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Abstract. Sharp bounds on some distance-based graph invariants of n-vertex k-trees are
established in a unified approach, which may be viewed as the weighted Wiener index or
weighted Harary index. The main techniques used in this paper are graph transformations
and mathematical induction. Our results demonstrate that among k-trees with n vertices
the extremal graphs with the maximal and the second maximal reciprocal sum-degree dis-
tance are coincident with graphs having the maximal and the second maximal reciprocal
product-degree distance (and similarly, the extremal graphs with the minimal and the sec-
ond minimal degree distance are coincident with graphs having the minimal and the second
minimal eccentricity distance sum).
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1. INTRODUCTION AND DEFINITIONS

In this paper, we consider simple and finite graphs only and assume that all graphs
are connected, and refer to Bondy and Murty [7] for notation and terminologies used
but not defined here.

Let G = (Vg, Eg) be a graph with vertex set Vi and edge set Eg. Let dg(v)
denote the degree of a vertex v in G and Ng(v) be the set of vertices adjacent to v
in G. We denote by N¢[v] the set Ng(v) U{v} and by |U| the cardinality of a set U.
Let G — v, and G — uv denote the graph obtained from G by deleting the vertex
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v € Vi, and the edge uv € Eg, respectively (this notation is naturally extended if
more than one vertex or edge is deleted). Similarly, G 4+ uv is obtained from G by
adding the edge uwv ¢ Eg. The distance dg(u,v) between two vertices u,v of G is
the length of the shortest u-v path in G. The eccentricity ec(v) of the vertex v is
the distance between v and the furthest vertex from v. The diameter of G, diam(G),
is defined as the maximum of the eccentricities of the vertices of G. For a vertex
subset S of Vi we denote by G[S] the subgraph induced by S. Denote by K,, the
complete graph with n vertices. The join Gy V Gy of two graphs G; and Gs is
obtained by adding an edge from each vertex of G; to each vertex in Gs.

The study of distances between vertices of a tree was probably started from the
classic Wiener indez (see [39]), one of the most well-used chemical indices that cor-
relate a chemical compounds structure (the “molecular graph”) with the compounds
physico-chemical properties. The Wiener index W (G), introduced in 1947, is defined
as the sum of distances between all pairs of vertices, i.e.,

WG = > da(uv).
{u,v}CVa
For more results on Wiener index one may be referred to those in [10], [15], [16] and
the references cited therein.
A natural sibling concept, the Harary index H(G), was defined as the sum of the
reciprocal distances between all pairs of vertices, i.e.,

1
H(G) = _—
(@) {u,v}zg\/c de(u,v)
This graph invariant was introduced, independently, by Ivanciuc et al. [21] and by
Plavsié¢ et al. [34] in 1993. For more results on Harary index one may be referred
to [5], [19], [24] and the references cited therein.

The motivation for studying the quantity that we intend to call weighted Wiener
index and weighted Harary index of a graph comes from the following observation.
A weighted graph (G, w) is a graph G = (Viz, Eg) together with the weight function
w: Vg — NT. Let & denote one of the four operations +, —, x, /. The weighted
Wiener index W (G, w) and the weighted Harary index H (G, w) of (G, w) are defined,
respectively, as

(1.1) W(G,w) = Z (w(u) ®w(v))de(u,v)

{U,U}QVG
and
w(u) @ w(v)
1.2 H(G,w) = hd LA ed P
(12) (G w) {;V dc(u,0)
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Clearly, if w = 1 and @ denotes operation x, then W(G,w) = W(G) and H(G,w) =
H(G).

If @ denotes operation X, then (1.1) is equivalent to

W(G,w) = Z (w(uw)w(v))dg (u,v),

{u,v}CVe

which is just the Wiener number of vertex-weighted graphs; see [22], [23].
If & denotes operation + and w(-) = dg(-), then (1.1) is equivalent to

DD(G) = Y (de(u)+dc(v))de(u,v) = Y da(v)Da(v),

{u,v}CVg vEVGE

which is just the degree distance or Schultz molecular topological index, and where

Dg(v) = > dg(u,v). It was proposed by Dobrynin and Kochetova [11] and Gut-
ueVa
man [15], independently. For more information on this graph invariant one may be

referred to [1], [8], [32], [37] and their references.
If @ denotes operation + and w(-) = e¢(-), then (1.1) is equivalent to

G = Y (ealu) +eav))da(u,v) = Y cav)Da(v),

{u,v}CVg veVa

which is just the eccentricity distance sum (EDS). This novel graph invariant was
introduced by Gupta, Singh and Madan in [14]. Recently, more and more researchers
focused on this novel invariant; see [4], [13], [18], [27], [28], [30], [31].

Similarly, if @ denotes operation + and x and w(:) = dg(+), then (1.2) is equivalent

to
Ha(G) = (da(u) + da(v))
A {um}z;vc ¢ ¢ de(u,v)
and )
Hy(G)= )| (dc(u)dG(U))m7
{u,v}CVe ’

which is just the reciprocal sum-degree distance and reciprocal product-degree dis-
tance, respectively. For the research development on H4(G) and Hj/(G), one may
be referred to [2], [9], [20], [25], [36].

The notion of the n-vertex k-tree T,’f for £ > 1 was first introduced by Beineke
and Pippert [6] in 1969 (its definition is given in the following). The k-tree has been
considered fully in mathematical literature, one may be referred to [3], [29], [33],
[35], [42] and their references. In particular, Estes and Wei [12] determined sharp
bounds on the sum of squares of the vertex degrees and the sum of the products of
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degrees of pairs of adjacent vertices of n vertex k-trees. To our best knowledge, the
weighted Wiener index and the weighted Harary index of k-trees have not been, so
far, considered in the mathematical literature.

In this paper, we consider the extremal graphs among k-trees with respect to
W(G), H(G), DD(G), €4(G), Ha(G), and Hy(G). 1t is surprising to see that the
corresponding extremal graphs are coincident according to the distance-based graph
invariants such as DD(G), ¢4(Q), Ha(G), and Hp(G).

The notion of the k-tree T* for k > 1 was first introduced by Beineke and Pip-
pert [6] in 1969, and is defined recursively as (see also in [12]):

(i) The smallest k-tree is the k-clique K.

