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Abstract. We describe the centered weighted composition operators on L2(E) in terms of
their defining symbols. Our characterizations extend Embry-Wardrop-Lambert’s theorem
on centered composition operators.
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1. INTRODUCTION AND PRELIMINARIES

Let (X,X%, ) be a o-finite measure space and A be a sub-c-algebra of ¥ such
that (X, A, ¢) is o-finite. In measure space context, statements concerning function
equality or inequality and set equality or inclusion are to be interpreted as holding up
to sets of measure 0. We denote the linear space of all complex-valued >-measurable
functions on X by L°(X). For f € L°(X) we let o(f) be the support of f so that
o(f)={x € X: f(x) #0}. Let ¢: X — X be a measurable transformation. Then
po @ t(A) := u(p~t(A)) is a measure on X. Let o ¢~ be absolutely continuous
with respect to p. Then for each n € N, o ™" is also absolutely continuous with
respect to . Put hy, := d(uo ¢~ ")/du the Radon-Nikodym derivative. Here we use
the notation LP(X) for LP(X, X, p).

For a sub-o-algebra A C ¥, the conditional expectation mapping associated with A
is a mapping EA: f +— EAf defined for all non-negative X-measurable functions f,
where Ef is the unique A-measurable function satisfying

/fdu:/EAfdu VAe A
A A
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Now, let f be a real valued Y-measurable function on X. Then f is said to be
conditionable if u({z: EA(f*(z)) = EA(f(x)) = oo}) = 0. A complex valued
function f is conditionable if both the real part and the imaginary part of f are
conditionable and the respective expectations are not both infinite on the same set of
positive measure. We show the set of all conditionable functions with respect to sub-
o-algebra A with D(E“). As an operator on L?(X), E- is an orthogonal projection
and EA(L%(X)) = L?(A). For each n € Nand C € ¥ put Ac = {ANC: Ac A},
Y = ¢ () and E, = E¥». We use E instead of E;. Let f € D(E,). Since
E,(f) is a ¥,-measurable function, there is a g € L°(X) such that E,(f) = go ¢™.
In general, ¢ is not unique. This deficiency can be solved by assuming o(g) C o(hy,)
because for each g1,g2 € L°(X), g1 0 9" = g2 0 " if and only if g1 = g2 on o(hy).
As a notation, we then write g = E,,(f) o ¢~ ™. With this setting, by the change of
variables formula we obtain [ fdu = [y hnEn(f) o ™dp, in the sense that if one
of the integrals exists, then so does the other and they have the same value. Let
u € D(EA). The weighted composition operator W on L?(¥) induced by the pair
(u, @) is given by W = M, o C,, where M, is the multiplication operator and C,
is the composition operator defined by M, f = uf and Cy,f = f o ¢, respectively.
It is a classical fact that W is a bounded linear operator on L?(X) if and only if
J = hE(|u[?)opt € L>®(X) (see [5]). It follows that W™ = M, o C,n is a bounded
operator on L?(¥) precisely when J,, := h, E,(|u,|?) o o™ € L>®(X), where n > 0

and u, = u(uo @)(uop?)...(uopn 1)

. Throughout this paper we assume that
W: L*(X) — L?(X) is a weighted composition operator with non-negative weight
function u. A good reference for information on composition operators on various

function spaces is the monograph [9].

Let H be the infinite dimensional complex Hilbert spaces and let B(H) denote the
C*-algebra of all bounded linear operators on H. We write N (T") and R(T') for the
null-space and the range of an operator T' € B(H), respectively. In [7], Morrel and
Muhly introduced the concept of a centered operator. An operator T' on a Hilbert
space H is said to be centered if the doubly infinite sequence {T"T*",T*™T™:
n,m > 0} consists of mutually commuting operators. For T' € B(#H) and n € N
let V,,|T™| be the polar decomposition of 7. It is shown in [7], Theorem I, that T'
is centered if and only if V;, = V}*. The Aluthge transform of 71" is the operator T
given by T := |T|*/2V4|T|*/2. In [2], Embry-Wardrop and Lambert proved that the
composition operator C,, € B(L?*(X)) is centered if and only if h is Yoo-measurable,

o0
where ¥ = () X,. Recently, in [4] Giselsson introduced the concept of a half-
n=1

centered operator. An operator T' € B(H) is called half-centered if the sequence
T*T, T*>T?, ... consists of mutually commuting operators. He proved that if M,
and C,, are bounded on L?(X), then the operator W is always half-centered. Singh
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and Komal in [8] showed that the bounded composition operator C,, on 12, the Hilbert
space of all square summable sequences, is centered if and only if h is constant on
¢ P({n}) for every k,p,n € N.

