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Abstract. We construct a 3-Lie 2-algebra from a 3-Leibniz algebra and a Rota-Baxter
3-Lie algebra. Moreover, we give some examples of 3-Leibniz algebras.
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1. INTRODUCTION

Higher categorical structures play an important role in both string theory and
physics. Some higher categorical structures are obtained by categorifying existing
mathematical concepts. One of the simplest higher structures is a categorical vec-
tor space, that is, a 2-vector space. A categorical Lie algebra introduced by Baez
and Crans in [1], which is called a Lie 2-algebra, is a 2-vector space equipped with
a skew-symmetric bilinear functor whose Jacobi identity is replaced by the Jacobi-
ator satisfying some coherence laws of its own. Lie 2-algebra theories are widely
developed in [2], [6]-[8], [12]-[17]. Recently, the notion of 3-Lie 2-algebras has been
introduced in [18], which is a categorical 3-Lie algebra. It is shown that the category
of 3-Lie 2-algebras is equivalent to the category of 2-term 3-Lie.-algebras, see [18],
so a 3-Lie 2-algebra is defined by a 3-Lie,-algebra.

In this paper, we construct a 3-Lie 2-algebra from a 3-Leibniz algebra and a Rota-
Baxter 3-Lie algebra.

The paper is organized as follows. In Section 2, we construct a 3-Lie 2-algebra
from a 3-Leibniz algebra, and give some examples of 3-Lie 2-algebras from associative
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trialgebras, dendriform algebras, tridendriform algebras and dialgebras. In Section 3,
we construct a 3-Lie 2-algebra from a Rota-Baxter 3-Lie algebra.

2. FROM 3-LEIBNIZ ALGEBRAS TO 3-LIE 2-ALGEBRAS

The class of n-Leibniz algebras introduced by Casas, Loday and Pirashvili in [5] can
be regarded as a natural generalization of n-Lie algebras, which are of a considerable
importance in Nambu mechanics. In particular, for n = 3 one recovers a 3-Leibniz
algebra, see [4]. In this section, we construct a 3-Lie 2-algebra from a 3-Leibniz
algebra.

Definition 2.1 ([4]). A 3-Leibniz algebra is a vector space £ with a trilinear
map [,-,]: L x L x L — L such that for any 1,2, 23,24,25 € L the following
equality is satisfied:

(21) [251, T2, [253, Ty, (E5]] = [[1'1,1}2, (Eg],:[,’4,£[,’5] + [1[,'3, [$1,$2,$4],$5]

+ [23, T4, [21, T2, T5]].
The left center of 3-Leibniz algebras is given by
(2.2) Z(L)y={zeL; [x,y,2] =0, Yy,z € L}.

The left ideal I of 3-Leibniz algebras is given by [I, £, L] C I. It is obvious that
Z(L) is a left ideal of the 3-Leibniz algebra L.

A 3-Lie 2-algebra can be regarded as a categorification of a 3-Lie algebra, which
is equivalent to a 2-term 3-Liey,-algebra. An explicit description of 3-Lie 2-algebra
is given in [18].

Definition 2.2 ([18]). A 2-term 3-Lie.-algebra consists of the following data:

> a complex of vector spaces L 4, Lo;
> completely skew-symmetric trilinear maps l3: L; x Lj X Ly — Ljjj4x, where
0<i+j+k<1;
> amultilinear map l5: (LoALg)®(LoALoALg) — L1, such that for any x, y, z; € Lo
and a, b, c € L1, the following equalities are satisfied:
(a) dis(z,y,a) = l3(z,y, da),
(b) I3(a,b,c) =0, l3(a,b,x) =0,
(c) l3(da,b,z) = l3(a,db,x),
(d) dl5($1, To,X3,T4, 335) = —13(1,‘1, o, l3(.133, T4, 335)) + l3(.133, l3(.131, ZTo, 334), 1‘5)
+13(13(x1, T9, xg), x4, 1‘5) + 13(11:3, T4, 13(11:1, X9, {E5)),
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(a $2,l3($3,$4,x5)) —|—13(x3,13(a LEQ,{E4) 5)

