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Abstract. Let 1 be a nonnegative Borel measure on R? satisfying that p(Q) < [(Q)" for
every cube Q C R", where [(Q) is the side length of the cube Q and 0 < n < d.

We study the class of pairs of weights related to the boundedness of radial maximal oper-
ators of fractional type associated to a Young function B in the context of non-homogeneous
spaces related to the measure p. Our results include two-weighted norm and weak type in-
equalities and pointwise estimates. Particularly, we give an improvement of a two-weighted
result for certain fractional maximal operator proved in W. Wang, C. Tan, Z. Lou (2012).
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1. INTRODUCTION

Let i be a nonnegative upper Ahlfors n-dimensional measure on R?, that is, a Borel
measure satisfying

(1.1) n(@) <UQ)"

for any cube Q C R™ with sides parallel to the coordinate axes, where [(Q) stands
for the side length of @ and n is a fixed real number such that 0 < n < d.

In the last decades, this measure have proved to be adequate for the development
of many results in harmonic analysis which were known that hold in the context
of doubling measures, that is, Borel measures v for which there exists a positive
constant D such that v(2Q) < Dv(Q) for every cube @ C RY. For example, many
interesting results related to different operators and spaces of functions with non-
doubling measures can be found in [16], [17], [14], [26], [8] and [15] among a vast
bibliography on this topic.
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Particularly, in [8] the authors considered the radial maximal operator of fractional
type associated to an upper Ahlfors n-dimensional measure ;o which is defined for
0<a<nby

1
(1.2) Mo f(r) = sup s /Q @) d(y).

In the same article they study weighted boundedness properties for M, on non-
homogeneous spaces. Concretely they characterize the pairs of weights for which
these maximal operators satisfy weighted strong and weak type inequalities, obtain-
ing Sawyer type conditions that involve the operators themselves, and Muckenhoupt
type conditions, respectively. Furthermore, by strengthen Muckenhoupt type condi-
tions by adding a “power-bump” to the right-hand side weight or even, by introducing
certain Orlicz norm, strong type inequalities can be achieved.

A typical example of an upper Ahlfors 1-dimensional measure in R that satisfies

2 . . .
*" . A similar version

condition (1.1) is given by du(x) = v(z)dz, where v(x) = e~
can be defined in R™. These examples show that the upper Ahlfors n-dimensional
measures are not necessarily doubling.

Let 1 < p < co. If g is a positive continuous function which is integrable with
respect to the Lebesgue measure, then v(z) = (g(z)/Mg(x))?~1/P defines an upper
Ahlfors 1-dimensional measure, where M denotes the classical Hardy-Littlewood
maximal operator (see [8]). Other examples of measures satisfying condition (1.1)
can be found in [27].

In this paper we introduce a generalized version of the radial maximal operator of
fractional type defined in (1.2), which is associated to a Young function B and will
be denoted by M, g. We prove two-weighted norm inequalities for this operator in
non-homogeneous spaces involving power bumps or Orlicz norms in the conditions
on the weights. We also give weak type inequalities as well as a pointwise estimate
between M, p and the maximal operator My = My 4 for certain Young function ¢
(for the definitions involved see below).

This type of maximal operators is not only a generalization but also they have
proved to be the adequate operators related to commutators of singular and fractional
integral operators in different settings (see for example [1], [2], [3], [6], [12], [13], [19],
[20], [22] and [23]). Moreover, for certain Young functions, they are equivalent to
the composition of some known operators such as the Hardy-Littlewood maximal
operator or the fractional maximal operator (see [2], [4] and [20]). For example,
when g is the Lebesgue measure, if £ € N and 0 < a < n, it is known that

Ma(Mk) ~ Ma,L(logL)’“a
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where M, is the fractional maximal operator defined by
Maf@) = sup Q" [ |7(a)]da.
Q3 Q

and MP¥ is the composition of the Hardy-Littlewood maximal operator M = Mo,
k times (for more information see [4]).

We also give an example of an A;(p)-weight that involves the radial fractional
maximal operator defined in (1.2).

