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Binary equality words with two b’s

STEPAN HoLUB, JIRf SYKORA

Abstract. Deciding whether a given word is an equality word of two nonperiodic
morphisms is also known as the dual Post correspondence problem. Although
the problem is decidable, there is no practical decision algorithm. Already in
the binary case, the classification is a large project dating back to 1980s. In this
paper we give a full classification of binary equality words in which one of the
letters has two occurrences.

Keywords: equality languages; dual Post correspondence problem; periodicity
forcing

Classification: 68R15

1. Introduction

Equality sets of morphisms have been of interest for over seventy years. In 1946,
E. L. Post published (see [19]) one of the most famous undecidable problems, which
is now known as the Post correspondence problem (PCP). In algebraic terms, we
ask whether there exists an equality word for two morphisms g and h. More
specifically, we have two morphisms g and h from {a1,as,...,an}* to X* and we
ask whether there exists a word w € {ay,as,...,an}’ such that g(w) = h(w).
While PCP is undecidable, its binary version, i.e. when N = 2, was proved to be
decidable, see [6] (complete proof in [10]), even in polynomial time, see [11]. This
naturally led to interest in binary equality sets — the sets of all equality words
for binary morphisms. They were first intensively studied in 1980 in [3], but the
classification remains incomplete even today. The cases when one or both of the
morphisms are periodic are relatively easy (see [14] and [7]). In case when both
of the morphisms are nonperiodic, their equality set is generated by at most two
words (see [13]). The equality sets with exactly two generators were described
in [12].

Therefore, it remains to consider situations when two nonperiodic morphisms
have an equality set generated by a single word. J. Hadravova and S. Holub exam-
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ined this situation thoroughly; their latest results were summarized in J. Hadra-
vova’s PhD thesis (see [8]). In [9], the authors proved that the equation z'y/2* =
uvIuF if § > 3 and i + k > 3 has only periodic solutions. That implies that the
word a*b?a® with j >3 and i+ k > 3 cannot be an equality word for nonperiodic
morphisms. They found a nonperiodic solution for j = 2 and 7 = k + 1, but also
conjectured that there are no nonperiodic solutions for j = 2 when |i — k| > 2.
In this paper, we show that their conjecture holds. Using this key result, we are
able to classify all binary equality words in which one of the letters occurs exactly
twice.

The paper is organized as follows. After Preliminaries, in Section 3, we give
a concise exposition of an important result about bi-infinite words, needed for
our results. Section 4 contains more specific auxiliary lemmas. Our main partial
classification theorem is stated and proved in Section 5. Using that theorem, we
are able to complete the classification of all binary equality words with two b’s in
Section 6.

2. Preliminaries

We use standard notation of combinatorics on words. Throughout the paper,
Y. will denote the binary alphabet {a, b}. Every nonempty word u has its (uniquely
determined) primitive root, denoted by p,, i.e. the shortest word v such that u = v*
for some i € N. A word that is equal to its primitive root is called primitive. It
is well known that two nonempty words u and v commute if and only if p, = p,.
We denote by |u| the length of u, i.e. its number of letters, and by |u|, the number
of letters a contained in u. Words u, v are conjugate if there exist words w; and
wy such that v = wywy and v = wow;. We denote by u <, v or u <; v the fact
that u is a prefix of v or a suffix of v, respectively. The maximal common prefix
and suffix of v and v are denoted by u A v and u A v, respectively. The symbol
u® denotes the (one-way) infinite word obtained by an infinite concatenation of
copies of u.

We say that a morphism g is periodic if there exists a word u such that g(v) € u*
for each v on which g is defined. Let g, h be two morphisms. A nonempty word
v such that g(v) = h(v) is called an equality word of g and h. We say that
v is a binary equality word if there exist two distinct nonperiodic morphisms g
and h defined on ¥* such that v is an equality word of g and h. The set of all
equality words of g and h is called their equality set and we denote it by Eq(g, h).
A word v € A* is periodicity forcing if the equality g(v) = h(v) is satisfied only
if both g and h are periodic or ¢ = h. Note the asymmetry between definitions
of periodicity forcing words and binary equality words which leaves aside words
that would force just one morphism to be periodic. In the binary case, however,
if g(w) = h(w), and just one of the morphisms is periodic, then w = a’ba’ (see
Lemma 7 or [12]), which also allows both morphisms to be nonperiodic. Therefore,
any binary word is either periodicity forcing or binary equality word.



Binary equality words with two b’s

It is well known that if two words satisfy a nontrivial relation, then they com-
mute. This fact actually holds also for the free group F(X) as follows.

Lemma 1. Let z,y C F(X). If x and y are not free generators of the subgroup
G = (z,y) of F(X), then x and y commute.

For the proof, cf. for example [2, Chapter III, Theorem 9].
Another important lemma is the following one. Its proof can be found in [20,
Chapter 6, Theorem 6.1].

Lemma 2 (Periodicity lemma). Let u and v be primitive words. If the words
u® and v* have a common factor of length at least |u|+ |v| — 1, then u and v are
conjugate.

Remark. Note that if v and v from the Periodicity lemma are prefix or suffix
comparable, then they are equal.

The following two lemmas describe well-known facts about primitive words (see
e.g. [16, Chapter 12, Proposition 12.1.3]):

Lemma 3. Let w € ¥* be a word. If w' = wwv for some i € N and some words
u,v € X*, then u = pJ, and v = p¥ for some j,k € Ny such that p/;/* = wi~1.

Lemma 4. Let w € ©* be a primitive word. If w' = uwv for some i € N and
some words u,v € ¥*, then v = w/ and v = w* for some j,k € Ny such that
j+k=i-1.

We also use two lemmas about the bound on the length of the maximal common
prefix (or suffix) of two different words from a binary code (cf. [20, Chapter 6,
Lemma 3.1]):

Lemma 5. Let X = {z,y} C ¥* and let o € 2 X*, € yX* be words such that
aA B> |z|+ |y|. Then x and y commute.

Lemma 6. Let X = {z,y} C ¥* and let o € X*x, 8 € X*y be words such that
aNs B> |z| + |y|. Then x and y commute.

Let X = {«,y}, where 2,y € ¥* and z and y do not commute. We say that
a word u € X* is X-primitive, if u = v" implies © = v for all v € X*. The
following lemma can be found in [9] as Lemma 9.

