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ABOUT THE EQUIVALENCE OF NULLNORMS
ON BOUNDED LATTICE

M. NESIBE KESICIOGLU

In this paper, an equivalence on the class of nullnorms on a bounded lattice based on the
equality of the orders induced by nullnorms is introduced. The set of all incomparable elements
w.r.t. the order induced by nullnorms is investigated. Finally, the recently posed open problems
have been solved.
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1. INTRODUCTION

Nullnorms generalizing the notions of t-norms and t-conorms [5], [19] introduced in [4]
and [I7] are interesting not only from a theoretical point of view, but also for their
applications in several fields like experts systems, neural networks, fuzzy quantifiers
[18].

Recently, the order generating problem from a logical operator has been attractive
for many researchers [6l, [8, [1T], 12] 3] [14]. In this sense, in [I1], a partial order called
as the T-partial order induced by a t-norm has been introduced. As further works, in
the studies [I] and [6], the orders, denoted by =<y and =<y respectively, on a bounded
lattice has been defined and studied their properties. Also, in [, it has been shown that
the orders <y and =<y do not coincide in general. In [I] again, the set of incomparable
elements w.r.t. the order <y for any nullnorm on [0, 1] has been defined and investigated.

In the present paper, we introduce an equivalence on the class of nullnorms on
a bounded lattice L based on the equality of the orders induced by nullnorms. The
main aim of this paper is to present the relations between the equivalence classes of
nullnorms and the equivalence classes of their underlying t-norms and t-conorms. The
paper is organized as follows: In Section 2, we shortly recall some basic notions and
results. In Section 3, we define an equivalence on the class of nullnorms on a bounded
lattice with a zero element a and we determine that two idempotent nullnorms are equiv-
alent. Also, we show that for the equivalence of two nullnorms a necessary and sufficient
condition is the equivalence of their underlying t-norms and t-conorms, respectively. We
obtain a necessary and sufficient condition for nullnorms and their ¢-conjugates to be
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in the same equivalence classes. In Section 4, we define the set of all incomparable ele-
ments w.r.t. <y, denoted by Ky and characterized exactly. We present some relations
between the set Ky and the sets of all incomparable elements w.r.t. the order induced
by the corresponding underlying t-norm and t-conorm, denoted by Kp,, and Kg,, , re-
spectively. Finally, for the open problem posed in the study [I] stated as “Is K, F is
a nullnom, always an interval or can it be a union of intervals?”, we give an example
illustrating that Kz need not be an interval and it can be a union of some intervals.
Also, for the open problem given in the study [I] stated as “Given an (a,b) C (0,1), can
we find a nullnorm F such that Kz = (a,b)?”, by Theorem we proof that for any
(u,v) € (0,1) not consisting an element a € [0,1] there exists a nullnorm V on [0, 1]
with the zero element a such that Ky = (u,v).

2. NOTATIONS, DEFINITIONS AND A REVIEW OF PREVIOUS RESULTS

Definition 2.1. (Karagal and Kesicioglu [11], Ma and Wu [16])

An operation T (S) on a bounded lattice L is called a triangular norm (triangular
conorm) if it is commutative, associative, increasing with respect to the both variables
and has a neutral element 1 (0).

Definition 2.2. (Karacal and Kesicioglu [I1], Kesicioglu et al. [I3])
A t-norm T (or a t-conorm S) on a bounded lattice L is divisible if the following condition
holds:

For all z,y € L with & < y there is z € L such that 2 = T'(y, z) (or y = S(z, 2)).

Definition 2.3. (Karacal et al. [9])
Let (L,<,0,1) be a bounded lattice. An operation V : L? — L is called a nullnorm on
L, if it is commutative, associative, increasing with respect to the both variables and
has a zero (absorbing) element a € L such that for all x < a, V(z,0) = z and for all
x>a,V(z,1) =z

In this study, the notation V(a) will be used for the set of all nullnorms on L with a
zero element a € L.

Definition 2.4. (Karagcal and Mesiar [10])

Let (L, <,0,1) be a bounded lattice. An operation U : L? — L is called a uninorm on
L, if it is commutative, associative, increasing with respect to the both variables and
has a neutral element e € L.

