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BEST PROXIMITY POINT FOR PROXIMAL BERINDE
NONEXPANSIVE MAPPINGS ON STARSHAPED SETS

NUTTAWUT BUNLUE AND SUTHEP SUANTAI

ABSTRACT. In this paper, we introduce the new concept of proximal map-
ping, namely proximal weak contractions and proximal Berinde nonexpansive
mappings. We prove the existence of best proximity points for proximal weak
contractions in metric spaces, and for proximal Berinde nonexpansive mappings
on starshape sets in Banach spaces. Examples supporting our main results
are also given. Our main results extend and generalize some of well-known
best proximity point theorems of proximal nonexpansive mappings in the
literatures.

1. INTRODUCTION

Fixed point theory plays an important role in solving nonlinear equations
arising in different areas such as difference and differential equations, discrete
and continuous dynamic systems, variational analysis, physics, engineering and
economics.

These problems can be modeled as fixed point equation of the form z = Tz
where T: A — X is a nonlinear mapping from a subset A of X. In the case that
ANT(A) = (), the fixed point equation = Tz has no solution because d(z,Tz) > 0
for all x € A. Under this circumstance, it is of interest to determine an approximate
solution x such that the distance between x and T'x is minimum. For more precisely,
suppose T: A — B where A, B are subsets of a metric space (X, d). It noted that
d(x,Tx) > D(A, B), where D(A, B) = inf{d(a,b) : a € A,b € B}. It natural to ask
the question of finding = such that d(z,Tz) = D(A, B), such point x is known as
a best proximity point of T. It is clear that if T is a self-mapping, a best proximity
point is a fixed point, that is, z = Tx.

Existence of best proximity point of nonself-mappings have been studied by
many authors, see [2, Bl [6l, 13} 15 17, 18], 19, 21] and [22]. Best proximity point
theorems can be applied to study equilibrium point in economics, see [10]-[12], so
this topic attracts attentions of many mathematicians.

Basha [I] introduced a new concept of proximal contraction which can be reduced
to a contraction in the case of self-mappings.

2010 Mathematics Subject Classification: primary 47H10; secondary 47HO09.

Key words and phrases: best proximity point, proximal weak contraction mapping, proximal
Berinde nonexpansive mapping, starshaped set.

Received January 25, 2018. Editor A. Pultr.

DOI: 10.5817/AM2018-3-165


http://www.emis.de/journals/AM/
http://dx.doi.org/10.5817/AM2018-3-165

166 N. BUNLUE AND S. SUANTAI

Definition 1 ([I]). Let (A, B) be a pair of nonempty subsets of a metric space
(X,d). A mapping T: A — B is said to be a proximal contraction if there exists
constant number a € (0, 1) such that
d(uy,Tz1) = D(A, B)
d(ug,Tze) = D(A, B)

for all X1, g, U, U € A.

} = d(U17u2) < ad($1,$2)

In 2013, Gabeleh [7] introduced a new concept of proximal nonexpansive map-
pings and proved existence of best proximity point of such mapping when (A, B)
is a pair of nonempty closed convex subsets of X and A is a compact set.

Definition 2 ([7]). Let (A, B) be a pair of nonempty subsets of a metric space
(X,d). A mapping T: A — B is said to be a proximal nonexpansive if
d(ul, T.’L’l) = D(A, B)
d(uz,Txze) = D(A, B)
for all x1, xo, uy, us € A.
Motivated by weak contraction of Berinde [3] and Suzuki [20], in 2014, Gabeleh

[9] introduced a new classes of proximal contractions which is called Berinde weak
proximal contraction.

} = d(u1,uz) < d(z1,22)

Definition 3 ([9]). Let (A, B) be a pair of nonempty closed subsets of a metric
space (X,d). A mapping T: A — B is said to be a Berinde weak proximal contrac-
tion if there exist o € [0,1) and § € [0,00) such that for all z,y,u,v € A with
d(u,Tz) = D(A, B) = d(v,Ty), we have
1
1+a+ ﬁd
where d*(z,Tx) = d(z,Tz) — D(A, B).

“(z,Tz) <d(z,y) implies d(u,v) < ad(z,y)+ fd*(Tz,y),

Chen [] proved an interesting existence theorem of proximity points for proximal
nonexpansive mappings under starshape sets A and B.

