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Abstract. We deal with complete submanifolds with weighted Poincaré inequality. By
assuming the submanifold is d-stable or has sufficiently small total curvature, we establish
two vanishing theorems for LP harmonic 1-forms, which are extensions of the results of
Dung-Seo and Cavalcante-Mirandola-Vitdrio.
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1. INTRODUCTION

The topological property and vanishing theorems of submanifolds in various am-
bient spaces have been studied during a few past years. Specially, the nonexistence
of nontrivial L? harmonic 1-forms on a complete noncompact submanifold has been
studied by many geometricians. Palmer in [17] proved that a complete minimal
hypersurface in the Euclidean space R™*! has no nontrivial L? harmonic 1-forms.
Thereafter, using Bochner’s vanishing technique, Miyaoka in [16] showed that a com-
plete orientable noncompact stable minimal hypersurface in a Riemannnian manifold
with nonnegative sectional curvature has no nontrivial L? harmonic 1-forms. Later,
this result was extended to more general ambient spaces, see [12], [15], [24]. Seo
in [19] proved the vanishing theorem holds for a complete stable minimal hypersur-
face in H™" ™! with the first eigenvalue of the Laplacian satisfying \; > (2n—1)(n—1).
Moreover, Dung and Seo in [5] obtained the vanishing result holds for a complete
noncompact stable non-totally geodesic minimal hypersurface in a Riemannian mani-
fold N with K < Ky, K <0and \y(M) > —K(2n—1)(n — 1). Moreover, it turned
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out that these vanishing theorems hold for more general Riemannian manifolds with
property (P,). We say that an n-dimensional complete Riemannian manifold M has
property (P,), if a weighted Poincaré inequality is valid on M with some nonnegative
weight function o(x), namely

(L1) ‘@WW<LWW,WH?W)

Moreover, the g-metric, defined by dsg = ods?,, is complete. In particular, if A (M)
is assumed to be positive, then obviously M possesses property (P,) with o = A\ (M).
So, the notion of property (P,) may be viewed as a generalization of the assump-
tion A;(M) > 0. Recently, Sang and Thanh in [18] proved that a complete non-
compact stable minimal hypersurface with property (P,) in a Riemannian manifold
N has no nontrivial L? harmonic 1-form if the sectional curvature of N satisfies
Ky(z) 2 —(1=7)o(z)/((2n—=1)(n—1)), 0 < 7 < 1, and p(z) satisfies a certain
growth condition.

A natural question is how about the nonexistence results of nontrivial LP, p # 2,
harmonic 1-forms of submanifolds? Yau in [25] proved that there are no noncon-
stant LP, 1 < p < oo, harmonic functions on a complete Riemannian manifold. Li
and Schoen in [14] proved that Yau’s result is valid for L?, 0 < p < oo, harmonic
functions on a complete manifold with nonnegative Ricci curvature. For LP har-
monic forms, Greene and Wu in [8] and [9] showed that there are no nontrivial L?,
1 < p < oo, ones on a complete Riemannian manifold or a Kdhler manifold of non-
negative curvature. Recently, Seo in [21] considered this problem, and proved that
there are no nontrivial L?? harmonic 1-forms on a stable minimal hypersurface M™
of a Riemannian manifold N with Ky > K, K < 0, under the assumption

—2n(n —1)?p’K
B {(n—1p

/\1(M) >

for 0 < p < n/(n — 1)++/2n. Besides, Dung and Seo in [6] considered the problem on
a complete J-stability hypersurface in a Riemannian manifold with nonnegative sec-
tional curvature. First, we recall the definition of d-stability which is a generalization
of the usual stability.

Definition 1.1. Let M™ be an n-dimensional orientable hypersurface in a Rie-
mannian manifold N. We say M is §-stable for 0 < § < 1 if the inequality

(1.2) Aﬂvm2>5AAMF+EE@wD¥

holds for any n € C§°(M), where v is a unit normal vector field on M, Ric is the
Ricci curvature of N and A is the second fundamental form of M.
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It is obvious that ;-stability implies da- stablhty for 0 < d2 < 61 < 1. In particular,
if M is stable, then M is d-stable for 0 < 6 <

For §-stable complete hypersurfaces in a Riemannian manifold, there have been
some vanishing theorems. For § > 1/8, Kawai in [11] proved that a J-stable complete
minimal surface in R3 must be a plane. Tam and Zhou in [23] showed that a complete
(n — 2)/n-stable minimal hypersurface in the Euclidean space is either a hyperplane
or a catenoid if its second fundamental form satisfies some decay conditions. Dung
and Seo in [6] proved the following vanishing theorem.