2. STATEMENTS AND THE PROOF OF THE MAIN RESULTS

In order to state the main results we first introduce some preliminaries. A function
B: [0,00) — [0,00) is a Young function if it is convex and increasing, if B(0) = 0,
and if B(t) — oo as t — 0o. We also deal with submultiplicative Young functions,
which means that B(st) < B(s)B(t) for every s, t > 0. If B is a submultiplicative
Young function, it follows that B’(t) ~ B(t)/t for every ¢t > 0.

By a weight we understand a locally integrable function w which is positive almost
everywhere. If w is a weight and 1 < p < oo, we define L2 (R?) as the set of all
measurable functions f for which

/R @) du(e) < oo.

Particularly, when w = 1, we simply denote L% ( R%).
The radial maximal operator of fractional type associated to a Young function B
is defined by

Mo 5(f)(x) = CS?L;Pl(Q)“HfHB,Qa OSa<m,

where

(2.1) IIfIIB,innf{A>o: l(é)n/QB(U(;)')du(x)él}

is the radial Luxemburg average. When B(t) = ¢", 1 < r < oo, then

1/r
|f|B,Q=(@ /Q Ifl’“du> .

When a = 0, we write Mo p = Mp. If in addition B(t) = ¢, we denote Mo g = M.
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Before stating the next result we give the following definition. A Young function B
satisfies the well known B,, condition, 1 < p < oo, if there is a positive constant c
such that

° B(t) dt
Lt
If 1 <r <ooandp>r,itis not difficult to prove that both functions B(t) = ¢" and
D(t) = t"log(e +t)°, 6 > 0, belong to B,. Other example of a B, function is given
by B(t) = t?/log(e + t)'T%, § > 0. For more information related to this condition
see for example [21], [18] or [25].

The following theorem gives sufficient conditions on a pair of weights in order to

obtain weighted strong type inequalities for M, g on non-homogeneous spaces. If
r > 0, r@Q denotes the cube with the same center as @ and with I(rQ) = ri(Q).

Theorem 2.1. Let 1 < p < ¢ < 00, 0 < o < n and let u be an upper Ahlfors
n-dimensional measure in R¢. Let B be a submultiplicative Young function such
that B%/Po ¢ B, for some 1 < py < n/a and 1/qy = 1/py — a/n, and let ¢ be
a Young function such that C; ga_l(t)t(’/” <B7(t) < C’g(p_l(t)ta/" for some positive
constants Cq and Cy. If A and C are two Young functions such that A='C~1 < B~!
with C' € By, and (u,v) is a pair of weights such that for every cube Q,

(2.2) (Q)* " u(3Q)|lv™ 7|4 < K,
then for all f € LP(R?),

Ma,B(F)llLgray < CllfllLeray-

It is important to note that Theorem 5.1 in [8] is a special case of the previous
theorem considering A(t) = t"?', C(t) = t"?)" and B(t) = t. In the classical setting
of the Lebesgue measure, the theorem above was proved in [18] for B(t) = t.

Example 2.2. When B(t) = tlog(e +t)*, k > 0, it can be easily seen that B is

submultiplicative, B%/Po ¢ By, for every pg,qo > 1 and
tlfa/n
371 t %ta/n %ta/n -1 ¢
(Ot~ e ),
when o(t) = (tlog(e + t)¥)™/("=)  Moreover, the functions A(t) = ¢"?" and C(t) =
(tlog(e + t)F)(P)" satisfy
A7lcl < B

For § > 0, other examples are given by A(t) = t* log(e + )P =146 and C(t) =
tPlog(e 4 t)~(1F(P=1) (see [7]).
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Example 2.3. When p is the Lebesgue measure and u = v = 1, it is easy to note
that condition (2.2) holds if and only if 1/¢ = 1/p — a/n for any Young function A
as in the hypotheses of Theorem 2.1. On the other hand, if we consider an upper
Ahlfors n-dimensional measure i, 1 <p < n/a,1/q=1/p—a/nand u =v =1, then
it is not difficult to check that condition (2.2) is satisfied. Thus, from this theorem we
obtain that My p: L%(R?) < LE(R?), that is, the unweighted boundedness holds
for any upper Ahlfors n-dimensional measure .

