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Invariant symbolic calculus for semidirect products

BENJAMIN CAHEN

To the memory of my father, Alfred Cahen

Abstract. Let G be the semidirect product V' x K where K is a connected semi-
simple non-compact Lie group acting linearly on a finite-dimensional real vector
space V. Let 7 be a unitary irreducible representation of G which is associated
by the Kirillov-Kostant method of orbits with a coadjoint orbit of G whose little
group is a maximal compact subgroup of K. We construct an invariant sym-
bolic calculus for 7w, under some technical hypothesis. We give some examples
including the Poincaré group.

Keywords: semidirect products; invariant symbolic calculus; coadjoint orbit; uni-
tary representation; Berezin quantization; Weyl quantization; Poincaré group

Classification: 81510, 22E46, 22E45, 22D30, 81R05

1. Introduction

In the context of covariant quantization, an important tool is the notion of
invariant symbolic calculus, see [1], [3]. Various invariant symbolic calculi were
introduced and intensively studied, in particular

(1) the Berezin symbolic calculus, see [6], [7];
(2) the Weyl calculus for symmetric domains, see [29], [2];
(3) the Stratonovich-Weyl correspondence, see [27], [30], [16], [18], [8], [15].

The following definition is adapted from [3] and [18].

Definition 1.1 ([18]). Let G be a Lie group and 7 a unitary representation of
G on a Hilbert space H. Let M be a homogeneous G-space and p a (suitably
normalized) G-invariant measure on M. Then an invariant symbolic calculus for
the triple (G, 7, M) is a linear map S from a vector space of operators on H to
a vector space of (generalized) functions on M satisfying the following properties:

(1) S is one-to-one;

(2) reality: the function S(A*) is the complex conjugate of S(A);

(3) invariance: we have S(7(g)Am(g)~1)(z) = S(A)(g~12).

If, moreover, S is unitary in the sense that we have

y S(A)(x)S(B)(z)du(x) = Tr(AB)
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for each Hilbert-Schmidt operators A and B in the domain of S, then S is called
a Stratonovich-Weyl correspondence, see [18].

Note that, in Definition 1.1, M is generally taken to be a coadjoint orbit
of G which is associated with 7w by the Kirillov-Kostant method of orbits, see
[21], [22]. A simple illustration is given by the case when G is the (2n + 1)-
dimensional Heisenberg group. Each non-degenerate coadjoint orbit M of G is
diffeomorphic to R?" and is associated with a unitary irreducible representation
7 of G on L?(R™). In this case, the classical Weyl correspondence provides an
invariant symbolic calculus for the triple (G, 7, M) (which is also a Stratonovich-
Weyl correspondence) [17], [18].

More sophisticated examples, involving some generalized Weyl correspon-
dences, can be found in [3] and [29]. On the other hand, the Berezin calculus
on integral coadjoint orbits is, in general, an invariant symbolic calculus, see [25],
[4], and [12].

Most of the results on invariant symbolic calculi concern semisimple Lie groups.
For semidirect products, the more remarkable result is the construction of a Strato-
novich-Weyl correspondence for the unitary irreducible representations of the
Poincaré group R* x SO (3,1) corresponding to the massive particules with spin,
see [16]. Moreover, in paper in preparation, we extended this construction to
unitary irreducible representations of G = R"*! x SOg(n,1) whose associated
coadjoint orbits have little group SO(n).

Here we consider the case when G := V x K where K is a non-compact semi-
simple Lie group acting linearly on a finite-dimensional real vector space V and
7 is a unitary irreducible representation of G associated with a coadjoint orbit O
of G whose little group Kj is a maximal compact subgroup of K.

This is the direct generalization of the massive coadjoint orbits (and represen-
tations) of the Poincaré group, see [23], Chapter IV, Section 3, [26], Chapter 8.

In the present paper, we aim to combine some ideas from [16], [10], [5], in order
to get an invariant symbolic calculus for (G, , O).

