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Abstract. For X,Y € My m it is said that X is gut-majorized by Y, and we write
X <gut Y, if there exists an n-by-n upper triangular g-row stochastic matrix R such
that X = RY. Define the relation ~gyt as follows. X ~gyu Y if X is gut-majorized
by Y and Y is gut-majorized by X. The (strong) linear preservers of <gu; on R™ and
strong linear preservers of this relation on My =, have been characterized before. This
paper characterizes all (strong) linear preservers and strong linear preservers of ~gut on R"
and My, m.
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1. INTRODUCTION

Let M, ,,, be the algebra of all n-by-m real matrices, and R™ be the set of all
n-by-1 real column vectors. An n-by-n real matrix (not necessarily nonnegative)
A is g-row stochastic (generalized row stochastic) if all its row sums are one. Let
X, Y € M,,,,. Matrix X is said to be gut-majorized by Y and it is denoted by
X <gut Y if there exists an n-by-n upper triangular g-row stochastic matrix R such
that X = RY. We also say that X ~gy YV if and only if X <gut ¥ <gut X, and call
this two-sided gut-majorization.

A linear function T': M,, ,, = M,, ,,, preserves an order relation < in M,, ., if
TX < TY whenever X < Y. Also, T is said to strongly preserve if for all X,
YeM,,

X<Y&eTX<TY.
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The (strong) linear preservers and strong preservers of <g,; on R” and M, ,,, are fully
characterized in [1]. For more information about linear preservers of majorization
we refer the reader to [2]-[10].

Some of our notation and symbols are as follows:

R&": the collection of all n-by-n upper triangular g-row stochastic matrices;

E: the n-by-n matrix with all of the entries of the last column equal to one and the
other entries equal to zero;

e: the column real vectors with all of the entries equal to one;

{e1,...,en}: the standard basis of R";

[z1]...] Zm]: the n-by-m matrix with columns 1, ..., 2, € R™;

A(ni,...,ny | mi,...,mg): the submatrix of A obtained from A by deleting rows
ni,...,n; and columns mq, ..., mg;

A(ny,...,n;): the abbreviation of A(nqy,...,n; | ni,...,n);

Ng: the set {1,...,k} C N;

A?: the transpose of a given matrix A4;

[T]: the matrix representation of a linear function 7: R™ — R™ with respect to the
standard basis;

r;: the sum of entries on the ith row of [T].

This paper is organized as follows. In Section 2, we first introduce the relation ~gy¢
on R™ and we express an equivalent condition for this majorization. Finally, we
obtain some results characterizing the structure of (strong) linear preservers of this
relation on R™. One of the main results of this paper is to find the structure of linear
functions T: R™ — R™ preserving (strongly preserving) ~g,;. The last section of
this paper studies some facts of this concept that are necessary for studying the
strong linear preservers of ~g, on M, ,,. Also, the strong linear preservers of ~gy¢
on M,, ,,, are obtained.

2. TWO-SIDED GUT-MAJORIZATION ON R™

First, we review some sticking point of ~g, on R", and then we establish some
properties to prove the main theorems. Also, we characterize all linear functions
T: R™ — R™ preserving (strongly preserving) ~gys.

Definition 2.1. Let x,y € R™. Then z is said to be two-sided gut-majorized
by y (in symbol & ~gut ¥) if T <gus ¥ <gus -

The following proposition gives an equivalent condition for this relation on R™.
We state the result without proof.
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Proposition 2.1. Let = (z1,...,2n), y = (Y1,...,Yn) € R™. Then & ~gy y if
and only if

min{i: &; =x41 = ... =Tpp =min{i: ¥ = Yit1 = ... = Yn},

and T, = Y-

The following lemmas are useful for finding the structure of (strong) linear pre-
servers of two-sided gut-majorization on R"™.

