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Abstract. We obtain a metrical property on the asymptotic behaviour of the maximal
run-length function in the Liiroth expansion. We also determine the Hausdorff dimension
of a class of exceptional sets of points whose maximal run-length function has sub-linear
growth rate.
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1. INTRODUCTION

The Liiroth expansion was introduced by Liiroth in [9] in 1883. Counsider the
Liiroth transformation T': (0,1] — (0, 1] defined by

T@w=awxm@w4mx—m;9,

where d; () = [1/2]+1 and [-] denotes the integer part function. Then every z € (0, 1]
has the Liiroth expansion

1 1
N e RGeS
1
P L@@ (@) = Dda@) . do (@) (@) = Ddn(@)

where the digits d,,(x) > 2 are positive integers and are defined by d,, (z) = d1 (T™ 'z)
for all n > 1. Liiroth showed that every irrational number has a unique infinite
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expansion of the form (1.1) and each rational number has either a finite or an infinite
periodic expansion. For each = € (0, 1], let {d,(x)}n>1 be the digits sequence in the
Liiroth expansion of x. Here, and in what follows, we denote the Liiroth expansion
of = by

x = [di(x),d2(),...].

Now we use an example to illustrate the algorithm of the Liiroth transformation.
Let = v/2 — 1, expanding this irrational number as its Liiroth expansion, we find

dl(x)z[ﬂﬂz[x/iﬂ]ﬂ:& Tx:3-2(a:—%):6x—2:6\/_—8,

1
do () = [E}H:& T2 = 6-Ta —2 = 36v/2 — 50,

d3(z) =2, T3z =712V2-101, dy(z)=2, ...,

and then
V2-1=13,3,2,2,..].
We call
lp(x) = max{k: dj;1(z) =... =djix(z) =i for some j, 0< j<n—k}

i>2

the nth maximal run-length function of x, which represents the longest run of the
same symbol in the first n digits of x.

In this paper, we first study the asymptotic behaviour of the maximal run-length
function in the Liiroth expansion from the global measure theoretic point of view.
We obtain a large number law for I, (z).

Theorem 1.1. For almost all z € (0,1],

(1.2) lim 2y
n—oo logy n

Our second objective is to determine the Hausdorff dimension of the exceptional
set of numbers which violate the above metrical property. We show that the corre-
sponding exceptional set is of Hausdorff dimension 1. This follows from the following
more general result. Let o: N — R™ be an increasing function for each pair of num-
bers a, 8 € [0, 00] with o < 3, define

v _
Eaﬁ -

T 1 € L(z)
{x € (0,1]: hnnilgf on) Q, hrrzllso%p o) ﬂ}
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Theorem 1.2. Let ¢: N — R' be a monotonically increasing function satisfying
lim p(n) = oo and lim (¢(n+1) —¢(n)) =0. For any 0 < a < 5 < 00, we have
n— oo n—00
dimH Eiﬁ = 1,
where dimpyg denotes the Hausdorfl dimension.

Example 1.3. There are several typical examples of ¢ which fulfill the assump-
tions of Theorem 1.2:
> ¢(n) = logy n;
> p(n)=n",0<vy<I;
n

Dgp(n)zm,7>0.

Remark 1.4. The condition lim (p(n + 1) — ¢(n)) = 0 on ¢ in Theorem 1.2
n—oo
cannot be weakened by requiring liminf ¢(n)n=! = 0 or even lim p(n)n=! =0 as
n—roo n—oo

in [7], [8] for the case 0 < @ < B < oo. For example, if we take p(n) = 22" when
k

k+1
22 < n <2 for k >0, then lim o(n)n~! = 0, but one can verify directly
n—oo
EZ ;=0 whenever 0 < o < 8 < 00 by the fact that 0 < l41(2) — ln(2) < 1 for any
x €[0,1).