Let us briefly describe the method we use here. Let g, £ and € be the Lie
algebras of G, K and K. Consider the Cartan decomposition £ = ¢x@p. Then we
can realize 7 on a Hilbert space H of square-integrable functions on p. Moreover,
O is diffeomorphic to p? x o where o is a coadjoint orbit of Ky, see [10]. Thus
we fix £y € O and we choose a suitable operator £2(£y) on H which, in particular,
commutes to 7(g) for each g in the stabilizer of & in G. As pointed out in [5],
this choice is crucial for the success of the method. Hence we define a quantizer
Q: O — End(H) by

Qg - &) = 7(9)Qé0)m(9) "}
for each g € G and a symbolic calculus & by the formula
S(A)(§) = Tr(AQ(¢))

for A operator on H and £ € O.



Invariant symbolic calculus for semidirect products 255

Then S is clearly invariant and, at this step, the main difficulty is to prove
that S is injective (on a suitable space of operators on #), since the explicit
computations of [16] cannot be performed in our general situation.

This paper is organized as follows. Section 2 contains some generalities on
semidirect products. In Section 3, we introduce the unitary irreducible represen-
tations of GG and the corresponding coadjoint orbits. In Section 4, we recall the
construction of the Berezin calculus for a unitary irreducible representation of Kj.
The quantizer € is introduced in Section 5. In Section 6, the invariant symbolic
calculus S for 7 is defined and we prove that it is injective. In Section 7, we
discuss the problem of extending S to operators which are not Hilbert-Schmidst.
Finally, in Section 8, we consider two examples: the (generalized) Poincaré group
and the group su(n,1) x SU(n,1).

2. Preliminaries

The material of this section and of the next section is essentially taken from [24],
see also [10].

We consider a connected, non-compact, semisimple real Lie group K with finite
center. Let ¢ be the Lie algebra of K. For k € K and f € ", we denote by k- f
the coadjoint action of k£ on f.

We assume that K acts linearly on a finite-dimensional real vector space V,
and for k in K and v in V', we denote by k- v the action of & on v. We also denote
by (k,p) — k- p the contragredient action of K on V*. Let (A,v) — A-v and
(A,p) = A - p be the corresponding representations of £ on V' and V*. For each
vin V and p in V* we define v Ap € € by (v Ap,A) = (p,A-v) = —(A-p,v) for
A € t. Note that we have

k-(vAp)=k-vAk-p

foreach ke K,veV and p e V*.
We can form the semidirect product G =V x K. The multiplication of G is

(v, k)W k) = (v+ k- kK

for each v,v" in V and k, k' in K. The Lie algebra g of G is the vector space V x £
equipped with the Lie bracket

[(aa A)ﬂ (ala AI)] - (A o — A a, [Aﬂ Al])

for each a,a’ in V and A, A’ in &
Then g* can be identified with V* x £*. The coadjoint action of G on g* is thus
given by

(v,k)~(p,f):(k~p,k~f+v/\k~p)

for each (v,k) € G and (p, f) € g*. We can also identify K-equivariantly £ to its
dual € by using the Killing form of £. Hence g* can be identified with V* x ¢.
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Let us consider the orbit O(&y) of the element & = (po, fo) of g* ~ V* x ¢
under the coadjoint action of G' on g*. Henceforth we assume that the little group
Ko={k e K:k-py = po} is a maximal compact subgroup of K. Then K is
a connected reductive subgroup of K, see [19], and denoting by &, the Lie algebra
of Ky, we have the Cartan decomposition £ = £, & p where p is the orthogonal
complement of €& in €. Moreover, we can verify that p = {v Apg: v € V}, see
[10] and [24], Lemma 1. From this, we see that, without loss of generality, we can
assume that & = (po, o) with o € €. We denote by o(pg) C £ the orbit of
wo € to ~ € under the (co)adjoint action of Kj.

Let Z(po) be the orbit of py under the action of K on V*. By [19], Chapter VI,
Theorem 1.1, the map e: T' — exp Tpy is a diffeomorphism from p onto Z(pg). For
p € Z(po) we denote by M (p) the unique element of exp p such that M (p)-po = p.
Consequently, if p = e(T') then M (p) =expT.

Let Vp be a complement of {v € V: v Apg =0} in V. Then we have dim V) =
dimp.

In Section 6, for some technical reasons we shall need to assume that the map

7T = (e(T) = e(=T))lvo

is a diffeomorphism from p onto V. This assumption is satisfied, for example,
in the case of the massive coadjoint orbits of the Poincaré group, see Section 8.
However, it seems to be difficult to characterize precisely the orbits for which this
condition is fulfilled.