Theorem 1.2 ([6]). Let M™, 2 < n < 6, be a complete orientable noncompact
hypersurface in a complete manifold N with nonnegative sectional curvature. If the
§-stability inequality (1.2) holds on M for some (n —2)/(2v/n —1) < 6 < 1, then
there is no nontrivial L?’ harmonic 1-form on M for any constant p satisfying

_ 20 1— 1_n7—2 < <276 1+ 1_717_2
Jn—1 wvn—1) P Uno1 2wovn—1)

In the first part of this paper, motivated by all the above results, we will consider
the nonexistence of a nontrivial LP harmonic 1-form of a complete d-stable hypersur-
face with property (P,) in a Riemannian manifold with sectional curvature bounded
below by a nonpositive function. More precisely, we have the following theorem.

Theorem 1.3. Let M", 2 < n < 6, be a complete noncompact hypersurface with
property (P,) in an (n + 1)-dimensional Riemannian manifold N. Assume that

(1 —7)o(x)

Env@) > -5 —5m-1

VeeM

for some 7: (122 — 511/5)(12 4+ 4v/5)~! < 7 < 1. If the §-stability inequality (1.2)
holds on M for some 6: (n —2)(2v/n —1— (n—2)Cy)~ < § < 1, then there is no
nontrivial L? harmonic 1-form on M for any constant p satisfying C1(n,§,7) < p <
Cs(n, 6, 1), where

2vVn—1+n)(1—1)

Co = Cn—1)(n—-1)
( \/1 25ﬁ1+005))
B e S (TN R
) 25(1+\/1 25\/_1+C0)).

vn —1(1 4 Cyo)

197



Remark 1.4. (i) When 7 = 1, i.e. Ky > 0 and Cyp = 0 on M, we obtain
Theorem 1.2. In this case, |w| is a constant from the proof of Theorem 1.3, and using
Lemma 2.5 we conclude that w = 0. As a result, the assumption of property (P,)
of M is not needed.

(ii) If we relax 7 in Theorem 1.3 to 0 < 7 < 1, then Theorem 1.3 holds
only when the dimension of M is 2,3,4,5, because from (3.12) we know that
(n—2)/(2y/n—1—(n—2)Cp) < § < 1 holds only when 2 < n < 5.

(iii) When § =1 and p = 1, Theorem 1.3 is just Theorem 1.2 in [4].

If we choose o(x) = A1 (M) in Theorem 1.3, we have the following corollary.
Corollary 1.5. Let N"*! be an (n + 1)-dimensional Riemannian manifold with

sectional curvature Ky > K, where K is a nonpositive constant. Let M",2 < n < 6,
be a complete noncompact hypersurface in N. Assume further that

2n—-1)(n—-1)K
1—7

M(M) = —

for some constant 7: (122 — 51v/5)(12+4v/5)™' < 7 < 1. If the §-stability in-
equality (1.2) holds on M for some (n — 2)(2y/n — 1 — (n —2)Cy)~ < § < 1, then
there is no nontrivial L?’ harmonic 1-form on M for any constant p satisfying
Ci(n,d,7) < p < Cq(n,d,7), where Cy, C1(n,d,7) and Ca(n,d,7) are defined in
Theorem 1.3.

Moreover, we can prove a vanishing theorem for LP harmonic 1-forms on complete
noncompact hypersurfaces with property (P,) similar to Theorem 1.3 except for the
condition that the lower bound of K depends on J, p, . More precisely, we have

Theorem 1.6. Let N"*! be an (n + 1)-dimensional Riemannian manifold, and
let M™, 2 < n < 6, be a complete noncompact hypersurface satisfying the weighted
Poincaré inequality for some nonnegative function ¢ in N. If the d-stability inequality
(1.2) holds on M for some (n —2)/(2y/n —1) < § < 1, and

_4pd(n —1) =2(n —2)d — (n — 1)y/n —1p*

Ky > ’
N p?(n —1)(2n —2+ny/n—1) ¢

where p satisfies

276<1_ 1_n7—2>< <275<1_|_ 1_n7—2>
vn—1 20y/n — 1 P=n—a 20/n—1)’
then there is no nontrivial L?? harmonic 1-form on M.
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On the other hand, without the assumption of stability, some vanishing theorems
about L? harmonic 1-forms have also been obtained. In [26], Yun proved that if
M — R™! is a complete minimal hypersurface with sufficiently small total scalar

curvature || A||2.., then there is no nontrivial L? harmonic 1-form on M. Later, Seo

in [20] proved this result is valid for a complete minimal hypersurface in a hyper-
bolic space. Thereafter, it turned out that these vanishing theorems hold for more
general submanifolds, see [2], [7]. Recently, Cavalcante, Mirandola and Vitério in [3]
showed that a complete noncompact submanifold M in a Hadamard manifold N
with sectional curvature satisfying —k? < Ky < 0 has no nontrivial L? harmonic

1-forms, if the total curvature ||®[|2, is sufficiently small, and with the additional

assumption A\ (M) > (n —1)*n~1! (k2 - i%l/[f H2) in the case of Ky # 0. After that,

Dung and Seo in [6] proved a similar vanishing theorem for L? harmonic 1-forms on
complete noncompact submanifolds under the same assumption as in [3] except for
the condition that the lower bound of A\; (M) depends on ||®||%...