Lemma 2.1. Let T: R™ — R" be a linear preserver of ~g,;. Assume S': R*—F —

R"* is a linear function such that [S] = [T|(1,...,k). Then S preserves ~gus
on Rk,
Proof. Let @’ = (zp41,- - Tn) ¥ = (Ykt1s- -+, Yn)' € R"F and let 2 ~gye v/

Define x := (0,...,0,Zgs1,---,2n)% ¥ := (0,...,0,Ykt1,---,yn)’ € R™. Then, by
Propositon 2.1,  ~gy y and hence Tx ~gy, Ty. It implies that Sz/ ~gy SY'.

Therefore S preserves ~g,¢ on R™—F, ([
Lemma 2.2. Let T: R™ — R” be a linear preserver of ~gy, and let [T'] = [a;;].
Then ap1 = Gpo = ... = Gpp_1 = 0.

Proof. We proceed by induction. The result is clear for n = 1. For n = 2
we should prove as; = 0. Set x = 2e; + ez and y = e2. As T ~gy v, it fol-
lows that Tz ~gu Ty. Thus, 2a21 + a22 = ag2, and hence a1 = 0. Suppose
that n > 2 and that the assertion has been established for all linear preservers
of ~gut on R™™1. Let S: R"™! — R"™! be a linear function with [S] = [T](1).
Lemma 2.1 states that S preserves ~g,, on R"~!. The induction hypothesis en-
sures that a,2 = ... = apn—1 = 0. So it is enough to show that a,; = 0. Consider
x =e; +e, and y = e,. Observe that & ~g y, and then T'x ~gy T'y. It implies
that a,1 = 0 as well. O

Lemma 2.3. Let T: R™ — R™ be a linear function such that ay; # 0 for some
k.t € N,_1, where [T] = [a;;]. Suppose that aiy1: = ... = an: = 0 and there exists
some j (t +1 < j < n—1) such that axy1; = ... = anj = 0. Then T does not

preserve ~gyg.
Proof. Set x = —(ak;/art)er+e; and y = yre,+e; where y, € R\ {—ap;/ar}. It

is easy to see that & ~gy¢ y but Tz gy T'y. Therefore T' does not preserve ~gyu. [

Lemma 2.4. Let T: R™ — R™ be a linear preserver of ~gy. Then [T is an
upper triangular matrix.
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Proof. Let [T] = [ai;]. Use induction on n. For n = 1, the result is clear. If
n = 2, we should only prove that as; = 0. Then Lemma 2.2 ensures the result. For
n > 2 assume that the matrix representation of every linear preserver of ~gy on
R"~1 is an upper triangular matrix. Let S: R"~! — R"~! be the linear function
with [S] = [T](1). Lemma 2.1 ensures that the linear function S preserves ~gyut
on R"~!. The induction hypothesis ensures that [S] is an (n — 1)-by-(n — 1) upper
triangular matrix. Also, Lemma 2.2 states that a,; = 0. So it is enough to show

that ag; = as; = ... = ap—11 = 0. Assume, if possible, that ax; # 0, where
k= max{2 < i < n-—1: a3 # 0}. By Lemma 2.3, we see that T does not
preserve ~g,¢, which would be a contradiction. Thus a1 = as1 = ... = ap—11 =0,

and then the induction argument is completed. Therefore [T] is an upper triangular
matrix. ]

The following theorem characterizes the structure of all linear functions T':

R™ — R™, preserving ~gu.

Theorem 2.1. Let T: R™ — R" be a linear function. Then T preserves ~gyt if
and only if one of the following assertions holds.