Analogous problems were first considered for the dyadic expansion. For any x €
[0,1), let 7, (z) be the dyadic run-length function of x, namely, the longest run of 1’s
in the first n digits of the terminating dyadic expansion of x. In a pioneering work,
Erdds and Rényi [2] proved that for almost all = € (0, 1],

The Hausdorff dimension of various exceptional sets of points whose dyadic run-
length functions obey other asymptotic behaviour instead of log, n were studied in
[10], [15], [7], [8], [13]. A result similar to Theorem 1.1 also holds in continued
fraction expansion, see [14]. For more details about run-length function and Haus-
dorff dimension, one can refer to the books [12], [3] and references therein. The
generalized Liiroth expansion dynamical system and several other concrete exam-
ples of number-theoretic dynamical systems were used to illuminate various aspects
of infinite ergodic theory by Kessebohmer, Munday and Stratmann in their recent
book [6]; they also used these dynamical systems to analyze some explicit questions
to illustrate not only the powerful methods from the infinite ergodic theory but also
the strong connection between the infinite ergodic theory and the renewal theory.
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2. PRELIMINARIES

This section is devoted to some elementary properties and dimensional results of
Liiroth expansion that will be used later. For a wealth of classical results about
Liiroth expansion and Hausdorff dimension, see the books by Galambos [4] and
Falconer [3], respectively.

2.1. Elementary properties.

Lemma 2.1 ([4]). The series expansion in (1.1) is the Liiroth expansion of some
x € (0,1] if and only if d,,(x) > 2 for all n > 1.

Lemma 2.2 ([1]). The random variable sequence {dy(z)}n>1 is independent and
identically distributed.

Let ¥ ={2,3,4,...}. For any n € N and (d1,...,d,) € X", we call
I, (di,...,dy) ={x € (0,1]: di(x) =d; for 1 <i < n}

a cylinder set of order n. The I,,(ds,...,d,) represents the set of numbers in (0, 1]
which have the Liiroth expansion beginning with d,...,d,.

Lemma 2.3 ([4]). For any (di,...,d,) € ¥", n €N, I,,(d1,...,dy) is the interval

with endpoints
n

1
Z dq (d1 — 1) - difl(difl — 1)di

i=1

and

- 1 1
+ .
; dl(dl - 1) .. -di—l(di—l - 1)d1 dl(dl - 1)d2(d2 — 1) . dn(dn — 1)

Thus
1

T di(dy — 1)da(ds —1)...dn(dp — 1)’
where |I| denotes the length of the interval I.

|1, (d1,dsa,...,dy,)]

The next lemma and figure (see Figure 1) describe the positions of cylinders I, 41
of order n + 1 inside the nth order cylinder I,,.

Lemma 2.4 ([4]). Let I,, = I,,(d1,...,dy) be a cylinder of order n, which is par-
titioned into sub-cylinders {I,+1(d1,...,dn,dny1): dpt1 € X}. These sub-cylinders
are positioned from right to left, as d, 1 increases from 2 to oc.
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I,(dq,...,dy,)

v
. dn+1:3 . dn+1:2

Figure 1. Distribution of cylinders.

2.2. Dimensional results. We first recall the following lemma, which is an im-
portant tool to obtain a lower bound of the Hausdorff dimension.

Lemma 2.5 ([3]). Let E € R and let f: E — R be an n-Holder function, i.e., for
any x,y € F,
|f(x) = )l < Jo =y,

where the constant in < is an absolute constant. Then

1
n

Lemma 2.6. For any M € %, let
Ey ={z€(0,1]: 2<d;i(z) < M for all i > 1}.
Then dimy Ey; = spr, where sy is given by the Moran formula

> () =t

Proof. For any M > 2, we notice that the Cantor set Ej; is the attrac-
tor of the similitudes {fi(z) = z(k(k — 1))~! + k~1}L, with contraction ratios
{(k(k —1))"'}M,. Then Lemma 2.6 follows from the classical dimensional result of
Moran [11] on self-similar sets (see also [3], [5]). O

By simple calculation, we have

Lemma 2.7. lim sp; = 1.
M—oo

Now we prove an elementary result which is similar to Lemma 4 in [10].

Lemma 2.8. Given a set of positive integers J = {j1 < j2 < ...} and an infinite
bounded sequence {b;};>1 with 2 < b; < B for some B € N, let

E(J,{b;}) ={z = [d1(x),d2(x),...] € (0,1]: d;(x) = b;, VieE T}.
If the density of J is zero, that is,
lim #{i < n: iéj}:

n—00 n

then dimyg E(J,{b;}) = 1, where # denotes the number of elements in a set.

0,
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Proof. The main idea of the proof is showing that E(7,{b;}) contains subsets
with Hausdorff dimensions converging to one. Let

EM(j, {bz}) = {J) = [dl(ﬂi),dg(x), .. ] S (0, 1]2 dz(ﬂﬁ) = bi, Vi€ j
and 2 < d;(x) < M for i ¢ J}.

