

2}

× (lnM(R′′R, z0, F )− ln((1− r′1)(1 − r′2)M(R′R, z0, F )))

6
1

lnmin{r′′1 , r
′′

2}
(lnM(R′′R, z0, F )− lnM(R′R, z0, F ))

−
1

lnmin{r′′1 , r
′′

2}

2∑

j=1

ln(1− r′j)

=
1

lnmin{r′′1 , r
′′

2}
ln

M(R′′R, z0, F )

M(R′R, z0, F )
−

1

lnmin{r′′1 , r
′′

2}

2∑

j=1

ln(1−Rj).

Put R = 1/L(z0). Now let N(F, z0,L) be an L-index of function F in joint variables

at point z0, i.e. it is the least integer for which inequality (2.1) holds at point z0.

Clearly,

(4.12) N(F, z0,L) 6 ν(1/L(z0), z0, F ) = ν(R, z0, F ).

But

(4.13) M(R′′/L(z0), z0, F ) 6 p1(R
′, R′′)M(R′/L(z0), z0, F ).

Therefore, from (4.11), (4.12), (4.13) we obtain that for all z0 ∈ D
2:

N(F, z0,L) 6 −
1

lnmin{r′′1 , r
′′

2}

2∑

j=1

ln(1− r′j) +
ln p1(R

′, R′′)

lnmin{r′′1 , r
′′

2}
.

This means that F has bounded L-index in joint variables. �

5. An analogue of Hayman’s theorem for in a bidisc analytic function

of bounded L-index in joint variables

Theorem 5.1 is an analogue of known Hayman’s theorem, which was established

for entire functions of one complex variable (see [9]).

Theorem 5.1. Let L ∈ Q(D2). A function F analytic in D2 has bounded L-index

in joint variables if and only if there exist p ∈ Z+ and c ∈ R+ such that for each
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z ∈ D
2 the inequality

(5.1) max

{
|F (j1,j2)(z)|

lj11 (z)lj22 (z)
: j1 + j2 = p+ 1

}
6 cmax

{
|F (k1,k2)(z)|

lk1

1 (z)lk2

2 (z)
: k1 + k2 6 p

}

holds.

P r o o f. Let N = N(F,L,D2) < ∞. The necessity we obtain immediately from

the definition of the boundedness of L-index in joint variables with p = N and

c = ((N + 1)!)2. We prove the sufficiency. If F ≡ 0, then theorem is obvious. Thus,

we suppose that F 6≡ 0. Let (5.1) hold, z0 ∈ D
2, z ∈ T

2(z0,β/L(z0)). For all

j = (j1, j2) ∈ Z
2
+, j1 + j2 6 p+ 1 we have

|F (j1,j2)(z)|

lj11 (z0)lj22 (z0)
6

|F (j1,j2)(z)|lj11 (z)lj22 (z)

lj11 (z0)lj22 (z0)lj11 (z)lj22 (z)
6 λj1

1,1(β)λ
j2
1,2(β)

|F (j1,j2)(z)|

lj11 (z)lj22 (z)

6 λj1
1,1(β)λ

j2
1,2(β)cmax

{
|F (k1,k2)(z)|

lk1

1 (z)lk2

2 (z)
: k1 + k2 6 p

}

= λj1
2,1(β)λ

j2
2,2(β)cmax

{
lk1

1 (z0)lk2

2 (z0)|F (k1,k2)(z)|

lk1

1 (z0)lk2

2 (z0)lk1

1 (z)lk2

2 (z)
: k1 + k2 6 p

}

6 λj1
2,1(β)λ

j2
2,2(β)cmax

{
1

λk1

1,1(β)λ
k2

1,2(β)

|F (k1,k2)(z)|

lk1

1 (z0)lk2

2 (z0)
: k1 + k2 6 p

}

6 max{λj1
2,1(β)λ

j2
2,2(β) : j1 + j2 6 p+ 1}

× cmax

{
1

λk1

1,1(β)λ
k2

1,2(β)
: k1 + k2 6 p

}

×max

{
|F (k1,k2)(z)|

lk1

1 (z0)lk2

2 (z0)
: k1 + k2 6 p

}
= BG(z),

where

B = cmax{λj1
2,1(β)λ

j2
2,2(β) : j1 + j2 6 p+ 1}max{λ−k1

1,1 (β)λ−k2

1,2 (β) : k1 + k2 6 p},

G(z) = max

{
|F (k1,k2)(z)|

lk1

1 (z0)lk2

2 (z0)
: k1 + k2 6 p

}
.