(i) Tey =...=Te,_1 =0. In other words,
0O ... 0 A1n
0O ... 0 A2n
r=1. . . .
0 ... 0 ann

(ii) There exist t € N,,_1 and 1 < i1 < ... < iy, < n — 1 such that a;,, @Giyts1,- -,

Aipyn—1 7é 0,
0 =x
ailt *
[T] = Qigt+1 ’
0 Qi1
0 *
and
(1) 75, =...=1ry or
im—1
(2) for some k € (im,n) U U (4j,%j41), Tk # Tht1 = ... = .
j=1
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Proof. First, we prove the sufficiency of the conditions. If (i) holds, let z =
(@1, 20)", y = (Y1,...,yn)" € R™ such that z ~gy y. Proposition 2.1 ensures
that x, = y,. So Tax = Ty, and then Tx ~g, Ty. Assume that (ii) holds. The

ail (112)
0 a2/’

proof is by induction on n. If n = 2, by the hypothesis we see [T] = (
ai1 # 0, and 11 = ro. Let 2 = (z1,22)%, y = (y1,92)" € R? such that z ~gy; .
So Tx = (a1171 + a12y2,aey2)t and Ty = (a11y1 + a12y2, azeys2)’. Observe that
(Tz); = (Tx)2 if and only if 1 = y2, and also (T'y); = (T'y)2 if and only if y; = yo,
because 71 = 72 and a11 # 0. Now, as & ~gyu y, we deduce that (T'z); = (T'z)s is
equivalent to (T'y)1 = (T'y)2. Thus, Tz ~gu Ty. Suppose that n > 3 and the result
has been proved for all linear functions on R®~! with the described conditions in
the hypothesis. Let z = (z1,...,2,)" v = (y1,...,yn)" € R™ such that @ ~gu y.
We have to show that Tz ~gu Ty. For this purpose, let S: R"™1 — R be
a linear function with [S] = [T](1). Set 2/ = (z2,...,2,)" and ¥ = (y2,...,yn)"
Then &’ ~gy ' and hence, by applying the induction hypothesis for S, Sz’ ~gut
Sy’. That is, (Tx)2,...,(Tx)n)" ~gut (TY)2,...,(Ty)n)t. If there exists some i
(2 <i<n—1)such that (T'z); # (T'x);+1, then the proof is complete. Otherwise,

Tzx)o=...=T2)n=Ty)2a=...=(TY)n.

If (1) olds (Tx);,, = (Tx)y, implies that x,_1 = y,, because a;, ,—1 # 0 and
Ti,, = Tn. Since T ~gut Y, We see that y,_1 = y,. By continuing this process, we
can conclude that ¢, = ... =2z, =y = ... = y,. Hence (Tz); = (T'y)1, and then
Tx ~gu Ty.

Suppose (2) holds, case (1). If there is some k € (i, n) such that r, #
i1 = ... = rp, a8 (Tz)x = (Tx)n, we have arn¥Yn = annYn. The rela-
tion akn, # ann ensures that y, = 0, and then (Ty), = 0. It means that
(Tz)y = ... = (Tz)p, = (Ty)2 = ... = (Ty)n, = 0. On the other hand, since
(T'z);,, = 0 and a;,,n—1 # 0, we deduce that z,_; and also y,,—1 are zero. It is a sim-

ple matter to see that z; = ... =z, =y = ... =y, = 0. So (Tz); = (Ty); =0,
which completes the proof.
Case (2). If there exists some k € (i;,4;41) for some j € N;

tm—1

such that ry #

Tkl = ... = Tp, 88 Thp1 = ... = Ty and @i, ,1,---,0i,n—1 # 0, we observe that
Xy=...=Zp =Y =...=Yn. Now, (Tz)r = (Tx), and ry # r, imply that y, = 0.
Sozx;=...=z, =y, =... =y, = 0. If iy = 1, by continuing this procedure,
we find that ©441 = ... =2, =11 = ... =y =0. So Tx)e = ... = (Tx), =
(Ty)a = ... = Ty)n =0, (Tx)1 = anxe, and (Ty)1 = arys. Clearly, (T'z)1 # 0
is equivalent to (T'y)1 # 0, and then Tz ~gy Ty. If 31 > 1, we can prove that
Tp=...=Tp =y =...=1y, =0, and thus (Tx); = (T'y); = 0, which is the desired
conclusion.