In Section 2, we give some necessary and sufficient conditions for W acting on
L?(X) or [2 being centered. In Section 3, to avoid tedious calculations we consider
only the composition case. We show that C,, is centered if and only if C’J; is centered.
In addition, we show that C, is centered whenever C, is centered.

2. EMBRY-WARDROP-LAMBERT’S THEOREM ON CENTERED WEIGHTED
COMPOSITION OPERATORS

Definition 2.1. We say that the weight function w satisfies the support condition
it o(J) C o(u).

Note that if u satisfies the support condition, then o(u) is invariant under ¢.
Support condition for u provides an interesting situation for studying weighted com-
position operators with arbitrary weight function v € D(FE). From now on, we
assume that u satisfies the support condition.

Put X, 1: o(u), ¥y = EU(u)v o = pils,, Po = @'U(u)? he = d(pe © 90;1)/(1:“0 and
E, = E¥s (3<)_ Tt is easy to check that (X5, X0, fto) is o-finite, py 0 o1 < i, and
L2(X) = L?(X,) @ L*(3,¢), where 0¢ = X \ o(u).

Recall that for T € B(H) there is a unique factorization T' = U|T|, where N (T') =
N(U) = N(|T|), U is a partial isometry; i.e. UU*U = U and |T| = (T*T)"/? is
a positive operator. This factorization is called the polar decomposition of T'. It
is known that the parts U, |W| of the polar decomposition for W are given by
U= Mu/\/mcw and |W| = M . Note that o(ho ¢') = X, o(E(u?)) =
o(E(u)) 2 o(u) and o(J o ¢') = a(h o ¢'E(u?) o ¢'"1) D o(uo 1), Also, the
support condition o (J,, o ¢") = o(E,(u2)) 2 o(u,) = o(u) holds for each n € N.
The following lemma is checked by a direct calculation.

Lemma 2.2. Let n € N and U, |W™"| be the polar decomposition of W™, the
n-th iterate of W. Then

Un = MUTL/WC¢71, |Wn| - Mm
Moreover, for each f € L*(%),

U”fzi{(%)fogpn.
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Lemma 2.3. For each n € N the following assertions hold.
(a) Let g € LY(X) be a finite valued function such that gf = 0 for all f € L*(3,).
Then g = 0.
(b) Jnt1 = hnEn(Ju2) o™ = hE(J,u?) o oL

Proof. (a) Let o(g) 2 B € X with 0 < u(B) < oo. Put B* = o(E,(xB))-
Then B C B# € ,,. If u(X) < oo, then xg# € L%(%,). Since gxp# = 0, it follows
that p(B) < u(o(g)NB¥) = 0. But this is a contradiction. Thus u(c(g)) = 0. Now,
let X =X, with X,,, € ¥, and pu(X,,) < co. Then g = 0 on each X,, and so
g=0on X.

(b) It is enough to show that for every A € &, [, Jup1dp = [, hnEn(Ju2)op™ ™ dpu.
For this let A € ¥. Then

/ Jnt1dp = / up 1 dp = / E(u?)uy 0 pdu
A () (4) ) ()

— [ hE@eytEdu= [ EuUu)dn
e (A) e (A)

=/ Ry En(Ju2) o ™" du,
A

and

/ o1 dp = / En(u?)u? o™ dp = / Jou? dp
A P (nFD(A) p1(A)

= / hE(J,u?) o o™t dp.
A

This completes the proof. O
As a generalization of Embry-Wardrop-Lambert’s theorem [2], Theorem 5, we can

now characterize this pair (u, ¢), for which W is centered.

Theorem 2.4. The weighted composition operator W is centered if and only if

2 .
for eachn €N, J, 0" = [[ Jo¢" on o(u).
i=1

Proof. Recall from [2] that W is centered if and only if for any positive inte-
ger n, U, = U". By Lemma 2.2 this means that for every f in L?(2),

u u
= - n . - fosﬁn:0~
<VJ"°90n Hi—1VJO<P’>

Now, the desired conclusion follows from Lemma 2.3 (a). O
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Corollary 2.5. The composition operator C,, is centered if and only if for each

n .
neN, hpop™ =[] hoy'.

i=1
Put

(ho)n = %5 Eo)n =0,"(E0); (Bo)oo = m (30 )n;

n=1

(Eo)n :E(EU)7L§ (Jo)n = (ho)n(Eo)n(u )0900 .