Example 2.4. Let g be an upper Ahlfors n-dimensional measure and let u be
a weight. If A is a Young function satisfying the hypotheses of Theorem 2.1, then
the pair of weights (u, (Mu)P/9) satisfies condition (2.2) when 1/q = 1/p — a/n. In
fact,

n/
HQ)™ ™ Pu(3Q) M MDDy o < CUQ) ”“<3Q>”q% <

Therefore we obtain

[Ma,5(F)ls ey < Ol fllzr Jq(RE):
(Mu)P/a

The same estimate holds if we replace M by M, where

1
2.3 Mu(x) = sup —/ u(y)| du(y).
(2:3) ) Sup Q) Q| | du(y)

Remark 2.5. In [28] the authors studied two-weighted norm inequalities for
a fractional maximal operator associated to a measure p satisfying condition (1.1).
Concretely, they considered the following version of the fractional maximal operator
defined for 0 < a < 1 by

1
Mof(a) = Sup e /Q £ )] duy),

Q3x

and proved the following result.

Theorem 2.6 ([28]). Let yu be an upper Ahlfors n-dimensional measure. Let
l<p<g<ooand0< a<1. Let (u,v) be a pair of weights such that for every
cube @,

(2.4) Q)" VP (@) u(3Q) V[~ P laq < C,
where ® is a Young function whose complementary function ® € B,. Then

[Ma(H)lls ey < Cll fllLp(may

for every f € LP(R?) bounded with compact support.
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Let us make some comments about Theorem 2.6. When yx is the Lebesgue measure
and u = v = 1, it is easy to note that condition (2.4) holds if and only if 1/¢ = 1/p—«
for any ® as in the hypothesis. On the other hand, if we consider an upper Ahlfors
n-dimensional measure  and if we take ®(t) = "7 for 1 < r < 00, 1/¢ = 1/p — «
and u = v = 1 in condition (2.4), we have that if the inequality

HQ) W)

l(Q)n(l_1/p)M(Q)(y—1u(3Q)1/p—(’(Z(Q)n B

holds, then

(l(Q)" )1/(p’7"’) <C
1(Q) ’

which implies that the measure p satisfying the growth condition (1.1) also satisfies
the “lower” case, that is p(Q) > Cl(Q)™ with a constant independent of Q. So,
the weights v = v = 1 are not allowed in this case unless the measure is Ahlfors
(and so, doubling), that is u(Q) ~ I(Q)™ for every cube @. By taking into account
Example 2.3, which shows that our result provides the boundedness with any upper
Ahlfors n-dimensional measure i, our theorem is an improvement of that given in [28]
in this case.

Moreover, let M be the maximal operator defined in (2.3). When p is the Lebesgue
measure and P(t) = t”)/, a typical example of pair of weights satisfying condi-
tion (2.4) is (u, (Mu)P/?) with 1/¢ = 1/p — . On the other hand, suppose that this
pair satisfies the same condition for a measure satisfying (1.1) and let u € A;(u).
Thus, the following chain of inequalities holds:

l(Q)”/p/ ( 1 )1/4( 1 e _Tp,/p>1/(r;0')
e RN e A
1Q n/p —n/(rp’) 1 1/p o 1/(rp")
> s (7 f ) (o Jn ")
I(Q)n/(r/p/) 1 p/q p/a) -p'/p 1/pl
ol [ d“) < 5 [ )
1(Q)™/r'e")

7 Qe

This implies again that p must be an Ahlfors measure. Again, in this case, our result

is an improvement of that given in [28] (see Example 2.4).