For the converse, assume that T preserves ~g,; and (i) does not hold. We show that
(ii) holds. We use induction on n. First, consider the case n = 2. Lemma 2.4 ensures
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that T is upper triangular. So a1; # 0. We want to prove r; = ro. If 71 # r9, choose
z = ((ag2 — a12)/a11,1)" and y = (y1,1)", in which y; € R\ {1, (a2 — a12)/a11}.
Clearly x ~gu y and hence Tw ~gy Ty. It means that (ass,a22)" ~gut (@111 +
a12,a22)t, a contradiction. Thus, 1 = r3. Now, suppose that n > 3 and the
statement holds for linear preservers of ~gy; on R™ ! Let S: R"1 — R" ! be the
linear function with [S] = [T](1). Lemma 2.1 ensures that S preserves ~g,; on R" 1.
Apply the induction hypothesis for S. So the proof will be divided into two steps.

Step 1. S satisfies (i). By Lemma 2.3, the first nonzero column of 7" should be its
(n — 1)st column. Because if the first nonzero column of T is less than its (n — 1)st
column, since (n — 1)st column of S is zero, T' does not preserve ~gy;. If there exists
some i (2 < i < n—1) such that a;, # ann, then T satisfies (2). Otherwise we
have to just show that r; = ... = r,. Assume, if possible, that r| # ro = ... =
rn. Consider x = (apn — a1n)/(@1n—1)én—1 + €, and y = yp_1€,-1 + €,, where
Yn—1 € R\ {1, (ann — @1n)/(a1n—1)}. Thus, & ~gy y, and so Tz ~gy Ty, which is
a contradiction. Therefore 1 = r,,. We see that (1) holds.

Step 2. S satisfies (ii). If columns 1,...,¢t — 1 of T are zero, then there is nothing
to prove. If not, Lemma 2.3 ensures that the first nonzero column of 7" should be its
(t — 1)st column, that is,

a1t—1 *
1) = -
0 Ajon—1
0 *
If (2) holds for [S], then there is nothing to prove. Suppose that (1) holds for [S].
Then r;, = ... = r,. If card{re,...,7;,} > 2, observe that T satisfies (2), and
then the proof is complete. If ro = ... = r;,, it is enough to prove r; = ry,.

Without loss of generahty, we can assume that a1 = 1. If ry # rp, by setting

T = Ty_1€4_ 1—|—Z:ez and y = y;_1€_ 1—|—Eez, where z¢_1 = Gnpn — Ealj and
i=t i=t j=t

n
yi—1 € R\ {1,ann -3 alj}, it follows that x ~gu vy, and so Tx ~gy Ty, which
j=t
would be a contradiction. Therefore, r; = r,,, and the desired conclusion holds. [
Now, we focus on finding strong linear preservers of ~gu; on R". We need the

following lemma to prove the next theorem.

Lemma 2.5. Let T: M, ,, =+ M,,,, be a linear function that strongly pre-
serves ~gui. Then T is invertible.
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Proof. Suppose that TX = 0, where X € M,, ,,. Notice that since T is linear,
we have 70 = 0 = T'X. Then it is obvious that T'X ~gu; 70. Therefore X ~gy; 0,
because T strongly preserves ~gut. Then X = 0, and hence 7' is invertible. O

We are now ready to prove one of the main theorems of this section. The following
theorem characterizes all linear functions 7': R™ — R™ which strongly preserve ~gyt.

Theorem 2.2. Let T: R™ — R™ be a linear function. Then T strongly pre-
serves ~gy if and only if [T] = aA for some a € R\ {0} and invertible matrix
A € Re.

Proof. First, we prove the necessity of the condition. Assume that 71" strongly
preserves ~gy¢. It means that 7" is invertible. Lemma 2.4 ensures that aq; # 0. So,
by Theorem 2.1, the desired conclusion is true.

Next, since both 7" and T~ ! preserve ~gy by Theorem 2.1, we have that T' strongly
preserves ~gys. O

Corollary 2.1. Let T: R™ — R" preserve ~gy. Then T strongly preserves ~gyt
if and only if T is invertible.