Theorem 2.6. Let J, be (X, )co-measurable. Then W is centered.

Proof. Let n € N. By Theorem 2.4 it is enough to show that
(2.1) no gl = HJ o k.

Use induction on n and suppose (2.1) holds for some n. Since for each n € N J,, is
(3, )n-measurable, (E, ), (J,u2) = Jy(Es)n(u?). Now, by Lemma 2.3 (b) we obtain

(Jo)nt1 005t = ((ho)n(Eo)n(Joup) 0 ;") 0 @ht!
= (ho)n OSOZJFI( a)n(JUui)OSOU

= ((ho)n(Eo)n(ul) 0 0;") 0 oi*'Js 0 0y
n+1
= (J[m o SOZJFI)J" 0 Yy = H Jy 0 spg,

i=1

Consequently, W is centered. Il

Theorem 2.7. If W is centered then, J, is ((X¢)co)s(h,)-measurable.

Proof. By hypothesis, (2.1) holds for all n € N. Then we have

n+1

(s 0 gl HJo%—Jo%(HJO%) oo

=Jso0 SOU(JUTL o 900) ° Qo
= (Jo 0 90)((ho)n 0 @5 ) (Bo)n(u3)) © @0

On the other hand, from Lemma 2.3 (b),

(Jo)nt10 SDZJrl = (ho)n o SOZJFI((EG)n(JU%)) ° Po-
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Since o((hy)n © @2T1) = o(u), we have

(Ea)n(']aui) 0y =dJs0 SOU(EU)YL(U'?L) ° Yo,

and so
(Ea)n(JUui) = JU(EU)n(ui)

on o(hy). Hence, for all n € N,

. = E)nlJoup)
on o(hy). Thus J, is ((Xo)oo)o(h, )-measurable. O

An operator T € B(H) is said to be hyponormal if T*T — TT* is positive.
In [6], Lambert proved that W € B(L?(X,)) is hyponormal if and only if Yoy €
(¢71(X))s and J oy > J. In the following theorem we give necessary conditions for
cohyponormality of W,.

Theorem 2.8. If W} is hyponormal, then

(1) ¥51(Ze) = (Z¢)oo;
(ii) W, is centered.

Proof. Let A€ %,. If A Co(u)\o(J,), then ¢ (A) = () because ¢, *(o(u)) C
o(u) and o(J, 0 p,) = o(u). Assume that A C o(J,). Since W is hyponormal,
(26)o(s,) € 0,1 (3,) and so A € ¢ '(E,). Thus, there is a set B € ¥, with
A= p;Y(B). Hence p,1(3,) = p;2(X,). It follows that ©;*(Z,) = (Z0)oo-

Now, let U C R be an open set. If 0 ¢ U, then J,1(U) C o(J,). Because
J7YU) € ¥, and W} is hyponormal, J;*(U) € ¢, 1(X,). On the other hand,
since o(J,) € o1 (2,), J;HU) = (J;HU)No(J5)) U (0(Jy))¢ € o5 (S,) whenever

0 € U. Hence from (i), J, is (¥,)co-measurable and thus by Theorem 2.6 W, is
centered. g

We now turn to the discrete versions of Embry-Wardrop-Lambert’s theorem for .

Lemma 2.9. Let m € N. The bounded function f: N — R is X,,-measurable if
and only if f is constant on =™ ({n}) for all n € N.

Proof. Let f be a ¥,,-measurable function. Since for each n € N, =™ ({n})
is an atom in X,,, f is constant on ¢~ "™ ({n}). Conversely, let U C R be an open set
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with UN f(N) = {z;}jes. Then f~1(U) = U A;, where A4; = f7 {z;}) with j € J.

Since f is constant on ¢~ " ({n}), f’l({xj}; = U ¢ ™{¢™(y)}), it follows that
YyEA;

o) =U U emdemw))) € Sa,

jeEJ yeA;

and the proof is complete. Il

Theorem 2.10. Let W € B(l?). Then the following assertions hold.
(i) If for every m,n € N, J, is constant on @™ ({n}), then W is centered.
(ii) If W is centered, then for every n,m € N, J, is constant on ¢, ™ ({n})No(hs).