+l3 (l (a (EQ,(Eg) T4, 5)+13(x3,x4,13(a (EQ,(E5)),

(f) l5(x1,x2,da,x4,x5) = —lg(xl,xg,lg(a :c4,:c5)) —|—13(a lg($1,$2,(£4) 5)
+l3(l3(x1,x2,a),x4,x5) +Z3(a $4,l3(l‘1,l‘2,1‘5)),

(e) ZS(da; T2,T3,T4, £E5) =

(8) l3(ls(w1, 22, 23,74, 75), w6, ¥7) + l3(¥5, Is (21, X2, T3, T4, T6), T7)
+ I3(21, w2, I5(73, 24, 75, 26, 7)) + I3(25, T6, I5 (71, T2, T3, 24, T7))
+ Is(21, 72, 13(73, 24, 75), T6, T7) + I5(21, T2, [3(73, 24, T6), T7)
-+ l5(x1, x9,T5,T6, lg({Eg, T4, {E7))
= l3(x3, x4, 1l5(x1, T2, 5, 6, 7)) + I5(I3(21, T2, T3), T4, T5, T6, T7)
+ Is(x3, l3(21, 2, 24), 5, T6, T7) + I5(23, T4, [3(T1, T2, T5), T6, T7)
+ U5(x3, 24, 5, 13(21, 22, 26), 7) + I5(21, T2, T3, T4, [3(5, T6, 7))
-+ l5(x3,LE4,LE5,{E6,Z3({E1,{E2,{E7))
A 2-term 3-Lie-algebra is denoted by L = (L1, Lo, d, l3,15), or simply L.
If d =0 (I5 = 0), then the 2-term 3-Lie.-algebra is called skeletal (strict).

Let (L, [,+,]) be a 3-Leibniz algebra. Define a completely skew-symmetric bracket
II'v Bl ]] on L by

1 T(O
(2.3) [z1, 72, 23] = 6 Z(—l) DN2(1), To(2): To(3))s

g

where ¢ runs over the symmetric group S3 and the number 7(c) is equal to 0 or 1
depending on the parity of the permutation ¢. The corresponding operator J with
respect to [, -] is given by

(24) J$1,$2,$3,$4,x5 - [[[[xla 1‘2, x3]]7x47x5]] + II-I37 Hx17$27$4]], 1‘5]]

+ [#3, 24, [21, 22, 5]] — [1, 22, [73, 24, 25]]-
Lemma 2.3. Let (L,[-,-,-]) be a 3-Leibniz algebra. For any x; € L, we have

(25) [[Jxl,zz,xg,x4,x5 y L6, LC7]] + [[IE5, le,zz,xg,x4,x6; (E7]] + [[xla T2, ng,z4,z5,x6,x7]]
+ [[£C5, e, JI1,12,I3,I4,I7]] - [[x37 Tyq, JI1,I2,I5,16,I7]]
+ thxz,[[zs,m,zs]],xs,z? + J$1y1271’57[1371’471’6ﬂy17 + le,zz,zs,ze,[[m,u,mﬂ
- J[I1,I27I3H,I4,I5,16,17 - ‘]9133,[[961,1279641],157936,967 - JI3,14,[[I1,I2,15]]7I6,I7

- ‘]963,9047905,[[901,302,306]]7907 - ‘]961,352,963,9647[[305,9667907]] - Jﬂﬂs,u,ws,wﬁ,[[xhwz,xﬁ =0.
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Proof. Since the bracket [-,-,-] defined by equation (2.3) is completely skew-

symmetric, we have

[[J$1,$2,$3,$479€5ax65 1‘7]] + [[1‘5’ J$1,$2,$3,$4,$67 x7]] + [[xlv L2, J$3,$4,$5,$6,$7]]