Proposition 2.5. (Karagal et al. [9])
Let (L,<,0,1) be a bounded lattice, and V' € V(a). Then

(i) Sv =V |j0,a2: [0,a]* — [0, a] is a t-conorm on [0, a].
(i) Tv =V |jg152: [a,1]* = [a,1] is a t-norm on [a, 1].

Sy and Ty given in Proposition [2.5] are called the underlying t-conorm and t-norm of
V, respectively.

In the whole of the paper, we will use Ty for the underlying t-norm and Sy for the
underlying t-conorm of a given nullnorm V.
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Definition 2.6. (Grabisch et al. [7])
Let (L,<,0,1) be a bounded lattice and V' € V(a). An element x € L is called an
idempotent element of V' if V(x,z) = x.

Moreover a nullnorm is called idempotent nullnorm whenever V(z,z) = x for all
r € L.

Definition 2.7. (Baczyniski and Jayaram [2], Kesicioglu and Mesiar [14], Ma and Wu
[16]) Let (L,<,0,1) be a bounded lattice. A decreasing function N : L — L is called
a negation if N(0) = 1 and N(1) = 0. A negation N on L is called strong if it is an
involution, i.e., N(N(z)) = z, for all z € L.

Definition 2.8. (Baczynski and Jayaram [2])
Let T be a t-norm on a bounded lattice L and N be a strong negation on L. The
t-conorm S defined by

S(x,y) = N(T'(N(x),N(y))), z,y € L
is called the N-dual t-conorm to T on L.

Definition 2.9. (Karagal and Kesicioglu [11])
Let L be a bounded lattice, T be a t-norm on L. The order defined as the following is
called a T— partial order (triangular order) for the t-norm T

x2ry< T y) = for some £ € L.
Similarly, the notion S— partial order can be defined as follows:

Definition 2.10. (Ertugrul et al. [6])
Let L be a bounded lattice, S be a t-conorm on L. The order defined as the following
is called a S— partial order for t-conorm S:

x 2sy e S x)=1y for some £ € L.

Definition 2.11. (Kesicioglu et al. [13])

Let (L,<,0,1) be a given bounded lattice. Define a relation ~ on the class of all t-
norms on (L, <,0,1) by T} ~ Ty if and only if the T}- partial order coincides with the
T5- partial order.

Lemma 2.12. (Kesicioglu et al. [13])
The relation ~ given in Definition [3.1] is an equivalence relation.

Also, an equivalence relation for two t-conorms can be given as similar to the equiv-
alence relation in Definition 2111

Definition 2.13. (Agici [1])
Let (L, <,0,1) be a bounded lattice and V' € V(a). The order defined as the following
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is called a V-partial order for V: For every z,y € L

if x,y€0,a] and there exists k € [0,a] such that

V(k,x)=y or,
x3yy<e < if z,y €la,1] and there exists ¢ € [a,1] such that (1)
V(y,) =z or,

if (z,y) e L* and z <y,

where I, = {x € L | z|la} and L* = [0,a] x [a,1]U]0,a] X I, U[a,1] x [0,a]U[a, 1] x I, U
I, x [0,a] U I, x [a,1]U I, X I,.
Here, note that the notation z||y denotes that z and y are incomparable.

Proposition 2.14. (Asia [1])
Let (L,<,0,1) be a bounded lattice and V € V(a). If x <y y for any =,y € L, then
z < y.

Definition 2.15. (Klement et al. [I5])
If T is a t-norm on the unit interval [0,1] and ¢ : [0,1] — [0,1] an order-preserving
bijection, then the operation T : [0,1]*> — [0, 1] given by

Ty(w,y) = o~ (T(6(x), (1))

is also a t-norm. This t-norm is called ¢-conjugate of T.
The ¢-conjugate of a t-norm (nullnorm, t-conorm) on a bounded lattice is defined as
similar to Definition 215

Definition 2.16. (Birkhoff [3])
Let (L, <,0,1) be a bounded lattice. If there exists an element y € L for an element
x € L such that x Ay =0 and x V y = 1, then the element y is called as a complement
of x.

L is called as a complemented lattice if all elements have complements.

L is called relatively complemented if all intervals are complemented.

3. THE EQUIVALENCE CLASS

Definition 3.1. Let (L, <,0,1) be a given bounded lattice. Define a relation ~ on the
class V(a) by V4 ~ Vs if and only if the V;- partial order coincides with the Va- partial
order.