In the second part of this paper, motivated by the above results, we prove the
following nonexistence result of LP harmonic 1-forms on a complete noncompact
submanifold with property (P,), assuming that the total curvature of the submani-
fold is sufficiently small instead of the assumption of §-stability. More precisely, We
have the following vanishing theorem which is an extension of Theorem 1.2 in [3] and
Theorem 1.5 in [4].

Theorem 1.7. Let M"™ be a complete noncompact submanifold with prop-
erty (P,) for some nonnegative function ¢ in a Riemannian manifold N. Assume

that
n(l—71) . 2

for some constants 7: 0 <7 < 1land~y: 0 <y < 1. If there exists a sufficiently small

positive constant A such that ||®||z» < A, then there is no nontrivial L*? harmonic

1-form on M, where p satisfies

n—l—\/(n—l)Q—n(n—Z)(l—T) n—1+\/(n—1)2—n(n—2)(1—7)
n(l=7) sP n(l—7) '

In particular, if we choose o(x) = A;(M) in Theorem 1.7, we get the following
corollary.

Corollary 1.8. Let N be a Riemannian manifold with 0 > Ky > K, where K
is a nonpositive constant. Let M™ be a complete noncompact submanifold in N. In
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the case of K # 0, assume further that

(n—1)?

~K —yinf H?)

(1 =i

for some constants 7: 0 < 7 < 1 and v: 0 < v < 1. If there exists a positive
constant A such that |||
on M, where p satisfies

rn < A, then there is no nontrivial L?’ harmonic 1-form

n—l—\/(n—l)Q—n(n—Z)(l—T) n—1+\/(n—1)2—n(n—2)(1—7)
n(l=7) sPs n(l—7) '

If M is a complete minimal submanifold in Theorem 1.7, we also obtain a vanishing

result on L harmonic 1-forms. In this case, the upper bound of || A|| 7~ has a specific

expression which depends on p,n and the lower bound of the sectional curvature of
the ambient space.

Theorem 1.9. Let M"™ be a complete noncompact minimal submanifold with
property (P,) for some nonnegative function ¢ in a Riemannian manifold N. Assume
that a )

n(l—r1

for some 0 < 7 < 1, and

2(n—1)p—n+2—n(l—71)p?
(n—1)?p*S

A2, <n

for some (n—1—4/(n—12-nn-2)1-7)n'1 -7 <p < (n—-1+
Vin=12=n(n—-2)(1—7))n"*(1 — 7)~', where S = S(n,2) is the Sobolev con-
stant in Lemma 2.6. Then there is no nontrivial L*P harmonic 1-form on M.

2. SOME LEMMAS

Let us recall some useful results which will be used in the proofs of the main the-
orems. The first two lemmas are the Bochner-Weitzenbock formula and the refined
Kato inequality for L? harmonic forms.

Lemma 2.1 ([13]). Given a Riemannian manifold M" for any 1-form w on M™
we have
Alw|?* = 2|Vw|? + 2(Aw, w) + 2 Ric(w?, wF),

where w! is the dual vector field of w.
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Lemma 2.2 ([1]). Given a Riemannian manifold M™ for any closed and coclosed
k-form w on M™ we have

noktl ke
2 2 N n—=k 2
[Vw|? > Cr i |VIwl||”, where Chpy =
krd D <k<n—1
PSS xn— 1.
ko’ 2

What’s more, Shiohama and Xu in [22] proved the following estimate on the Ricci
curvature of a submanifold.

Lemma 2.3 ([22]). Let M be an n-dimensional complete immersed hypersurface
in a Riemannian manifold N. If all sectional curvatures of N are bounded pointwise
from below by a function k, then

—2)y/n(n—1)

-1
Ric > (n — 1)(H2 + k) — "n o= |H]|®|.

We should note that in [22], the author assumed that all sectional curvatures of N
are bounded below by a constant k. But according to his argument, this assumption
was only used at the end of the proof, hence this method can be used to prove the
above lemma without any change.