(if) If G is a k-tree with n vertices and a new vertex v of degree k is added and
joined to the vertices of a k-clique in G, then the larger graph is a k-tree with
n + 1 vertices.

For convenience, let T* denote a k-tree on n vertices, and let .Z* be the set of
all k-trees on n vertices in the whole context. In particular, we consider several
particular classes of k-trees.

Definition 1.1 ([12]). The n-vertex k-path P¥ is a graph with the vertex set
{vi,ve,...,v,}, where G[{v1,va,...,vk}] & K. For k+ 1 < < n, the vertex v; is
adjacent to vertices {v;—1,vi—2,...,V;_k}.

It is known [12] that a chordal graph G on at least two vertices contains a simplicial
vertex u, a vertex whose neighborhood induces a clique. Let G = Gy, G; = G;—1 —u;
for i > 1. If each u; is a simplicial vertex of G;_1, then {uy,usa,...,u,} is called a
simplicial elimination ordering of the n-vertex graph G. In particular, if G is a
k-tree, then let S;(G) denote the set of all simplicial vertices of G.

Definition 1.2 ([12]). The n-vertex k-star Sk ,—r (see Fig. 1) is a graph with the
vertex set {v1,va,...,v,}, where G[{vi,ve,...,v5}] = Kj and N(v;) = {v1,v2,...,
v} for k+1 < i < n. Hence, v; € S1(TF) for k+1<i < n.

Moreover, let G[{v1,va,...,v;}] denote the initial k-clique, then just by the defi-
nition of k-tree we have |Epx| = [Ek, |+ k(n — k) = 1k(2n—k —1) and dpx(v) > k
for any v € Vrx. Similarly, we can easily get the following facts.

Fact 1.3. Let TF be a k-tree on n > k + 2 vertices and S1(T¥) be the set of all
k-simplicial vertices of T). Then dpk (v) = k for any v € S1(TF) and T} — v is also
a k-tree.

Fact 1.4. For the k-star onn vertices the degree of a vertex v; can be characterized
as: dw;))=n—1for1 <i<k;dv;)=kfork+1<i<n.
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Figure 1. Graphs Sy ,_j and G7,.

Fact 1.5. For the k-path on n vertices the degree of a vertex v; can be charac-
terized as:
(i) fk+2<n<2k thend(v;))=k+i—1forl<i<n—k—1,dv;)=n—1
forn—k<i<k+1l;dv)=k+n—ifork+2<i<n
(ii) If n > 2k+1, thend(v;) = k+i—1for1 <i < k; d(v;) = 2k for k+1 <i < n—k;
dlvi)=k+n—iforn—k+1<i<n.

For the n-vertex k-tree T, if k = 1, then it is just a tree and the extremal
properties of W(G), H(G), DD(G), £4(G), Ha(G), and Hps(G) of n-vertex tree can
be referred to in [2], [9], [10], [12], [26], [40], [41]. On the other hand, T = K,
for k<n<k+1and TF = PF =S, 4 forn=k+2. So we consider T¥ with
n > k+ 3 and £ > 2 in the whole context.

Lemma 1.6 ([38]). Let T be a k-tree on n > k + 1 vertices. Then there exist at
least two vertices of degree k in Vru.

Lemma 1.7. Let T* be a k-tree on n vertices and S;(TF) be the set of all
k-simplicial vertices of T.
(i) If n > k+2, then |S\(T}¥)| > 2 and uv € Erx for any vertex pair u,v € Sy (TF).
(ii) If there exist two vertices u,v € Si(T}) such that uv € Erk, then n = k 4 1
and TF = Ki. ’

Proof. (i) By Lemma 1.6, if n > k + 2, then there exist at least two vertices,
say v; and vj, in Vpx such that dpx(vi) = dpx (vj) = k. By the definition of k-trees,
it is routine to check that v;,v; € S1(T¥). So |S1(T¥)| > 2 holds. Now we suppose
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u,v € S1(T}) and uv € Epx. Then dpx(u) = dpx (v) = k by the definition of Sy (T}F).
Note that uv € Erx. Hence, we can easily get dT7;§,v(u) = k — 1, a contradiction to
the fact that T* — v is also a k-tree. So uv ¢ Erw. for any vertex pair u,v € S (TF),
and (i) holds.

(ii) Follows directly from (i). O

2. THE LOWER BOUND ON THE WIENER INDEX AND THE UPPER BOUND
ON THE HARARY INDEX OF k-TREES

In this section, we determine the sharp lower and sharp upper bound on the Wiener
index and Harary index, respectively, among k-trees with n vertices.

For any connected graph G on n vertices let 0;(G) be the number of vertex pairs
(u,v) in G with dg(u,v) =14, 1 <i < diam(G) < n —1.

Theorem 2.1. Let T,’f be a k-tree on n > k + 3 vertices. Then

2
W(T,’f)>n2—(k+1)n+%+§.

The equality holds if and only if diam(T¥) = 2.

Proof. By the definition of the Wiener index, we have

diam(TF)
W) = > dps(ww)= Y ioi(T})
{u,v}QVTJg i=1
diam(T¥)
(2.1) >o(ThH+2 Y o(Th)
i=2
nn—1
= 1B+ 2(" Y ) = nn - 1) - |y
Kk
2
=n‘—(k+1 — 4+ -
n®—(k+1)n+ 5 T3

Obviously, the equality in (2.1) holds if and only if diam(7¥) = 2. This completes
the proof. O
Theorem 2.2. Let T* be a k-tree on n > k + 3 vertices. Then
2 2
& n (k' 1 ) k k
< S
H(TY) < 1 + 5~ 1)" 1

with equality if and only if diam(T¥) = 2.
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Proof. By the definition of the Harary index, we have

1 diam(TF*) 1
HITH= Y = » -o(ly)
drr (u,v) : i
{u0}CVpy 7 i=1
diam(TJf)
(2.2) <o) +g Y, @)
i=2
1/nn-1 1 1
= 12+ 5 (" ) = - 1)+ Ly
_n_2+<ﬁ_1)n_k_2_ﬁ
4 2 4 4 4’
Obviously, the equality in (2.2) holds if and only if diam(7T*) = 2. This completes
the proof. O

3. THE MAXIMAL AND THE SECOND MAXIMAL H4 AND Hj,; OF k-TREES

In this section, the maximal and the second maximal values of the reciprocal sum-
degree distance and the reciprocal product-degree distance of k-trees are determined.
The corresponding extremal k-trees are also identified.