+ [[£U5, Z6, JI17I27I3,I4,I7]] -

[[(E?,, Iy, J$171’27I57I67I7]]

+ Jx179€27[[$379€479€5ﬂ,$679€7 + J$1,$2,$5,[[9€3,$4,$6]],$7 + Jx179€279€579€6,[[9€3,$4,$7]]

- J[I1,127I3H,I4,I57I6,1’7 -

— Iy \@a,Z5,[T1,22,76],x7 T

st,[[l’l \T2,T4],T5,T6,T7

Iz, 122,23,%4,[25,26,27]

Jzq o, [z1,72,25], 26,27

— Iy \T4,5,%6,[T1,T2,27]

= [[Jxl,m,xs,mﬂcsaxﬁa 1‘7]] + [[1‘5’ J$1,$2,$3,$4,$67x7]] + [[xlvx?a J$3,$4,$5,$6,$7]]

+ [[xfn Z6, JI17I27I3,I4,I7]] -

=0.

.
.
.
N
N

[xs, x4, x5], 6, [21, T2, 7] ] +
[x1, 20, w5], [23, 24, 26], 27
s, [23, 74, 76], [21, T2, 7]
[z1, 22, 25], w6, [13, T4, 27]
x5, Tg, [21, T2, [T3, T4, T7]]
[[x1, 22, 23], 24, 25], 76, T7

30573067[[[[30173027303]] 964,907]]

x5, Tg, [3, [T1, T2, 4], 7]
[x3, x4, [x1, 22, 25]], 26, 27
[x1, 20, x5], w6, [73, 24, 27]
[x3, 24, 25], [21, 22, 26], 77
w5, [21, 22, 6], [73, 24, 77]

]
]
]
I
I -
I -
[[303,[[96173027304]] 305]] L6, T 7]]
I -
7] —
I -
I -
I -
I -

[[561,552,963]] 1547[[155,%6,%7]]

+1
[
[
[
[
[
-1
!
-1
-1
-1
-1
-1
-1
-1
-1
-1
-1

The proof is finished.

[[563,554,965]] T, [[x1;$2;$7]“] -

[[(E?,, Ty, J$171’27I57I67I7]]

[21, 22, [23, 24, ¥5]], w6, ©7] + [[23, 24, 5], [21, 22, 6], 27]

X1, [[3037304,905]] 966,907]] 962]]

X5, [L1, T2, [[1‘3,1‘4,1‘6]]]] $7]]
1, L5 |Ix3,x4,l‘6]],x7]],x2]]
Ty, [T1 LEQ,(E@;]] [[$3,$4,$7]]]]

Z1, [Ts xﬁ,ﬂ$3,$4,$7]]]] LCQ]]

—_ == = /| /e

[
[
[
[
[
[z5, [[21, 72, 23], 24, 6], 7]
[[x1, x2, 23], [75, 26, 27], 24]
[z5, [x3, [71, 22, 24], 6], 7]
[3, [25, z6, v7], [21, 22, 4]]
[[x1, 22, x5], [23, 24, 26], 27]
[z3, [[z1, 72, 25], 26, 27], 24]
[xs, [23, x4, [T1, T2, 6] ], 7]
[x3, [z5, [71, 22, 6], 27], 24]

[[5637 [[1517 z2, 554]], [[xs, e, 557]]]]

I3, T4, [[xlvx% [[$5, e, {E7]]]] - [[xla [[(Eg, Ty, [[(E5, xg,x7]]]],$2]]

[[5657 [[1537564,%]] [[xhxz,x?]]]]