Let n be the dimension of p. We know that the restriction to p of the Killing
form (-,-) of ¢ is positive definite, see [19]. We fix an orthonormal basis (E1,
Es, ..., E,) for p and we denote by (t1,t2,...,t,) the coordinates of T' € p in this
basis.

Let dT = dt1dt, ... dt,, be the Lebesgue measure on p. Then, the K-invariant
measure dy on Z(po) is given by dp = e*(6(T)dT’) where §(T') := Det (s2badZ |
see [19].

Let us denote by dv a Lebesgue measure on V. Also, let v be an invariant
measure on o(pg). We fix a section (defined on a dense open subset of o(y¢g))
¢ — hy, for the action of Ky on o(gg). Such a section always exists, see [13]. The
following proposition can be proved easily.

Proposition 2.1. Let U be the map from Z(pg) x Vo X o(po) to g* defined by

\Ij(q’va 50) = (an(Q) ! (90 +v ApO))

Then we have

(1) ¥ is a diffeomorphism from Z(pg) x Vi x o(pg) onto O(&);

(2) the image by ¥ of the measure du(p)dvdv(p) on Z(po) x Vo X o(pg) is an
invariant measure po on O(&o);

(3) the map £ = ¥(q,v,p) = g¢ :== (M(q) - v,M(q) - hy) is a section for the
action of G on O(&), that is, we have g¢ - §o = & for each & € O(&o).
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3. Representations

The material of this section is essentially taken from [10].

Henceforth we assume that o(pg) is associated with the unitary irreducible
representation (o, F) of Ky as in [33], Section 4. Let us describe this correspon-
dence. Let H be a maximal torus of Ky with Lie algebra h. We fix an ordering
on the root system A(g¢, h¢). Now, let A € (ih)* be the highest weight of (o, E).
Then we define ¢y € €5 by ¢o(X) = —iA(X) for X € h and ¢o(X) = 0 for X
in the orthogonal complement of h in €, with respect to the Killing form of &.
The orbit of g under the coadjoint action of Kj is said to be associated with the
representation (o, E).

It is well-known that O(&) is integral since o(pp) is assumed to be integral,
see [24]. Then O(&p) is associated with the unitarily induced representation

T = Ind‘C}'NK0 (e¥Po) @ o).

By a result of G. Mackey, 7 is irreducible since p is [28].

The representation 7 is usually realized on the Hilbert space L?(Z(po), F)
which is the completion of the space of compactly supported smooth functions
¥: Z(po) — E with respect to the norm defined by

)2 = / WL EE)s )

Specifically, for each (v, k) € G the action of the operator (v, k) is given by

(w0, kY (p) = P o(M(p) ™ kM (k" - p)) (k" - p).

However, it is convenient to realize m on the Hilbert space H = L?(p, E)
defined as the completion of the space C§°(p, E) of compactly supported smooth
functions ¢: p — E with respect to the norm given by

]2 = /p (é(T), $(T)) dT.

Then we introduce the unitary operator ¢ — 9 from H to L?(Z(po), E) defined
by ¥(e(T)) = 5(T)1/2¢)(T). Let us denote by k - T' the action of K on p which
corresponds to the action of K on Z(pg), that is, we have e(k-T) = k - e(T) for
k € K and T € p. Thus we obtain

(7(v, k)@)(T) = (% ) D oA (1) KM (T ok - T)

for each (v,k) € G.
We recall now the explicit expression for the differential dr of 7 given in [10].
We need some additional notation. First, we can differentiate the action of K on
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p and define for A€ tand T € p,

d
A-T:= E(exptA) 'T‘t:O'
Furthermore, for p € Z(py) and A € ¢ we set

_d
ot

Let pg, and p, be the projections of £ onto £ and p associated with the direct
decomposition € = £y, @ p.

L(p, A) (M (p)~" exp(tA)M (exp(—tA) - p))|i=o-

Lemma 3.1 ([10]). (1) For A€ t and T € p we have

adT
tanhad T Py

(2) Forp=e(T) € Z(po) and A € t we have

A-T=—adTpy(A) + (A).