The first Zagreb index of a graph G was introduced in 1972 in the report of
Gutman and Trinajsti¢ (see [17]) on the topological basis of the m-electron energy,
and was denoted by

(3.1) Mi(G) =Y dg(w)= > (de(u) +da(v)).

ueVg uwveEq
Comparing with the reciprocal sum-degree distance of a graph G, we define the
following invariant, the reciprocal sum-degree codistance, for G as

(32 FaG) = Y (da(w) +dolv) 7o
uwwéEqg
Let G1 = G be an n-vertex k-tree. Recall that S1(G1) is the set of all simplicial
vertices of G;. Then for i > 2 let G; = G;—1 — S1(G;-1) and S;(G) denote the set of
all simplicial vertices of G;. Obviously, |S1(Sk.n—k)| =n — k and Sao(TF) = 0 if and
only if Tylf =~ Sk,nfk'

Lemma 3.1. Let TF be in ZF\ {Sk.n_1} withn > k+3 vertices. Let u € So(TF)
with Ny« (u) 0 S1(TF) = {v1,v2,...,vs} where s > 1. Then there exists a vertex
v € Npi(u) \ {v1,v2,...,vs} of degree at least k in T} — {v1,va,...,v,} such that
vv; & Epe for any v; € {v1,v2,...,vs}.
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Proof. Let G' = T} — {vi,va,...,0s} and X = Npw(u) \ {v1,v2,...,0,}.
Then we obtain that dg(u) = |X| = k and TF[X] is a k-clique by u € So(TF).
By Fact 1.3, Lemma 1.7 and the definition of k-trees, dg/ (v) > k for all v € X and
Nopw (v;) induces a k-clique in TF. Combining this with v; € Nrx(u)NS1 (TF), we have
Nri(v;) € X U{u} for any v; € {v1,va,...,v,}. Note that {vy,vs,..., v} C S1(TF).
Hence, by Lemma 1.7, v;v; ¢ Eqx for 1 < ¢ < j < n. In view of the fact that
|Npw(vi)| = k, | X U{u}| =k + 1, there exists a vertex v € X such that vv; & Epx
for any vertex v; € {v1,va,...,vs}.

This completes the proof. Il

Lemma 3.2. Let T,’f be a k-tree onn > k + 3 Vertjces and choose a vertex

v € S1(TF) with Ngw(v) = {u1,uz,...,ux} such that Z dpr(ui) is as large as
i=1

possible. Then
k
(1) Z dr (u;) < k(n — 1) with equality if and only if Tk Skn—k;

(ii) Z drk (u;) < kn —k — 1 if T* 2 Sk —k, and the equality holds if and only if
Tk = G, as depicted in Fig. 1.
Proof. (i) Note that drx(u) < n—1 for any vertex u € Vyx. Hence, (i) follows
immediately.
(i) As TF 2 Skn—k, clearly there exists a vertex, say u1, in {u1, us,...,ux} and
a vertex vg € Vrpx \NTk[ | such that ujvg ¢ Epx. Hence, dpr(ui) < n —2 and
dpx(ui) <n —1for 2 <i < k. Then

k k
> drp(u) = dpy(ur) + ) dry (us)
=1 =2

(3.3) <n—-24(k-1Mn-1)

=kn—k—1.
The equality in (3.3) holds if and only if there is just one vertex w; in {u1, ug, ..., ug}
and one vertex vg € Vrx \ Nk [v] such that ujvg € Erx, i.e., G = Gy, Therefore (ii)
holds. O

Theorem 3.3. Let T* be a k-tree on n > k + 3 vertices. Then

3 5 k> k2
HA(TF) < Skn? —gkn- T+ Atk
() <3 > Tt

and the equality holds if and only if T* 22 Sy ,, .
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Proof. We prove our result by induction on n. If n = k + 3, then ZF =
{P,f+3, Sk,3}. By simple calculations we have

Hao(Pfg) =k +7k* + Tk —1 and Ha(Sk3) =k* + 7k* + Tk.

Hence, our result holds for n = k£ + 3.
Suppose our result is true for T* with k +3 < m < n, and consider T*. Choose
k
a vertex v € S1(TF) with Ny« (v) = {u1,ug, ..., ux} such that Y drx(u;) is as large

=1
as possible. For simplicity, let G = T* and G’ = T* — v. By the definition of k-trees

and v € S1(G), we get that G[{v,u1,ug,...,ur}t] = K41 and G’ is also a k-tree. It
is routine to check that

1
HA(G) = {u,v}zéVc(dG(U) + dG(U))dG(u,v)
= Y (o) +de@) + 3 (dalw) + da(v)) 5 MG+ TAG),
weEFEqg uwvgEq G(’U,, U)

where M;(G) and H 4(G) are defined in (3.1) and (3.2), respectively.
Note that

k k
My(G) = Mi(G") + Y (da(v) + da(ui) + D (de(u;) — 1)
i=1 =1
k
=M (G)+ Kk —k+ QZdG(Ui)

and

— — , dg(u)+k
Hus(G)=H _
MO =HAC+ 2. oty

u€Vg\NJv]

1 1
+ Z dg(u,ur) ot Z de(u,ug)’

€V \N[u1] u€Va\N [ug]

Hence, combining this with the fact that dg(u,v) > 2 for any u € Vi \ N[v] and
de(u,u;) = 2 for any u € Vg \ N|u,] yields

Ha(G) — Ha(G') = (M1(G) + Ha(G)) — (M1(G') + Ha(G"))

k
da(u) +k
- 2 _ 9 ; ac\t) T R
B —k+2) da(u)+ dou0)

i=1 u€Vg\NJv]
1 1
Py ey L
weVe\Nlui] de(u, u1) W€V \Nuy] de(u, up)
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k
(3.4) <k2—k+22dg(ui)+% S delw)

=1 u€Va\N[v]

+

[

k
(= k=1)+ 50— 1)~ 3 Y do(u)

k k 1 k
:5(2n+k—4)+2d0(ui)+i(gd(;(ui)—f— > dg(u)>

i=1 uEVE\N|[v]
k : 1 £
= @ntk—4)+ ;dg(ui) + 5 21| — k) = k(2n - 3) + ;dc(ui)
(3.5) < k(2n—-3)+k(n—1)
=k(3n —4).