Theorem 1.1 ([]). Let (A, B) be a pair of nonempty, closed subsets of a Banach
space X such that A is a p-starshaped set, B is a q—starshaped set, and ||p — q|| =
D(A, B). Suppose A is compact, (B, A) is a semi-sharp proximinal pair. Assume
that T: A — B satisfies the following conditions:

(1) T is a prozimal nonexpansive,
(2) T(Ao) C Bo.
Then there exists an elements x* in Ag such that
l* — Tz*|| = D(A, B).

Motivated by above results, we aim to introduce new concept of generalized
proximal contraction and proximal nonexpansive mapping, called proximal weak
contraction and proximal Berinde nonexpansive, respectively, and prove existence
of best proximity point of such mappings under certain conditions. We also give an
example supporting our main results.



BEST PROXIMITY POINT FOR PROXIMAL BERINDE NONEXPANSIVE 167

2. PRELIMINARIES

Let (A, B) be a pair of nonempty subsets of metric space (X, d). We denote by
Ap and By the following sets:

Ag={z e A:d(z,y)

D(A,B) for some y € B},

By={ye€ B:d(xz,y) = D(A,B) for some z¢€ A},

where
D(A,B) = inf{d(z,y) :x € A,y € B}.

A nonempty subset A of a linear space X is called a p-starshape set if there
exist a point p in A such that ap+ (1 —a)x € A, for all x € A, @ € [0,1], and p is
called a center of A. It is easy to see that each convex set C' is a p-starshaped set
for each p € C.

Notice that in a normed space (X, || - ||), if both of A and B are closed and Ay is
nonempty, then Aq is a closed set. Consider on starshape set, if A is a p-starshape
set, B is a ¢-starshaped set and ||p—q|| = D(A, B), implies that Ay is a p-starshape
set and By is a g-starshaped set.

Definition 4 ([I4]). Let (A, B) be a pair of nonempty subsets of a metric space
(X,d). The pair (A, B) is said to be a semi-sharp proximinal pair if for each = in
A (respectively, in B) there exists at most one z* in B (respectively, in A) such
that d(z,z*) = D(A, B).

Definition 5 ([8]). Let (A, B) be a pair of nonempty subsets of a metric space
(X,d) with A # (). Then the pair (4, B) is said to have the weak P-property if for
all x1, zo € Ag and y1, y2 € By,

d(z1,91) = D(A, B)

(s, ) = D(4, B) | = Hne2) =),

In Definition [p} if d(x1,z2) = d(y1,y2), we said (A4, B) have P-property [16]. It
is clear that the weak P-property is weaker than the P-property and (A4, B) has
the P-property if and only if both (A, B) and (B, A) have the weak P-property.
Moreover, if a pair (A, B) has the weak P-property then (B, A) must be a semi-sharp
proximinal pair. Obviously a semi-sharp proximinal pair (4, B) is not necessarily
to have the weak P-property.

3. MAIN RESULTS

3.1. Proximity point for the proximal weak contraction. We begin this
section by giving definition and proving a theorem on the existence of best proximity
points for proximal weak contraction in metric spaces.

Definition 6. Let (A, B) be a pair of nonempty subset of a metric space (X, d). A
mapping T: A — B is said to be prozimal weak contraction if there exist o € (0, 1)
and L > 0 such that

d(u1,Tx1) = D(A, B)
d(us. Ts) = D(A. B = d(uy,uz) < ad(z1,22) + Ld(xa,uy)

)

)
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for all x1,xo,ur,us € A.

For self-mapping, we see that the proximal weak contraction reduces to the weak
contraction mapping introduced by Berinde in [3].

Theorem 3.1. Let (X, d) be a complete metric space and (A, B) a pair of nonempty
subsets of X such that Ay is nonempty and closed. Suppose that T: A — B is a
prozimal weak contraction and T'(Ag) C By. Then

(1) there exists x* € A such that d(z*,Txz*) = D(A,B), and if 1 —a— L > 0,
then x* is unique,

(2) the sequence {x,}, defined by xq, x1 € Ay and
d(xp41,Txn) = D(A,B), forall neN,
converges to x*.
Proof. Let zg € Ag. Then there exist z; € Ag such that
d(x1,Txzo) = D(A, B)
because Txg € T(Ag) C By. Continuing this process, we get a sequence {x,} in

Ag such that
d(xps1,Tx,) = D(A,B), forall neN.