1
L(p, A) = pe,(A) — tanh(§ ad T)pp (A).
(3) For Ac t and T € p we have
d
gé(exp(tA) . T)}t:O: O0(T) Try(v(adT) adpy(A))
where the function +y is defined by v(z) = (z cosh z — sinh z)/(z sinh 2) if
z # 0 and by v(0) = 0.

From this lemma, we deduce the following expression of dr.

Proposition 3.2 ([10]). For each (w, A) € g and ¢ € Cy(p, E), we have
(dr(w, A)O)(T) = i{e(T), w)o(T) + do(pe, (4) — tanh (3 ad T)py(4) ) o(T)

dT
+ do(T) (ad Tpe, (4) = ———py(4))

+ % Trp (’y(T) adpp (A)) ¢(T)

4. Berezin calculus on o(pg)

Here we recall the Berezin correspondence associated with o, see for instance
(6], [7], [4], [33] and [11].

Without loss of generality, we can assume that E is a space of holomorphic
sections of a complex line bundle over o(pg), see [32]. Let ¢ € o(pp). For each
@ # 0 in the fiber over ¢, there exists a unique section ez € E (a coherent
state) such that a(yp) = (a,eg) @ for each a € V. The Berezin calculus on o(yo)
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associates with each operator B on V' the complex-valued function s(B) on o(go)
defined by
Beg,es)p
(B)(p) = Deercel
(ez,€5)E
which is called the symbol of B. We denote by Sy(o(¢g)) the space of all such

symbols.
In the following proposition, we recall some properties of s, see [25], [4] and [11].

Proposition 4.1. (1) The map B — s(B) from End(E) onto Sy(o(po)) is
a linear isomorphism.
(2) For each operator B on E, we have s(B*) = s(B).
(3) For each ¢ € o(yy), h € Ky and B € End(E), we have

s(B)(h - ¢) = s(o(h)Bo(h)™")(p).
(4) For each U € ¢y and ¢ € o(pg), we have s(do(U))(p) = i{p,U).

For each ¢ € o(¢p), we denote by P(¢) the orthogonal projection operator of
E on the line generated by eg.

Proposition 4.2 ([6]). For each operator B on E and each ¢ € o(yg), we have
s(B)(¢) = Tr(BP(p)).

In the terminology of [18] and [5], the map ¢ — P(yp) is called the quantizer
associated with s and the properties of s are reflected by similar properties of this
quantizer. In particular, the invariance property of s corresponds to the fact that
for each h € K¢ and ¢ € o(ypp), we have

(4.1) P(h- @) = o(h)P(p)o(h)~".

5. The quantizer for 7

In this section, we introduce a quantizer €2 which will give an invariant symbol
calculus for 7 in the next section. In order to motivate our choice for Q(&), we
will make a little digression about the classical Weyl correspondence based on
[17], [18], and [14].

The Weyl correspondence W, on R?" is defined as follows. For each f €
L2(R?™), let Wo(f) be the operator on L?*(R") given by

; 1
el<y’z>f<z + -y, z)qﬁ(z +y)dydz.

Wale)e) = 2m) ™" [ ;

R2n

Now, let Gy be the Heisenberg group of dimension 2n+1. We write the elements
of Gy as [a, b, c] with a,b € R™ and ¢ € R. The multiplication of Gy is given by

1
[a,b,d] - [d, ¥, ¢] = [a+a',b+b',c+c'+ S () = (@.b).
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Then Gy acts on R?" by

g(paq):(p+aaq+b)a g:[a,b,C]EGO-
Also, let o be the unitary representation of Gy on L?(R™) defined by
. 1
(0(9)9)(@) = exp (i(c = (b,2) + 5

for g = [a,b, ] € Go.

Consider the parity operator Ry on R™ defined by Ro¢(z) = 2"¢(—x) and note
that Rg commute with o(g) for each g = [0,0,¢] in the center of Gy. Then, for
each g = [a, b, c] € Gy, we can define R(g-(0,0)) = o(g)Roo(g)~*. More precisely,
for each (a,b) € R?", ¢ € L?>(R") and = € R", we have

(R(a,b)p)(x) = 2" exp(2i(b,a — x))p(2a — x).

Proposition 5.1 ([18]). (1) For each g € Go and each Hilbert-Schmidt op-
erator A on L?(R™), we have

Wy Ho(g9)Aa(g) ) (@, y) = Wy H(A) (g™ (2,1)).