The equality in (3.4) holds if and only if dg(u,v) = 2 for any v € Vg \ N[v] and
dg(u,u;) = 2 for any u € Vi \ N[u;], whereas the equality in (3.5) holds if and
only if TF = S ,,_x by Lemma 3.2 (i). Based on the definition of k-trees we have
G = Sj n—k. Therefore

(3.6)  Ha(G) < Ha(G') + k(30 — 4)
(3.7) Sk(g(n—l)Q—g(n—l)—%+g+l>+k(3n—4)
35, 5 Kk
=k(zw-gn- g g +1)

The equality in (3.6) holds if and only if equalities in (3.4) and (3.5) hold, i.e.,
G = Sy n—k. The inequality in (3.7) holds by induction and the equality in (3.7) holds
if and only if G’ = Sy ,,—x—1. By the definition of k-trees, we have G’ 2 Sy ,,_p—1
when G = Sj, 1 holds. Hence, our result holds.

This completes the proof. O

Theorem 3.4. Let TF be in TF\ {Sk,n—r} withn >k + 3. Then
3 2

3 5 k
HA(TH < Zkn® —Zkn—n— — 4+ — +2k+2
A(Ty) < ghn” = ghn—n = o+ 5 + 2k +

and the equality holds if and only if T* = G, where G, is depicted in Fig. 1.

ns

Proof. Choose a vertex v € Si(T}) with Ny (v) = {u1,u, ..., ur} such that
k
> drk(u;) is as large as possible. Then Tk — v is also a k-tree by Fact 1.3. If

=1
T,’f —v = S p—k—1, combining this with T,’f 2 Skn—k, We can easily get T,’f = G by
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the definition of T,’f, our theorem holds. Otherwise, we consider T,’f — V& Sk n—k—1-
We will show our result by induction on n.
If n = k+ 3, then J,F = {Pf, 3} = {G},3} since T} 2 Sgn_j. By simple
calculations, Ha(PF, 4) = k3 + 7k2 + Tk — 1, our result holds for n = k + 3.
Suppose that our result is true for 7% for k +3 < m < n, and consider T*. For
simplicity, let G = T¥ and G’ = T* — v. Combining this with Lemma 3.2 (ii) and
the proof of Theorem 3.3, we have

(3.8) Ha(G) — HA(G/) k(2n —3) + Z de(u;)
(3.9) < k(2n — )—I—k:n—k—l
= 3kn — 4k — 1.

The equality in (3.8) holds if and only if dg(u,v) = 2 for any vertex u € Vg \ N[v]
and dg(u,u;) = 2 for any vertex u € Vi \ N[u;], whereas the equality in (3.9) holds
if and only if G = G}, by Lemma 3.2 (ii). Therefore

(3.10) HA(G)SHA(G)+3]€H—4]€—1
(3.11) < HA(G_ )+ 3kn— 4k —1
3 K2 k2
= - - 1) — = -1H)-n—-1)— — + —
S =17 = 2 — 1)~ -1 -
+2k+2+3kn—4k -1

3 5 B k2
“kn® — Skn—n— — 4+ — +2k+2.
ghn” —ghn—n— ook

The equality in (3.10) holds if and only if the equalities in (3.8) and (3.9) hold,
whereas the equality in (3.11) holds if and only if G’ = G} _;. Hence, G = G}, our
result holds.

This completes the proof. ([

Theorem 3.5. Let Tk be a k-tree on n > k + 3 vertices. Then

k2 k k3 9k k*  BK3 kK2 &k
M) < (T =g )nt = (T + k)t T+ 5 -3

and the equality holds if and only if T’“ Skn—k-

Proof. By direct computation, we get

M(Skn—k) = (%—g)n2—<¥+¥—k)n+%+7+?—

o1



In order to complete the proof, it suffices to show that for any T € ¥\ {Sk n—r}
there exists an n-vertex k-tree, say G*, such that Hy(TF) < Hp (G*).

For simplicity, we denote G = T¥ in 7%\ {Sk.n—r}. Let u € S2(G) and Ng(u) N
S1 = {v1,v2,...,0s} with s > 1. Let G’ = G — {v1,v2,...,vs} and X = Ng(u) —
{v1,v2,...,v5}. Based on Lemma 3.1, we may choose a vertex, say v1, in Ng(u) N
S1 = {v1,va,...,vs} such that there exists a vertex v € X satisfying dg(v) = k and
vuy ¢ Eg. We consider the following two possible cases.

Case 1. dg/(v) = k. In this case, v € S3(G). Combining this with uv € E(G’), we
obtain that G’ is just a (k 4+ 1)-clique by Lemma 1.7. We consider the following two
possible subcases.

Subcase 1.1. k = 2. In this subcase, dg/(v) = dg (u) = 2. Set N (u) \ {v} = {z}.
Note that G 2 Sj n—;. Hence, assume without loss of generality that zv;, € Eg,
v; & Bg for 1 <i<t<sandav; € Eg, vv; € Eg for t +1 <4 < s. Construct a
new graph G* = (Vg«, Eg+) with

Var =Va, Eg» = Eg — {zv1, 202, ..., 201} + {vv1, 009, ..., 00 }.