The next result is obvious.
Proposition 3.2. The relation ~ given in Definition [3.1]is an equivalence relation.

Definition 3.3. Let (L, <,0,1) be a bounded lattice and V € V(a). We denote by V/
the ~ equivalence class linked to V, i.e.

V={V| vV ~V}L
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Proposition 3.4. Let (L, <,0,1) be a bounded lattice and V;, V5 € V(a). If the under-
lying t-norms and t-conorms of V; and V5 are divisible, then V; ~ V5.

Proof. Let the underlying t-norms and t-conorms of V; and V5 be divisible. Then, it
follows Vi ~ V; from <y, =<==y,, by Proposition 5 in [I]. O

Corollary 3.5. Let V; and V, be two nullnorms on [0,1]. If their underlying t-norms
and t-conorms are continuous, then they are equal under the relation ~.

The converse of Proposition [3.4] need not be true. Let us investigate the following
example.

Example 3.6. Take two functions V; and V2 on [0, 1] defined as follows:

B T Yy = 0 and =z S 1/2a
Vi(z,y) = min(x, y) (z,y) € [%’ 12,
% otherwise,
and
Yy =0 and y < 1/27
‘/Q(xvy) - Ty (.’I},y) S [%7 1]27
% otherwise.

By Corollary 7 in [9], V7 and V5 are nullnorms on [0,1] with zero element 1/2, and
i, Vs |[0,%]2: Sp, V1 |[%,1]2: T, Vo \[%,1]2: Tp. Also, it can be easily seen that
<y, ==1,, 1.€., Vi ~ V5. Although, the underlying t-conorm of V; and Va, Sp, is not
continuous.

Theorem 3.7. Let (L, <,0,1) be a bounded lattice and V1, V5 € V(a). Then, Ty, ~ Ty,
and Sy, ~ Sy, if and only if V; ~ V5.

Proof. Let x Xy, y for any x,y € L. Suppose that x,y € [0, a]. Then, there exists an
element ¢ of [0, a] such that

Y= Vl(&x) =W |[O,a]2 (&x) = SVl (67 :L')

Thus, we have that x <gs,. y. Since Sy; ~ Sy,, it is obtained that = <g, y. Then,
there exists an element ¢* € [0, a] such that

y =Sy, (0", ) =Va [j,qp (£, 2) = Va(l*, z),

which implies that = <y, y.
Let x,y € [a,1]. Then, there exists an element £ € [a, 1] such that

T = V1(€7 y) = Vl |[a,1]2 (ev y) = TVl (87 y)7
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whence x =1, Y- Since Ty, ~ Ty,, we have that x =1y, Y- Then, there exists an
element ¢* € [a, 1] such that

T = TV2(£*7y) = ‘/2 |[a,1]2 (E*vy) = ‘/é(g*ay)a

which implies that z <y, y.

Suppose that z,y & [0,a] and z,y ¢ [a,1]. Then, (x,y) € L*. Thus, we have that
z <y from x <y, y. Since x < y and (z,y) € L*, by the definition of <y,, we obtain
that © <y, y. So, we have that x <y, y which implies that <y, y for any z,y € L.

It is clear that the similar arguments are also true when V; is replaced by V. That
is, x <y, y implies that © <y, y for any x,y € L. Then, we have that <y, ==y,, whence
Vi~ Vs

Conversely, let Vi ~ V5. Then, <y, ==y,. Since le\[o,aﬁ:jVﬂ[o,ap and jvlha,l]?:
Vol 420 WO have that <5, ==g,, and <7, ==y, , which implies that Sy, ~ Sy, and

Ty, ~ Ty,. 0

Proposition 3.8. (Kesicioglu et al. [12]) Let (L, <,0,1) be a bounded lattice , S and
S5 the N-dual t-conorms of two t-norms 77 and T5 on L, respectively. Then, T} ~ Ty iff
Sy ~ Ss.

Corollary 3.9. Let (L,<,0,1) be a bounded lattice and V;,Va € V(a). Let Sy, and
Sy, be the N-dual t-conorms of Ty, and Ty,, respectively. Then, Ty, ~ Ty, ift Vi ~ V5.