Clearly En(J,{b:}) C E(J,{b:}). We will construct an (1 — ¢)~'-Holder function
f from Ep(J,{b;}) to Epr. By Lemma 2.5, this means that dimg Fy (7, {b;}) >
(1 — e)dimy Eps and thus by Lemmas 2.6 and 2.7, dimyg E(J,{b;}) > 1 — ¢ as we
desired.

Define f: Em(TJ,{b;}) — Eun as follows. For any =z = [di(x),d2(z),...] €
EM(j7 {bz}), let

f(x) =% = lim [di(x),...,dn(2)],

n—oo

where the Liiroth expansion [dy(z),...,d,(x)] is obtained by eliminating the terms
d;(x) with ¢ € J in the first n-digits of the Liiroth expansion [di(x),...,d(z)] of x.

Let M > B and € > 0. It is clear from the construction f(En(J,{b:})) = Em
for f. Now we show that f is an (1 — ¢)~!-Holder function. Let t(n) = #{i < n:
i € J}, choose N such that 2"¢ > (M (M —1))™ for all n. > N, this is possible since
lim t(n)n~! = 0. For any z,y € Ex(J, {b;}) with |z —y| < (M(M — 1))~ and
g_;éooy, let n be the greatest integer such that x, y are contained in the same cylinder of
order n. By Lemma 2.3, we see that n > N and n+1 ¢ J. Without loss of generality,
we assume x > y. Then there exist 2 < dy,...,d, < M and 2 < 741 < opy1 S M
such that « € I, 41(d1,...,dn,Tnt1), y € Int1(da,...,dn, 0nt1). From the construc-
tion of Ep (7, {b;}) and the distribution of cylinders (Figure 1), we notice that |x—y|
is greater than the length of the cylinder I, yo(dy,...,dy, Tnt1, M + 1), that is

2.1) |z —y| > Tuga(dr, ... dn, Tos1, M +1)]

1 1 1
|1 (d1, ..., dn)| = W'In(dla---;dn”-

Z I+ )M MO =1)

On the other hand, we have z,7 € I,,_y»)([d1(2), ..., d,(2)]), ie.,
dj(z) = d;j(g), 1<j<n—tn).
Thus

(2.2) If(x) = fW)] =2 =9l < [Li—t(n)([d1 (), ..., dn()])]
< (M(M = 1)) ™1, (dy, ..., d,)|
<27\ (dy, . .. dp)| <|Tn(dy, ... dn)|" C.

Combined with (2.1), this yields the Holder continuity exponent of f. The proof
of Lemma 2.8 is complete. 0
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An application of the above lemma leads to the following technical result.

Lemma 2.9. Let {my}r>1, {nx}r>1 be two increasing sequence of natural num-
bers satisfying the following conditions:
(1) IK =21, ng, <my, < gy for any k > K;
(2) lim (mg — ng) = oo;
k— o0

Mg — Nk

(3) klggo mg - 0;
(4) lim Mk T

k—oo Mgy1 — Nk
For k > K, let tj, be the largest integer such that my + ti(my — ng) < ng41. Define
a set of positive integers D and an infinite sequence {a;};>1 as follows:

D :=D({mi}, {nr}) ={1,2,...,nx = 13U |J {nr, i + 1, .oy — 1,y

k>K

mg + (mk_nk)_ 1)"'amk+(tk_ 1)(mk _nk) - 1amk+tk(mk _nk)_ 1)

my + (Mg —ng), ..., mg + (tx — 1) (me — nk), me + tg(mg — ng) }.
For1<i<ng, set

a; = 3.
For k > K, set
Qn,, = 3, App+1 = -+ = Omy,—1 = 2, Aoy, = 3;
amk—'r(mk—nk)—l = amk+2(mk—nk)—l == amk-l—tk(mk—nk)—l = 27
and
amk+(mk7nk) = amk+2(mk7nk) = ... = akartk(mkfnk) = 3

Then the set
E(D,{a;}) ={z = [di(x),d2(x),...] € (0,1]: d;(x) = a;, Vi € D}.

is of Hausdorff dimension 1.