Lemma 2.4. Let M™ be an n-dimensional orientable submanifold in a Rieman-
nian manifold N. Assuming that H is the mean curvature and A is the second
fundamental form of M, we have

21) 2(n—1ym2— =2 Vn"(" NPTy B il Rl A G AR A DTS

2n

Proof. If |A| = 0, then from |A|?> — nH? = |®|?> > 0 we have H = 0. Thus the
inequality (2.1) is trivial. Now we assume that |[A| > 0. We define f,,(¢) on [0,1/1/n]
by
(n—2)y/n(n—1)

n

tv/1 — nt2.

fn(t) =2(n—1)t* —

Supposing that ¢ is a constant such that min  f,(¢) > ¢, we have
[0,1/v/n]

2 — 1)t — (n—2)y/n(n—1)

1
tvV1—nt2>c Vte[,—},

Vn
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ie.

n3(n— 1)z — (n — 1)(4en + (n — 2)H)x + c*n > 0,
where x = t2 for all z € [0,1/n]. A simple computation shows that this inequality is
equivalent to

gn(c) = 4n?*c® — (n — 2)*(n — 1) — 8cn(n — 1) > 0.

The discriminant of g,(c) is A = 16n*(n — 1). Thus we get that ¢ < (2(n — 1) —
ny/n — 1)/(2n), which completes the proof. O

Moreover, we will need the conditions for the volume of the Riemannian manifold
to be infinite.

Lemma 2.5 ([6]). Let M™ be a complete oriented noncompact immersed hyper-
surface in a complete Riemannian manifold N"*! with nonnegative sectional curva-
ture. If the 0-stability inequality (1.2) holds on M for a constant §: 0 < 6 < 1, then
the volume of M is infinite.

In addition, the following Hoffman-Spruch inequality is also useful.
Lemma 2.6 ([10]). Let z: M"™ < N be an isometric immersion of a complete

manifold M in a complete simply connected manifold N with nonpositive sectional
curvature. Then for all 1 <1 < n, the following inequality holds:

(n=)/n
(/ pin/(n=0) dV> <S(n,1)/ (IVAl' + (h|H|)') aV
M M

for all nonnegative C'-functions h: M™ — R with compact support, where
S(n, )" = ¢(n)2l(n —1)/(n —1) and c(n) is a positive constant, depending only

onn.

The last but most important lemma was proved by Vieira in [24].

Lemma 2.7 ([24]). Let M be a complete manifold satisfying a weighted Poincaré
inequality with a weight function p. Suppose a smooth function v on M satisfies the
differential inequality

ulu > —agu® 4 b|Vul|?

for a constant 0 < a < 1+ b, and assume

/u2<oo.
M

Then the function u is a constant. Moreover, if u is not identically zero, then the
volume of M is finite and the weight function o is identically zero.
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3. PROOF OF THE MAIN THEOREMS

Proof of Theorem 1.3. Let w be an L% harmonic 1-form. Using the Weitzen-
bock formula and the Kato inequality, we get that

(3.1) |w|Alw| > —|V|w||2+Rlc( Lwh).

Under our hypothesis on the sectional curvature of N, we can estimate the Ricci
curvature of M by using Lemma 2.3 and Lemma 2.4:

. (I—7)o s n—1_, (n—2)y/n(n-1)
S (n—1)—\ /8 _ _ _
Ricyr = —(n 1)(2n— (n —1) +(n-1)H |D| - |H||D|
- 2
= TR PNy ey R
> _(1—7’)g+ 2(n—1)—n\/n—1|A|2_ n—1 AP
2n—1 2n n
_ (d=7)o \/n—1|A|2
2n—1 2 '
Thus equation (3.1) becomes
(1—-7)o, n—1 22
2 A — — A :
(32 feldll> Vil - S e YT gy
Given any a > 0, using (3.2) we have that
(33)  |wl"Alw|™ = [w|*(ala = D]w|*7*|V]w][* + alw|*~ Alw])
= +alw** 72 w|Alw]
n—2 om/n (A =7)oa,
> (1l-— « —|A —|w|*™.
R s LN AP~ ST

Given s > 0 and a smooth function 7 with compact support in M, multiplying both
sides of the inequality (3.3) by |w|?**n? and integrating over M, we obtain that

n—2
1— 2sa 2,2
(1= =) [ Jel=e VIl

< [ pfEepaaf + SR [ APl
M 2 M

a(l —71
+ ( ) / Q|W|2(S+1)a772
2n —1 M

- @5 1) [ PP =2 [ ol @0 Vg, Tl

ayn—1 s+ a(l-71 s+1)a
+ = / | AP |w[+D n2+72( )/ olwlPeHDan?,
M n—1 Ju
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ie.