(2) For each trace class operator A on L?(R") and each (z,y) € R*", we have

(@,5)) )o(@ - a)

Tr(AR(z,y)) = Wy (A) (2, ).

This implies that W, 1is a Stratonovich-Weyl correspondence for (Go, o, R?™)
with quantizer R.

Now, we return to the construction of the quantizer for 7. We begin with the
following lemma which is easy but useful.

Lemma 5.2. Let Q(&) be an operator on H. For each £ € O(&), let

(5.1) Q(€) = m(ge)U&o)m(ge)
Then we have that
Qg - &) = m(g)E)m(g) "

for each g € G and £ € O(&), if and only if Q(&) commute with the operator
7(g) for each g in the stabilizer G(&y) of & in G.

In the following lemma, we collect some easy facts.

Lemma 5.3. (1) For each k € Koy and p € Z(py), we have M(k - p) =
kM (p)k 1.
(2) Foreachk € Ko and T € p, we have k- T = Ad(k)T.
(3) For each T € p, we have M (e(—T)) = M(e(T))~ .

Now we define Q(&) from Ry and P (see Section 4) as follows. We take
(2(60)9)(T) = 2" P(p0)¢(=T)
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for each ¢ € H and T € p. Then we can easily verify that G(&y) consists of
all elements (v, k) such that v A pp = 0 and k lies in the stabilizer of ¢g in Kj.
Moreover, by using Lemma 5.3, we see that for each g € G(&)), 7(g) commute
with Q(&p). Hence Lemma 5.2 can be applied.

For each k € K and T € p we set

r(k,T) := o(M(e(T)) *kM (k™" - e(T))).

Proposition 5.4. (1) Let (v,k) € G and £ = (v,k)-&. Then for eachp € H
and T € p we have

(Q&P)(T) = 2”(%)1/261'(6(T)—6(k(—k1~T)),v>
x r(k, T)P(po)r(k™", =k~ T)p(k - (—k~" - T)).

(2) Let (p,v,¢) € Z(po) x Vo X o(po) and set & :== ¥(p,v, ) and h := M (p).
Then for each ¥ € H and T € p we have

5(T) 12 oty 1
QO T) = 97 i(e(h™"T)—e(—h~"-T),v)
@) = 2" (55 Sry) €

% r(h TYP(@)r(h Y~ - T) (- (—h~" - T)).
PROOF: (1) follows from a simple but tedious calculation based on equation (5.1).

Moreover, taking Proposition 2.1 and equation (4.1) into account, (2) follows from
(1) and equation (5.1). O

6. Invariant symbolic calculus for 7

We aim to prove that the quantizer €) introduced in the preceding section gives
an invariant symbolic calculus for w. To simplify writing of equations, for each

(p,’U,CP) € Z(pO) X Vb X 0(500) and g = \I/(p,’l), 50) we set

. on 5(T) 1/2 (e P LTy —e(— P LTy
56D =2 (g Cagyrmy) T
x (M (p), T)P(e)r(M(p)~", —M(p)~" - T).

For k € K, we also denote by s; the map from p to p defined by s, (T) =
k-(—k='-T). Note that we have sj o s, = id, for each k € K. Then for each
¢ € H and T € p we can write

(6.1) ((&))T) = B(E, T)d(sn1(p) (T))-

Now, for each trace class operator A on H we define

S(A)(E) = Tr(AQ())

and we aim to prove that S is an invariant symbolic calculus.
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For each trace class operator A on H, let us denote by ka: p? — End(V) the
kernel of A, that is, for each ¢ € H and T' € p we have

(AQ)(T) = / kA (T, $)6(S) dS.

p
The following lemma is well-known, see for instance [21], page 342.