Proof. We need only to show that the density of D is zero. For any n > ng 41,
there exists k£ > K + 1 such that ny < n < ng41, and

> if ny < n < my, then

1
[(mj —nj +1) +2t;] +n — ng;
K

k—
j=

#{i<n, ieD}=nkg+
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> if my + t(mr —ng) < n < mg + (E+ 1)(mr —ng) for some 0 < ¢ <t — 1, then

E

-1
#i<n, ieD} <nx+ ) [(mj—n;+1)+2t] +mp —ng +2t 4+ 1;
J

Il
=

> if my + tp(mr — nk) < n < nggq, then

k—1
#{i<n, i€D}=ng+ Y [(m;—n;+1)+2t;] +my — ng + 2t
j=K

It follows that
1
lim sup H#{Z <n, i € D}

n—oo

nK—i—Z?;[l([(mj —n;+1)+2¢]]+mp —nk +2t+1

< limsup max

k—oo Ot mi + t(mk — nk)
_ nic + S g [(my —ng + 1) + 265+ mg — g + 1 2

< limsup +
k—o00 my mig — Nk
. Yz kllmy —ny+1) +2t5] mi — ng + 1+ 2t

= limsup < limsup = 0.
k—o0 my k—o0 Mp+1 — My

Therefore, by Lemma 2.8, we have dimyg F(D, {a;}) = 1. O

3. PROOF OF THEOREM 1.1

In this section, we will give the details of the proof of Theorem 1.1. Our argument
utilizes ideas presented in [12], [14].

Proof of Theorem 1.1. We prove (1.2) in two stages. First, for any € > 0, we
establish that

l
(3.1) lim sup In(x) <1l+4¢, ae.
n—oo 1089 M

From this inequality we instantly get

lim sup M <1

<1, aee.,
n—00 loggn

which means that we need to obtain for any € > 0

(3.2) lim inf M

>1—¢, a.e.
n—oo logyn

to complete the proof.
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For any a > 0 and n > m > 0, we put

and
I (2) = ln—m(dms1(2), . . ., dn(2)),

which represents the longest run of the same symbol in the first n — m digits in the
Liiroth expansion of T™z. Before proceeding with the proof, we show the following
lemma.

Lemma 3.1. For any a > 0 and all large n > max{2'/%, 4a?}, we have

8
(3.3) p(Ala,n) € —=,
and
(3.4) u(Bla,n)) < e ™ "/ 2alogan)

where 1 denotes the 1-dimensional Lebesgue measure.

Proof. Forn> 2Y/% by Lemmas 2.2 and 2.3 we have

wAla,n) = Y pl{w € (0,1]: L(z) = k})

k>alog, n
oo n—k
< D0 DN e 01]: din(@) = ... = djy(z) = i}
k>alog, n i=2 j=0
oo n—k
= > 3> 1z e(0.1): di(z) = ... =di(z) =i}
k>alog, n i=2 j=0
k
<Y Yolg) =X T ()
k>alog, n i=2 =2 k>alogyn
0o ( 1 )alogzn 0o 2k+1_ 1
iGi—1)

alog, n
n) o Z Z ( )) 2
i=2 z(z—l) k=1 i=2k

<9 iQk( >alog2n<4 i(l)alog2n< 8
ST 2’6(2’6—1) SN\ ok S a1

k=1

which yields (3.3).
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Denote u,, = [alog, n] and k,, = [n/u,]. For n > 4a?, we note that k, > 2 and

(3.5) {z € (0,1]: In(x) <un} C{x € (0,1]: Ly, 41,(i+1)u, (T) < Un, YO <@ < ky}.

Hence, by (3.5) and Lemmas 2.2 and 2.3,

p(B(a,n)) < p({z € (0,1]: ln(z) < un})
= (n{z € (0 1 b, (2) < un})™

(1 ZN ...,')))k"

un \Fr
(-2 l)")
(1 ( )un) n <o —knt2tn e_nlfa/(QalogQ n)

so that the required (3.4) follows. O

We now consider p(A(a,n)) for
a=1+¢e, n=2% k>1.