3. TWO-SIDED GUT-MAJORIZATION ON M,, ,,

In this section, we discuss some properties of ~g,; on My, ,,, and we find the
structure of strong linear preservers of this relation on M, ,,,. First, we state some
lemmas.

Lemma 3.1. Let A € M,,. Then the following conditions are equivalent.
(a) For each invertible matrix D € R&", AD = DA.
(b) For some a, 8 € R, A=al + SE.
(c) For each invertible matrix D € R&" and for all z,y € R",

(Dz 4+ ADY) ~gu (z + Ay).

Proof. (a) = (b): First, by considering

101
2 2
1 1
3 3 0
D= ,
1 1
0 3 3
1
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observe that

[ees] [6%) e (6%} aj41 QA1n
« (65} (%) . (67} a2n
A= a a1 a3,
0 Qa1 Ap-2p
a B
a+
for some «, B, a1,...,q;41 € R such that aj11 + a1n, = aopn, o + a2n = asp,. ..,
a1 + an_2n = B. Next set
1 0 0
1 1
5 0 o 003
3 0 ... 0 %
D =
0
11
2 2
1
We deduce that o1 = ... = ;41 = 0. Then a1, = a2y, = ... = ap_2, = . Therefore

A=al 4+ BE.
(b) = (c): Assume that the invertible matrix D € R&"™ and let z,y € R™. As
ED = E = DE, we see that Dz + ADy = D(z+ Ay). So (Dx+ ADy) ~gu (x+ Ay).
(¢) = (a): Choose i € N,, and define z: = e — Ae; and y := e;. Consider the
invertible matrix D € R8" . The hypothesis ensures that (e — DAe; + ADe;) ~gy €.
Hence (—DA+ AD)e; =0, and then AD = DA. O

For each i,j € N,, consider the embedding E/: R™ — M,, ,,, and the projection
E;: M., — R™, where E’(x) = xe§ and E;(A) = Ae,. It is easy to show that for
every linear function T': My, », — My,

m m
TX =Tlxy | ... | &m] = {ZT{% | ... ZT,J,;;E]},
j=1 j=1

where T/ = E;TE.

It is easy to see that if T: M, ,, = M,y ,, is a linear preserver of ~gy, then Tij
preserves ~gyy on R” for all 4, j € N,,.

We need the following lemmas to prove the main theorem of this section.

Lemma 3.2 ([1], Lemma 3.3.). Let T: M,, ,,, = M,, ,,, satisfy TX = XR+EXS
for some R, S € M,,,. Then T is invertible if and only if R(R + S) is invertible.
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Lemma 3.3. Let T': M,,,, = M,y preserve ~gy. If for some i € N,, there
exists k € N,,, such that T} is invertible, then

m m m

Jo. — Ak I J o
ZAHUJ' =4 Zai% +Ezﬁi$1
=1 =1 =1

for some af,,@f € R, where Ag = [Tj].

3

Proof. There is no loss of generality to assume that i,k = 1 and j = 2. We
show that there exist o, 37 € R such that A? = a?Al + BIE. Let D € R&" be
invertible and x,y € R™. Observe that

Diz|y|0]...|0] ~gus [z ]y |0]...]0],
and then
T[Dx | Dy |0|...|0] ~gut T[x|y|0]...]0].
So
[ALDa + 4Dy | * | #] ~ogu [Aba + Ay | # | 4],
and thus

Ali + A%Dy ~gut A%x + A%y

By Theorem 2.2, A} is a nonzero multiple of an invertible matrix in R&"* and hence
Dz + (A7) YAIDy ~gue  + (A7) T Ady.
Now, Lemma 3.1 ensures that there exist a2, 32 € R such that A? = o2 A} +B2E. O

Lemma 3.4. IfT: M, ,, & M,, ,, strongly preserves ~gy¢, then for each i € Ny,
there exists j € N,,, such that T} is invertible.

Proof. Let I = {i € N,,: Tijel =0 for all j € N,,}. We prove that I is empty.
If I is not empty, we can assume without loss of generality I = {1,2,...,k}, where
k € N,,. We consider two cases.