n—2 2s5c «l|2,.2
(3.4) (2(s+1) (n—l)a)/M w25 |V |w|¥|?n
vn—1
< _2/ n|w|(2s+1)a<vn7v|w|a>+%/ |A|2|W|2(S+1)a772
M M

a(l —71) 2(s+1)a, 2
MY /M‘QM -

On the other hand, replacing 7 by |w|**1%7 in (1.2) and applying the lower bound
of the sectional curvature of N allows us to conclude that

0(1—r1)
3.5 5/ A2w2(s+1)an2</ V(|w| sty 2+n—/ olw[2+Dep?
(35) M| Fle M| (e ) 2n—1)(n-1) [y el

— (s41)? /M 0[50 T w| 2 + /M w2+ g 2

L 2(s 1) /M o] D (T V)] )

no(l—r st1)a
(2n _(1)(n z 1) /M Q|W|2(k+1) i

Combining (3.4) with (3.5), we obtain that

+

n — a\/n — S 2
(3.6) (2(s+1)— (n_f)a— 5 L 21) )/M w25 |V |w]|*|2n?

ayvn —1
< / |w|2(s+1)“|Vn|2+E/ Q|w|2(s+1)an2

N (a\/F%

S+1)_2)/ |w|(25+1)a77<Vn,V|w|a>,
o M

where
nyn — a(l —7
b= (Tl+”—1)m_(11—><n)_1>-

From the assumption of weighted Poincaré inequality, we obtain that

(3.7) / oW De?) < / IV (jw] D)2
M M
— (s +1)? / w22 V| P + / w22 7 2
M M
L s+ 1) / o]0 (T, V] ).
M
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Plugging (3.7) into (3.6) implies that

(3.8) B / w2 VPP < C / w2+ 72
M M

+2D /M o] D (T ],

where ) - 2
B=2(s+1)— (n”__l)a—o‘vz_ (‘“; Y Bst+12,
c=r-l.p

2
Dng_l(l;S) —1+E(s+1).

For any € > 0, using the Cauchy-Schwarz inequality, we can rewrite equation (3.8)
as

1
(39 (B-1Dl) [ UVl Pa < (O DI2) [ Pt es
M €/ JMm

Now if we let p = (s + 1), we see that

n—2 ayvn —1 (s+1)?

(3.10) 3:2(s+1)—(n_1)a— 5 5 — E(s+1)?
ol (Y e ) )
N é{Qp_ Z—:i - @ [% -t El1_)(:3— 1)}732}'
Let
f0) == 5 (ot 2 D) O D - B

then the discriminant of f(p) is

(3.11) A= 4(1 - 2\%—__21 [% (n J(;Z\_/nl;(i)ill; T)D >0,

which is satisfied under the assumption

n—2

< 4.
(n—=2)(n+2v/n—-1)(1-71)
2vn—1- (n—1)(2n—1)
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Let
n—2

g(n) = ;
f—1 — ( 2)( +2\/_)(1 7)
2 o D(2n—-1)

when 2 < n < 6 and 122= 122-51v/5 < 71 < 1, we can see that

12+4+/5
(3.12) 9(2)=0<d <1,
1
g(3 <0<,
8) = 2v2 - L(3+2v2)(1—1)
2
g(4) = <<,
2v3 - Z(4+2V3)(1—1)
3
gh)=————<0<1
I
4(6) = 4 <5<l
2V5 — 2(6+2V5)(1—71)
Consequently, (3.11) is true under the assumption
n—2
<d< 1.
(n—2)(n+2v/n-1)(1—7)
2vn—1— (n—1)(2n—1)

The condition C; < p < Cy allows us to conclude that f(p) > 0, or equivalently
B > 0. Therefore, for a sufficiently small £ > 0, we have

—|DJe > 0.

For every r > 0, let B, denote the geodesic ball of radius r on M centered at a fixed
point and let n € C§°(M) be a smooth function such that

n=1 onB,,
n=0 on M\ B,

and |Vn| < 1/r on B, \ By. Then the inequality (3.9) becomes

F
/ w2 V] < £ / ol
B, r Ba,

F(s+1)2
/ Vw2 < ZEE1” / ],
B, r Ba,

where F' > 0 is a constant which depends on n, €, §, p, a. Using the fact that w €

ie.

L?P(M) and letting r — 0o allows us to conclude that |w/| is a constant. Consequently,

206



we can get that w = 0. Otherwise, if o = 0, i.e. Ky > 0, from Lemma 2.5 we
can conclude that the volume of M is infinite. However, the fact w € L?” infers
S |w|?P < 00, i.e., the volume of M is finite, which is a contradiction. If ¢ # 0, from
equation (3.7) we deduce that
/ olw[* =0,
M

which implies that ¢ = 0. So the space of L?? harmonic 1-forms must be trivial. O

Proof of Theorem 1.6. Let Ky > —kp, where

I < 4pd(n —1) —2(n —2)6 — (n — 1)v/n — 1p?
op?(n—1)2n—2+nvn—1) '

Similarly to the proof of Theorem 1.3, we obtain that

B [ wPe Vel P < € [ w0 42D [l e(vn, Vil®)
M M M

where
~ nyn —1
E_(72 —l—n—l)k;oz,
~ n—2 avn—1(s+1)? ~ 9
B=2 1) — — —F 1
(s+1) (n—1a 2 5 (s +1)%
coavn-l, g
20
15:0‘7”2_1(8:;1)—1+E(5+1).