Lemma 7. Suppose that x,y € ¥* do not commute and let X = {x,y}. If there
is an X-primitive word o € X* and a word z € ¥* such that a = z* with 1 > 2,
then o = z*yz! or a = yFxy' for some k, | > 0.

It should be said that the previous result was first proved by J.-C. Spehner
in [21], and consecutively by E. Barbin-Le Rest and M. Le Rest in [1]. Note that
the famous result of Lyndon and Schiitzenberger (see [17]) is a consequence of the
previous lemma.

And finally, we need to formulate two well-known facts about conjugate words.
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Lemma 8. Let u and v be conjugate words. Then also p, and p, are conjugate.
In particular, if u is primitive, then v is primitive as well.

Lemma 9. Let x # ¢ # y and z be words satisfying zx = yz. Then there exist
words s,t such that s # ¢, z = (ts)t for some j > 0, st is the primitive root of x
and ts is the primitive root of y.

Note that the previous lemma implies that the words = and y are conjugate.
We say that they are conjugate by z. In this situation, we may assume that z is
shorter than z and y or, more precisely, there exists z’ shorter than x such that
2 =yz'.

3. Bi-infinite words

In the following section, we shall deal with bi-infinite words. The purpose is
to use Theorem 3.11 from [18] to prove a useful lemma about conjugate words.
This lemma plays a crucial role in the proof of our main theorem. The results
of this section, Theorem 10 and Lemma 11, are nice general statements from
combinatorics on words, which are probably not as well known as they would
deserve. Therefore, we include them with a short introduction, where we establish
proper notation and address some of the intricacies of bi-infinite words.

While the concept of bi-infinite words may seem natural, there arise certain
problems and ambiguities when we try to formalize it. Intuitively, a bi-infinite
word w over the alphabet ¥ is an infinite sequence (in both directions) of letters
from ¥. We usually write w = ... w_jwow; ..., where w; € ¥. Note that this bi-
infinite sequence represents a mapping w: Z — X. The words w and w’ defined
as w' (i) = w(i + k) for some k € Z are formally different, although they are
isomorphic as ordered sequences (of type Z). J. Maruch calls w and w’ two
representations of the same word. We respect the fact that they are formally
different and call them equivalent instead, and write w ~ w'.

Similar problems occur when one tries to define a factorization of a bi-infinite
word. A factorization F is an order preserving (injective) mapping F: Z — Z
satisfying F(0) < 0 and F(1) > 1. Note that a factorization is defined by its
range, in particular, unlike for words, we do not need any notion of equivalent
factorizations. Therefore, we can also see factorizations as subsets of Z that have
no lower nor upper bounds. A factorization applied to a bi-infinite word w is
a mapping F¥: Z — X1 where the words F¥ (i) are defined as follows:

Fw(—l) = Wp(—1)WF(—1)41 - - - WF(0)—1
FY(0) = wp@)Wr0)+1 - - - WF(1)—1

(1) =Wp1)WFA)+1 - - - WF(2)-15
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The set of all factors of w as factorized by F', i.e. the range of ' is denoted
by F“(Z). Let X = {a,3} be a binary set where a,3 € ¥t (this implies
a # B). A factorization F of a bi-infinite word w over ¥ is an X-factorization if
F“(Z)C X.

Conversely, when we have a bi-infinite sequence of words S: Z — ¥ we can
define its concatenation [[ S as a bi-infinite word w such that

S(0)15(0)3
w([S(0)]) = S(1)1;
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Note that for a bi-infinite word w, the word w’ = [[ F' may be different from w.
However, these two words are equivalent. Let (g, a1,...,a,—1) be a finite se-
quence of words. We denote by (ag, a1, ...,a,_1)% the bi-infinite sequence of
words S such that S(i) = @(; moa n) for every i € Z. For a single word, we use
simply o instead of (a)%?. We also define the equivalence of bi-infinite sequences
of words analogously to the equivalence of be-infinite words.

We are now prepared to reformulate Theorem 3.11 from [18] (see also [15,
Theorem 2).

Theorem 10. Consider a binary set X = {«, 8} with o, 3 € ©*. Let w be a bi-
infinite word over Y and let F; and F5 be two different X -factorizations such that
F"(Z) U F}’(Z) = X. Then at least one of the following conditions is satisfied:

(i) « and  commute; or
(ii) the primitive roots of a and 3 are conjugate, w ~ [[a? ~ ] A%, and
F* = o” and F}* = %, or vice versa; or
(iii) there exists an imprimitive word y = yo...yn_1 € X such that w ~
[Ty* and B ~ F§ ~ (4o, y—1)"

Remark. J. Manuch calls a word w for which there exist factorizations Fy, Fy as
in Theorem 10 proper X -ambiguous.

The following lemma is a direct consequence of the previous theorem.

Lemma 11. Let A = {a, b}, and u,v € A* such that at least one of u,v contains
both a and b. Let g: A* — ¥* be a morphism such that g(a) = s, g(b) =t and
the words g(u) and g(v) are conjugate. Then u and v are conjugate or s and t
commute.
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PROOF: In the following proof, we shall assume that v and v are not conjugate
and we shall show that then s and ¢t commute. If s = ¢ or one of them is empty,
they commute trivially. Thus, suppose ¢ # s # t # . Note that even the
primitive roots of v and v are not conjugate; that would mean either that v and v
are conjugate or that g(u) and g(v) have different lengths. Since g(u) and g(v) are
conjugate, we get [[(g(u))? ~ [[(g(v))%. The bi-infinite word w = [](g(u))? has
two natural {s, t}-factorizations Fi, F such that F1* ~ (g(u1),...,g(up,))* and
Fy ~ (g(v1),... ,g(vw))z. Since p,, and p, are not conjugate, [Ju” ~ [[v* by
the Periodicity lemma. That implies that factorizations F; and F5 are different
and F{ » F'. We also have F{(Z) U F3'(Z) = {s,t}, because at least one of
the words v and v contains both a and b. Hence, we can use Theorem 10. There,
the only situation that can happen is (i). The second case cannot occur because
F(Z) = {s,t} or F*(Z) = {s,t}. And the last one is precluded by the fact that
FP oo B3P, |

4. Binary equality words with two b’s — part 1

Let g, h: {a,b}* — ¥* be two distinct nonperiodic morphisms. Consider the
equality set of g and h. As we mentioned in the introduction, Eq(g, h) is generated
by at most two words, and the case with exactly two generators has already been
solved:

Theorem 12 ([12]). Let g and h be nonperiodic binary morphisms, and let
Eq(g,h) be generated by two words. Then Eq(g,h) = {a’b,ba’}* for some i > 1
(up to exchange of letters).