Proposition 3.10. Let T (S) be a t-norm (t-conorm) on a bounded lattice (L, <,0,1)
and let ¢ : L — L be a <-preserving bijection. The following statements are equivalent:

(i) T~ Ty (S~ Sp),

(ii) ¢ is =1 (=Zg)-preserving. Thatis, forallz,y € L, v <7 y (x <g y) iff ¢(x) 27 ¢(y)
(p(z) =5 @(y)).

Proof. Since the proof is similar to the case L = [0, 1], Proposition 5 in [I3], we omit
its proof. O

Proposition 3.11. Let (L,<,0,1) be a bounded lattice, V' € V(a) and let ¢ be a <-
preserving bijection on L with ¢(a) = a. Then, ¢ is <1, and <g,-preserving iff ¢ is
=y-preserving.

Proof. Let ¢ be <7, and <g, -preserving. Let z <y y for any z,y € L.

e Suppose that z,y € [0,a]. In this case, it is clear that ¢(z),#(y) € [0,a] from
¢(a) = a. Thus, since ¢ is =g, -preserving, the following equivalents hold:

Ty yer3s,y e é) s, o(y)

& o(r) 2v oY)
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o Let z,y € [a,1]. By ¢(a) = a, it is obvious that ¢(z),d(y) € [a,1]. Since ¢ is
=7, -preserving,

r3vyer3rny < o) 2 o(y)

& o) v B(y)
hold.

o Let 2,y ¢ [0,a] and z,y & [a, 1]. Clearly, (z,y) € L*, whence (¢(z), ¢(y)) € L*. In
this case,

r3vyer<y & o)

<
& o(r) =2
hold. Therefore, ¢ is <y -preserving.

Conversely, let ¢ be <y -preserving. We shall show that ¢ is <g, -preserving. Since
for any z,y € [0, al], ¢(z), d(y) € [0,a] by ¢(a) = a, the following equalities hold:

=5,y < Syl,x)=y, forsome ¢{€]0,a
< V{,z)=Sy({l,z)=y, forsome ¢€][0,d
< T3y Yy
& o) 2v é(y)
< V(O ¢(x)) = ¢(y), for some £ €]0,q]
< o(y) =V, o(x)) =Sy (£*,é(x)), forsome £*¢€[0,al
& o) Zsy (y)

Thus, ¢ is =g, -preserving.
Similarly, it can be shown that ¢ is <7, -preserving. O

Theorem 3.12. Let (L, <,0,1) be a bounded lattice, V € V(a) and let ¢ : L — L be a
<-preserving bijection with ¢(a) = a. Then, V' ~ Vy iff ¢ is <y -preserving.

Proof. For Sy =V |jgep2 and Ty =V (4132, it is clear that (V) |j0,q2= (Sv)¢ and
(V) ljaa2= (Tv )¢ Then, the following equalities hold:

¢ is Xy -preserving & ¢ is=<g, and =g, -preserving
(by Proposition [3.11))
& Sy ~(Sy)y and Ty ~ (Tv)e
(by Proposition [3.10])
& V ~V, (by Theorem [3.7))
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4. THE SET Ky OF ALL INCOMPARABLE ELEMENTS W.R.T. THE ORDER =<y

Let (L,<,0,1) be a bounded lattice and M be a nullnorm (t-norm,t-conorm) on L. In
the whole study, we will use the notation z||<,,y for any incomparable elements z and
y w.r.t. the order <,;.

Definition 4.1. Let (L, <,0,1) be a bounded lattice and V' € V(a). Let Ky be defined
as

Ky ={zel | (Fyel) (zllzvy)}
Clearly, Kg, and K, are defined as
Ks, = {.%' € [O,G] | (Qye [O,Q]) (x”jsvy)}
and

Kry ={zela,1] [ Gyelal]) (=l v)}

By Definition if L is not a chain, it is clear that Ky # (). The converse of this
claim may fail. Let us investigate the following example.

Example 4.2. Consider the lattice L = {0,z,y,0a,1}, with0 <2z <y <a < 1.
Define the function V : L2 — L as in Table [}

Vv

=l BSE NS RSN K]

ISHESEESH R ] fan)
ISERSEESHESH RSN R
Qe Iv|w
ISERSEESERSEESRES]
=l ESEESHRSHESH

Tab. 1. The nullnorm V on L.