Proof. (i) By Lemma 2.9, if for every m,n € N, J, on ¢, ™({n}) is constant,
then J, is X,,,-measurable. It follows that J, is (X,)co-measurable, and so by
Theorem 2.6, W is centered.

(ii) By Theorem 2.7, for any m € N, J, is (¥,)m-measurable on o(h,). On
the other hand, for any n € N, o™ ({n}) No(h,) is an atom in ((Xg)m)o(n,)-
Therefore J,, is constant on ¢ ({n}) N ps(o(u)).

3. CENTERED MOORE-PENROSE INVERSE AND ALUTHGE TRANSFORM OF
COMPOSITION OPERATORS

Recall that T' € B(#H) has a generalized inverse if there exists an operator S €
B(H) for which TST = T. It is well known that " € B(H) has a generalized
inverse if and only if R(T) is closed (see [1]). In general, S is not unique. The
generalized inverse S is called the Moore-Penrose inverse of T' if ST'S = S and the
idempotents 7S and ST are self-adjoint. In this case, S is unique and it is denoted
by T't. Note that if U|T| is the polar decomposition of T', then by definition, U* is
a generalized inverse of U and hence has closed range. Also, since R(U*) = N'(U)+,
U is isometry on R(U*). It is easy to check that U*|T*|t and |Tt|*/2U*|Tt|'/2 are
the polar decomposition and Aluthge transform of T, respectively.

To avoid tedious calculations we consider only the composition case. Suppose
that C, € B(L?(X)) has closed range. Then h is bounded away from zero on o(h).
Put S = M, /nCy;. Then S € B(L*(%)). Since o(hoy) = X, C;C, = My, and
CpoCy = Mpou E, we have Cy, SCy, = Cp and SC,,S = S. Also it is easy to check that
CoS = E = (Cy89)" and SC, = My, = (SC,)*. Hence, S is the Moore-Penrose
inverse of C,. Also, it is easy to check that

(C:L)* = CoMy, /0 = MijhopClp,
(CLY*CL = MyjhopE = (M, sz E)?
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and VV*V =V, where V(f) = VRE(f) o ¢~ '. These observations establish the
following theorem.

Theorem 3.1. Let C, € B(L*(X)) have closed range. Then C .

Moreover, if V|C1| is the polar decomposition of C, then
® @

X(r(h)/h

E(f)
Voo

V(f)=VhE(f)oe™', [CL(f) =

for each f in L*(3).

It follows from Theorem 3.1 that if Vn|(Cj;)"| is the polar decomposition of (CJ;)",
then

_ o™ Tyn _ En(f)
Va(f) = VhnEn(f) o™, |<C¢> ey
V™(f) = VhE(VRE(...VhE(f) o Jop Hop!

for all n € N and f in L?(X). Moreover, straightforward calculations show that

and
(COMf) = E(E(..E(flop™..)op ) op™".
But it is a classical fact that (C})" = C’Ln. Thus

(3.1) EE(..E(f)opt..)op Hop t=E,(f)op ™

Theorem 3.2. Let C, € B(L*(X)) have closed range. Then C,, is centered if and
only if C’; is centered.

Proof. Recall that C’; is centered if and only if V" = V,,. Equivalently,
(3.2) \/EE(\/EE( \/_E( f)o L)oo 1 oy “t=/h nFn(

for all n € N and f € L*(X). Now suppose that C, is centered. Then by [2],
Theorem 5, h is Yo.-measurable. So for 1 < i < n, how' ™" is well-defined. It follows
that the left hand side of equality (3.2) equals to

\/h-hogo_l...hoga—(”—l)E(E(...E(f) op t. )op Hop™.
Since hy, =h-how ™' ...hop ™1 (see [2]), by (3.1), equality (3.2) holds.