The following example comes from [3, Example 7.1].
Example 13. Let
g: a—a h: aw a'ba’
b (ba®) " ba’ (ba*) " b b (ba*)" 1.
Then Eq(g,h) = {a’b,ba’} ™.

Let w € Eq(g,h). We focus on the case when |w|, = 2. In [3], it was pointed
out that all binary words of length at most four are binary equality words. Also,
all binary equality words w with |w|, = 2 and |w|, = 3 were classified as follows:

w € {a®h?,b%a®, a*b?a, ab*a?, ababa, ba’b}.

Note that the above claim also considers words that do not generate the equality
set. For example, abab is a binary equality word but it is not a generator, since it
is a square of ab and two morphisms agree on abab if and only if they agree on ab.

The situation becomes unclear for more a’s. It has been known (see [8]) that
the generator of Eq(g, h) for nonperiodic binary morphisms can be one of the
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following words:
aib2, bQGi, baQi-‘rlb7 ai—‘,—ll)Qai7 aib2ai+1.

The open question was whether there are some other generators with two b’s. We
show that words of the form a’baba’ are also binary equality words. On the other
hand, we prove that there are no other binary equality words with two b’s that
can generate Eq(g, h) for nonperiodic morphisms.

We need three useful lemmas. They are closely connected to Lemmas 5.3
and 5.4, and Theorem 6.2 in [3]. In particular, it can be observed that they show
that the words (missing in the above list of binary equality words of length five)
abaab, baaba (Lemma 14) and aabad, babaa (Lemma 15) are periodicity forcing.

Lemma 14. Let z, y, u and v be nonempty words such that yx'tlyz = vu!tlou
or zyx 'ty = wou'Ttv, with | > 1, x # u. Then all u,v, z and y commute.

ProoF: Consider the equality yz!*'yz = vu!*lovu. The other one is symmetric.

Let 4 = yx and © = vu. Then gz 'y = vu'v. We have |j| # |v| since z # u. By
symmetry, suppose |g| < |9].

Let z! = zyu'zy, where gx, = 295 = 0. Then, by Lemma 9, there are words s
and t, and integers i > 0 and j > 0 such that st is primitive, s # €, 21 = (st)?,
ro = (ts)' and § = (ts)7t.

1. If |z| > |st], then ts is a suffix of z, and therefore also of . Hence st = ts,
which implies t = ¢ and 2! = su's’. If I > 1, then s commutes with u by
Lemma 7. If [ =1, then s'us’ = 2 <, § = s/, and again s commutes with u by
Lemma 4. Then u, z, v and y commute.

2. If |z| < |st|, then =z is a suffix of st, since z is a suffix of . Therefore z
is a suffix of z; and since z; is a prefix of 2!, Lemma 3 implies that z; and z
commute, a contradiction with z # ¢ and |z| < |st]|. O

Lemma 15. Let z, y, u and v be nonempty words such that '™ yzy = vt ouw,

where | > 1 and x # u. Then all u,v,x and y commute.

PROOF: Let § = zy and © = uv. Then x'yy = u'00. Suppose by symmetry that
|| < |v|, hence |z| > |u|. If x and u commute, then the claim holds by Lemma 7.
Suppose that they do not commute. Since u'*! is a prefix of z'!, the Periodicity
lemma implies that |u!| < |z|. Then zz'yzy = v, where z is a suffix of =.

1. If |gg| < |0], then xyz is a factor of ¥ which is a factor of 1. Therefore, by
Lemma 3, x and ¥ commute. Then all words commute by Lemma 7.

2. Let now |gy| > |v| and let © = zx!~ly; = Yoy, where § = y1y2 = Y3y
Let s and t be words, and ¢ > 0 and j > 0 integers such that st is primitive,
s # &, yo = (st)i, y3 = (ts)" and y; = (ts)’t. From zz!~ly; = yoy, we obtain
zxz! = yoysx. Moreover, = is a prefix of ysx since zyy, = ysxy. By applying
Lemma 3 to the word z!*!, we deduce that s is the primitive root of z. However,
y2y3, and hence also stts, is a factor of ‘1, which implies that s and ¢ commute,
and we are done. O
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FIGURE 1. Situation in Lemma 17 when |wi| < |agp'~?| and
|w2| < |042pl71‘.
l

Lemma 16. Let x, y, u and v be nonempty words such that x'yzyz = ulvuovu,
where [ > 2 and x # u. Then all u,v,x and y commute.

PROOF: Let § = yx and © = vu. Then z'gy = u'vv. By symmetry, suppose

|g| < |v]. Hence there exists w such that o = wy. This leads to 'y = u'wjw.
Let z be the suffix of 2! satisfying gw = zg. Then, by Lemma 9, there are words
s and t and integers i > 0 and j > 0 such that st is primitive, s # ¢, w = (st)’,
z = (ts)! and y = (ts)’t.

1. If |z| > |st], then ts is a suffix of z, and therefore also of . Hence st = ts,
which implies ¢ = ¢ and ! = u's?®. Since I > 1, Lemma 7 implies that s
commutes with v and x. Therefore all four words u, =, v and y commute.

2. If |z| < |st|, then =z is a suffix of st, since z is a suffix of . Therefore z
is a suffix of w and since z! = u'wz, Lemma 3 implies that z and = commute,

a contradiction with = # ¢ and |z| < |st|. O

5. The equation z'y?z* = uiv?u®

In this section we formulate our crucial theorem, which states that the word
a’bba® is periodicity forcing for |i — k| > 2. Firstly however, we need a few more
lemmas. They seem rather technical but have a clear intuitive meaning: they
directly exploit the “synchronization property” of primitive words formulated by
Lemma 4. The first lemma is the most general one, while the next three are
closely connected to it but more specific.