Then dg+(z) = dg(x) — t, dg+(v) = dg(v) +t and dg+(y) = de(y) for any ver-
tex y € Vg \ {z,v}. On the other hand, dg(vi,x) = dg=(vi,v) = 1, dg(vi,v) =
de(vi, ) = 2for 1 < i < tand dg(z,w) = dg+(z,w) for any other vertex pair. Obvi-
ously, G* is also an n-vertex k-tree and combining this with the fact that v; € S1(G),
da(v;)) =2 for 1 < i < s, we have

_ Zt: (dg* (vi)de- §x) _de(i)dg(x) | da-(vi)da-(v) dc(vi)dc(v))

P de« (v, de(vi, x) de« (v, v) de(vi,v)
. rdg-(vi)dg- (x) _dg(vi)dg(x) | dg-(vi)dg=(v)  de(vi)da(v)
+1_t+1( dg-(vi, ) dg (vi, ) * do-(vi,v)  da(vi,v) )
dg* (u)dg* (:L‘) dc;* (u)dc;* (’U) dg* (:L')dc;* (v)
* de+ (u, x) * de+ (u,v) * de+(x,v)
_ dg(u)dg(x) _ dg(u)dc(’u) _ dg(x)dg (U)
da(u, x) de(u,v) da(x,v)
= (tdg(z) — tda(v +ch () +da(v Z dc (vi)
1= t+1
= t(dg(x) — da(v) =) = Y (do(@) —dg(v) —t)+ Y t=1t(s—1).
i=1 i=t+1

Note that 1 < ¢ < s. Hence, Hy(G*) — Hp(G) > 0. That is to say, we have found
the k-tree G* satisfying Has(G*) > Hp(G) in this subcase, as desired.
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Subcase 1.2. k > 3. Let © € X be a vertex such that dg(z) = mi)r(l dg(v). If
vE

vix & Eg for any ¢ = 1,2,...,s, then Ng(v;) = Ng(z) = (X \ {z}) U{u}. So

G = S} k41, which is a contradiction. Now, let v; be a vertex such that vz € Eq,

vy € Eg for some t = 1,2,...,s and y € X. Note that dg(z) = Héi)l(ldg(’l)), we get
v
de(z) — 1 < dg(y). Construct a new graph G* = (Vg~, Eg~), where

Vo = Vg, FEg- = FEg —wvnx+ vy.

It is routine to check that G* is a k-tree on n vertices and that

Hu(GF) - Hu(G) = Y
ueV\{z,y,v+}
dg+(z)dg- (y) L e (@
dG* (x,y) dg*
- ¥ (dc(x)dc(u dc(y)dc(U)>

_ 3 (dg(z) — 1)dg(u) N (da(y) + 1)dc(u)>

weV\{z,y,v:} d(w, u) da(y,u)

(da(z) —1)(da(y) +1) | (da(x) —1)da(vr)
- dG(xvy) + 2

+doly) + Ddalv) - Y (fetel) , Aol

de(x, u) da(y,u)

ueV\{z,y,v:}

_ dG(fE)dG(Ut) _ dG(y);iG(vt)

_ da(@)da(y)
dG (J), y)

k?2

= — 5 ldg(2) —daly) = 1) = 5 (da(v) = 2)(da(x) — da(y) - 1).

1
2
Note that dg(z) — 1 < dg(y) and dg(v:) = k > 3. Hence, we obtain Hp/(G*) —
Hu(G) > 0. Therefore we find the k-tree G* satisfies Hp(G*) > Hp(G) in this
subcase, as desired.

Case 2. dg/(v) = k + 1. In this case, reorder the subscripts of {v1,va,...,vs} so
that vv; € Eq, i € [1,s1] with 1 < s1 < s. By the fact that G[X] is a k-clique, we
have dg(u) = k + s and dg(v) > k+ 1+ s — s1, that is dg(v) > dg(u) — s1 + 1.
Construct a new graph G* = (Vg«, Eg+ ), where

Vo =V, Eg» = Eg — {uvi,uvs, ..., uvs, } + {vv1,vve,. .., 004 }.
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It is easy to check that dgs(u) = dg(u) — s1, dg=(v) = dg(v) + s1 and
dg«(z) = dg(z) for any vertex x € Vg \ {u,v}. Note that G[X U {u}] is a
(k + 1)-clique, and Ng(v;) € Ng/(u) U {u} for any i. Hence G* is also a k-tree.
For convenience, let Ng/(u) = {u1,ug,...,ur} and Vy = Vi \ Ng[u]. Obviously,
da(vi,u) = dg=(vi,v) = 1, dg(vi,v) = dg=(vi,u) = 2, dg=(vi,z) < dg(vi, z) for
any 1 < i < s1, * € Vg and dg+(y,2) = dg(y,2) for any other vertex pairs.
Then

Hpy (G*) — Hy(G)
_ Z( «(v;)dg= (u) dg(vi)dg(u) n de+(v;)dg+ (v) B dg(vi)dc(v))

2\ " dg- (v, ) dc(vi, u) dg-(vi, ) dc (v, v)

O T B Py i o),
T T 77 A e o
oyttt dzgzjz<f> lelie ) delyiel)
FLE L) e

1<i<s1,zeVp

S1

=Y (g(dc(u) — s1) — kdg(u) + k(dg(v) + 51) — gdc(v))

+ > (k(dg(u) — s1) — kdg(u) + k(da(v) + s1) — kda(v))
i=s1+1
s w) + w sidg(z)  sidg(z)
+1<ig§k,:u,-¢v( 1dg i) + a1da 1))+I;O<dc(v7x) dG(u,x))

+ Z ( kdg(x) _ k?dg(l‘))

1<i<s1,z€V) dG* (vi’x) dG(vi’x)
S1

1 1
— ?(k —2)(dg(v) —dg(u) + s1) + 81 Z dG(l‘)(dG( a dG(uvx)>

zeVy U,:L’)

+k Z dG(x)(dG*(;,x) a dc(;,@")).

1<i<s1,z€V)

Note that dg/(v) > k + 1. Hence, we have 1/dg(v,z) > 1/dg(u,z) for any vertex
x € Vp and there exists a vertex z € Vj such that 1/dg(v,z) > 1/dg(u,z). Com-
bining this with the fact that dg(v) — dg(u) +s1 > 0, k > 2 and 1/dg-(vi, ) >
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1/dg(vi,z) for any vertex = € Vp, 1 < i < s1, we get Hy(G*) — Hy(G) > 0.
Hence, we find that the k-tree G* satisfies Hp (G*) > Hp(G) in this case, as de-
sired.

By Cases 1 and 2, our result holds. O

Theorem 3.6. Let TX be in 7%\ {Sk.n—r} withn >k + 3. Then

3k 9k? E*  5k3  3k%  k
() < (- =g)w = (= s T g

and the equality holds if and only if T = G?, as depicted in Fig. 1.