Lemma 6.1. (1) Let A and B be two Hilbert-Schmidt operators on H. Then
the kernel of AB is given by

kan(T,S) = / ka(T, 2)ks(2, S) dZ.
p

(2) Let A be a trace-class operator on H. Then the function T — ka(T,T)
is integrable on p and we have

Tr(A) = / ka(T,T)dT.
p

Proposition 6.2. Let A be a trace class operator on H. Let £ = ¥(p, v, p) where
(p,v, ) € Z(po) x Vo x o(wg). Then we have

S(A)(E) =2 /p T =)0 Ty (k\ (M(p) - (~T), M(p) - T)
% r(M(p), M(p) - T)P(£)r(M(p) ", ~T))
5(T)

X 500G) - DM () - (e 4

PROOF: Let A be a trace class operator on H and £ = ¥(p,v,¢). Then for each
¢ € Hand T € p we have

(AQ(€)9)(T) = / ka (T, S)(Q€)$)(S) dS

p

_ / ka(T, S)B(&, 8)d(sr1(p) (S)) dS

p

= [ Al st (DA€ 11 (5))018) 57 a5

(s01(p) (9))

by the change of variables S — sy, (S) and K-invariance of 4(S)dS.
This shows that AQ(§) has kernel

5(5)

kaae) (T, S) = ka(T, spr() (S))B(E, SM<p>(5))m'
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Now, applying Lemma 6.1, we get

S(A)(©) :/pTr(kA(T’ su(p) (1)) B(E, sm(p) (T)))5 o(T) dr

5 (T))
:/Tr(kA(S]\/I(p)(T),T)ﬂ(g’T))dT'

p
The desired result is then obtained by replacing §(¢,T) by its expression and
by performing the change of variables T'— M (p) - T. O

Let p1: K — expp and po2: K — Ky be the projections associated with the
Cartan decomposition K = (exp p)Ky. We need the following lemma.

Lemma 6.3. The map j: (t,s) — (pi(st),p1(st™1)) is a C*-diffeomorphism of
(expp)?. The inverse diffeomorphism j~! is given by

i (u,0) = (p2(vp1(vflu)1/2)p1 (v u)2pa(vps (Uﬁlu)l/Q)fl,pl(Upl(vflu)lp))-

PROOF: Let (t,s) € (expp)? and u = pi(st), v = p1(st~1). Then we can write
st = uh, and st—! = vh’ with h,h’ € K. From this, we deduce that t*> =
h'~'v~luh and, writing also v™'u = wa with w € expp and a € Kj, we get
t2 = (W~twh’)(h'~tah) which in turn implies that ¢* = h'~twh’ and h'~tah = e
(the identity element of K) or, equivalently, ¢ = h'~'w'/2h’ and ' = ah.

Thus, substituting ¢ and A’ in the equality st™' = vh/, we find that s =
vw'/?ah. This gives on the one hand that s = p;(vw'/?) and on the other hand
that h = a~'pa(vw!/?)~! and

t = B w2 = htatw 2ah :pg(vwl/Q)wl/ng(vwl/Q)*l.

This shows that j: (expp)? — (expp)? is a bijection and gives the explicit
expression of j7!. Moreover, since the multiplication map expp x Ky — K is
a C'-diffeomorphism, we see that p; and py are C'-functions and consequently,

that j and j~' are also C'-functions, hence the result. O

Now, we can remark that the expression of S(A)(§) given in Proposition 6.2
can be interpreted as the Fourier transform evaluated at v of some function of T
Then, in order to prove that & is injective by using Fourier inversion, we are led
to introduce the assumption that the map v: T — (e(T) — e(=T))|v, is a diffeo-
morphism from p onto V", as announced in Section 2.

Proposition 6.4. For each trace-class operator A on H, we have S(A) = 0 if
and only if A = 0.

PROOF: Let A be a trace-class operator A on H such that S(A4)(§) = 0 for each
¢ € O(&). By performing the change of variables ¢ = ~(T) in the integral
expression for S(A)(§) of Proposition 6.2 and by applying Fourier inversion we
get

Tr (ka(M(p) - (=T), M(p) - T)r(M(p), M(p) - T)P()r(M(p)~", =T)) = 0
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for each p € Z(pg), T € p and ¢ € o(pp). Consequently, the Berezin symbol of
the operator

r(M(p)~t, =T)ka(M(p) - (=T), M(p) - T)r(M (p), M (p) - T)
is zero hence the operator is zero and we obtain
ka(M(p) - (=T),M(p)-T) =0

for each p € Z(pp) and each T € p.
Applying Lemma 6.3, we can conclude that k4 = 0 hence A = 0. O

Proposition 6.5. The map S defined on trace-class operators on ‘H is an invari-
ant symbolic calculus.