Lemma 17. Let p = ayas = 1082 = Y1772, where as, B2,v2 # €, be a primitive
word, | > 1, and let (aop')? = wiqzq'we, where ¢ = 231, ¢ = Y2v1, 2 # € and
|z] = |az2| (mod |p|). Then the following holds:

(A) if Jwq| < ‘042[)[_1‘ and |wa]| < |a2pl_1|, then z € ¢* o0y *f1q* and q = ¢;
(B) if |wa| > |aop'™?|, then z € ¢*w where |w| = |az| and w is a prefix of ¢;
(©) d | = |ag| and w' is a suffix

if wq| > |a2pl_ , then z € w'(¢')* where |w

of ¢.

PRrROOF: In the first case, ¢ and ¢’ are factors of asp’ and z “lies over the edge”
pa. The fact that ¢ = ¢/ follows immediately from the length of z. Since asp! =
a7 'B1q¢' B2, Lemma 4 implies that z has the required form. If |wy| > ’agpl_ll,
then ¢z is a factor of aep!, which is a factor of ¢*. Hence z must have the form
from point (B) by Lemma 4. The last case is symmetric. O
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The following lemma describes the same situation when the whole word gz¢’
is a factor of aap'.

Lemma 18. Let p = ajas = S1082 = 7172, a2, B2,Y2 # €, be a primitive word,
I > 1, and let (aap')? = ugzq'v, where q = B2S1,q¢' = V21,2 # € and |z| = |ag|
(mod |p|). If either |w1| > |a2pl‘ or |wa| > |a2pl|, then z € q*ﬁgfygl.

PRrROOF: In this situation, the whole ¢z¢' is a factor of aap’. Therefore, the
conclusions of both (B) and (C) from Lemma 17 hold as we may consider gzq' to
be inside the first or second aop’. Using the notation from (B), we get w = 52751
if |B2] > |72| and w = ¢B27y, * otherwise. In either case, z € ¢* B2y ' O

Now we describe the situation when ¢ = ¢’ = asa;.

Lemma 19. Let p = ajas, as # ¢, be a primitive word and let ¢ = asay. If
qzq is a factor of (aop')? for 1 > 1 and for some nonempty word z such that
|z| = |ag| (mod |p|), then z € q*aaq™ or z € ahq*, where a0y = gq.

PROOF: We can use Lemma 17 for a; = 81 = 71 and ag = f2 = 2. Case (A)
leads to z € ¢*asq*. Case (B) implies z € g*as. Thus, the problematic case
is (C), i.e. z € w'g*. If |wy| > ‘agpl‘, then Lemma 4 implies that as = p and
Lemma 18 suggests that z € ¢*. If |a2pl_1| < |un| < |a2pl‘, then w' = a,
where ajay = agaq, which is what we wanted to prove. This follows from the
facts that the occurrence of z from gzq is within ¢*, this z is preceded by ¢ and
w1q = agp'w], where |w}| = |ay]. O

The final lemma deals with the case ¢ = ¢’ = p.

Lemma 20. Let p = ajas, ag # €, be a primitive word. If pzp is a factor of
(agph)? for 1 > 1 and for some nonempty word z such that |z| = |az| (mod |p|),
then z € p*asp* or z € p*aly, where dhay = ajas = p.

PROOF: The proof is analogous and symmetric to the proof of Lemma 19. O

Finally, we present four lemmas about commutation of words under certain
conditions.

Lemma 21. Let x, a1, as and u be words such that x = o, u is a prefix of ©
and © = asau® for some i > 0. Then x and u commute.

PROOF: Assume that u and x are nonempty (otherwise the claim holds). The
equality ajag = asasut implies that op = asw for some w of length i|u|. Then
asu! = way. Lemma 9 implies that w = (ts)!, u® = (st)! and ag = (ts)’t for
some [ > 1, j > 0, and some s, t such that s # ¢ and ts is the primitive root
of u. Then either tts or ts is a prefix of a; depending on whether j = 0 or not.
Since u is a prefix of x = a2, we have either st <, tts or st = ts. In either case,
s and t commute which means that ¢ is empty, and s is the primitive root of both
u and x. O
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Lemma 22. Let x, a1, s and u be words such that x = oo, u' is a prefix of
x, u is a suffix of x and araou” oy = asaqas for some i > 1. Then z and u
commute.

PROOF: Assume that u and z are nonempty (otherwise the claim holds). Since
lag| = ‘u”lag’, x = oo and vl is a prefix of x, we have a; = u'didiy, where
|’EL| = |U| and |6[2| = |042|. Then Uiad2a2u71ﬁ6{2 = OéguiaééQOéQ. We get that
(g = g and uiﬁagaguflﬂ = aguiﬂag.

a) If |ag| > |u|, then u is a suffix of ap which implies @ = u and u'"lay =
asu™ L. Since also o; = uT s, we deduce that 2 and w commute.

b) Let |az| < |u|. Since asu is a prefix of u’, Lemma 5 implies that as and
w commute. Then u'fiasasu™ 1 = aqulfics is a nontrivial relation between the
primitive roots of u and @, which again implies (by Lemma 1) that u = @ and we
can continue as in a). O

Lemma 23. Let x, a1, o and u be words such that © = o, u® is a prefix of x,
w is a suffix of x and zu~ "V za; = oy for some i > 1. Then x and u commute.

PROOF: Assume that u and x are nonempty (otherwise the claim holds). We
have 2|on| = |u™!| — |z < |u|. Since oy is a prefix and also a suffix of z, it is
a border of v and we deduce that x = uial_Qu. Note that oy = 041_1.1'. Therefore
w'ay?ar?uoy = ap'u'a;?u. This is a nontrivial relation, therefore oy and u
commute by Lemma 1. Consequently, v and = commute as well. ([

Lemma 24. Let z,; and u be words such that u'® is a prefix of x, u is a suffix
of z and u't! = ayayz for some i > 1. Then x and v commute.

PROOF: Assume that u and 2 are nonempty (otherwise the claim holds). Since
z = uz'u for some z’, x and u commute by the Periodicity lemma, because the
words u* and (ux’)¥ have a common factor of length |u| + |ux’|. O

The following theorem is one of our main results. It shows that certain words
with two b’s are periodicity forcing.
Theorem 25. Let z,y,u and v be words such that they satisfy x'y?z* = u'v?uF
for some i,k € N and © # u. If |i — k| > 2, then all the words z,y,u and v
commute.