T5,T6, [[3037 T4, [[901, T2, 967]]]]]] - [[3337 [[3057 Z6, [[901, T2, 907]]]] 364]]

O

Now, we construct a 3-Lie 2-algebra from a 3-Leibniz algebra (£, [-,-,-]) and its
center Z(L). We can consider the graded vector space L = Z(L) @ L, where Z(L)

is of degree 1, L is of degree 0. Define a degree —1 differential d = i:
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which is the inclusion. Define a degree 0 completely skew-symmetric trilinear map
I3 and a degree 1 multilinear map I5 on L by

1
I3(x1, 22, 73) = [[3?1,372,3?3]] = 6 Z(—l)““’ [%(1),%(2),%(3)] Va; €L,
ls(a,z1,22) = —l3(a, z2, x1) = —l3(z1,a, x2) = l3(x2,a,x1)
= l3(x1, x2,a) = —l3(x2,21,a) = [a, 1, z2]
1

= 6([371,3?2,@] + [w2,a,21] — [21,a, 2] — [22, 71, a])
Vx, € L, a € Z(L),
l3(a,b,c) =l3(a,b,x) =0 Va,be Z(L), z €L,

15(1‘1; T2,X3,T4, 1‘5) = J$1,$2,:C3,:C4,x5 vm’i S ‘C

We obtain the following theorem:

Theorem 2.4. With the above notations, (L = Z(L) ® L,d,ls,l5) is a 3-Lie
2-algebra.

Proof. It is clear that conditions (a)—(f) in Definition 2.2 hold from the definition
of d,l3 and l5. By Lemma 2.3, condition (g) in Definition 2.2 holds. Then (L =
Z(L)® L,d,l3,15) is a 3-Lie 2-algebra. O

The above theorem gives a method to construct 3-Lie 2-algebras. By using this
theorem, we can obtain the following examples from associative trialgebras, dendri-
form algebras, tridendriform algebras and dialgebras, respectively.

An associative trialgebra, see [10], is a vector space A equipped with three binary

associative operations:

4 AR A — A,
1: AQA— A,
F: AR A— A

(called left, middle, and right, respectively), satisfying the following relations:
)

zbhy)dz=at (y2),
)

) (

) ( Fz=ak(yFz)=(x Ly Fz,
d) (zLy)kFz=aLl(ydz),

) (

) (
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Example 2.5. An associative trialgebra is a 3-Leibniz algebra with respect to
the bracket

[z,y,z]=zd(zLy—yLla)—(zLly—yLla)k =z

Then a 3-Lie 2-algebra can be obtained by Theorem 2.4.
A dendriform algebra, see [11], is a vector space D equipped with two bilinear

operations
=: D® D — D,

<:D®D—D
such that the following equalities hold:
(a) (x<y)<z=z<({y<z+y> 2),
M)z=y=2)=@@<y+z>y) >z
() (z=y)<z=2x>(y<2).

Example 2.6. A dendriform algebra (D, <,>) is a 3-Leibniz algebra associated
to the operator

{r,y, 2} =z<(@z<yt+ax=y)+z>(z<y+zx>y)
—(z<ytzr-y)<z—(x<y+z>y) >z

Then a 3-Lie 2-algebra can be obtained by Theorem 2.4.
A tridendriform algebra, see [10], is a quadruple (T, <, >, -) consisting of a vector
space T and three bilinear maps

<:TT—T,
=TT —T,
2 TRT—>T

such that the following equalities hold:
(a) (z<y)<z=z<(y<z4+y=z+y-2),

M) (z=y)<z=2 (y < 2),
z-yr-2)=@<yt+z=y+z-y) >z,
d) (@>=y)-z=a=(y-2),

() (x<y)-z=a-(y*>-2),

() (@-y)<z=2-(y=<2),

(&) (@-y)-z=a-(y-2)



Example 2.7. A tridendriform algebra (T, <, >, ) is a 3-Leibniz algebra associ-
ated to the operator

{z,y,z}=z< (@ <y+zr-y+z-y)+z-(x<y+c=y+z-y)
+z-(z<yt+zr-ytz-y)—(r<ytzr-y+z-y <z
—(z<ytz-y+tax-y-z—(z<y+z>-y+z-y) -z

Then a 3-Lie 2-algebra can be obtained by Theorem 2.4.
A dialgebra, see [9], is a vector space V equipped with two bilinear operations

4 VeV =V,
F: VRV >V

such that the following equalities hold:

(a) b (yHz)=(zky) -z,

) zd(ydz)=(x-dy)dz=ax4(y+ 2),
(¢0)zFWk2)=(@tFty Fz=(xdy)F 2.