Case 1. k=m;let X =[es |0]... ] 0] € M, ,,,. We observe that X # 0 but
TX = 0. This yields that T is not invertible, which is a contradiction by Lemma 2.5.

Case 2. k < m; by Lemma 3.3, for i (k+1 < i < m) and j e N, there exist
invertible matrices A; and o/, 37 € R such that E A]xj = A; Z e+ E E Bla;.
Consider vectors (o q,---,00,) ..., (a), ..., o)t € R™™ k. Since m — k: <m,
there exist v1,...,%n € R, not all zero, such that 'yl(akﬂ,...,al Yo+ +

m
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Ym (g, o)t = 0. Let x; = ~vje; for each j € N,,. Since for every i
(k+1 < i< m), Ai € Ry, is invertible, we have 0 # A;e; € Span{ei}. As
a multiple of e; has no effect on the desired answer, we can assume without loss of

generality A;e; = ej. This implies that A; Y ofz; + E Y f]z; = 0. By putting

=1 =1
X =lx1]...] zm] € My, we see that X # 0, and TX = 0, a contradiction.
Therefore for each i € N,,, there exists j € N,,, such that T/e; # 0 and hence T} is
invertible. O

The last theorem of this paper, which is our main result in this section, charac-
terizes the strong linear preservers of ~g,; on M, p,.

Theorem 3.1. Let T: M,, ,, = M,, ., be a linear function. Then T strongly
preserves ~gy; if and only if there exist R, S € M,,, such that R(R+ S) is invertible,
and invertible matrix A € R8" such that TX = AXR+ EXS.

Proof. First, we prove the sufficiency of the conditions. Let X,Y € M, ,,
such that X ~gu Y. [1], Theorem 1.3 ensures that T strongly preserves <gu;. So
X ~eut Y if and only if X <gut Y <gue X if and only if TX <gu TY <gue TX if
and only if TX ~gy TY. This shows that 7' strongly preserves ~gy.

Next, assume that 7" strongly preserves ~gy¢. For m = 1 see Theorem 2.2. Suppose
that m > 1. Lemma 3.4 ensures that for each i € N, there exists some j € N,,
such that Tij is invertible. Lemma 3.3 ensures that there exist invertible matrices
A1,...,Ayn € M, vectors ai,...,a,, € R™, and a matrix S’ € M,, such that
TX =[A1Xa1 | ...| AnXan] + EXS’. One can prove that rank{ay,...,an} > 2.
Without loss of generality, assume that {a1,as} is a linearly independent set. This
implies that for every z,y € R™ there exists B, , € M, ,, such that B, ya1 = = and
B; yaz = y. Let X € M, ;,, and invertible matrix D € RE. So DX ~guy X, and
then TDX ~gy TX. Thus

[A1DXay | ... | AmDXay) + EDXS ~gue [A1Xay | ... | AmXam] + EXS.

Clearly, A1DXa1 + AsDXag ~guy A1 Xa1 + AsXas. So for each X € M, ,, and
each invertible matrix D € R&" we have

(1) DXay + AT AsDXag ~guy Xay + AT Az X as.

By replacing X = B, in (1), Dz + AT Ay Dy ~gut T+ A7t Agy for each invertible
matrix D € R&" and for each z,y € R". Lemma 3.1 states that Ay = aA; + BF for
some «, 3 € R. For every i > 3 if a; = 0, we can choose 4; = A;. If a; # 0, then
{a1,a;} or {az,a;} is linearly independent. Similarly to the above, A; = v; 41 + §; F
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for some ~;,; € R. Define A := A;. Then for every i > 2, A; = ;A + B; F for some
a;, B € R. So

TX =[AXay | AX (rea2) | ... | AX (rmam)] + EXS=AXR+ EXS,
where R = [a1 | r2a2 | ... | rmay] for some ro,...,7,, € R and S = 5 +
[0 | ,82&2 | | ,Bmam] O
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