Obviously, V' is a nullnorm and the order <y is depicted on Figure

1

0

Fig. 1. (L, =<v).

As it can be seen from the Figure[l] Ky = {z,y} # 0.
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Proposition 4.3. Let (L, <,0,1) be a bounded lattice and V' € V(a). Then,

Ks, gKvﬁ[O,a] and K, QKvﬁ[a,l].

Proof. Let z € Kg,. Then, there exists an element y € [0, a] such that
z| |5SV Y.
If © <y y, there would exist an element ¢ € [0, a] such that
Vi, z)=y.

Thus, since y = V(¢,2) = Sy (¢, z), we would have that  <g, y, a contradiction. If

y =<y x, there would obtain a similar contradiction since xHjSV y. Thus, it must be

z Av y and y Av =, that is, z||<, y. Then, z € Ky. Hence, Kg, C Ky N|0,al.
Similarly, it can be shown that K1, C Ky NJa,1]. O

Remark 4.4. In Proposition it need not be Kg, = Ky N[0,a] and Kg,, = Ky N
[a,1]. Let us investigate the following example.

Example 4.5. Consider the lattice L = {0, x, a,y, 1} whose lattice diagram is depicted
on Figure

0

Fig. 2. (L,<).

Define a function V : L? — L as in Table 2}

V9o

=l BSEESH RS N K]
ISEESHESHESN Nen)
QISR R |IR|R
ISHESHESERSHRSE NS
Q||| |
ISEESHESHESE RSN

Tab. 2. The nullnorm V on L.

It can be easily shown that V is a nullnorm on L and <y =<. Also, since Kg,, = () and
Ky N0,a] = {a,x}, we have that ) = Kg,, # Ky N[0,a] = {a,x}.
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In the following Proposition, we give a necessary and sufficient condition for the
equality in Proposition [4.3

Proposition 4.6. Let (L, <,0,1) be a bounded lattice and V € V(a). If I, = ), then
Ks, = KyNn0,a] and Kp, =Ky NJa,1].

Conversely, if Kg, = Ky N[0,a] or Kr, = Ky NJa,1], then I, = 0.

Proof. By Proposition[d.3] we know that Ks, C KyN[0,a] and Krp, € Kynla,1].
Now, let us prove that the converses of them are also true. Let z € Ky N[0, a]. Then,
x € Ky and z € [0,a]. By the definition of Ky, there exists an element y € L such that

x”ﬁvy-

Since I, = 0, for y € L either y < a or a < y.

Suppose that a < y. Since x < a < y, it is clear that « <y y by the definition of the
order <y. This contradicts that z||<, y. Hence, it must be y < a.

If  <g, y, then there would exist an element ¢ € [0, a] such that

Sv(f, l‘) =Y.

Since y = Sy ({,z) =V |j,a2 (¢{,2) = V(¢,2), we have that = <y y, which contradicts
z||<, y. Similarly, if y <g, @, we would obtain a similar contradiction. Then, z £gs, y
and y Ag, x, which implies that z € Kg,,. Thus, we have that Ky N[0,a] C K, .

In a similar way, it can be shown that Kr,, = Ky N [a, 1].

Conversely, let Kg, = Ky N[0,a] and I, # (). Then, there exists at least an element
y € I,. Since yl|la, obviously a € Ky. Since a € Ky N [0,a] = Kg,, we have that
a € Kg,,, a contradiction. Therefore, it must be I, = 0. O

Corollary 4.7. If V is a nullnorm on [0, 1], then Kg, = Ky N[0,a] and K7, = Ky N
[a, 1].

Proposition 4.8. Let (L, <,0,1) be a bounded lattice and V' € V(a). If Ky = 0, then
=v=<=.

Proof. Let Ky = . For any z,y € L, by Proposition [2.14] it is clear that x <y y
implies that « < y. Conversely, let < y for any z,y € L. Suppose that z Ay y. If
y <v z, it would be obtained y < x, whence 2 = y. This contradicts that z Ay y. Then,
it must be y Ay x. Since z Ay y and y Ay x, we have that € Ky which contradicts
that Ky = (. Then, it must be z <y y. Thus, <y and < coincide. O

Remark 4.9. The converse of Proposition 4.8 need not be true. Let us investigate the
following example.

