Czechoslovak Mathematical Journal

Yousef Zamani; Mahin Ranjbari
Representations of the general linear group over symmetry classes of polynomials
Czechoslovak Mathematical Journal, Vol. 68 (2018), No. 1, 267-276

Persistent URL: http://dml.cz/dmlcz/147134

Terms of use:

© Institute of Mathematics AS CR, 2018

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/147134
http://dml.cz

Czechoslovak Mathematical Journal, 68 (143) (2018), 267276

REPRESENTATIONS OF THE GENERAL LINEAR GROUP
OVER SYMMETRY CLASSES OF POLYNOMIALS

YOUSEF ZAMANI, MAHIN RANJBARI, Tabriz

Received August 28, 2016. First published May 4, 2017.

Abstract. Let V be the complex vector space of homogeneous linear polynomials in the
variables x1,...,Zm. Suppose G is a subgroup of Sy, and x is an irreducible character
of G. Let Hy(G,x) be the symmetry class of polynomials of degree d with respect to G
and y.

For any linear operator 1" acting on V/, there is a (unique) induced operator Ky (T') €
End(H4(G, x)) acting on symmetrized decomposable polynomials by

K(T)(fi*xfox...xfg)=Tfr*xTfax...xTfy.

In this paper, we show that the representation 7"+ Ky (7T') of the general linear group
GL(V) is equivalent to the direct sum of x(1) copies of a representation (not necessarily
irreducible) T +— Bg (T).
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ducible character; induced operator
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1. INTRODUCTION

Symmetry classes of polynomials are introduced in [8], by Shahryari. In [7], Rodtes
studied symmetry classes of polynomials associated with the irreducible characters
of the semidihedral group. In [2], Zamani and Babaei studied symmetry classes of
polynomials with respect to irreducible characters of the direct product of permuta-
tion groups. In [1], [3], [9], [10], they computed the dimensions of symmetry classes
of polynomials with respect to irreducible characters of dihedral, symmetric, dicyclic
and cyclic groups, respectively. Also, they discussed the existence of an o-basis for
these classes. In [6], [11], the authors studied some algebraic and geometric properties
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of induced operators on symmetry classes of polynomials with respect to linear char-
acters of an arbitrary group and the space of homogeneous polynomials, respectively.
In this paper, we study representations of the general linear group over symmetry
classes of polynomials. We first give a review of symmetry classes of polynomials.

Let Hy[x1, ...,z be the complex space of homogeneous polynomials of degree d
with independent commuting variables x1,...,2,. Let I'y, be the set of all se-
quences « = (aq,...,aq) such that 1 < a; < m for any 1 < ¢ < d. Suppose G is
a subgroup of S,,. Then G acts on I'y,, by

oo = (0’(@1), .. '7J(ad))7

where a = (a1,...,0q) € T'qm and 0 € G. Also the symmetric group S4 acts on
Fd,m by
ac = (a(o(1)),...,a(0(d))), a€Tlgqm, o€ Sq.

Let Gg,m be the subset of I'g ,,, consisting of all nondecreasing sequences. We define
the weight of a € Gy, by

d
w(a) = H To(s)-
i=1

Then, the set B = {w(a): a € G4 n} is a basis of Hy[x1,...,%m]. An inner product
on Hylxy,..., %] is defined by

(w(a),w(B)) = da,pr(a),

where v(«) is the product of the factorials of the multiplicities of the distinct integers
appearing in a. If d = 1, then the inner product on Hy[z1, ..., Zm] is (z;, 2;) = 6;5.

For any o € S,,, we define the linear operator Q(o) by

Q(J)q(xla cee 7xm) = qa(xlv cee 7xm) = Q(xa_l(l)a cee axa_l(m))v

for all q(z1,...,2m) € Hylz1,...,Tm].

We prove that o — @Q(0) is a unitary representation of G.

Theorem 1.1. Suppose G is a subgroup of S,,. Then o — Q(o) is a unitary
representation of G.

Proof. Observe that

QN1+ 2m) = QAT (1), - Tt (my)
= A1 (1) - Tt (2 ()
= (o)1 (1)s - > T(ro) 1 (m)
=Q(ro)q(z1,. .., Tm),
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thus Q(7)Q(0) = Q(70) for all 7,0 € G. Hence o — Q(0o) is a representation of G
on the vector space Hy[z1,. .., Tm]-

For any «, 8 € Gg4,m, we have

= (w(otar),w(B)) T€8y o tare Gam
= 60*%}(7’,6”(6);

the last expression is equal to zero or v(f3), in this case a7 = o3. On the other hand,

Hence

Therefore Q(0)* = Q(0)™!, 0 € G, so the result holds. O

Definition 1.1. Suppose G is a subgroup of the symmetric group S,,. Let x
be an irreducible complex character of G. The image of Hg[z1,..., %] under the
symmetrizer,

5, = % 3 (0)Q(0)

ceG

is called the symmetry class of polynomials of degree d with respect to G and x, and
it is denoted by H4(G, ).