130



Conversely, suppose that C; is centered. It is easy to verify that

VPH(f) = Vi B (VRE(f) oo™ ) o 07"

and
Vas1(f) = Vhns1Enya(f) © SO_(n+1)-
It follows that
V hn+1En+1(f) o @7(n+1) =V hnEn(\/EE(f) o 5071) o Soin'
Now let A € ¥ with u(A) < co. Then u(e~ "1 (A)) < 0o because h, 1 € L®(X)
and 50 f := X,-(m+1)(a) I8 in L*(X). Tt follows that
thrlXA =V hnEn(\/ﬁ) ° QpinXA
and $0 hy 1 = hy(En(VR))2 00~ But hyy1 = hpEn(h) o o=, Hence
hn o @"En(h) = hp o go”(En(\/E))2

Consequently, En(\/#) = (E,(vV'h))? because o (h, o ¢™) = X. This implies that h
is ¥,,-measurable for all n € N. Thus, h is Y-measurable and so C, is centered. [

At this stage, we consider the Aluthge transformation of C,. Recall that the
Aluthge transformation of C, is defined by C,, := |C,|'/2U|C,|*/2. Tt is easy to
check that

~ /
(Cp)"(f) = (hohw)l 4fo<p"7 neN, feL*).

Performing some direct computations we get the following lemma.

Lemma 3.3. Let ‘N/n|(ap)”| be the polar decomposition of(ap)" forn € N. Then
for each f € L*(X) we have

~ h1/4
Vu(f) = foe®,
hn 0 " En(Vh)
=~ \n o2
(C) |<f>=\/hnEn(hwn) opnf
and
~. B hl/2 1/2 .
Vi (f) = <h1/20<,0..-h1/2Osﬁnflhl/QOSO"E(\/E)...E(\/E)ngn*l) fop™
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Note that 5@ is centered if and only if Vn =V, for all n € N. Therefore using
Lemma 3.3 we get the following corollary.

Corollary 3.4. 5@ is centered if and only if for every n € N
hn o @"En(Vh) =hY% 0@ b2 0 0" W2 0 0" E(VR) ... E(Vh) o "}
on o(h).

Theorem 3.5. If C, € B(L?(X)) is a centered operator, then so is 6'99.

Proof. Since C, is centered, h is Y-measurable, and so for all n € N,
E,(vVh) = Vh. Then from Corollary 2.5 we have

W20p.. b2 0" W20 0" E(VR)... E(Vh) o " ! = \/EHhowi
i=1
= E,(Vh)hy o o™

Now the desired conclusion follows from Corollary 3.4. (]

The following example shows that the converse of Theorem 3.5 is in general not
true.

Example 3.6. Let X = {a;: i € N} U{b;: i € N} U{¢;: i € N}, & = 2%,
m({a;}) = mi, m({b;}) = n;, m({c;}) = k; and let ¢ be a transformation on X such
that

(aiz1) = ai,  @(biy1) =bi, @(a1) = Sﬁ(bl) = (1, @(Ci) = Cit+1-

Let u be a nonzero real-valued function on X that satisfies the support condition
o(u) € o~ (o(u)). Then o(u) N{c;: i € N} # (). Direct computation shows that

J(as) = u2(ai-:;?mi+17 J(b:) = u2(bi_:11‘)ni+1,
2 2 2( .. .
J(er) = (a1)mq + u?(b1)ny J(ei) = M, =23

k?l ’ kz
Also, it is easy to check that ¢ "({a;}) = {aitn}, ;" ({b:}) = {bitn} and

o (o) = { oo .

{ang1-i, b1}, i—n <1
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By Theorem 2.10, W, is centered whenever for every ¢ € N, J, is constant on
{ai, bz} N U(h) But

T, (@) = u2(ai+1)mi+1 _ U,Q(bi—i-l)’l%—i-l — 7, (b:)

m; g

for each n € N. Hence W, is centered. Note that if o(u) = o(h) = X, then W is
centered if and only if J(a;) = J(b;) for all 4 € N.

Example 3.7. Let X and ¥ be as in the above example. Put u = /h/(h o ¢).
Then W =C,. Weset n; =1, k; =1fori#4, ks =2, m; =m3=1,me =2, and
for ¢ > 2, m;12 = m;. Note that o(u) = o(h) = X. Since

h<a1>=g—j=2¢1=2—j=h<bl>7

C,, is not centered. However, since for every i € {4,5,6,...},

J(a;) = | /% = J(b;)

and for ¢ = 1,2,3, J(a;) = J(b;) = 1, by Theorem 2.10, dp is centered. Moreover,

(JOQO)(C3) = M = ﬂ <1l= J(C3),
m({ca}) 2

5; is not hyponormal. So the converse of [3], Lemma 2 does not hold in general.
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