Example 2.8. A dialgebra algebra (V,-,F) is a 3-Leibniz algebra associated to
the operator
{z,y,2} =z (xty) —(zky)F =

Then a 3-Lie 2-algebra can be obtained by Theorem 2.4.

3. FrROM ROTA-BAXTER 3-LIE ALGEBRAS TO 3-LIE 2-ALGEBRAS

In this section, we construct a 3-Lie 2-algebra from a Rota-Baxter 3-Lie algebra.

Definition 3.1 ([3]). A Rota-Baxter 3-Lie algebra is a 3-Lie algebra (R, [, -, ])
with a linear map R: L — L such that

(3.1) [R(x1), R(22), R(x3)] = R([R(x1), R(x2), 3] + [R(21), 22, R(x3)]
+ [z1, R(22), R(73)] + A[R(21), 22, 23]
+ Alz1, R(22), 23] + Alz1, 22, R(23)] + A [21, 72, 23]),

where R is called a Rota-Baxter operator of weight A. A Rota-Baxter 3-Lie algebra
is denoted by (R, [, -, ], R).
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Theorem 3.2. Let (R,[,-,], R) be a Rota-Baxter 3-Lie algebra with a Rota-
Baxter operator of weight 0. Let V1 = R, Vo = R. On the complex of vector spaces
Vi=R Hom = Vb, define a trilinear map l3 by

I3(z,y,2) = [R(x),R(y), R(2)] Vz,y,z €W,
l3(z,y,a) = [R(z), R(y), R(a)] Vaz,y €V, ael,
ls(a,b,c) =0 Va,b,ce Vi,

I3(a,b,x) =0 VYzeVy, abel.

If the Rota-Baxter operator R satisfies R> = R, then (V; = R LNy, - Vo,l3) is
a strict 3-Lie 2-algebra.

Proof. Since R? = R, we have
R([R(z1), R(x2), R(x3)]) = [R(x1), R(x2), R(x3)].
For any z,y € V, a,b € Vi, we have

Rl3(x,y,a) = R([R(x), R(y), R(a)]) = [R(z), R(y), R(a)]
= [R(x), R(y), R*(a)] = l3(z,y, R(a)),
" I5(Ra),b,7) = [R2(a), RO, R(2)] = [Rla), R(D), R(2)
= [R(a), R*(b), R(x)] = l3(a, R(b), ),
which implies that equalities (a) and (c) hold in Definition 2.2.
For any x; € Vj, we have

I3(x3,13(21, 72, 24), 25) + I3(I3(21, T2, T3), T4, 5)
+ I3(23, w4, 13(71, 22, 75)) — I3(21, T2, [3(T3, 24, T5))
= [R(x3), [R(21), R(x2), R(x4)], R(xs)] + [[R(21), R(w2), R(xs)], R(x4), R(zs)]
+ [R(z3), R(z4), [R(21), R(x2), R(5)]] — [R(71), R(22), [R(x3), R(x4), R(w5)]]
=0.

Similarly, we obtain the other equalities in Definition 2.2. O

Proposition 3.3. Let (%R, [, -, ], R) be a Rota-Baxter 3-Lie algebra with a Rota-
Baxter operator of weight 0. Then (R, [-,-,-]') is a 3-Lie algebra, where the trilinear
map [-,+,-]": R xR xR — R is defined by

[(E, Y, Z], = [R(i[:), R(y)a Z] + [R({E), Y, R(Z)] + [(E, R(y)v R(Z)]
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Proof. It is straightforward to calculate by equation (3.1) and Definition 2.1.
O

Definition 3.4 ([18]). A representation of a 3-Lie algebra L on the vector
space V is a bilinear map o: A2L — gl(V') such that

[0(X,0D)] = o([X,D]F) VX=21N22, D =11 N,
o(z, [y1,y2,y3]) = o(y2,y3)o(w,y1) — o(y1, y3)o(x, y2) + o(y1,y2)o(x,y3) Y,y € L,

where [X,D|r = [x1,22,y1] A y2 + y1 A [21, 22,y2]. We denote a representation by
(Vi 0).