For any ¢ € Hy[z1,...,Zm],
q" = Sy(q)

is called a symmetrized polynomial with respect to G and y. If x is a linear character
of G, then Hy(G, x) is the set of all ¢ € Hy[x1,. .., 2] such that for any o € G, we
have ¢° = x(c71)q.

Lemma 1.1. Let G be a subgroup of S,,. Let x be an irreducible character of G.
If 7 € G is fixed but arbitrary, then Q(7)S, = S, Q(7).
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o5y, = U 3™ (0eme@) = X2 3™ 0)Q(ro)
|G| oeG |G| oceG
= @ 7 10)Q(0) = @ or ! o
o S 9e) =15 T xer )
~ XD 5~ )00 = X T 000 = 5Q)
Gl = Gl 2=

Observe that
g* (1) _ -
X:—XG 2 X ;=g L THRETY = Sy

By using the orthogonality relations of characters, one can easily see that {S,:
X € Irr(G)} is a complete set of orthogonal idempotent operators, where Irr(G) is
the set of irreducible complex characters of G (see [4]).

Therefore, we have the following orthogonal direct sum decomposition:

Hylz,....am) = @ Ha(G,X).
x€lrr(G)

Notice that g € Hd(G7 x) if and only if ¢ = x(1)|G|™* 3> x(0)¢°
oelG
For any 1 < ¢ < d, suppose

fz = Z QijTj.
j=1
It is clear that fifs... fqa € Hqlx1,...,2m]. The polynomial S, (f1f2... fq) is called
a symmetrized decomposable polynomial and is denoted by f1 * fo*...* fq.

Example 1.1. Let G = S3. Consider the irreducible character y = Fix — 1
of GG, namely,

x(1) =2, x((12)) =0, x((123))=—
It is easy to see that the symmetry class Hq(G, x) consists of all polynomials of three
variables which satisfy the equation
q(z,y,2) +q(z,2,y) + a(y, z,2) = 0.
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Let V be the complex vector space of homogeneous linear polynomials in the
variables z1, ..., Z,,. For any linear operator T' € End(V'), there is a linear operator
P(T) (see [11]) acting on Hglx1,...,Zm] by

P(T)Q(xla cee 7xm) = Q(Txlv . aTxm)

It is easy to see that P(T)S, = SyP(T). So Hy(G,x) is an invariant subspace
of P(T). Denote by K, (T) the restriction of P(T) to Hq(G,x). Then K, (T) is
called the induced operator associated with G and x. The induced operator K, (T')
acts on symmetrized decomposable polynomials by

K (T)(fix fax...x fa) =TfHi*«Tfox...xTfq.

Some algebraic and geometric properties of the induced operator K, (T") have been
studied in [6]. The map T — K, (T') defines a representation of the general linear
group GL(V) over the symmetry class Hq(G, x). The main aim of this paper is to
study the representation K.

2. MAIN RESULTS

Let x be an irreducible character of the subgroup G of Sy,. Suppose o — A(0) =
(ai;(0)) is a representation of G that affords x. For any 1 < ¢ < x(1), the linear
operator S;(G, A) on Hglx1,. .., 2] is defined by

5.6, 4) = I S 1(0)0(0).

|G| oceG

Theorem 2.1. Let x be an irreducible character of the subgroup G of S,,. Sup-
pose o — A(o) = (a;;(0)) is a representation of G that affords x. Then

(1) Sz(Gv A)SJ (Ga A) = 5ijSi(Ga A)’
x(1)
(i) > Si(G,A) =5y,

i=1
(iii) if A is a unitary representation, then S;(G, A) is Hermitian.
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Proof.
(i) By using Schur relations ([5], Theorem 4.21), we have

56,4156, = (3G ( T w010 ) ( antnam)
()

= b
_ % QU;JM% (1)Q(o7)

_ %;} (% azega“(a)aﬂ (UIT)>Q(7)
_ % 2} 8ijii(T)Q(7)

=0;;5:(G, A)

(ii) It is trivial.
(iii) Since for any o € G, A(o) is unitary, we have A(0)A(0)* = I. On the other

hand, A(c)A(c~!) = I, hence A(0)* = A(oc~1). Thus a;(0) = asi(c~1). Now,
by Theorem 1.1, S;(G, A) is Hermitian. O

Definition 2.1. Let x be an irreducible character of the subgroup G of S,,. Sup-
pose 0 — A(0) = (a;j(0)) is a representation of G that affords x. Denote the image
of S;(G, A) by Hi(G, A). For any q(z1,...,%m) € Ha[z1,...,2m], 1 <i < x(1), we

have ¢ € Hj(G, A) if and only if ¢ = (x(1)/|G|) X aii(0)q°.
oG

Corollary 2.1. Let x be an irreducible character of the subgroup G of S,,.
Suppose o — A(c) = (a;;j(0)) is a representation of G that affords x. Then

x(1)

=1

Moreover, if A is a unitary representation of G, then the direct sum in equation
(2.1) is orthogonal.