Let us make some comments about the upper Ahlfors n-dimensional measure p
satisfying (1.1). It is well known that for such measures the Lebesgue differentiation
theorem holds; that is for every f € LL (R?) and a.e. =,

loc

m /Q F(w) dly) = f()
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when @) decreases to z (see [27]). However, if we take radial averages like those defined

n (2.1), this is no longer true. In fact, let us consider p defined by du(t) = et dt,
which is an upper Ahlfors 1-dimensional measure, and f(t) = ", 6 € R. Let z € R.
Then

1o L[ e (0—1)>
i - =1 —_ - — —1)x
gl_r% 27’/x f(t) dp(t) = lim / e dt=e ,

0 r—0 2r z—7

which differs from f in a.e. x.
Given a Young function B, let hp be the function defined by

If B is submultiplicative, then hg ~ B. More generally, given any B for every
s,t > 0, B(st) < hp(s)B(t), it is easy to prove (see [5], Lemma 3.11) that if B is
a Young function, then hp is nonnegative, submultiplicative, increasing in [0, c0),
strictly increasing in [0, 1] and hp(1) = 1.

The following theorem gives an modular endpoint estimate for M, p on non-
homogeneous spaces. This result was proved in [6] for x being the Lebesgue measure.

Theorem 2.7. Let 0 < a < n and let i be an upper Ahlfors n-dimensional
measure on R?. Let B be a Young function and suppose that if a > 0, B(t)/t"/* is
decreasing for all t > 0. Then there exists a constant C' depending only on B such
that for all t > 0, M, p satisfies the modular weak-type inequality

dnlle e &% Mon(@) > ] <€ [ 5(H)au)

for all f € LE(Rd), where ¢ is any function such that

0 if s=0,
o(s) < Crpi(s) = 5 .
—— if s>0.
hB(Sa/n)
Remark 2.8. It is easy to see that the function B(t) = tlog(e + t) satisfies the
hypothesis of the theorem above and thus

e € " Mop()(@) > th < v [ B auiy)

for all f € LE(R?), where ¢ = [tlog(e + t/")]"/("=®). This last result was proved
in [9] for u being a doubling measure.
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Remark 2.9. If B(t) = t, then hp(s) = s and ¢(s) = s'~*/". In this case, the
theorem above provides the weak type (1,n/(n — o)) proved in [8].

The proof of Theorem 2.7 requires some lemmas. The first of them was proved
in [6] and the second in [11]. So, we only give the proof of the third.

Lemma 2.10. Given 0 < a < n, let B be a Young function such that for a > 0,
B(t)/t"* is decreasing for all t > 0. Then the function ¢, from Theorem 2.7 is
increasing and ¢1(s)/s is decreasing. Moreover, there exists ¢ such that ¢(s) <
Ci1(s) and ¢ is invertible.

Lemma 2.11. If ¢(t)/t is decreasing, then for any positive sequence {z;},

@(Z %‘) < EJ: p(x;).

J

The third lemma is a generalization of Lemma 3.2 in [8] for the radial Luxemburg
type averages defined in (2.1). It was proved in [6] for ;1 being the Lebesgue measure.

Lemma 2.12. Suppose that 0 < a < n, B is a Young function and f is a non-
negative bounded function with compact support. If for t > 0 and any cube @

L) fllB.@ >t

then there exists a dyadic cube P such that Q C 3P and satisfying

WP fllB,p > Bt

where [ is a nonnegative constant.

Proof. Let @Q be a cube with

(2.5) HQ) I fllz.q >t

Let k be the unique integer such that 2-(*+1) < 1(Q) < 27%. There are some dyadic
cubes with side length 27%, and at most 2%, let us denote them by {.J;: i =1,..., N},
N < 2%, meeting the interior of Q. It is easy to see that for one of these cubes, say Ji,

<@ S me
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This can be seen as follows. If for each i =1,2,..., N we have

t
B,Q < =

I(Q)QHXJLf 9d’

N
since @ C |J J;, we obtain that
=1

1=

() fllB.e = U@ Ixyr, 5. B0
N t
U Y _lxsflse < Nz <t,
=1

contradicting (2.5). Using that [(Q) < I(J1) < 2(Q) we can also show that

2_@ < UQ)*Ixs flls.o < 21| f]

B, Jy

and Q C 3J;. O

Proof of Theorem 2.7. Fix a nonnegative function f € Lf(ﬂ%d), fix t > 0 and
define
Ey={z e R Mq,pf(z) >t}

If ¢ is such that the set F; is empty, we have nothing to prove. Otherwise, for each
x € E; there exists a cube @, containing x such that

HQ2)If1IB.@. >t

By Lemma 2.12, there exists a constant 8 and a dyadic cube P, with Q, C 3P, such
that

(2.6) UP) | fllB,p, > Bt

Since f € LF(R?), it is not hard to prove that we can replace the collection {P,}
with a maximal disjoint subcollection {P;}. Each P; satisfies (2.6) and, by our choice
of the Q’s, E; C |J3P;. By Lemmas 2.10 and 2.11,

J

e1(u(Er)) < Z ©1(1(3P))).