It is important to note that this theorem, as well as other above results about
symmetric equations, are straightforwardly related to periodicity forcing words.
Indeed, Theorem 25 implies that the word a‘bba* with |i — k| > 2 is periodicity
forcing; it is enough to set g(a) = x, g(b) =y, h(a) = u and h(b) = v.

Remark. Note that the condition ¢, £ > 1 is necessary. For example, the equation
22y? = u?v? has a solution = aab,y = a,u = a and v = baa. The condition
|i — k| > 2 is necessary as well. If ¢ = k + 1, we have the following solution
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(see [9]):
T = a2k+1(bak)2, U

= a,,
y = ba”, v = (a*b)?(a***1ba*b)*.
PROOF: If one of the words x, i, u and v is empty, the theorem holds by Lemma, 7.
For example, if v = ¢, we get z'y?z* = w'T*. Since, i + k > 2, 2 and y commute
by Lemma 7. Then also u commutes with z and y and all these words commute
with the empty word v. Thus we may assume that x,y,u and v are nonempty.
Without loss of generality, we also assume that |x| > |u| and ¢ > k+1. It is enough
to prove that z and v commute. Then, p, = p, and we obtain pi"yQp’;" = o2 for
some n > 1. Hence we are done by Lemma 7. If (i + k — 1)|u| > |p.|, p¥ and
u* have a common factor of length at least |p,| + |u|, © and « commute by the
Periodicity lemma. We therefore suppose

(i + & = Dlul <[pal,

which implies

i—k |pz|
5 lu| < 5

The equality is equivalent to yz*u~**t9ziy = v/, where v’ is a conjugate
of v. Let a be the prefix of z* of length

i~k L itk

|ul-

Then
y:rku*(k”)a = oflziy,

that is, z*u~(**9q is conjugate (by y) with a~'2’. We can assume, without
loss of generality, that y is shorter than the two words. Let p, = ajas, where
|aq| < |pz| and o = pSay for some ¢ > 0. Let y’ be such that

cFu= EH) g = oy, a e =gy,
Note that yy’ = agpl for some [ > 0. Also note that the words yy’ and y'y have
the same length, i.e. |agpl| = [pS| + || — (i 4+ k)|u| for some ¢;. From that, we

obtain
lo1| = (i + k)|u| = [az|  (mod [p.|).

Finally, note that if oy and as commute, then a; commutes with p., i.e. it is
an empty word. Then both a and a~'z? are powers of p,, which implies that
zFu~ () is a power of a conjugate of p,. Bearing in mind that « is a power
of py, we deduce that ¥+ = p,, i.e. z and v commute. The fact that z and u
commute if oy and as commute will be often used in the proof.
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1. Casei—k >3 and k > 2. In this case, since 3’y and yy’ are conjugate, we
get that zzu~*+)q is a factor of (yy')? = (azpl)?. We also have lu=lar| > |pal
because

i i—k _
L )
Let us put ¢’ = asaq, o = a(q¢’)~! and z = 2u~**+9a/. Then p,z¢’ is a factor of
(opl)? and |z| = |az| (mod [p.|). Hence, we can use Lemma 17, where 3; = e,

B2 = Pz, 711 = a1 and 72 = as.

1. I) If Case (A) applies, we get ¢’ = p., i.e. a1 = ¢ and we are done.

1. II) In Case (B), z € piw, where w is a prefix of p, of length |ag|. Then
there are two possibilities.

1. IL A) Firstly, we may have |wa| > |agpl|. Lemma 18 implies that w =
pray ' = aj. Thus, we obtain z € pfa;. That means zu~*F+)pc=1 = pm for
some m. Therefore, x and u commute by Lemma 1.

1. 1I. B) Another option is that |wa| < |azpl|. Then z € piw, where |w| = |az|
and wq' = pyas. Thus asa; <, ajasas and a; and as commute by Lemma, 6.

1. IIT) In Case (C), there are also two possible subcases.

1. 1. A) The first of them, when |w;| > ‘agpi’, is the same as 1. II. A).

1. III. B) The last possibility is when |wi| < |agpl|. Then pyw’ is a suffix
of pz¢’. That leads to pyw’ = asasar and ajae <, asasa;. Hence o and ao
commute by Lemma 5.

2. Case i — k is even. We can write i — k = 2n for some n > 1. Then
a = z"uFtn gy = ghy~ CGRE2n) gkt and gy = u~ Rt gkt Since we assume
lz| > (i +k —1)|ul = (2k + 2n — 1) |u|, we can write z = uF?"g b1 =
uPt2=lyou®. The words 1 and zo are nonempty and satisfy uz, = zou; in
other words they are conjugate by u. Thus, by Lemma 9, there are words s and
t such that

(1) x1 = (st)™, xo = (ts)™, and w=(ts)"%t

for some my1 > 1, mo > 0. We have

uk+2n71 kfluk+2n71 k 1(Uk+2nl‘

Toxiut~ kfl)nflukJrn,

acguk)
k—1 (uk+2nl,1uk71)k+nfl

vy =( 1

vy =u"zu

In these equalities, we can replace u, x1, z2 by the expressions from (1) accordingly.
Note that (using the notation from Lemma 11) there are words wy and wg over
the alphabet A such that g(wi) = y'y and g(ws) = yy’. Moreover, w; contains
aa as a cyclic factor, whereas wo does not. Hence, Lemma 11 implies that s and
t commute, which means z and u commute as well.
3. Case k=1,1—k is odd and i > 6. In this case, we have
i—k

[u~ia] = S (Je] = Jul) > 2p.].
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Denote by z the word zu~ ("t ag=2 where ¢ = apa;. If we put 8 = v *ag~2, we
can write z = xu~ '3, where 8 = 8’q" for some B’ such that |3'| < |¢| and some
r > 0. Note that either a) ' = u 'y or b) §/ = v *pya1 = u *a1q depending
on whether o is longer than u’ or not. The word gzq is a factor of (aapl)?. Since

laa| — (i + k) |u] = |az] (mod |pg]), we deduce |z| = |az| (mod |pg|). We can use
Lemma 19 which leads to two main options: either z € ¢*aag* or z € abg*, where
arah =gq .

3. 1) Let first
zu~ g2 € ¢*asq®,

ie. zu~!B'q" = ¢™anq™ for some m,n > 0. If z is not primitive, we get either
oo = azaq if m > 0, or ajop < gy for m = 0. In both of these cases,
a1 and ap commute. Therefore, we assume that x is primitive. If r > n we
immediately get that a; and oy commute. Hence, we can write

au”' B =g ang"

where 0 < m +n —r <1 follows from a simple length argument.