Proof. The result is an immediate consequence of Theorem 2.1 and Defini-
tion 2.1. O
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Example 2.1. Consider the representation A of S3 that affords the character x
of S3 from Example 1.1, as follows:

aw=(y 1) =7 ).
e = (T ) = ().
Az = (T y)s ma s = ()
Then

Q1) = Q((23)) — Q((132)) + Q((13))),

and

Q1) +Q((23)) — Q((123)) — Q((13))) .

Therefore,

Hj(S3,A) ={q € Hylz,y,2]: 2q(z,y,2) + q(, 2,y) + q(y. 2, 2) — q(z,y,2) = 0},
H(S3,A) ={q € Hylz,y, 2]: 2q(z,y,2) — q(x,2,y) + q(z,%,y) + q(z,y,2) = 0}.

Since P(T') commutes with Q(o), o € S, it commutes with S;(G, A). Therefore,
HY(G, A) is an invariant subspace of P(T) and so it is an invariant subspace of
K, (T). Denote by K%(T) the restriction of K, (T) to Hj(G, A).

Theorem 2.2. Let x be an irreducible character of the subgroup G of S,,. Sup-
pose o — A(c) = (ai;(0)) is a representation of G that affords x. If Hy(G,x) # 0,
then K’ and K’ are equivalent representations of GL(V), 1 <i,j < x(1).

Proof. By Lemma 1.1, Q(o) commutes with Sy, so Hq(G,x) is an invariant
subspace of (o), 0 € G. Denote the restriction of Q(o) to Hq(G,x) by Qy(0),
o € G. Hence 0 — (o) is a representation of G and

% Y X(0)Qx(0) = Tnyc.x)

oceG

is the identity operator on H4(G, x), because

C IR GLENCENSE =) SRGENEE
Py oeG
_ @ o g -
_ sx( eI >) 5.
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Let & be an irreducible character of G different from y, £ # x. Then

|G| PO

oceG

is a linear operator on Hy(G, x). Now, by using the generalized orthogonality relation
of characters, we have

Z=Zotnen = (35 G| > @) (3G S rnen)

UEG TEG
EM)x(1)
_ |G|2 z(zg o)) Q)
MEG oceG
|G|2 Z 55 XX )ZO.
neG
Hence
0=t Zf Jir(Qx(0)) = E1)(E e,
oceG

where 7 is the character afforded by o — Q,(0), 0 € G. Clearly, the character 7
contains no irreducible constituent different from y. It follows that there exists
a basis B of H4(G, x) such that the matrix representation of @, (o) with respect
to B is the direct sum of C(c) = A(oc™1)! with itself N = (,7n)¢ times. In other
words, with respect to B, the matrix representation of Q, (o) is

Cle) 0 ... 0
0 C(o) 0 ...

@2 @els=| . . | =mwece
0 o 0 Clo)/yun

Now, we compute the matrix representation of S;(G, A) with its restriction to
H;(G, x) with respect to B. By equation (2.2) and Schur relations, we have

(2.3) [5G, A)lp = % S (o) ([Qx (0)]) = % S ais(0)(Iy © C(0)
ceG oeG
=IN® <>|<é1|) > aA'(J)A(J_l)t> = Iy ® Ej,

oceG

where F;; is the x(1) x x(1) matrix whose only nonzero entry is a 1 in position (4,1%).
Suppose T € End(V) is a (not necessarily invertible) linear operator on V. Parti-
tion the matrix [K, (T)] g = (K:) into N? blocks K of size x(1)xx(1),1 < s,t < N.

274



Since [K, (T)] g commutes with [Q,(0)]p = IN®C(0), and C is irreducible, by Schur
lemma, we deduce that K is a multiple of I, (1), 1 < s, < N. In other words,

blllx(l) blNIX(l)
(24) [KX(T)]B = : e : = B(T) X Ix(l)

leIX(l) . bNNIX(l)

for some N x N matrix B(T). By [5], page 147, there exists a permutation matrix Q
such that

Q'BC)Q=C®B

for all B € My(C) and all C' € M,;)(C). Similarity by @ merely permutes the ele-
ments of the ordered basis B into a new ordered basis B’. Thus, from equation (2.3),

[Si(G, A)p = Ey ® In.