Next, we show that {x,} is a Cauchy sequence and its limit is a best proximity
point of T'. From

d(xp,Txp—1) = D(A,B) and d(zny1,Tx,)=D(A,B), forall neN,
by proximal weak contractiveness of T', we have
A(Xpt1,2n) < ad(Tp, Tn-1) + Ld(p, )
< ad(Tp, Tn-1)
Therefore, for each p € N,
A(@ntp, Tn) < ATnpp, Tngp—1) + A(Tngp—1, Tpgp-2) + - + d(Tni1, )
<" P ld(zy, wo) + TP 2d (2, 10) + - -+ a"d(xy, 20)
11—«
This implies that {x,} is a Cauchy sequence in A. Since X complete and Aq closed,
there exists z* € Ap such that z,, — z*. By the assumption T(Ag) C By again,
there exists u € Ay such that

d(u,Tz*) = D(A, B).

< d(l’l,xo).

Since d(xp41,Tx,) = D(A, B) for all n € N, by proximal weak contractiveness of
T, we have

d(xpi1,u) < ad(xn, 2*) + Ld(z*, 2pt1) -
It implies that d(x,41,u) — 0. Therefore x,, — u and hence u = z*. That is

d(z*,Tz*) = D(A,B).
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Finally, we show that if 1 — o — L > 0 then the best proximity point of T is
unique. Suppose there exists z** € Ag such that

d(z**,Tz**) = D(A,B).
Since T is proximal weak contraction, we get
d(z*, ™) < ad(z*,2™) + Ld(z*,z*),
which implies
(1—a—L)d(z*,2*) <0.
Hence x* and x** are same point. ([

An immediate consequence of Theorem [3.1]is the following.

Corollary 3.2 ([M]). Let (X,d) be a complete metric space and (A, B) a pair of
nonempty closed subsets of X such that Ag # 0. Suppose that T: A — B satisfies
the following conditions:

(1) T is a proxzimal contraction,
(2) T(Ao) € Bo.
Then there exists a unique ©* € A such that d(«*, Txz*) = D(A, B).

Example 3.3. Let X = R? with the usual metric,
A= (im0 < 0]

={(Ly): yEe [~1,0]},
Bl—{( y):x +y2:1,x€[—170]},
By = {(x 1) (07 1]}’
A=A UA,,
B = B; U By,
and let T: A — B be given by
- (5.1), it (z,y) € A,
z,y)= .
(4, —\/1-%), if (2,y) € As.

To show that T is proximal weak contraction, let 7 = (2], ]), T2 = (z,v5) € A
and uy, ug € A be such that d(uy,Tx1) = d(ug, Txe) = D(A, B). We will consider
the following 5 cases.

2 2

Case 1. x1, x2 € Ay. Then uy = (%,0), Uy = (x 0) This implies

d(uy,ug) = d((a;lg, 0) (3322 0)) %d(l‘l,{)ﬁg) < Ed(xl,xg) + Ld(za,uq)

for any L > 0.

Case 2. 1, x2 € As — {(1,0)}. Then u; = uz = (0,0). This implies
1 1
d(ul,uz) < §d(.1‘1,.132) < §d($1,$2) —|—Ld(a:2,u1)

for any L > 0.
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Case 3. Let ©1 € Ay, xo € As. Then uy = (%,O), uz € {(0,0),(1,-1)}. If

2} € [0, 3] and up = (0,0), we have

1 1
d(ui,ug) < < < §d($1’$2) < 5(1(%1’1‘2) + Ld(z2,u1)

for any L > 0.

If 24 € [0,3] and up = (1, —1), then 2 = (1,0). This implies
1
d(uy,uz) < V2, d(x1,22) > 5 and  d(w2,u1) >

ool =

Thus .
d(ul,ug) < \/5 < id(xl,xg) + Ld(xg,ul)

= (0,0), we get

1
d(ui,ug) < -, d(z1,22) >0 and d(wa,u1) >

N | =

Thus
d(xl, ],‘2) + Ld($2, ul)

where L > 1.
If 24 € (1,1) and up = (1,-1), then x5 = (1,0). This implies

V113 1
8

d(uy,uz) < , d(z1,29) >0 and d(xo,u;) > 3

Thus

<

mﬁ
—
w
DN =

d(ur,uz) < d(z1,22) + Ld(22,u1)

where L > —VE?’.

Case 4. 11 € Ay, x5 € Ay. Then u; € {(0,0),(1,—-1)}, ug = (§,0). If 24 € [0, ]
and u; = (0,0), then

d(ul, 'LLQ) S

DN =

and d(zq1,z9) >

ol =

Thus . )
d(ul,uQ) S §d(l‘1,$2) S 5(1(33‘1,.132) + Ld(l‘g,ul)
for any L > 0.