3. 1. A) Let zu~!’ = ay. There are two subcases.

3. 1. A. a) Let first zu~ T a; = ay. This case cannot happen: we would have
2[as| = [, ie. || < |u’| — a contradiction.

3.1. A. b) Let zu~ ("D zaq = as. Then z and u commute by Lemma 23.

3. 1. B) Let zu=18 = qas = asx.

3. 1. B. a) In the first case, we have zu~("tVa; = apz which is equal to
arasu~ oy = asaras. Thus z and v commute by Lemma 22.

3. L. B. b) Let 2u~(*Yza; = age. That means 2|a;| = |[u*?|. This implies
(i + 1 is odd) that u = ujus with |u;| = |us| and oy = uuy, d = i/2. Since oy
is a suffix of z, and also w is a suffix of z, we deduce u; = us and oy = ulﬁl.
Then uﬁlagu;Q(Hl)uiﬂaguiﬂ = agu'Ttay is a nontrivial relation showing that
u1 and as commute. It follows that v and x commute as well.

3. 1. C) Let zu~'B" = aaq.

3.1. C. a) The case zu~tYa; = ayq leads to ayas = asapu’*!. Hence, x and
u commute by Lemma 21.

3.1 C. b) In the case zu~tDza; = asq, we get zu~ Dz = asas. We also

have 2|a;| = |[u'*!|. Now we can proceed similarly to case 3. I. B. b). Once again,
we obtain u = ujus with |ui| = |us| and oy = uuy, d = i/2. Hence us <p Qa.
The equality zu~ (Y2 = asay implies that u; <, as. Thus u; = up and

o] = ulﬁl. Then u’f”laguf%”l)u’iﬂag = oo is a nontrivial relation showing
that u; and as commute. It follows that v and x commute as well.
3. II) Let now

—(i+1) . —2 /
zu” " ag? e abq®,
i.e. ru=tB'q" = ahg™ for some m > 0, where ajaly = agay. Then ayzu=18'q" =

a105¢™ = asaiq™. If x is not primitive, we obtain asa; <p ajajag and o and
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ag commute by Lemma 5. Hence, assume that z is primitive. By simple length
arguments, we can show 0 < m —r < 1.

3. 1L A) Let zu=18 = a}.

3.1L. A. a) The case zu~"tYa; = o/ cannot occur; the reasoning is the same
as in case 3. I. A. a).

3. II. A. b) In the case zu~taq = af, we get zu~FDaja; = ¢, that is
ut! = o2, Hence z and u commute by Lemma 24.

3. II. B) Let zu~'f’ = alq.

3. IL. B. a) The case zu~ta; = alq implies zu~ D = abas, ie. ayan =
abaou. Then ajaias = aydbaou'™ = asajasu™!. Since asay <, ajaas,
ay and as commute by Lemma 5.

3. 1. B. b) In the case zu~("TDa;q = abq, we have ayzu~tVa; = ol =
asay. That leads to ayagas = asu'L. Since o <p u’, we get anop < aqa o
and a1 and as commute by Lemma 5.

4. Casei =4 and k = 1. Here we have |a| = 3|z[+2|u| and |yy'| = 2(|z]|—|u]).

4. 1) If x is not primitive, we get |o| > 3|pz| and |yy’| > 3|ps|. Denote by z the

word ayzu~FVp,. Then |y'y| — [pe2pz| = |a| — [pepepeai| > 0, which means
that the word (yy')? = (azpl)? contains p,zp,. We already know that [ > 1
and |a1] — (i + k)|u| = |az| (mod |p|). Therefore, z satisfies the conditions of
Lemma 20.

4. 1. A) Let first

—(i4+1)

a1 TU Pz € DptaDy.

Here we get that ajaqas is a prefix of (ayas)*as(aiasz)*, because x is not prim-
itive. If cyajas is a prefix of ajasay, then oy and as obviously commute. If
apaias is a prefix of ajasasay, then a; and as commute by Lemma 5. And fi-
nally, if ayagag is a prefix of as(ayag)®, then also ayag ag g is a prefix of (agasg)®
and a1 and as commute by Lemma 5.

4. 1. B) Let now

—(i+1)

*
17U Pz € POy

In this situation, a simple length argument yields alpglu*(”l) pr = plalh for some
m > 1 and n > 0. Since p, = a1z = ahay, we get a1, = abay, i.e. ag and o
commute. Then ay = o), and a1 and as commute as well.

4. IT) Assume that x is primitive. Then, there are three possibilities.

4. 1. A) Let |u®| = |#|. This means 2 = u® and « and u commute.

4. II. B) Let |u5} > |z|. This leads to a = zzay, yy' = asx = awaias
Srrar. We also have |a;| < % and, since |z| > 4|ul, we get
|| > 7%. Thus, we can write y'y = ai(agu™!)(u"4x)araza;. We get that
arasa is a factor of (aeayasz)®. Then, Lemmas 3 and 4 allow only these three
options:

4. 1. B. a) Let ag(azu=t)(u=%z)ay = ay. Therefore, x and u commute by
Lemma 23.

and y'y = zu”
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4. 11. B. b) Let ajay(agu=1)(u*z) = az. We get u® = ajaix and o and u
commute by Lemma 24.

4. 1L B. ¢) And finally, let ayon (aou™")(u™*z)ay = plt aipl, , where m,n > 1
and pg‘jn = . In this case, we implicitly suppose that as is not primitive. Then
either oz%pCEZ <p P, @1 OF Pt 01 < a%paz. In either case, oy and as commute by
Lemma 5.

4.11. C) Let ’u‘r” < |x|. We get a = zan, yy' = aszx and y'y = zu"°xay. Here
we have |aq| = |ag| + [u®]. Since |oy| > 5lu|, we can write y'y = (a1asu™!) x
(u=*a1)agay, ie. azaq is a factor of y'y. Since y'y and yy' are conjugate, this
oy must occur somewhere within (Oé20é10é20é10é2)2. Lemma 4 allows these three
options:

4. 1I. C. a) Let araou”?aq = asaqas. Therefore,  and u commute by Lem-
ma 22.