It follows that the first N elements of B’ form a basis By of H}(G, A), the second N
elements form a basis By of H3(G, A), and so on. Applying this observation to

(K (D) = Iya) ® B(T),

we deduce that with respect to B;, the matrix representation of K% (T) is B(T),
1 <i < x(1). Therefore, K and K’ are equivalent. O

Denote the restriction of P(T) to H}(G, A) by BS(T), T € End(V).

The matrix B(T) that occurs in equation (2.4) is a matrix representation of the
linear operator BE(T).

It follows from Theorem 2.2 that, as long as Hg(G,x) # 0, the representation
T— K, (T), T € GL(V), is equivalent to the direct sum of Bg(T) with itself x(1)

times,
x(1)
K\ (T) = BS(T).
i=1

Remark 2.1. If G = S,,, then proving the irreducibility of the representation
T— Bg (T") is more complicated and it is yet an open problem as far as we know.

Acknowledgment. The authors thank the referee for his/her useful comments.

275



References

[1] E. Babaei, Y. Zamani: Symmetry classes of polynomials associated with the dihedral

group. Bull. Iran. Math. Soc. 40 (2014), 863—-874. MR
[2] E. Babaei, Y. Zamani: Symmetry classes of polynomials associated with the direct prod-
uct of permutation groups. Int. J. Group Theory 3 (2014), 63—69. MR
[3] E. Babaei, Y. Zamani, M. Shahryari: Symmetry classes of polynomials. Commun. Alge-
bra 44 (2016), 1514-1530. MR
[4] I. M. Isaacs: Character Theory of Finite Groups. Pure and Applied Mathematics 69,
Academic Press, New York, 1976. IMR]
[5] R.Merris: Multilinear Algebra. Algebra, Logic and Applications 8, Gordon and Breach
Science Publishers, Amsterdam, 1997. MR

[6] M. Rangbari, Y. Zamani: Induced operators on symmetry classes of polynomials. Int.
J. Group Theory 6 (2017), 21-35.
[7] K. Rodtes: Symmetry classes of polynomials associated to the semidihedral group and

o-bases. J. Algebra Appl. 13 (2014), Article ID 1450059, 7 pages. IMR]

[8] M. Shahryari: Relative symmetric polynomials. Linear Algebra Appl. 433 (2010),

1410-1421. MR

9] Y. Zamani, E. Babaei: Symmetry classes of polynomials associated with the dicyclic

group. Asian-Eur. J. Math. 6 (2013), Article ID 1350033, 10 pages. MR

[10] Y. Zamani, E. Babaei: The dimensions of cyclic symmetry classes of polynomials. J. Al-

gebra Appl. 18 (2014), Article ID 1350085, 10 pages. MR

[11] Y. Zamani, M. Ranjbari: Induced operators on the space of homogeneous polynomials.

Asian-Eur. J. Math. 9 (2016), Article ID 1650038, 15 pages. IMR]

Authors’ address: Yousef Zamani (corresponding author), Mahin Ranjbari,
Department of Mathematics, Faculty of Sciences, Sahand University of Technology,
P.O. Box 51335/1996, Tabriz, East Azerbaijan, Iran, e-mail: zamani@sut.ac.ir, m_ranjbari
@sut.ac.ir.

276


https://zbmath.org/?q=an:1338.05271
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3255403
https://zbmath.org/?q=an:1330.05159
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3213989
https://zbmath.org/?q=an:1338.05272
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3473866
http://dx.doi.org/10.1080/00927872.2015.1027357
https://zbmath.org/?q=an:0337.20005
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR0460423
https://zbmath.org/?q=an:0892.15020
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR1475219
https://zbmath.org/?q=an:1297.05243
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3225126
http://dx.doi.org/10.1142/S0219498814500595
https://zbmath.org/?q=an:1194.05162
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR2680267
http://dx.doi.org/10.1016/j.laa.2010.05.020
https://zbmath.org/?q=an:1277.05168
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3130082
http://dx.doi.org/10.1142/S1793557113500332
https://zbmath.org/?q=an:1290.05156
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3119646
http://dx.doi.org/10.1142/S0219498813500850
https://zbmath.org/?q=an:06580479
http://www.ams.org/mathscinet/search/publdoc.html?contributed_items=show&pg3=MR&r=1&s3=MR3486726
http://dx.doi.org/10.1142/S1793557116500388

		webmaster@dml.cz
	2020-07-03T23:04:51+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