If 24 € [0,4] and uy = (1,-1), then xy

. ,0). This implies

1
> —
-2

SES

d(uy,ug) < V2, d(zy,zs) and  d(zo,u1) >

Thus )
d(uy,uz) < V2 < 51, 22) + Ld(wa, u)
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If x4 € (3,
1 1
d(u,u2) < 50 d(z1,29) >0 and d(x9,u;) > 3
Thus
1 1
d(ul,u2) S 5 S id(-rth) + Ld(l‘g,’u,l)
where L > 1.

If 24 € (3,1) and u; = (1,—1), then 23 = (1,0). This implies

11
d(uy,uz) < TS, d(z1,29) >0 and d(xo,u;) >1.
Thus
/113 1
d(ug,ug) < = < §d(x1,x2) + Ld(za,uy)

where L > @.
Case 5. x1 = x9 = (1,0). Then uy, uz € {(0,0), (1, —1)}. Suppose that u; # ug, we
have
d(ui,ug) = V2, d(zy,22) =0 and d(ze,u;) =1.
Therefore

1
d(ul, UQ) S id(l’l,zg) + Ld(l’g,ul)

where L > /2.

We can conclude from all of above cases that T is proximal weak contraction
with o = % and L = @. We also note that the point = (0, 0) is a best proximity
point of T'.

We remark that T is neither a Berinde weak proximal contraction nor a proximal
contraction. Let = (1,0), y = (1,—1). Then u = (1,-1), v = (0,0) are such that
d(u,Tz) = d(v,Ty) = 1 = D(A, B). We obtain

du,v) =v2, d(z,y) =1, d*(y,Tx)=0 and d*(z,Tx)=vV2—-1.
This implies for each o € (0, 1), 8 € (0, 0),

1

md*(%Tﬁﬂ) <d*(x,Trx) < d(z,y),

but
d(u,v) = V2 > ad(z,y) = ad(z,y) + Bd* (y, Tx).
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3.2. Proximity point for the proximal Berinde nonexpansive. In this sec-
tion, we first introduce a new concept of proximal nonexpansive mapping, called
proximal Berinde nonexpansive mapping. This concept motivated by weak contrac-
tion of Berinde.

Definition 7. Let (A, B) be a pair of nonempty subsets of a metric space (X, d).
A mapping T: A — B is said to be prozimal Berinde nonexpansive if there exist
L > 0 such that

d(’LLl,T.’El) = D(A,B)
d(’LLQ,T.’EQ) _ D(A,B) } — d(ul,u2) < d(x17l'2) + Ld(CC2,U1)

for all x1, x2, uy, us € A.

It is obvious that every proximal nonexpansive mappings is proximal Berinde
nonexpansive with L = 0.

Theorem 3.4. Let X be a Banach space, (A, B) be a pair of nonempty, closed
subsets of X such that A is a p-starshaped set, B is a q-starshaped set, and
llp—q|l = D(A, B). Assume Agy is compact, (B, A) is a semi-sharp proziminal pair.
Suppose that T: A — B satisfies the following conditions:

(1) T is a proximal Berinde nonexpansive,
(2) T(Ao) C Bo.
Then there exists x* in Ag such that
|lz* — Tz*|| = D(A, B).
Proof. For each n € N, define T;,: Ag — By by
Tox=(1-a,)Tz+anq, z € Ay,

where {a,} is a sequence in (0,1) such that lim, .. a, = 0. Since By is a
g—starshaped set and T'(Ag) C By, we get T,,(Ap) C By.

Next, we will show that T, is proximal weak contraction for each n € N. Let x1,
To, U1, Uz € Ag be such that

(1) lur = Toar || = [Juz — Thaz|| = D(A, B).
Since Txq, Txo € By, there exist s1, so € Ag such that
[s1 = Ta1|| = ||s2 — Ta2| = D(A, B) .
By definition of T, we have
(2) l[s1 = s2ll < [loy — @2 + Lljwz — 51,
for some L > 0. Now we set
vy = (1 —an)s1 + app and vo = (1 — ay)s2 + app.
Since Ay is a p-starshaped set, then vy, vo € Ag. We note that
D(Ag, Bo) < |lv1 = T |
= |1 = an)vr + anp — (1 — an)Tz1 — anq||
< (1 —an)ls1 = T2l + anllp — 4l
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= D(Ao, Bo).
Therefore ||vy — Thz1|| = D(Ap, By). Since (B, A) is a semi-sharp proximinal pair
and equation , this implies v; = u;. Using the same method, we get ve = us.
By proximal Berinde nonexpansiveness and , we have

lur — uzll = [lvr — v2|

=11 = )51 — )|

< (1= an)ller — 22| + (1 = an)Lf|lz2 — s1[ -
Thus for each n, T, is proximal weak contraction with k, = 1 — a,, and L], =
(1 - an)L. By Theorem T, has a best proximity point =} € Ay such that
(3) |27, — Ty, || = D(Ao, Bo)
Since Ap is compact and {z%} is a sequence in Aj, without loss of generality, we
assume that, there exist 2* € Ay such that =}, — 2.