PrROOF: S is invariant by construction and also injective. We have just to verify
that for each trace-class operator A on H we have S(4*) = S(A). But, for each
trace-class operator A on H we have

S(A7)(E) = Tr(A™Q(E)) = Tr(§A)" = Tr(EA = S(A)(§)-

The result hence follows. (I

7. Extension of the invariant symbolic calculus

Here we aim to extend S to operators on H which are not of trace-class. Our
method is based on the Berezin-Weyl calculus on p? x o(pg) obtained by combining
the Berezin calculus s with the usual Weyl correspondence Wy on p? ~ R?". Let
us recall the definition of the Berezin-Weyl calculus, see [10].

We say that a smooth function f: (T,S,¢) — f(T,S, ) is a symbol on p? x
o(pp) if for each (T,S) € p? the function ¢ — f(T,S, ) is the symbol in the
Berezin calculus on o(pg) of an operator f(T, S) on E. Moreover, a symbol f on
p? x o(po) is called an S-symbol if the function f belongs to the Schwartz space
of rapidly decreasing smooth functions on p? with values in End(E).

For any S-symbol f on p? x o(py) we define the operator W(f) on H by the
equation

WD) = @) " [ AT+ 35 2)0(r + )50

for each ¢ € C3°(p, E).

The Berezin-Weyl calculus can be extended to much larger classes of sym-
bols [20], in particular to polynomial symbols. We say that a symbol f on
p2 X o(pg) is a P-symbol if the function f(T,S) is polynomial in S. Let f be
the P-symbol defined by f(7,S,¢) = u(T)S* where u € C*(p, E) and with the
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usual notation S¢ := s*1s*2 ... 5% for each multi-index a = (a1, ,..., ).
Then, by [31], we have

WD) = (i) (u(T+ 38) (T + 9))|

In particular, if f(7T, 5, ¢)=u(T) then W(f)d)(T)=u(T)p(T) and if f(T, S, ¢)=
u(T)sy then

5=0

W) = i (G2eu(T)O(T) + u(T)0ko(T))

where 0; denotes the partial derivative with respect to the variable tj.
From this, we can deduce the following result.

Proposition 7.1 ([10]). For each X = (w, A) € g, the Berezin-Weyl symbol of
the operator —idm(X) is the P-symbol fx on p? x o(pg) given by

fx(T,S,0) = (e(T), w) + (¢, L(e(T), A)) + (A- T, ).

Let us introduce some additional notation. We have H = L?*(p) ® E. For
each ¢g € L?(p) and each v € E we denote by ¢y @ v the function x — ¢o(z)v.
Moreover, if Ag is an operator on L?(p) and A; is an operator on E then we
denote by Ay ® A; the operator on H defined by (Ag® A1) (o @v) = Agdo @ Ajv.

Also, if f; is a complex valued function on R?” and f; a complex valued function
on o), we denote by fo ® f1 the function on p? x o(pg) defined by

(fo ® f)(T, S, ¢) = fo(T, ) fr()

for T, S € p and ¢ € o(py).
Note that if f is a function on p? x o(pg) of the form f = fo ® fi with
f1 € Sy(o(vo)) (see Section 4) then it is clear that we have

W(f) =Wol(fo) @ s~ (f1).

As in Section 5, we denote by Ry the parity operator on L?(p) defined by
(Ro¢o)(T) = 2"¢o(=T).

Now, let Ag be a trace class operator on L?(p) and A; an operator on E. Let
A=Ay ® Ay. The we have

S(A)(&) = Tr(AQ(&)) = Tr(AoRo ® A1P(po)) = Tr(AgRo) Tr(A1P(¢0))
= W5 '(A0)(0,0)s(A1)(00) = W™ (A)(0,0, @o).

In other words, S and W~! coincide at base points. This naturally suggests
to extend S to differential operators on H by using the fact that W' can be
extended to differential operators and the invariance property. More precisely, we
set

S(A)(€) =W (r(ge) Am(ge))(0,0, o)
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for each operator A on H such that W (r(g)An(g)~!) is well-defined for each
g € G. In the rest of this section, we give some simple examples of operators A
such that S(A) can be defined by this way.

Proposition 7.2. For each X1,Xo,...,X, € g, S(dn(X1X2---X,)) is well-
defined.