We choose z(1) = (z
(1)
1 , z

(1)
2 ) ∈ T

2(z0,1/(2βL(z0))) and z(2) = (z
(2)
1 , z

(2)
2 ) ∈

T
2(z0,β/L(z0)) such that F (z(1)) 6= 0 and

(5.2) |F (z(2))| = max{|F (z)| : z ∈ T
2(z0,β/L(z0))} 6= 0.

These points exist, otherwise if F (z) ≡ 0 on skeleton T
2(z0,1/(2βL(z0))) or

T
2(z0,β/L(z0)), then by the uniqueness theorem, F ≡ 0 in D

2. We connect the
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points z(1) and z(2) with a plane

α : z2 = k2z1 + c2,
z2 − z

(1)
2

z
(2)
2 − z

(1)
2

=
z1 − z

(1)
1

z
(2)
1 − z

(1)
1

,

k2 =
z
(2)
2 − z

(1)
2

z
(2)
1 − z

(1)
1

, c2 =
z
(1)
2 z

(2)
1 − z

(1)
1 z

(2)
2

z
(2)
1 − z

(1)
1

.

Let G̃(z1) = G(z)|α be a restriction of function G onto α. All functions F
(k1,k2)|α are

analytic functions of variable z1 and G̃(z
(1)
1 ) = G(z(1))|α 6= 0, because F (z(1)) 6= 0.

That’s why zeros of function G̃(z1) are isolated as zeros of a function of one variable.

Therefore we can choose piecewise analytic curve γ onto α:

z = z(t) = (z1(t), k2z1(t) + c2), t ∈ [0, 1],

which connects points z(1), z(2) and such that G(z(t)) 6= 0 and
∫ 1

0 |z′1(t)| dt 6

2β/l1(z
0). For a construction of the curve we connect z(1) and z(2) by a line z∗1(t) =

(z
(2)
1 − z

(1)
1 )t+ z

(1)
1 , t ∈ [0, 1]. The curve γ can cross points z1 at which the function

G̃(z1) = 0. The number of such points m = m(z(1), z(2)) is finite. Let (z∗1,k) be a se-

quence of these points in ascending order of the value |z
(1)
1 − z∗1,k|, k ∈ {1, 2, . . . ,m}.

We choose

r < min
16k6m−1

{
|z∗1,k − z∗1,k+1|, |z

∗

1,1 − z
(1)
1 |, |z∗1,m − z

(2)
1 |,

2β2 − 1

2πβl1(z0)

}
.

Now we construct circles with the centre at points z∗1,k and corresponding radii

r′k < r2−k such that G̃(z1) 6= 0 for all z1 on the circles. It is possible, because

F 6≡ 0. Every such circle is divided into two semicircles by the line z∗1(t). The

required piecewise analytic curve consists of arcs of the constructed semicircles and

segments of line z∗1(t), which connect the arcs in series between themselves or with

points z
(1)
1 , z

(2)
1 . The length of z1(t) in C is less than

β

l1(z0)
+

1

2βl1(z0)
+ πr 6

2β

l1(z0)
.

Then

∫ 1

0

|z′2(t)| dt = |k2|

∫ 1

0

|z′1(t)| dt 6
|z

(2)
2 − z

(1)
2 |

|z
(2)
1 − z

(1)
1 |

2β

l1(z0)

6
2β2 + 1

2βl2(z0)

2βl1(z
0)

2β2 − 1

2β

l1(z0)
=

2β(2β2 + 1)

(2β2 − 1)l2(z0)
.
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Hence,

∫ 1

0

2∑

i=1

li(z
0)|z′i(t)| dt =

∫ 1

0

l1(z
0)|z′1(t)| dt+

∫ 1

0

l2(z
0)|z′2(t)| dt(5.3)

6 l1(z
0)

2β

l1(z0)
+ l2(z

0)
2β(2β2 + 1)

(2β2 − 1)l2(z0)
=

8β3

2β2 − 1
= S.