Next, let us show that z* is a best proximity point of T". Since Tz}, € By for
any n, there exist x/, € Ay such that

(4) [y, — Ty, || = D(A, B) .
From
D(Ag, Bo) < [|(1 = an)a;, + anp — Tpj||
= ||[(1 — an)z), + anp — (1 — an) Tz} — anq|]
< (1= ap)llz;, = Taj|| + anllp — 4|
= D(Ao, By) ,
which implies
(5) 11 = an)ay, + anp — Tozy|| = D(A, B).
Since (B, A) is a semi-sharp proximinal pair, we obtain by and that
2y, = (1= an);, + anp,
which implies

| = an|lz), —p|| = 0as n— oo (because a, — 0).

7, — 2|

That is lim,— o 2], = lim, o 2 = z*. As we know T'(z*) € By, so there exists
u € Ag such that
(6) |lu—Tz*|| = D(A, B).

By {) and (6)), we get

[y, = wll < o, — ™[l + Llj2" = az ||,
which implies ||z}, —u|| — 0 as n — oco. Thus u = z* and then z* is a best proximity
point of T (I

It is clear that if a pair (A, B) has the weak P-property, then (B, A) is a
semi-sharp proximinal pair. So we have the following result.
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Corollary 3.5. Let X be a Banach space, (A, B) be a pair of nonempty, closed
subsets of X such that A is a p-starshaped set, B is a q-starshaped set, and
lp — qll = D(A, B). Assume Aq is compact, (A, B) have the weak P-property.
Suppose that T: A — B satisfies the following conditions:

(1) T is a proximal Berinde nonexpansive,
(2) T(Ao) € Bo.
Then there exists ©* in Ag such that
|l* = Tz*|| = D(A, B).
The following results are directly obtained by Theorem [3.4]
Corollary 3.6 ([4]). Let X be a Banach space, (A, B) be a pair of nonempty,
closed subsets of X such that Ag is a p-starshaped set, B is a q-starshaped set, and

llp = qll = D(A, B). Assume A is compact, (B, A) is a semi-sharp proxziminal pair.
Suppose that T: A — B satisfies the following conditions:

(1) T is a prozimal nonexpansive,
(2) T(Ao) C Bo.
Then there exists x* in Ag such that
|l* = Tz*|| = D(A, B).
Corollary 3.7. Let X be a Banach space, A be a nonempty compact subsets of

X such that A is a p-starshaped set. Suppose T: A — A is Berinde nonexpansive.
Then there exists ©* in A such that z* = Tx*.

Example 3.8. Let X = R? with ||(z,)| = |z| + |y,
A={(z,0):z€[0,2]},

By ={(z,y):y—x=1,2 € [-1,0)},

By ={(z,1) : 2 € [0, %]},

B = B; U By,
and let T: A — B be defined by
(x2,12, ] if xE[O,%],
T(r.0) (—:7,—%“), if xe(%,%},
(=5,1), it ze(d.3)
(-2+2,1), if zel3,2].

We see that the following properties are satisfied:
(1) Ais a convex set, B is not convex set but it is a (0, 1)-starshaped set,
(2) Ap is a compact set,

(3) Ao C A, By = B and T(Ap) C By,

(4)

4) (B, A) is a semi-sharp proximinal pair, (A, B) is not a semi-sharp proximinal

pair because ||(0,0) — (=1,0)[| = D(A4, B) = [|(0,0) — (0, 1)|[ but (-1,0) #
(0,1).
(5) (0,0) and (1,0) are best proximity points of T.
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We can conclude that T is a proximal Berinde nonexpansive mapping with
L = 1 Tt is easy to see that T is not proximal nonexpansive mapping because when

3 .
z1=(2,0), 22 = (3,0), we get uy = (2,0),uz = (1£,0) and |ju; —us|| = & > 1 =
|21 — x2||. We also note that if 21 = (2,0),z2 = (2,0), then u; = (2,0),us = (0,0).
So we have |lzz — u1]| = 0 and |luy — ug|| = 3 = ||z1 — x2||. Which implies that T

is not proximal weak contraction.
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