On the other hand, inequality (2.6) implies that for each j,

e [ (M g,

85



and then by the definition and properties of hp,
1 3P| f ()]
1 B~/ WA/]
<P /p,. ( 395 ) duta)
3"hp(3” B 1)hp(1(3P;)*) / |f ()]
<
b 13P;)" P, B( t )d“(x)

¢ |/ ()]
< r Jy, 20 ) )

Hence, since the P;’s are disjoint,

Z e1(n(3P5)) < Z e1(L(3P)")

o o) o
<C B(@) du(z).

Rd
(]

The radial Luxemburg average (2.1) has two rescaling properties which we will
use repeatedly. Given any Young function A and r > 0,

114, = I /1

r
B,Q>

where B(t) = A(t").
Given a Young function B, the complementary Young function B is defined by

B(t) = sup{st — B(s)}, t>0.

s>0

It is well known that B and B satisfy the following inequality:
t<B Y t)B <2, t>0.

It is also easy to check that the following version of the Holder’s inequality holds:

@ /Q |f(2)g(z)| du(z) < 2||f||B,Q||gH§,Q'

Moreover, there is a further generalization of the inequality above. If A, B and C
are Young functions such that for every t >ty > 0,

BN (H)0 (1) < cA7\(8),
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then the inequality

(2.7) 1f9]

4,0 < K||f]

Bellgllc.q

holds.

The following result is a pointwise estimate between the radial maximal operator
fractional type associated with a Young function B and the radial maximal operator
associated with a Young v related to B on non-homogeneous spaces.

Theorem 2.13. Let 0 < o« < n and 1 < p < n/a. Let u be an upper Ahlfors
n-dimensional measure. Let q and s be defined by 1/¢ =1/p—a/n and s = 1+q/p/,
respectively. Let B and ¢ be Young functions such that ¢~ (t)t®/™ > CB~'(t) and
Y(t) = (t'=*/™). Then for every measurable function f, the inequality

a/n
Map(9)e) < CM) ([ 17 nt) )

holds for a.e. x € R®.

When 4 is the Lebesgue measure, the result above was proved in [1] (see also [24]
for similar multilinear versions and [10] for the case B(t) = t, both in the euclidean
context).

Proof. Let g(z) = |f(x)|p/s' Then
|f ()] = g(a)*/Pre/n=g(z)t=a/m,

Let z € R? and @ be a fixed cube containing x. By the generalized Holder’s inequal-
ity (2.7) and the fact that

g(x)(S/p+a/n—1)n/a — |f|p

we get

s/p+a/n—1 ||n/a 0

UQ) I/ IlB.@ < CUQ) 9" ~o/"|

%Q”g
a/n

=0l<Q>a|g||;,5/”(@ /Q If(y)I”du(y)>

< CIMy(g) (@) Flar

LP(p)”
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The next theorem gives sufficient conditions on the function B in order to obtain
the boundedness of Mp on Lﬁ(Rd). In the euclidean context, this result was proved
in [21] and in [25] for the measure p being doubling, that is p(2Q) < Du(Q) for
every Q € R

Theorem 2.14. Let p be an upper Ahlfors n-dimensional measure. Let B be
a Young function such that B € B,. Then

Mp: LE(RY) — LE(R?).

Proof. From Theorem 2.7 applied to the case a = 0 it is easy to check that

p({y € R:: Mpf(y) >2t}) <C e B(|f(x)|/t) dp(z).