Proof. Choose a vertex v € S1(T¥) with Npx(v) = {u1,u,...,ux} such that

i dr (u;) is as large as possible. Then T¥ — v is also a k-tree by Fact 1.3. If
i=1
1T,’f —v = S p—k—1, combining this with T,’f 2 Skn—k, We can easily get T,’f = G by
the definition of 7%, our theorem holds. Otherwise, we consider T — v 2 Skn—k—1-
We will show our result by induction on n.
If n = k+ 3, then % = {P,f+3} = {Gj} 3} since TF %2 Skn-k. By simple
calculations, Hy(Pf, ;) = k% + 3k% + 2k? — 3k + 1, our result holds for n = k + 3.
Suppose that our result is true for T for k +3 < m < n, and consider TF.
For simplicity, let G = T¥ and G’ = T* — v. Combining this with the fact that
da(v,u;) =1, dg(us, u;) = 1 for any vertex u;, u; € {u1,ug,...,ur} and de(v,u) > 2
for any vertex u € Vi \ N[v|, we have

Hy(G) — Hu(G')
1 ].
= Y (de(w)de(v)) o > (o (Wi (v) s

{u,U}QVG {u,v}CVg
v)de (u; d d

- Z dg UC;I)L + Z CZi(:()v C;L()u)
¢ u€Vg\N[v] ’

dG Uz dG 'U']) dG'(ui)dG' (u])
+ Z dG U“’U,j) dG/(ui,uj) )

1<i<j<k
Ly (lelidet) | do(u)do(u)

wevonp) - %6 (u1,u) de (uk, u)

B dG/ (ul)dG/ (u) B dG/ (uk)dc;/ (u))

dgr(u1,u) o dgr (ug,w)
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k
:kZdG(uiH‘ Z ;j((;(?)

u€Va\N[v]
+ > (de(ui)da(uy) — (de(us) — 1)(de(uy) — 1))
1<i<j<k
dg(ul)dg(u) dg(’u,k)dg(u)
+u€V§\:N ( dg(u1,u) Tt de(ug,u)
_ (de(ur) —Ddg(u)  (de(uk) — 1)dG(u))
da(ur,u) de (ug, u)

k
(312)  <kYdolw)+r Y delw)+ Y (dolw) +do(uy))

u€Va\N|[v] 1<i<j<k

k 1 1
_§(k_1)+ Z dc(u)(m+"'+m)

u€Va\N[v]

k
= kZdG (us) <2|EG| k— ng (u; > +(k—1)> da(u)

i=1

* ! :
gD+ > dG(“)(m+"'+m)

u€Vg\N|[v]
k
3k 1 1
()Y detw) + Y daw) (o
( 2 ) = VN o] (dG(ul,u) dc;(uk,u))
K> 3k?

+
Do |

Equality in (3.12) holds if and only if d¢(u,v) = 2 for any vertex u € Vg \ N[v].
Note that G 2 Sk n—r. By Lemma 3.2 (ii), we can easily get

with equality if and only if G = G}.

Since n > k + 3, we get |S1(G)| > 2 by Lemma 1.7. Choose v' € S1(G) \ {v} such
that dg(v') = k and |[N(v") N Ng(v)| is as small as possible. Then |N(v') N Ng(v)] <
k — 1 since G 2 Skn—k. So there exists a vertex u; € Ng(v) such that v'u; ¢ Eg,
i.e., dg(v',u;) > 2. Then we can easily get

1 1

e R m)gk(k—ul):k?——

dc;(v')(
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and
1 1

dG(U,Ul) o dG(u;uk)
for any u € Vg \ {Ng[v] U {v'}}.
Furthermore, we have

1 1
Z dG(u)(d@(ul,u) T dg(uk,u))

u€Va\N[v]

/N
>

, 1 1
=da(v )(dg(v’,ul) Tt dg(v’,uk)>

1 1
bY de( )
weVe\Nalulv'}} do (. ) do (s, u)

(3.13) <k? - g +k > de(u)
u€Ve\{Ng[v]u{v'}}

k
k
=K% - 5t k'(2|EG| — 2k — ng(ui)>

€

i=1
= 2k%n — k% — ———kZdG (us),
where the equality in (3.13) holds if and only if there exists only one vertex u;
{u1,us,...,ur} and one vertex v’ € Vi \ Ng[v] such that u;v’ & Eg, ie., G = Gx.

Then combining this with induction,
(3.14) Hy(G) < Hu(G') + (— - 1) ch w)

1 1
+ ) dG(u)(idg(ul,u)+"'+7dc(uk,u))

u€Vge\N[v]
KO3k k
2 _—_—— — —_— —
M R e
(3.15) <HM(G')+(%—1>§:d (i) + 2% — kP — 2k — &
. S 2 s G\Ug 2
k
KO3k &
— 2 —_— —_——— —_— —
k;dg(uz)—i—k:n 5~ 5 *5
k a 3k3 k2
_HM(G)+(2 1>;d o(w) +3k%n — 2= —
. k 5 3K TK?
(3.16) < Ha( n_1)+(5—1)(kn—k;—1)+3kn—T—T
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12 2 "1
KBk 3Kk 7 33 k
N N e
ot S g + (G —kn— - =4k + S +

_(7_’f2 E)z (3_’f‘°’+9_’f2 1) LR SR 3Rk

g " 2)" 2 A "t T Ty Ty T

The equality in (3.14) holds if and only if the equality in (3.12) holds, i.e., G = G;
the equality in (3.15) and (3.16) holds if and only if G = G} and G' = G} _,,
respectively. By the definition of k-trees and the fact that G’ 2 Sj n_r—1, we have
G' 2 G} _; when G = G holds. Hence, our result holds.

This completes the proof. ([

4. THE MINIMAL AND THE SECOND MINIMAL DD AND £¢ OF k-TREES

In this section, the minimal and the second minimal values on DD and £¢ of n-
vertex k-trees are determined. The corresponding extremal graphs are characterized.

Theorem 4.1. Let T,’f be a k-tree on n > k + 3 vertices. Then
DD(TF) > 3kn? — 3k®n — dkn + k> + 2k> + k

and the equality holds if and only if T =2 Sy ,, .