For any € > 0, applying the Cauchy-Schwarz inequality, we have that
- 1
(B 1Dl) [ oLl o < (G 1DIZ) [ [ufereonp
M €/ Jm

Let p = (s + 1)a, then we have

~ 1 n—2 n-—1 nyvn—1
B:E{Zp_n—l_ 2 p2_( 2 +”_1)kp2}'
Let

f(p) = —(n—1)Vn'=1p* + 45(n — 1)p — 25(n — 2),

then the discriminant of f(p) is

9
A=166%n—1)2(1- —"—2 ) >0,
(n )< 25\/71—1)
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which is satisfied under the assumption 1(n —2)/v/n—1 < § < 1. Thus from the

conditions on p, we see that f(p) > 0. Moreover, the condition

4pd(n —1) = 2(n —2)§ — (n — 1)v/n — 1p?

h< p2(n —1)(2n — 2+ nyn —1)

allows us to conclude that

N
n—1)p—25(n—2)—(n—1)vVn—1p> /nvn—
:é{@( = 25(25(71211)( - = _( 2 1+n_1)kp2}
fi nyn — 5
:é{%(f(p_l)_( . 1+n—1)kp}>0.

Therefore, for a sufficiently small ¢ > 0, we have B — |ﬁ|z—: > 0. Using the same
argument as before, we complete the proof of Theorem 1.6. O

Proof of Theorem 1.7. Let w be an L% harmonic 1-form on M. Using the
Weitzenbock formula and the Kato inequality, we get that
1 2 | Riclwh.
(3.13) |w]Alw| = m|V|w|| + Ric(w?, w®).
Under our hypothesis on the sectional curvature of N, we can estimate the Ricci
curvature of M by using Lemma 2.3:

1—
Ricar(wh, wh) > — (n — 1)%@42 — (n—1)vinf H2w[? + (n — 1)H?|w|?

n—1) M
n—1 (n—2)y/n(n—1)

S Nappep - PV g

= — Mg|w|2 — (n— 1)yinf H*w|? + (n — 1) H?|w|?
n—1 M

n—1 (n—2)y/n(n—1)

S g - 2V D) g

Plugging this inequality into (3.13) implies that

n(l—7)
-1

n—1 n—2)y/nn-—-1
F (= 2 Ly - =2V 2 Y

(3.14)  |w]Alw| > n%

V|wl||? -
1| |||

2 . 20, .12
olwl” = (n = 1)yinf H=|w|

| H |||
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Applying (3.14), we get that

-1
(3.15) |wPAlwl? = p—p IVIw[P? + plw|*~?|w|Alw|
n—2 n(l—r7)
> (1- 7) p2_PMLZT) L 2w
( ) IVl = S peled

= (n = Vypinf H?w[*F + (n — 1)pH?|w|*

(n—1p (n —2)p/nln—1)
- g 4 [H@wl”.

For any n € C§°(M ), multiplying both sides of (3.15) by n? and integrating by parts
allows us to conclude that

n—2
(- =) /M IV ?
n(l —r7 .
< / Pl Al + 22T / orP W] + (n — 1)ypinf H? / 72w
M n—=1 Jy M M
n—1)p
~ - vp [ P+ (n=Dp [ e
M n M

+(n_2)p\n/n(n_1)/ 772|H||<I>||w|2p
M

pn(l —71
= = [PVl =2 [ ol on Vi) + ST [ g
M M n-— M
+(n—1)7pian2/ 772|w|2”—(n—1)p/ n*H?|w|*
M M M

n—1)p (n—2)py/n(n —1)
Gt | ol + v [ il
n M n M

ie.

n—2 9 P2
16) (2= o) [ vl
pn(l —71
<-2f P (Y, V]ewp?) + PP =) [ el
M n—1 M
n—1)p
+ B2 [
n M
+(n—1)wian2/ nQIwIQ”—(n—l)p/ n? H?|w|*
M M M