Since the function z = z(t) is piecewise analytic on [0, 1], for arbitrary k ∈ Z
2
+,

j ∈ Z
2
+, ‖k‖ 6 p, ‖j‖ 6 p, k 6= j either

|F (k1,k2)(z1(t), z2(t))|

lk1

1 (z0)lk2

2 (z0)
≡

|F (j1,j2)(z1(t), z2(t))|

lj11 (z0)lj22 (z0)
(5.4)

or the equality

|F (k1,k2)(z1(t), z2(t))|

lk1

1 (z0)lk2

2 (z0)
=

|F (j1,j2)(z1(t), z2(t))|

lj11 (z0)lj22 (z0)
(5.5)

holds only for a finite set of points tk ∈ [0; 1]. Then for function G(z(t)) as maximum

of such expressions |F (j1,j2)(z1(t), z2(t))|/(l
j1
1 (z0)lj22 (z0)) by all ‖j‖ 6 p two cases are

possible:

Case 1. In some interval of analyticity of the curve γ, function G(z(t)) identi-

cally equals simultaneously to some derivatives, that is, (5.4) holds. It means that

G(z(t)) ≡ |F (j1,j2)(z1(t), z2(t))|/(l
j1
1 (z0)lj22 (z0)) for some ‖j‖ 6 p. Clearly, function

F (j1,j2)(z1(t), z2(t)) is analytic. Then |F (j1,j2)(z1(t), z2(t))| is continuously differen-

tiable function on the interval of analyticity except points where this partial deriva-

tive equals zero |F (j1,j2)(z1(t), z2(t))| = 0. However, such points don’t exist, because

in the opposite case G(z(t)) = 0. But it contradicts the construction of the curve γ.

Case 2. In some interval of analyticity of the curve γ, function G(z(t)) equals

simultaneously to some derivatives at a finite number of points tk, that is, (5.5)

holds. Then points tk divide the interval of analyticity into a finite number of

segments, in which G(z(t)) equals to one of the partial derivatives, i.e. G(z(t)) ≡

|F (j1,j2)(z1(t), z2(t))|/(l
j1
1 (z0)lj22 (z0)) for some j, ‖j‖ 6 p. As above, in each of these

segments, functions |F (j1,j2)(z1(t), z2(t))| and G(z(t)) are continuously differentiable

except points tk.

Taking into account (3.1) and using the inequality

d

dx
|ϕ(x)| 6

∣∣∣
d

dx
ϕ(x)

∣∣∣,
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which holds for complex-valued functions of real argument outside a countable set

of points, we have

d

dt
G(z(t))

6 max

{
1

lj11 (z0)lj22 (z0)

∣∣∣
d

dt
F (j1,j2)(z1(t), z2(t))

∣∣∣ : j1 + j2 6 p

}

6 max
j1+j26p

{
|F (j1+1,j2)(z1(t), z2(t))| · |z

′

1(t)|

lj11 (z0)lj22 (z0)
+

|F (j1,j2+1)(z1(t), z2(t))| · |z
′

2(t)|

lj11 (z0)lj22 (z0)

}

= max
j1+j26p

{
|F (j1+1,j2)(z(t))|

|z′1(t)|l1(z
0)

lj1+1
1 (z0)lj22 (z0)

+ |F (j1,j2+1)(z(t))|
|z′2(t)|l2(z

0)

lj11 (z0)lj2+1
2 (z0)

}

6 (|z′1(t)|l1(z
0) + |z′2(t)|l2(z

0))max

{
|F (j1,j2)(z1(t), z2(t))|

lj11 (z0)lj22 (z0)
: j1 + j2 6 p+ 1

}

6

( 2∑

i=1

li(z
0)|z′i(t)|

)
BG(z(t)).

Therefore, (5.3) yields

∣∣∣ln
G(z(2))

G(z(1))

∣∣∣ =
∣∣∣∣
∫ 1

0

1

G(z(t))

d

dt
G(z(t))

∣∣∣∣ 6 B

∫ 1

0

2∑

i=1

li(z
0)|z′i(t)| dt 6 BS.

Using (5.2), we deduce

max{|F (z)| : z ∈ T
2(z0,β/L(z0))} = |F (z(2))| 6 G(z(2)) 6 G(z(1)) exp(BS).