We have g

p{z € (0,1]: lox(z) > (1 +e)k}) < o7
Hence the set on which lor (2) > (1 4 €)k has infinitely many solutions has Lebesgue
measure zero by the Borel-Cantelli lemma, that is for a.e. z € (0, 1], lox (z) < (1+¢)k
ultimately. Thus, for a.e. z € (0, 1],

ln(x) . l2k+1(l‘)

lim sup log—n < lim sup log, 2F
2 2

) l
= lim sup

This establishes (4.5).
For any 0 < £ < 1, we consider p(B(a,n)) for a =1 — e. Then for all large n,

e/2

p({z € (0,1]: Ly(z) < (1 —¢e)logyn}) < e~ /(Ralogan) o=

Again by the Borel-Cantelli lemma, we have for a.e. x € (0,1], I,(z) > (1 —¢)logyn
ultimately. It follows that

lim inf n(2)
n—00 loan

>21—¢ ae,

which completes the proof of Theorem 1.1. O
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4. PROOF OF THEOREM 1.2

Proof of Theorem 1.2. Assume without loss of generality that ¢(n) > 1 and
p(n+1)—p(n) <1 for any n > 1. The proof relies on the application of Lemma 2.9
by constructing proper sequences {mg}r>1, {nk}r>1, and verifying that the corre-
sponding E(D, {a;}) is a subset of EY ;. We divide the whole proof into two parts:
a detailed proof for the case 0 < a < 8 < oo and a sketch of proof for the remaining
cases.

Case 1: 0 < a < B < 00, let the sequence {ny}r>1 be defined by

ng = max{n: p(n) < (E>k},

«

then

(4.1) (§>k — 1< () < (g)k

«

Take my = ny + [Bp(ng)]. Clearly, {ng}r>1 increases super-exponentially, since

lim (p(n + 1) — ¢(n)) = 0. One can verify that {my}r>1 and {ng}r>1 satisfy the

Z(;lociitions of Lemma 2.9. Let K > 1 be such that ny < myp < ngyq for any k > K

and p(n+ 1) —p(n) < 1/4 for any n > nk. We first prove the following two facts.
Fact 1:

(4.2) lim U7

=1
k— o0 gO(’I’Lk

~ |

To obtain this, we note that

p(my) = p(ng + [Be(ng)])
= p(nk) + p(ng +1) — p(nk) + ... + p(ng + [Be(ne)]) — ek + [Bp(ng)] — 1)
< @(nk) + [Beo(n)] nkglagmk{w(n +1) = p(n)}.

Thus, by the monotonicity of p(n),

p(my) <148 max {pn+1)—en)}.

1<
gp(nk) ne<nmyg

This establishes (4.2) by the squeeze theorem.
Fact 2: The function (n — ng)/e(n) is monotonically increasing from ny +my_1 —
ng_1 tomy —1for k> K+ 1.
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For any k > K + 1 and ng + mg_1 — ngp—1 <n < mg — 1, we have
1
(n—ni)(p(n +1) —¢(n)) < 3 Bo(nk) = p(nk) < ¢(n),
which is equivalent to

n— ng n+1—ny
p(n) p(n+1)
For k > K, let ) be the largest integer such that my + tx(my — ng) < ngy1. Let

(4.3)

us recall the definition of
E(D,{a;}) = {z = [di(x),d2(x),...] € (0,1]: d;(x) = a;, Vi € D},
where

D :=D({mi}, {nr}) ={1.2,...,nx = 13U |J {nrmi +1,... g, — 1,y

E>K
my + (mk —nk) —1,...,mg + (f,k — 1)(mk —nk) — 1,mk+tk(mk —nk) -1,
my + (mk — nk), e, M+ (tk — 1)(mk — nk),mk + tk(mk — nk)}

and

if 1 <i<ng;
a; =

3
3 if i = ng, mg, my, + t(my —ng) for some t, 1 <t <ty, k> K;
2 ifng+1<i<mg—1forsome k> K;

2 ifi=mg+t(mp —mng)—1for somet, 1 <t <tg, k> K.

Now we prove that E(D,{a;}) C Ef 5. Fix @ € E(D,{a;}) for any n > nx1,
let k£ be the integer such that ny < n < ngy1. From the construction of the set
E(D,{a;}), we see that

Mg—1 — Ng—1 — 1 = [Bp(nk—1)] —1 if ng <n <nk+mp_1 —ng—1 — 1,

ln(x) = ¢ n—ng if ng +mp—1 —np—1 <N <my — 1,
my —ng — 1= [Bp(ng)] — 1 if mp <n < ngga.
Thus, by (4.1), (4.2) and (4.3),
l _ _ l _
lim inf In(2) = lim inf min{ mactmis =1 —1(2) ) L (=) }
n—00 go(n k—o00 ga(nk + Mg—1 — Nk—1 — 1) (p(nkJrl — ].)
— liminf min{ [Bo(ng—1)] —1 7 [Beo(ni)] — 1}
k=00 e(ng + [Be(nk-1)] = 1) p(ng1 — 1)