Proof. We show our result by induction on n. If n = k + 3, then ZF =
{P,iﬁr?,, Sk,3}. By simple calculations, DD(P,er?,) = k3+7k*+16k+2 and DD(Sy 3) =
k3 4+ 7k? + 16k. Our result follows immediately in this case.

Suppose our result is true for T* with k + 3 < m < n, and consider T*. Choose
a vertex v € Si(TF), then dpx(v) = k and let Npx(v) = {u1,ug,...,ux}. For
simplicity, let G = T and G’ = T* —v. By the definition of the k-tree and v € S1(G),
we can easily get G[{v,u1,ug,...,ur}] = Ki41 and G’ is also a k-tree. Furthermore,

we have

DD(G) — DD(G')
= Y dg)Da(v) = > de(v)Dar(v)

veVg veEVgr

k
=dg(v)Dg(v) + Y _(de(ui) Da(ui) — der (ui) Dar (ui))

i=1

+ Y (de(u)De(u) — der(u)Der(u))
u€Va\N[v]
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= k;(k + 0y dg(u,v)>

u€Va\N[v]
k

+ Z(dc(ui)DG(Ui) — (de(u;) — 1)(Dg(ui) — 1))
+ Y de(wda(u,v)

u€Va\N [v]
k

=K+ Y (de(w) +k)da(u,v) + Y (da(w;) + Da(us)) — k

u€Vg\N[v] i=1

=k —k+ Z (de(u) + k)de(u,v)
u€Va\N[v]

+ (2|EG| DY dg(u)> + <k+ > d(;(u,ui))
u€Vg\N[v] i=1 u€Vg\N[v]

= k% 4+ 2kn — 3k + Z (de()(dg(u,v) — 1) + kda(u,v)
u€Vg\N|[v]

+de(u,ur) + ...+ de(u,ug))
(4.1) >k?+2kn—3k+(n—k—1)(k+2k+k)
= 6kn — 3k% — Tk.

The equality in (4.1) holds if and only if dg(u) = k, dg(u,v) = 2 and dg(u,ur) =

da(u,ug) = ... = dg(u,ur) = 1 for any vertex v € Vi \ N[v]. Hence, by induction
we have
(4.2) DD(G) = DD(Skn—k—1) + 6kn — 3k* — Tk

=3k(n—1)* = 3k*(n — 1) — 4k(n — 1)
+ k2 4+ 2% + k + 6kn — 3k% — Tk
= 3kn? — 3k*n — dkn + k> + 2k> + k.

The equality in (4.2) holds if and only if G' 2 Sy ,—k—1 and the equality in (4.1)
holds. Hence, G = Sy, p—.
This completes the proof. ([
Theorem 4.2. Let T* be in TF\ {Skn—r} withn >k + 3. Then
DD(TF) > 3kn? — 3k*n — dkn + 2n + k3 + 2k — k — 4,
and the equality holds if and only if T = G?, as depicted in Fig. 1.
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Proof. Choose a vertex v € Si(T¥) with Ny (v) = {u1,ug,...,ux} such that
3 dpi(ui) is as large as possible. For simplicity, let G = TF and G’ = TF — v.

i\Téte that v € S1(G) and by the definition of the k-tree, we can easily get
Gl{v,u1,ug,...,ux}] = Kii1 and G’ is also a k-tree. If G' = Si,_k—1, then
combining it with T* 2 S ,,_x, we can easily get T 22 G* by the definition of T,
our result holds in this case. Otherwise we consider G’ 2 Si n—k—1 and we proceed
by induction on n.

If n = k+ 3, then JF = {PF;} = {G},;} since T} 2 Sy n_i. By simple
calculations, DD(PF, 5) = k% + 7k? + 16k + 2, our result holds in this subcase.

Suppose our result is true for 7% with k +3 < m < n, and consider 7. Since
G 2 Sk,n—k, by Lemma 3.2 (ii) we can easily get

k
D dg(ui) <kn—k—1

i=1
with equality if and only if G = G}.
Notice that n > k+3. Hence, by Lemma 1.7, |S1(G)| = 2. Choose v’ € S1(G)\{v}
such that |[N(v') N Ng(v)| is as small as possible. As G 2 Sy n—k, we have [N(v') N

Ng(v)| < k—1. So there exists a vertex u; € Ng(v) such that v'u; ¢ Epx. Then we
can easily get

da(v',u1) +dg(v',uz) + ... +da(v',ug) = k+1
and
da(uy,ur) + dg(u,ue) + ... +da(u,ug) = k

for any u € Vi \ (Ng[v] U {v'}). Hence,

> (da(u,u)+da(u,up)+. . Ada(u,ur)) > k+1+k(n—k—2) = kn—k*—k+1
u€Va\Ng|[v]

with equality if and only if there is only one vertex u; € {u1,us,...,ur} and one
vertex v/ € Vi \ Ng[v] such that u;v’ € Eg and o' € S1(G), i.e., G = Gx.

Furthermore, based on the proof of Theorem 4.1, we have

DD(G) = DD(G') = k* +2kn — 3k + Y (dg(u)(dg(u,v) — 1)
u€Va\N[v]
+ kda(u,v) + da(u,ur) + ... + da(u, ug))
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(4.3) >k +2kn—3k+ Y (da(u)+2k)
u€Vg\N|[v]

+ ) (da(u,u) +da(u,uz) + .. - + dg (u, ug))
u€Va\N[v]

k
=k*+2kn — 3k +2k(n —k — 1) + <2|EG| —-k- ng(ui)>
i=1

+ Z (da(u, u1) + da(u, uz) + . .. + da(u, ug))
u€Va\N [v]

(4.4) >6kn—2k* —Tk—(kn —k—1)+kn—k* —k+1
= 6kn — 3k* — Tk + 2.