Example 4.10. Consider the lattice (L, <,0,1) and the nullnorm V on L as in Example
Then, it can be easily seen that <y =< but Ky = {a,z,y} # 0.
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Proposition 4.11. Let (L,<,0,1) be a complemented lattice and V' € V(a). Then,
Ky = L\{0,1}.

Proof. It is clear that Ky C L\ {0,1}. Conversely, let z € L\ {0,1}. Since L is a
complemented lattice, for € L\ {0, 1}, there exists an element ' € L\ {0, 1} such that
zAT? =0and zVz' = 1. If x < 2/, thenit wouldbex Az’ =x =0and zVa' =2’ =1, a
contradiction. If ' < x, then a similar contradiction would be obtained. Hence, it must
be x||z’. Then, it is clear that z||<, «’, whence x € Ky. Therefore, L\ {0,1} C Ky,
which completes the proof. O

Corollary 4.12. Let (L, <,0,1) be a bounded lattice and V' € V(a). If L is a relatively
complemented lattice, then Ky = L\ {0,1}.

Theorem 4.13. Let (L,<,0,1) be a bounded lattice and V' € V(a). Then,
Ky =Kg, UK, Ul, UM,

where M ={x €L | z|ly forsome y€I,}.

Proof. Since Kg,,Kr,,1lo, M C Ky, it is clear that Kg, UKp, Ul, UM C Ky.
Conversely, let x € Ky be arbitrary. Then, there exists an element y € L such that

x”ﬁvy'

e Let z € [0,a]. If y € [a,1], then it would be < a < y. By the definition of <y,
we would have that <y y, which is a contradiction. Then, either y € [0, a] or y||a.

Let y € [0, a]. In this case, three possible cases for x: © < y or y < x or z||y.

Let # < y. Suppose that  <g,, y. Then, there exists an element ¢ € [0, a] such that
Sy (¢, z) = y. Since y = Sy (L, z) = V(£,x), it is clear that z <y y, a contradiction. If
Yy =5, T, it would be y < x, which contradicts that + < y. So, we have that z € Kg,
from z Ag, y and y £s,, .

Let y < z and y <g,, «. Then, there exists an element ¢ € [0, a] such that

Sy (l',y) = .

Thus, since x = Sy (¢',y) = V(¢',y), it is clear that y <y x, a contradiction. Therefore,
it must be y Ag, z. If  <g, y, it would be x < y, which contradicts that y < 2. Then,
we have that z € Kg, from z Ag, y and y Ag, .

Let z||y. Since z,y € [0,a] and ||y, it is obvious that z € Kg,, .

Suppose that yl|a.

Let z < y. Since (z,y) € L* and z < y, by the definition of <y, we have that z <y y,
contradiction.

Since yl|a, it is clear that y < x does not hold. Otherwise, we would obtain that
y < a. Hence, it must be z||y. Since z||y and y||a, we have that x € M.

o Let x € [a,1].
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If y € [0, a], it would be y <y x from y < x and (y,z) € L*, a contradiction. Then,
either y € [a, 1] or yl|a.

Suppose that y € [a, 1]. If y||z, then it is obvious that € K, .

Let ¢ < y. If <7, y, there would exist an element ¢ € [a, 1] such that Ty (¢, y) = .
Since z = Tv(l,y) = V |12 (y) = V(4y), we have that x =<y y, which is a
contradiction. If y <7, z, it would be y < x, which is a contradiction to z < y. Since
z A7, y and y A1, @, we have that z € Krpn, .

Let y < . Suppose that y <7, . Then, there exists an element ¢ of [a, 1] such that

Yy = Tv(g, .’IJ)

Then, we obtain that y <y = from y = Ty ((,z2) =V |jg12 ({,x) = V({,x). This is
clearly a contradiction. If x <7, y, it would be x < y, a contradiction to y < z. Then,
we have that z € Kp, from = A1, y and y A7, z.

Suppose that y|la. If z < y, it would be a < & < y, which contradicts that y||a.