Since z(1) ∈ T
2(z0,1/(2βL(z0))), the Cauchy inequality

|F (j)(z(1))|

lj11 (z0)lj22 (z0)
6 j1!j2!(2β)

j1+j2M(1/(2βL(z0)), z0, F )

holds for every j ∈ Z
2
+. Therefore, for j1 + j2 6 p we have

G(z(1)) 6 (p!)2(2β)2pM(1/(2βL(z0)), z0, F )

and

max{|F (z)| : z ∈ T
2(z0,β/L(z0))}

6 eBS(p!)2(2β)2p max{|F (z)| : z ∈ T
2(z0,1/(2βL(z0)))}.

Hence, by Theorem 4.2, F is a function of bounded L-index in joint variables. �
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Theorem 5.2. Let β > 1, L ∈ Q(D2). A function F analytic in D
2 has bounded

L-index in joint variables if and only if there exist c ∈ (0;∞) and N ∈ N such that

for each z ∈ D
2 the inequality

N∑

k1+k2=0

|F (k1,k2)(z)|

k1!k2!l
k1

1 (z)lk2

2 (z)
> c

∞∑

k1+k2=N+1

|F (k1,k2)(z)|

k1!k2!l
k1

1 (z)lk2

2 (z)
(5.6)

holds.

P r o o f. Let 1/β < θj < 1, j ∈ {1, 2}. If function F has bounded L-index in

joint variables, then by Theorem 3.3 F has bounded L̃-index in joint variables, where

L̃ = (l̃1(z), l̃2(z)), l̃j(z) = θj lj(z), j ∈ {1, 2}. Therefore,

max

{
|F (k1,k2)(z)|

k1!k2!l
k1

1 (z)lk2

2 (z)
: 0 6 k1 + k2 6 N(F, L̃,D2)

}

= max

{
θk1

1 θk2

2 |F (k1,k2)(z)|

k1!k2!l̃
k1

1 (z)l̃k2

2 (z)
: 0 6 k1 + k2 6 N(F, L̃,D2)

}

> (θ1θ2)
N(F,L̃,D2) max

{
|F (k1,k2)(z)|

k1!k2!l̃
k1

1 (z)l̃k2

2 (z)
: 0 6 k1 + k2 6 N(F, L̃,D2)

}

> (θ1θ2)
N(F,L̃,D2) |F (j1,j2)(z)|

j1!j2!l̃
j1
1 (z)l̃j22 (z)

= θ
N(F,L̃,D2)−j1
1 θ

N(F,L̃,D2)−j2
2

|F (j1,j2)(z)|

j1!j2!l
j1
1 (z)lj22 (z)

for all j1 > 0, j2 > 0 and

∞∑

j1+j2=N(F,L̃,D2)+1

|F (j1,j2)(z)|

j1!j2!l
j1
1 (z)lj22 (z)

6 max
06k1+k26N(F,L̃,D2)

|F (k1,k2)(z)|

k1!k2!l
k1

1 (z)lk2

2 (z)

×

∞∑

j1+j2=N(F,L̃,D2)+1

θ
j1−N(F,L̃,D2)
1 θ

j2−N(F,L̃,D2)
2

=
θ1θ2

(1 − θ1)(1 − θ2)
max

{
|F (k1,k2)(z)|

k1!k2!l
k1

1 (z)lk2

2 (z)
: 0 6 k1 + k2 6 N(F, L̃,D2)

}

6
θ1θ2

(1 − θ1)(1 − θ2)

N(F,L̃,D2)∑

k1+k2=0

|F (k1,k2)(z)|

k1!k2!l
k1

1 (z)lk2

2 (z)
.
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Hence, we obtain (5.6) with N = N(F, L̃,D2) and c = θ1θ2/((1− θ1)(1− θ2)). On

the contrary, inequality (5.6) implies

max

{
|F (j1,j2)(z)|

j1!j2!l
j1
1 (z)lj22 (z)

: j1 + j2 = N + 1

}
6

∞∑

k1+k2=N+1

F (k1,k2)(z)

k1!k2!l
k1

1 (z)lk2

2 (z)

6
1

c

N∑

k1+k2=0

|F (k1,k2)(z)|

k1!k2!l
k1

1 (z)lk2

2 (z)

6
(N + 1)N

2c
max

06k1+k26N

|F (k1,k2)(z)|

k1!k2!l
k1

1 (z)lk2

2 (z)

and by Theorem 5.1, F is of bounded L-index in joint variables. �
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