On a Rota-Baxter 3-Lie algebra (%R, [, -, ], R) with a Rota-Baxter operator of
weight 0, we define a left multiplication [: A% — gl(R) by

Loy(2) = [R(x), R(y), 2] Va,y,2 € R

It is clear that [ is a representation of the 3-Lie algebra (R, [,-,]) on K.
Definition 3.5. Let (R, [, ], R) be a Rota-Baxter 3-Lie algebra with a Rota-
Baxter operator of weight 0. A symplectic structure on (R, [-,-,],R) is a non-

degenerate skew-symmetric bilinear form w: A?9% — R, such that for all z,y, z,t € R
the following equality holds:

(3.2) w([z,y, 2], t) — w([z,y,t], 2) + w([z, z,t],y) — w([y, 2, t], ) = 0.
The algebra (%R, [, -, -], R,w) is called a symplectic Rota-Baxter 3-Lie algebra.

Theorem 3.6. Let (R,[,,-, ], R) be a Rota-Baxter 3-Lie algebra with a Rota-
Baxter operator of weight 0 and w a symplectic structure on R satisfying

(3-3) w([R(z), R(y), 2], 1) = w([z, y, 1], 2).

d= *)—1
On the complex of vector spaces R* L)ER, define a completely skew-symmetric

trilinear map ls by
I3
l3
I3
ls(f

—~

[x,y,z] Va,y,z € R,
eyl VT, y €N, feR,
=0 VzefR, f,gec R,
=0 V/f,gheNR",

T,y 2
.Y,
z, [,

z) =
f) =
9)
0]

A/_\/_\

where [* is the dual representation of [ and w*: R — R* is given by w*(z)(y) =

w(z,y). Then (R* =, R, l3) is a strict 3-Lie 2-algebra.
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Proof. We only need to prove equalities (a) and (e) in Definition 2.2, and the
other equalities hold similarly. For any z,y, z,t € R, set f = w*(2) and g = w*(¢),
by equation (3.3), we have

(dls(x,y, £),9) = —(ls(z,y, f), (@) 'g)
{lz,yw"(2),1)
= (W'(2), [R(x), R(y), t])
z [R(z), R(y), 1)
w(t, [z,y, 2])

and

<l3($,y,df), > 13(1' Y,z )ﬂ *(t)>
[,y, 2], w"(t))
w(t, [z,y, 2]).

Since w is non-degenerate, we obtain dis(z,y, f) = ls(x,y, df).

Furthermore, for any z; € R, set f = w*(z1), we have

(=ls(f, z2, l3(x3, w4, 25)), we) + (I3 (23, I3(f, 2, 24), 75), T6)
+ (I3(I3(f, 22, 23), 24, T5), T6) + (I3(23, 24, 3(f, T2, 75)), T6)
=10y wa,oa,05)@ (@1), T6) — (13, 2513, 2,0" (1), T6)
+ (12425 las,es@” (1), T6) + (12, 24 lag 050" (1), T6)
= w(@1, [R(x2), R[ws, x4, x5], w6])
[R(22), R(z4), [R(zs3), R(xs), we]])
+W($1a[ (x2), R(z3), [R(z4), R(x5), z6]])
w(zy, [R(z2), R(xs), [R(x3), R(z4), we]])
]

= W(fﬂsa (T2, [T3, 74, T5], 71]) + w(6, [23, 75, [v2, T4, 71]])

—w(x,

— w(we, [T4, 75, [T2, 73, 21]]) — W(T6, [T3, T4, [T2, T5, 71]])

:07

which implies that equality (e) holds in Definition 2.2. The proof is finished. U
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