PROOF: Let X1, Xo,...,X, € g. Let £ € O(&). Let Yy := Ad(ge) 1 Xy for
k=1,2,...,p. Then we have
m(ge) tdm(X 1 Xa - Xp)7(ge) = dn(YiYa - -+ Yy).

By induction from Proposition 3.2, we see that dm(Y1Y2---Y,) is a sum of
operators of the form Ag ® A; where Ag is a differential operator on p with
polynomial coefficients and A; an operator on E. Then S(dm(Y1Ys---Y},)) (&) is
well-defined hence S(dn (X1 X2 -+ Xp)) is. O

Let us remark that it is not clear whether this extension of S is still injective,
even on the class of operators on H considered in the preceding proposition.
However, we can compute S(dn(X)) for X € g.

Proposition 7.3. For each X € g and & € O(&) we have S(dn(X))(&) = i{¢, X).
ProOOF: Let X = (w,U) € g. By Proposition 7.1, we have
S(dm(X))(&) = W (dm(X))(0,0, o)
= i<p0’ ’LU> + i<900)p80 (U)>
= Z<§0aX>

Hence, for each & € O(&) we have

S(dn(X))(€) = S(dm(X))(ge - &) = S(dm(Ad(gg ") X)(&o)

8. Examples

8.1 The Poincaré group. Here we take V = R""! and K = SOy(n,1), the
identity component of SO(n,1). Then G is the (generalized) Poincaré group. In
this case, the Berezin-Weyl calculus W was investigated in [9] and [10]. The usual
Poincaré group corresponds to the case n = 3.

We recall that SO(n, 1) is the group of all real (n + 1) x (n + 1) matrices of
determinant 1 leaving invariant the bilinear form on V defined by

n
(p.p) = <Z pz-pé) + Pnt1 Ppga-

k=1
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We can identify V* to V' by using this bilinear form.

Denoting by (e1, €, ..., e,11) the standard basis of R* 1, we take py = me, 11
where m > 0. Then Ky is the subgroup of K consisting of all matrices of the
form ( 0 ) for kg € SO(n,R) and the orbit Z(pg) is the sheet of the hyperboloid
(p,p) = 2 defined by p,41 > 0. On the other hand, p consists of all matrices of
the form (b Y ) for b € R™.

Also, we can take Vj to be the space generated by e, ea,...,e, since {v € V:
v A pg = 0} is here the line generated by e,11.

We can verify that for each T' = (0 b ) € p we have

e(T) =

m(sinh|b|b sinh |b|

b, cosh |b] ).
e o)

Then, identifying V;* with V by using the restriction of (-, -) to Vo, we can write

Hence 7 is clearly a diffeomorphism p — V5 whose inverse is given by p = T' =
(9 0) with by = Smhl | ply for k = 1,2,...,n. Consequently, we see that the
hypothesis of Section 2 is satisfied and then our method applies in this case.

In fact, we can also obtain a Stratonovich-Weyl correspondence for = by mod-
ifying suitably €. However, this needs precise computations of some Jacobians
which are difficult to perform in the general situation considered in the present

paper.

8.2 The group su(n,1) x SU(n,1). Let K = SU(n,1) and V = ¢ = su(n, 1),
the action of K on V being the adjoint action. Then we can identify V* to V' by
using the bilinear form on V defined by (X,Y) = n+1 Tr(XY).

We take pg = im (7" [ L) with m 75 0. Then Ky = S(U(n) x U(1)) and p
consists of all matrices of the form ( : % ) with b € C".

A simple calculation shows that for each T' € p we have

h? b h |b| sinh |b
777/] ( +1)Sln 2| |b*b (n+1)COS | |Sln | |b*
o(T) = im cosh |b| L 1| "
—(n+ I)Tb (n+ 1) cosh? |b| — n

On the other hand, for each v € V and p € V* 2 V one has v A p = [v, p] and
then v A pg = 0 if and only if v € 3. Thus we can take V5 = p and we have

cosh |b] sinh |b|

0 2(n+1) b

cosh |b] sinh |b]
0]

v(T) =im
—2(n+1)
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Hence v is a diffeomorphism of p, the hypothesis of Section 2 is fulfilled here

and our construction of the invariant symbolic calculus also works in this case.
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