[Bo(ng—1)] —1 [Bp(nk)] — 1}

1170 110 mm{ @(nk) y gp(nk_i_l)

k—o0
= Oé,
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and

. ln(x) — 1im sup max lnk(x) lmk—l(x)

hizn—folip 90(71) N 1Ic—>o<>p {W(nk) ’ So(mk - 1)}
i sup mand PP-1)] = 1 [Be(n)] — 1
= Hmswpmax{ = )

= 5.

Hence = € Eiﬁ. Therefore, by Lemma 2.9, we have dimy E:,ﬂ =1.
Case 2: 0 < a=f < oo, let

(4.4) g(n) = égi (max {ap(k‘ +1) — p(k), @}) 1/2.

Since ¢(n) is monotonically increasing and p(n) — oo, p(n +1) — p(n) — 0 as
n — oo, it follows that (n) — oo as n — oo and the infimum in the definition of
g(n) is achieved.

Take n1 = 2, ng41 = ng + [e(ng)p(nk)] and my, = ng + [Bep(ni)] for k > 1. There
is no difficulty in proving that the sequences {ms}r>1 and {ng}r>1 as defined above
satisfy the conditions of Lemma 2.9. The proof of the monotonicity of (n — ng)/¢(n)
from ny + mi—1 — ng—1 to my — 1 is the same as that of (4.3) and the next fact
should be compared with (4.2).

Fact:

o(1n41)

4.5 lim ——= =1
( ) k—o0 go(nk)

Clearly, the formula

o(nr1) = ek + [e(nr)e(nr)])
< (k) + [e(nw) ()] nkéﬁi‘}ém{“"(" +1) —p(n)}
< p(nk) + e(ng)p(nk) %ﬁf{w(n +1) —p(n)}
< ()1 +e(ng) ™)

implies (4.5).
Recall the notation of E(D,{a;}) in Lemma 2.9. For any = € E(D, {a;}), we have
Mp—1 — Ng—1 — 1 = [Bo(nr—1)] — 1 if np <n <np+mp—1 —ng—1 — 1,
ln(z) = ¢ n—ng ifng +mp_1 —ng_1 <n<<mg — 1,

my —ng — 1= [Be(ng)] — 1 if mp <n < ngygr.
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Thus, by (4.5),

L. ln(x) — liminf min lnkerk—l*nk—l*l(x) lnk+1*1(x)
lim gt 0 = minfmin] e s e Ty
L [Be(nr—1)] — 1 [Be(ne)] — 1
= Hminfmin { ok + [Bp(ne—1)] = 1) @(nips — 1) j
= lim inf min{ [,Bgo(nk_1)] -1 [,Bgo(nk)] — 1}
ki— 00 o(ng) " p(nigr)
=5,
and 1 () iy (8) Lony1()
. n\T . np \L my—1\T
fmsup oy = T max{ (nr) @(my — 1>}

[Be(ni—1)] =1 [Bo(n)] — 1}

= lim sup max ,
{ p(nr) e(mu)

k—o0

We have thus proved that =z € Eiﬁ for the case 0 < o = < oo. Hence
E(D,{a;}) C EJ 5 and dimg EY ; = 1.

Since the proof for the remaining cases is similar to that of the cases 0 <
a < f<oand 0 < a = f < oo, we will only give the constructions of the
proper sequences {my}r>1 and {ng}r>1. One can verify that the corresponding
D({my},{nk}) is of density zero and E(D,{a;}) is a subset of E ; for different
cases.

Case 8: 0 = a < 8 < o0, take ny = max{n: p(n) < 22k} and my = ng + [Beo(ng)]
for k > 1.

Case 4: 0 < a < = o0, take ny; = 2, ng41 = max{n: p(n) < e(nk)p(nk)} and
my = ng + [ae(ng)e(ng)] for k > 1.

Case 5: o = = 0, take n; = 2, ngy1 = ni + [e(nk)p(nk)] and my = ng +
[log p(ng)] for k > 1.

Case 6: o = = o0, take n1 = 2, ngp41 = nk + [e(nk)e(ng)] and my = nx +
[Ve(nr)p(ng)] for k> 1. O
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