4.11. C. b) Let a1t~ % = asasay. This case leads to ajas = asau®, and
z and v commute by Lemma 21.

4. 11. C. c¢) Let ascr; be “over the edge” asay. Formally, this situation cor-
responds to (azayazaras)? = wiarasu Sayazaiwy where wy # ¢ and |ws| >
|azagaz]. Since u* is a prefix of oy, we may write a; = u*@;. Then we can divide
this situation into four subcases.

4. 1I. C. c. i) Let |wa] < |agasagas|. In this case, ay is “over the edge”
or the edge is between oo and «;. Hence, this as must occur within asas.
Lemma 3 implies that ajoioou S0 = Doy a1a201py, for some m and n such

5

that pg‘jn = ag and m > 0. Since |aza1]| < |a1a1a2u’1|, we get pi o <p ara
and a7 and as commute by Lemma 5.

4. 11. C. c. i) Let |agasaqas| < |wa| < ‘Oégu40é20é10é2‘. Since p,, is a suffix of
@1z, Lemma 3 implies that asajasaias = pﬁalalagu*161a2p3 for some m
and n such that p*" = u* and n > 0. The word p"@;as is a suffix of the left-
hand side of the equation while @jaapl, is a suffix of the right-hand side. Hence,
P, commutes with ajas and thus also with p, = p;’”‘"al .

4. 1I. C. c. iii) Let |wq| > ’052U40420410(2 . In this case, the primitive word
aiapu? from y'y (see Lemma 8) must occur in asagaeaias, which in turn is
a factor of (@1a2u4)w. Lemma 4 forces the equality @jutmasu™! = ayasasu?,
i.e. ayan = apanu®. Therefore, 2 and u commute by Lemma 21. O

6. Binary equality words with two b’s — part 2

Let us now explain how our results can be used to deal with binary equality
words with two b’s. The following lemma is an elementary case of a general theory
developed in [4] and [5].
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Lemma 26. Suppose that w is not a binary equality word. Let f be a binary
morphism
f: arma

b a'ba’,

with i,j > 0. Then f(w) is not a binary equality word.

PROOF: Suppose that g o f(w) = h o f(w) for binary morphisms g and h. Since
w is not a binary equality word, we have that either go f = ho f, or both go f
and h o f are periodic.

If go f = ho f, then g(a) = h(a), and g(a‘ba’) = h(a ’baj) Therefore g = h.

Let both go f and h o f be periodic. Then g(a),g(a’ba’) € t* for some t.
Therefore also g is periodic. Similarly, h is periodic.

This completes the proof. (Il

Note that the previous proof has in fact verified the two conditions of [4,
Theorem 6].
Example 27. Take the word w’ = ababaaaa and suppose that there exist two
distinct nonperiodic morphisms g, h: {a,b}* — ¥* such that g(w') = h(w'). Now
we can take the word w = abbaaa and a morphism f: {a,b}* — {a,b}* defined
by

f: a—a
b — ba.

It is easy to see that f(w) = w’ and go f(w) = ho f(w). Since the word w is not
a binary equality word by Theorem 25, neither w’ is.

If w is an equality word, then J.D. Day at al., see [4, Theorem 6], do not tell
us anything about f(w). However, sometimes the solution of w yields a solution
of f(w). We give a nontrivial example.

Example 28. Consider the word ababa. We can take w = bba and f(b) = ab.
Take the most simple solution for bba, namely

J: a—a h: aw cca
b cc b—c.
This solution is not helpful because ¢’(a) is not a prefix of ¢’(b), nor h’(a) a prefix

of h'(b). However, considering instead §og” and o h”, where 6(a) = a, 8(c) = ab,
and

J": a—a ' aw cca
b b 3,
we get
" awa h": — (ab)?a

b (ab)? b (ab)®.
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Now ¢"'(a) <p ¢"'(b) and h"'(a) <, '”(b) and we obtain a solution

g: a—a h: a+ (ab)’a
b b(ab)? b—b

for the word ababa.

We have just seen that a'baba! is a binary equality word for [ = 1. The following
lemma shows that it is true for greater I’s as well.

Lemma 29. The word a'babal, where | > 2, is an equality word of two nonperi-
odic morphisms.

Proor: Take the morphisms

g:  a— a? Tpa2pg?t

b baQZ_l(g(a))l_Qam_lb
h: aw—a
b al*lbaﬂf1g(b)a2l71ba2l71g(b)a2l71bal71.

It is straightforward to verify that g(a'baba') = h(a'baba') and both g and h are
obviously nonperiodic. O

The morphisms in the proof of the previous lemma can be derived from the

solutions of the equation z!~1y?z! = u!~1v?u!. We can take the following solution

(see pages 52-53 in [8])

- (al—1b)2a2z—17 w=a,

Y= al*lbxlflalflb7 v = ba/l*lba/QlflfL‘l72a/lflbxl*l(a/lflb)Qallfl7
and apply the morphism

f: a—a
b a'b.

Then we obtain g(a) = f(x), g(b) = (9(a))"'f(y), h(a) = F(u) and h(b) =
(h(a))~" f(v).

We can now present a result that yields a complete classification of binary
equality words with two b’s.

Theorem 30. Let g,h: {a,b}* — ¥* be two different nonperiodic morphisms.
Let w € ¥* and |w|, = 2. Then w is a binary equality word if and only if w is
one of the following words:

ab?, b%a™, ba"b, a"b%a™, a"b%a™t, a"baba™, a"bba™, a"ba"T™ba™,

where m,n > 0.
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PRrROOF: We first list morphisms witnessing that all listed words are binary equal-
ity words.
For
g: ar—a” h: aw (a™"b)™
b+ (ba™™)" b—a”

we have a™b™ € Eq(g, h) (see [3, Example 5.1]).
Forn=20+1 and

g: ar—a h:  ars ba®t1p
b b(ba®1b) b b—b
we have ba™b € Eq(g, h) (cf. [3, Theorem 6.2]).
For
g:  aw a® T (ba™)? h: awa
b ba” b (a"b)*(a®"+'ba"b)"

we have a"1ba™ € Eq(g, h) (see Conclusion in [9]).
For a™baba™, see Lemma 29.
Example 13 yields morphisms with Eq(g,h) = {a"b,ba"}T. Therefore also
a"bba™, ba*"b € Eq(g, h).
For
g: aw—a’ h: a—a
b—b b a"ba™

we have a"ba™ € Eq(g, h). Then also a™ba™""ba™ € Eq(g, h).