Thus, by changing variables and using the inequality above we obtain that

[ Mofy aut c/ P u({y € RY: Mo fy )>2t})

/Rd/'f(”)th PN g
:C(/Rdlf(y)lpdu(y)) (/1 Bs(p)%)

Thus, condition By, allows us to obtain the desired result. g

Proposition 2.15. Let B be a submultiplicative Young function and let ¢ be
a Young function such that C; ga_l(t)t(’/” <B7(t) < C’g(p_l(t)ta/" for some positive
constants C1 and Cy. Let 1 < p <n/a, 1/¢=1/p—a/n and s = q(1 — a/n). If
B%/? € B, then the function 1 defined by ) (t) = (t'~*/™) belongs to Bs.

Remark 2.16. It is easy to see that if § > 0, the function B(t) = tlog(e + t)°,
t > 0 satisfies the hypothesis of Proposition 2.15. In fact,

t

B ') ———.
®) log(e +t)?

Proof. From the definition of ¥ and by changing variables we obtain that

/“w(t)@_/“w(tla/")@_ n /°° p(r) dr
Lt oty ts t n—a); rns/n-a) g’
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From the relation between B and ¢ it is easy to see that ¢ is a submultiplicative
function. In fact, it is not hard to prove that a Young function B is submultiplicative
if and only if its inverse function B! satisfies B=!(st) > B~1(s)B~1(t) for every
s,t > 0.

Thus, noting that ¢ = ns/(n — «), we obtain

/°° e(r) ﬁ_/“ p(r) dr
L rns/tn=e) 0 [ pa oy
oo gltea/n gy
<c o —
/ (p=Hwue/m)a u

< /P du < B(t)4/? dt
<C ———=C —r :
. B l(w)? u /C w7 =

O

The following result is a fractional version of Theorem 2.14 and gives a sufficient
condition on the function B that guarantees the continuity of the radial maximal op-
erator fractional type M, g between Lebesgue spaces with not necessarily doubling

measures.

Theorem 2.17. Let ;1 be an upper Ahlfors n-dimensional measure. Let 0 <
a<nandl <p<n/a. Letqands bedefined by1/q=1/p—a/nand s =1+¢q/p,
respectively. Let B be a submultiplicative Young function such that BY/? B, and

let ¢ be a Young function such that Cyp~*(£)t*/™ < B=1(t) < Cap ' (t)t*/™ for
some positive constants Cy; and Cy. Then

Ma,p: LE(RY) — LE(R).
Proof. By Theorem 2.13,if 1 < p < n/a, we have

1/q 1/q
([ Mantinan) <o [ ooz an)
Rd Rd

1/q
=g [ Moty an)
M [Rd

From Proposition 2.15 we have that the function ¢ € B,. Thus, Theorem 2.14
implies that M, LZ([Rd) — LZ([Rd), and thus,

1/q / 1/q
([ Mantrnran) < cisiigla ([ 0o an) = clligen.
Rd Rd
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On the other hand, if p =n/«a and @ is a cube such that x € @), we obtain that

HQ)" ClQ)Ixelle.cllflIn/ae < Clfllnsas
and thus
Moc,B(f)(x) < CHan/a
for a.e. x, which leads us to the desired result. ([

The next theorem allows to find examples of A;-weights on non-homogeneous
spaces.

Theorem 2.18. Given 0 < « < n, and a nonnegative function f, there exists
a constant C' such that

MMaf)(z) < CMaf(z).

Proof. Fix a cube ). We will see that

of () du(y) < CMyf(x) forae z€@Q

with C independent of Q). Let @ =3Q. We write f = f1 + fo with f1; = fxé. Then
Mo f(z) < Mafi(z) + Mafa(z)

and

1 1 [
W/QMafl(y)du(y) = W/o plr € Q: Myfi(z) > t}dt

1 oo
< o (u(Q)R—i—/ plz e Q: Mqafi(x) >t} dt>.
Q) R
By [8], Proposition 2.1, we know that ||./\/lafHLw/(w w0 ay < [IfllLy me)- Then since
n@) <),

1 n/(n—a) /Oo dt
T o d < L —.
o /Q M) du) < R+ o LA | s
By taking R = ||f1|\L‘1L(Rd)/l(Q)"’a, we get