+(n_2)p\/nn(n_1)/ 7]2|H||(I)||W|2p.
M
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For any a > 0, we have the Cauchy-Schwarz inequality

par) =2y =] / oI @]
n_zp\/ / H2 |2p+ (n—2)p2n\/:(n—1) /M|‘I>|2772|w|2p-

~

Applying formula (3.17) to (3.16) we get

_ n—2 9 pI2
a1 (2- 7= [ wver]
n(l — 7
<-2f el (Y, V) + PP =) | el
M n—1 M

0= 1pint B [ Pl 0 [ 4B [ P epp,
M M M M

where
(3.19) B = B(n,a,p) = (n —nl)p n (n— 2)p2n:(n — 1)7
€= Clnap) = ~(n—1p+ VIR ZD)

On the other hand, Lemma 2.6 and the Holder inequality imply that

2/n (n—2)/n
20 [l < ([ o) ([ qorape)
M M M

<Slelt, [ (I9ornDP + Pl 5?)
M

o[ 1Tl [ e 42 [ el (v 1))
M M M

+ 592, / 7w H?,
M

= 5||®|

where = ([ |<I>|")2/n and S = S(n,2) is a constant in Lemma 2.6. Plugging
(3.20) into ( 8) yields that

G2 (2- g - BSIolt.) [ wvlerP
M
pn(l —71
1) [ el (9, Vol?) + pnil —7) [ el
M n—1 M
2.) / R H? ]
M

2(BS||®|

+(n—1)'ypian2/ n*|w|? + (C + BS||®|
M M

/ V2l
M

+ BS|| 9|
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The property (P,) implies that
G2 [ ol [ WP = [ PV
M M M

+ [ aPivnP+2 [ alop(vn, vlup)
M M

Combining (3.22) with (3.21), we deduce that
623) D[ PVPP-G [
M M
<E [ VPl 0= Dpint H2 [ Pl
M M M

tor / nlwlP (Y, V]wl?),
M

where

(3.24) D—2- (:__f)p - p”f__lﬂ — BS||®|2.,
2= psas.
F= % + BS||®[2. — 1,
G =C+ BS|®|2..

For any € > 0, applying the Cauchy-Schwarz inequality again, we see that
(3:25) (D= IF) [ VPP -G [
M M

1
<(B41FL) [ 9nPlPr + (- Dwin 2 [ ol
el Ju M M

Choose 0 < b < 1/2, a=a(b) > 0 and A = A(b) > 0 satisfying

a(n —2)py/n(n —1)
(3.26) on
SBA? < (n —1)bp.

< (n—1)bp,

Now we let
(3.27) Do =2 =1 pgpe
(n—1)p n—1 ’
=0T pene,
n—1
ForU=T) L pope g
n—1
G = C + BSA?
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Assume that the total curvature satisfies ||®||.» < A. Plugging the above choices

in (3.25), we obtain that

(328) (D - [Fl) / PV~ G / 2 H ]2
M M
— —1
<(B4IFL) [ 190l + (0= pint 12 [ el
€/ JMm M M

Combining equations (3.19), (3.26) with (3.27), we get that

_ — 2)py\/ —1
(329) —G=(n—1)p- 4" >p2n"(" ) _BSA? > (n—1)p(1—2b) > 0.
Thus equation (3.28) becomes
330 (D-F) [ VPP -G+ - )it [ el
M M M
— =1

< - 2 2p.

<(@+7z) [ [nte
Then we can choose b sufficiently small as to satisfy that

—~(G+ (n—1)yp) > (n — )p(1 — v — 2b) > 0.

Now we let f(p) = —n(1 —7)p? +2(n — 1)p — n+ 2. After a simple computation, we
have that the discriminant of f(p) is

A=4[n—-1)?-n(n-2)(1-7)] >0.
Consequently, the condition on p implies that f(p) > 0. Choosing sufficiently small
€ >0, b> 0, we deduce that

— — — 2 1-— —
D—|Fle=2- _ =) popz (F

2(n—1)p—n+2—n(l—71)p?

= n1p — BSA° — |F|e
__f) 2 _ |

= o, BN - [P

> % — (n—1)bp— [Fle > 0.

For every r > 0, let B, denote the geodesic ball of radius r on M centered at a fixed
point and let n € C§°(M) be a smooth function such that

n=1 on B,
n=0 on M\ Ba,
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and |Vn| < 1/r on Bs, \ B,. Using (3.30) with 1 and the fact that w € L?” while
letting r — oo, we conclude
IV|wl?|* = inf H?|w|? =0,
M

which implies |w| is a constant. If |w| # 0, then 111\14f H? = 0. Using equation (3.28)
with 7 and taking » — oo implies H?|w|?’ = 0, i.e. H> = 0. Applying the same
way, from equation (3.20) and the fact that ||®|| < A, we obtain that |®]?> = 0.
Consequently, equation (3.15) becomes