The remaining words are mirror images of words already covered.

We now show that no other binary equality words with two b’s exist. Let
w = a’balba®. 1f i = k = 0, then w is one of the allowed words. By symmetry,
we can further assume 7 > k£ and 7 > 0.

I. Let j > i+ k4 1. Then aba’~(+t¥)+1p is periodicity forcing by Lemma 14.
Lemma 26 implies that w is periodicity forcing using the morphism f(b) =
a’~'ba*.

II. If j = i + k, then w is one of the allowed words.

IT1. Let j < i+ k.

a) Let k < j. Then a'T*=7+1pab is periodicity forcing by Lemma 15. Then also
w is periodicity forcing by Lemma 26 using f(b) = o/ ¥~ 1ba*.

b) Let k = j. Then w is a binary equality word for j =k =0 or for i = j =
k = 1. Otherwise, i > 2 and k > 1. Then a'baba is periodicity forcing by
Lemma 16, and also w is periodicity forcing by Lemma 26 using f(b) = ba*~*.

c) Let kK > j. The word w is a binary equality word if i = k and j7 < 1, or
i =k+1and j = 0. Otherwise, a’bba*~7 is periodicity forcing by Theorem 25.
Then also w is periodicity forcing by Lemma 26 with f(b) = ba’. O
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Conclusion

In this paper, we have covered an important part of unsolved cases in the
classification of binary equality words. The difficulty of the proof, namely of
Theorem 25, may be surprising. It is interesting to stress, that while the dual
PCP is decidable even in the general case, there is no efficient decision procedure
even in the binary case. This reflects a complicated question of algorithmic solving
of general word equations, of which our equations are a special case (symmetric
equations in four unknowns).

(1]
(2]
(3]
(4]
(5]

[6]

[10]
[11]

[12]

[13]

[14]

[16]

[17]

REFERENCES

Barbin-Le R. E., Le Rest M., Sur la combinatoire des codes a deux mots, Theoret. Comput.
Sci. 41 (1985), no. 1, 61-80 (French. English summary).

Baumslag G., Topics in Combinatorial Group Theory, Lectures in Mathematics ETH
Ziirich, Birkhauser, Basel, 1993.

Culik K. II, Karhumaki J., On the equality sets for homomorphisms on free monoids with
two generators, RAIRO Inform. Théor. 14 (1980), no. 4, 349-3609.

Day J.D., Reidenbach D., Schneider J. C., On the dual post correspondence problem, Inter-
nat. J. Found. Comput. Sci. 25 (2014), no. 8, 1033-1048.

Day J.D., Reidenbach D., Schneider J.C., Periodicity forcing words, Theoret. Comput.
Sci. 601 (2015), 2-14.

Ehrenfeucht A., Karhumaéki J., Rozenberg G., The (generalized) Post correspondence prob-
lem with lists consisting of two words is decidable, Theoret. Comput. Sci. 21 (1982), no. 2,
119-144.

Ehrenfeucht A., Karhumaki J., Rozenberg G., On binary equality sets and a solution to
the test set conjecture in the binary case, J. Algebra 85 (1983), no. 1, 76-85.

Hadravova J., Structure of Equality Sets, PhD. Thesis, Charles University in Prague, Praha,
2015.

Hadravové J., Holub S., Equation ziyiz* = wiv/u* in words, Language and Autom-
ata Theory and Applications, Lecture Notes in Comput. Sci., Springer, Cham, 2015,
pp. 414-423.

Halava V., Harju T., Hirvensalo M., Binary (generalized) Post correspondence problem,
Theoret. Comput. Sci. 276 (2002), no. 1-2, 183-204.

Halava V., Holub S., Binary (Generalized) Post Correspondence Problem is in P, TUCS
Technical Report, 785, Turku, 2006.

Holub S., A unique structure of two-generated binary equality sets, Developments in Lan-
guage Theory (Ito M., ed.), 6th International Conf., Kyoto, 2002, Lecture Notes in Comput.
Sci., 2450, Springer, Berlin, 2003, pp. 245-257.

Holub S., Binary equality sets are generated by two words, J. Algebra 259 (2003), no. 1,
1-42.

Holub S., Binary equality languages for periodic morphisms, Algebraic Systems, Formal
Languages and Conventional and Unconventional Computation Theory, RIMS Kokyuroku,
1366, Kyoto University, 2004, pp. 1880-2818.

Karhumaéki J., Manuch J., Plandowski W., On defect effect of bi-infinite words, Mathemat-
ical Foundations of Computer Science, 1998 (Brno), Lecture Notes in Comput. Sci., 1450,
Springer, Berlin, 1998, pp. 674-682.

Lothaire M., Algebraic Combinatorics on Words, Encyclopedia of Mathematics and Its
Applications, 90, Cambridge University Press, Cambridge, 2002.

Lyndon R.C., Schiitzenberger, M. P., The equation a™ = bNcP in a free group, Michigan
Math. J. 9 (1962), no. 4, 289-298.

k

171



172

Holub S., Sykora J.

[18] Maiiuch J., Defect Theorems and Infinite Words, TUCS Dissertations, 41, Turku, 2002.

[19] Post E. L., A variant of a recursively unsolvable problem, Bull. Amer. Math. Soc. 52 (1946),
no. 4, 264-268.

[20] Rozenberg G., Salomaa A., eds., Handbook of Formal Languages, Vol. 1: Word, Language,
Grammar, Springer, New York, 1997.

[21] Spehner J.-C., Quelgues problémes d’extension, de conjugaison et de presentation des sous-
monoides d’un monoide libre, These, Université Paris VII, Paris, 1976 (French).

S. Holub, J. Sykora:
CHARLES UNIVERSITY, FACULTY OF MATHEMATICS AND PHYSICS,
DEPARTMENT OF ALGEBRA, SOKOLOVSKA 83, 186 75 PRAHA 8, CZECH REPUBLIC

E-mail: holub@karlin.mff.cuni.cz
sykora.jir@seznam.cz

(Received January 19, 2018, revised February 4, 2018)



		webmaster@dml.cz
	2018-12-07T08:43:17+0100
	CZ
	DML-CZ attests to the accuracy and integrity of this document