The equality in (4.3) holds if and only if dg(u,v) = 2 for any vertex u € Vg \ N[v],
whereas the equality in (4.4) holds if and only if i dg(u;) = kn —k — 1 and
S (de(uyur) +da(u,ug) +. .. +da(u,ug)) = k;”L:i k* —k+1. Hence, G = G,
u€Va\N[v]
Combining this with induction,

(4.5) DD(G) = DD(G% _,) + 6kn — 3k* — Tk + 2

=3k(n—1)% = 3k*(n — 1) —4k(n — 1) +2(n — 1)

+ K+ 2k% —k — 4+ 6kn — 3k* — Tk +2
=3kn® — 3k’n — dkn+2n + k* 4+ 2k* — k — 4.

The equality in (4.5) holds if and only if G’ = G _; and the equality in (4.3) and (4.4)
holds. Hence, G = G,.
This completes the proof. ([
Theorem 4.3. Let T,’f be a k-tree on n > k + 3 vertices. Then

ENTP) > dn? — 5kn — 4n + 2k* + 3k

and the equality holds if and only if T 2 Sy ,, .

Proof. We proceed by induction on n. If n = k+3, then 7% 5 = {PF 5, Sks}.
By simple calculations, we have

€NPE ) =K+ 9k +26,  ¢Y(Sk3)=k*+8k+24.

Our result holds immediately in this case.
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Suppose our result is true for T% with k + 3 < m < n, and next consider TF.
Choose a vertex v € S1(T¥), then dpr(v) = k and let Npx(v) = {u1,ug,...,ux}. For
simplicity, let G = T* and G’ = T* — v. By the definition of k-tree and v € S1(G),
it is routine to check that G[{v,u1,ua,...,ur}] = Kiy1 and G’ is also a k-tree.
Furthermore, we have

k

§4G) = Y ea(u)Da(u) = ea(v)Da(v) + > ea(u:)Da(u:)
ueVa i=1
k

+ > ecw)De(u) =ec(v)Da(v) + Y ecr(ui)(Der(u;) + 1)

u€Va\N[v] =1

+ > ea()(Dar(u) + da(u,v))
u€Vg\N|v]
k

= Z eqr(u;)Dar(u;) + Z eq(u)Dar(u) + ec(v)Da(v)

i=1 u€Va\N[v]

k
+ Z eqr(ui) + Z eg(u)dg(u,v).
=1 u€Va\N[v]
Obviously, eg(v) 22, D(v) 2 k+2(n—1—k)=2n—k—2,ec/(u;) 2 1for 1 <i <k
and eg(u) > 2, dg(u,v) > 2 for any u € Vi \ N[v]. Combining this with the fact
that eq(u) > e (u) for u € Vi \ N[v] and by induction, we have

k
(4.6) €4(G) = €U(G") +ec(v)Da(v) + Zﬁc'(uz') + Y calwda(u,v)

u€Va\N [v]
(4.7) >N Skm—t1) +22n —k—2) +k+2-2(n —k — 1)
= 4n? — 5kn — 4n + 2k> + 3k.

The equality in (4.6) holds if and only if e (u) = ef;(u) for any vertex u € Vg \N[v],
whereas the equality in (4.7) holds if and only if eg/(u;) = 1 for 1 < i < k, eg(v) =
eg(u) =2 for any u € Vg \ N[v] and G’ = Sk 5,—k—1, which implies G = S, ,,_i.

This completes the proof. ([

Theorem 4.4. Let T* be in TF\ {Skn—r} withn >k + 3. Then
ENTF) > an® — 5kn — 3n + 2k* + 3k — 1

with equality if and only if T = G, where G, is depicted in Fig. 1.

ny
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Proof. Choose a vertex v € S1(T}), then dri(v) = k and let Npx(v) =
{uy,uz,...,ux}. For simplicity, let G = T* and G’ = TF —v. As v € S1(G), by
the definition of the k-tree, it is routine to check that G[{v, u1,us,. .., ur}] = K41
and G’ is also a k-tree. If G’ = Sy ,,_i—1, combining it with G 2 Si n—k, then we
can easily get G = G} by the definition of k-trees, our result holds in this case.
Otherwise we consider G’ 2 S »—k—1 and complete our proof by induction on n.

If n = k+3, as T % Sk, we have 7% = {PF ;} = {G},3}. By simple
calculations, fd(P,er?,) = k2 4+ 9k + 26, our result holds in this case. Suppose this
is true for T with k +3 < m < n, and consider T¥. According to the proof of
Theorem 4.3, we have

k
€1GQ) =Y eq(ui)Dar(u) + Y ec(u)Dar(u) +eq(v)Da(v)

i=1 u€Vg\N[v]
k
+ Z eqr(u;) + Z eq(u)dg(u,v).
i=1 u€Vg\NJv]

Note that G 2 Sj n—r, there exists a vertex u; € Ng(v) and a vertex z € Vg \ N[v]

k
such that zu; € Eq. It is routine to check that eg/(u;) > 2. Hence, Y eq/(ui) =
i=1

k+1. Obviously, eq(v) > 2, Dg(v) 2 k+2(n—1—k) = 2n—k—2and eg(u) > e (u),
eg(u) = 2, dg(u,v) = 2 for any u € Vi \ N[v]. According to the proof of Theorem 4.3
and by induction, we get

k
48) €4G) =@ +ecw)Da(v) + ) ear(w)+ Y ec(u)da(u,v)
i=1

u€Vg\N|[v]
(4.9) >l G ) +22n—k—2)+k+14+2-2(n—k—1)
= 4n® — 5kn — 3n + 2k* + 3k — 1.

The equality in (4.8) holds if and only if eq(u) = e (u) for u € Vi \ Nv], while

the equality in (4.9) holds if and only if eq(v) = eg(u) = 2 for any u € Vi \ Nv],
k
Seg(u;) =k+1and G = G%_,, which implies that G = G%. Hence, our result

=1

olds.
This completes the proof. ([
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5. CONCLUSION REMARK

In this paper we determine the sharp upper and sharp lower bound on Wiener

index and Harary index, respectively, of k-trees; The k-tree with the maximal and

the second maximal H4 and H); are characterized. Furthermore, the k-tree with the

minimal and the second minimal DD and £? are also identified. It may be interesting

to determine the sharp lower and sharp upper bound on Wiener index and Harary

index, respectively, of k-trees; to characterize the k-tree with the minimal and the

second mimimal H4 and H);. Furthermore, it would be also interesting to identify

the k-tree with the maximal and the second maximal DD and &¢.
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