1 Il f1ll oy (ra Con
— My, d < Cun - = —
o /Q F6) o) < Con st = 12220 |
< ConMof(x)

f(y)du(y)

for every z € Q.
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Dealing with M, f2 is even simpler. It is enough to see that because of the fact
that fo lives far from @ (outside @) For any two points z,y € @ we have M, fa(z) <
CM, fa(y) with C an absolute constant. Indeed, if Qg is a cube containing x and
meeting R™ \ @, then Q C Q3, so

—1 737}70{ n—ao
I(Qo)n*a 00 fQ(t) d/-//(t) g I(Qg)nfa /Qg fQ(t) dtu’(t) < 3 M(ny(y)
Thus . @
— H
TG L Me o) ants) < CHEEM1(0) < O )
for every z € Q. 0

We finally give the proof of the two weighted estimate for M, p.

Proof of Theorem 2.1. Without loss of generality we assume that f is a non-
negative bounded function with compact support. This guarantees that M, g f is
finite p-almost everywhere. In fact, f € Lﬁo([Rd), where pg is the exponent of the
hypotheses. From Theorem 2.17 we get that M, gf € LZO([Rd) and thus

Mo pf(z) <oco ae xe R

For each k € Z let Q) = {x € R%: 2¥ < M, pf(z) <21}, Thus

RY = | ) .

kez

Then for every k and every x € €1, by the definition of M, pf, there is a cube Qk
containing x such that

HQx)lIf 1l g, qx > 2%,

and from Lemma 2.12 there exist a constant 3 and a dyadic cube P¥ with Q¥ c 3PF
such that

(2.8) WP 1 f Nl e > B2,

From the fact that B is submultiplicative and supp(f) is a compact set, the inequality
above allows us to obtain

uey)" £l
BU(P™) /P B(5c5) du < Culsuwp (1)) < C.

From the hypotheses on B it is easy to check that

Clwl(l(%’j)")c(%“)")a/" < Bfl<l(P£)") < I(PH)e
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which allows us to conclude that for each k, [(P¥) is bounded by a constant indepen-
dent of . Then there is a subcollection of maximal cubes (and so disjoint) {Pf}j
such that every Q¥ is contained in 3Pf for some j and, as a consequence, €2, C; SPJk.
Next, decompose ) into the sets

j—1
Ef =3P Ny, Ef = (3PF\3P[)NQy, ..., B = <3Pj’“\ Uspf) Ny, ...

r=1

Then

-Um=Un

kez

and these sets are pairwise disjoint. Let K be a fixed positive integer which will go
to infinity later, and let Ax = {(j, k) € N x Z: |k| < K}. Using that E]’“ C Qf and
that the cubes Pf satisfy (2.8) we obtain that

T — /K (Mo () 7u(x) dps(z)

= (Ma,Bf(@))u(z) dp(z)
(j:ge:Ak /Ef ’ g

< Z u(EJ’?)Q(k'i‘l)q
(4, k) €A

< C21 Z U(E]k)(l(P]k)a||f||B,Pf)q

(4,k)EAL

<020 Y uw@BPHUPH oMl prllv”
(4, k)AL

£ J)q,

where in the last inequality we have used the generalized Holder’s inequality (2.7)
and the hypothesis on the functions A, B and C. Now, applying the hypothesis on
the weights we obtain that

<C S AP = C [ Tulpot 7y,
y

(J, k)AL

where Y = N x Z, v is a measure in ) given by v(j, k) = l(3P]k)"q/p and for every
measurable function h, the operator T} is defined by the expression

Teh(j, k) = (J, k).
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Then, if we prove that Ty: LP(RY, ) — L9(),v) is bounded independently of K,
we shall obtain that

q/p q/p
(fvl/”)”du> =C( / f”vdu> ,
Rd

and we shall get the desired inequality by doing K — oo. But the proof of the

T < c/ Te(fo/P)0 dv < C(/
y R

d

boundedness of Ty, follows the same arguments as in Theorem 5.3 in [8], using now
that the function C' € B, so we omit it. O
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