1 — _n-2
(n—1p
where we have used the Cauchy-Schwarz inequality. From Lemma 2.7, the fact that

f(p) > 0and w € L?(M), we deduce that o = 0 and the volume of M is finite. Thus
the condition on Ky becomes Ky > 0. The conclusion H? = |®|? = 0 implies that

n(l —7)

N )Vl = =T g,

M is totally geodesic in N. Thus M has nonnegative Ricci curvature, which gives
the conclusion that the volume of M is infinite, see [25], which is a contradiction. So
the space of L?? harmonic 1-forms must be trivial. O

Proof of Theorem 1.9. Let w be an L% harmonic 1-form on M. Using the
Weitzenbock formula and the Kato inequality, we get that

1
(3.31) [l Alw] > —=[Vwl[? + Ric(w, o).

Under our hypothesis on the sectional curvature of N, we can estimate the Ricci
curvature of M by using Lemma 2.3:

n(l—r7)

Ricyr > —
M )

n—1
0-— D[,
n

The minimality of M implies |®|? = |A|?. Thus inequality (3.31) becomes

n(l—7)

1
3.32 Alw| > ——|V]wl||? =

—1
wf? = APl
Applying formula (3.32) yields that

~1
(3.33) |wlPAlw]” = pTIVIwI”IQ +plw| P2 w| Alw|

n—2 (n—1)p
> J ‘7(1172 42 2p
- (1 (n—l)p)| [wl”] n APl

pn(l—7
_¥Q|w|2p.
n—1
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For any n € C§°(M ), multiplying both sides of (3.33) by ? and integrating by parts,
we obtain

n—2 p(n—1)
1——— 2Vw”2</ 2prwp+7/ 21 Al |w|??
(1- =) [ vl < [ ettty + B2 [ opiap
n(l — 7
+p( )/ 772@|w|2p
n—]. M
= = [ PP =2 [ alep(va Viel)
M M
p(n—1 n(l—71
+ 22D [ papiepe + UD e,
n M n—1 Ju
ie.
n—2
30 (2- =) [ IR < <2 [ sl (Ve vip)
M M

n—1)p
pn—1 pn(l—7
+¥/ nQIAIQIWI2p+¥/ 7° olw| .
n M n—1 M

The property (P,) implies that
(3.35) / olu?Pi < / 1V (jwfPn)
M M
= [PVl [ PrenP 2 [ el (va VieP).
M M M

Combining (3.34) with (3.35), we deduce that

(3.36) (2- (:__12)}7 —pnél__lT))/Mﬁlvlwl”IQ
<20 [ ppapiope +2( 20D 1) [ s, viap)

pn(l—1)
+ 20D [ gl
n—1 M

On the other hand, Lemma 2.6 and the Holder inequality imply that
2/n (n—2)/n
3 [ sl < ([ 1ar) ([ qumpie-)
M M M
< S|l [ V(P
M

<SIAR. ([ PP+ [ [t 2 [ gl onviap))
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2/n

where || A2, = A™M)™77, S = S(n,2). Plugging (3.37) into (3.36) gives
L M

B / PVl < C / V2Ll + 2D / nllP (Y, V1w,
M M M

where .
-9 1— —
pop- =2 _pllon) pn=Dgy e
(n—1)p n—1 n
1-— -1
=M= 0= g,
n—1 n
1-— -1
pobrl=r) 4 Pz e
n—1 n

For any € > 0, applying the Cauchy-Schwarz inequality we see that
1
638  (B-IDE) [ VPP < (D) [ ViRl
M €/ Jm

Now we let f(p) = —n(1 —7)p? +2(n—1)p —n+ 2. After a simple computation, we
find that the discriminant of f(p) is

A=4[(n—-1)*—n(n—-2)(1-7)] > 0.
Consequently, the condition on p implies that f(p) > 0. Since

n—2 pn(l—7) phn-1) 9
(n — 1)p - n—1 - n SHAHL”
_2(n—1)p—n+2—n(l-1)p? _pln—1)

[ p(n—1)
= E— S|IAl7n,

B=2-

2
n

the conditions on p and [|A||%.. allow us to conclude that B > 0. Choosing a suffi-

ciently small € > 0, we deduce that
B —|Dle > 0.

For every r > 0, let B, denote the geodesic ball of radius r on M centered at a fixed
point and let n € C§°(M) be a smooth function such that

n=1 on B,
n=0 on M\ Ba,
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and |Vn| < 1/r on Ba, \ B,. Using (3.38) with 7 we have

1
/ VIl < C(npre)— / [,
B, 7" JB2r\B,

Letting r — oo and using the fact that w € L??, we conclude |w]| is a constant. The
same argument as before shows that w = 0. O
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