If y < x, it would be y =<y z by the definition of <y since (y,x) € L* and y < x.
This contradicts that z||<, y. Then, it must be z||y. In this case, since y||a and z||y, it
is obtained that x € M.

e Let z||a. Then, it is clear that x € I,.
Therefore, we have that x € Kg, U K, Ul, UM for any x € Ky. g

Corollary 4.14. Let (L, <,0,1) be a bounded lattice and V' € V(a). If I, = 0, then
Ky = KSV U KTV-

Proof. Let I, = (. Clearly, M = ). By the equality in Theorem we immediately
obtain that Ky = Kg, U K, . O

Corollary 4.15. Let V be a nullnorm on [0,1] with a zero element a. Then, Ky =
KS’V U KTV-

The one of the open problems posed in the study [I] has been stated as “Is Ky always
an interval or can it be a union of intervals?”. The following example is an answer of
this question which shows that the set Ky need not be an interval but Ky can be a
union of some intervals.

Example 4.16. Consider the function V : [0,1]> — [0, 1] given as follow:

Sp(z,y)  (z,y) €[0,a]?,
Viz,y) =< Tn(z,y)  (z,y) € [a,1]?,
a otherwise,

where a € (0,1), Sp : [0,a]?> — [0,4d] is the drastic sum and Tp : [a,1]?> — [a, 1] is the
drastic product. By [9], V' is a nullnorm with zero element a on [0, 1]. Also, K7, = (a,1)
and Kg, = (0,a).

Now, let us show that K7, = (a,1). It is clear that K7, C (a,1). Let « € (a, 1). For any
y € (a,1) with z < y, it is obvious that z Ar, y. Otherwise, it would be Tp(¢,y) = «,
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for some ¢ € [a,1]. Since z # y, it must be £ # 1, whence we have that = a, which
is a contradiction. Then, € Kp,. Similarly, it can be shown that Kg, = (0,a). By
Corollary since Ky = Kg, U K, we have that Ky = (0,a) U (a,1). This shows
that Ky can be a union of some intervals.

Remark 4.17. Let (z,y) € (0,1). If a € (x,y) for any a € [0, 1], there doesn’t exist a
nullnorm V on [0, 1] with the zero element a such that Ky = (z,y). Indeed,

for any = < a, since V(a,z) = a, we have that <y a. On the other hand, for any
x > a, since V(a,x) = a, it is obtained that a <y x. Then, the zero element a of a
nullnorm V' is comparable to any element x of [0,1] w.r.t. <y. Thus, a ¢ Ky. If there
exists a nullnorm V on [0, 1] with the zero element a € (z,y) such that Ky = (x,y), it
would be a € Ky, which is a contradiction.

The following theorem is an answer for the open problem in [I] stated as “Given an
(a,b) € (0,1), can we find a nullnorm F such that K = (a,b)?”.

Theorem 4.18. Let (u,v) € (0,1) be any subinterval which doesn’t consist an element
€ [0,1]. Then, there exists a nullnorm V : [0,1]2 — [0, 1] with a zero element a such
that Ky = (u,v).

Proof. Let (u,v) € (0,1) be any subinterval. Since a & (u,v), it is clear that (u,v) C
a

-
(0,a) or (u,v) € (a,1).
C

Suppose that (u,v) C (a,1). Take the drastic sum Sp; on [0, a] defined by: for any

x’ y G [0, a]?
SI\/I (CE, y) = max(x, y)
Consider the following function T on [a,1]: for any z,y € [a, 1],
y x=v and vy € [u,v],
)z y=v and x € [u,v],
=3 (@,9) € [u0)”
min(z,y) otherwise.

It can be easily seen that T is a t-norm on [a, 1]. By [9], the function V' defined by

Su(z,y)  (2,y) €[0,a]?,
Viz,y) =1 T(x,y) (z,y) € [a, 1],
a otherwise,

is a nullnorm on [0, 1]. Since Sy is continuous, it is clear that <g,,=<. Then, we have
that Kg,, = Kg,, = 0. Now, let us show that K1, = K1 = (u,v).

Let = € (u,v). For any y € (u,v) with # < y, it is obvious that A7 y. Otherwise,
there would exist an element £ of [a, 1] such that T'(¢,y) = x. Since = # y, £ # v. Also,
since x # u, £ &€ [u,v). Thus, x = T'(¢,y) = min(¢, y), whence it must be £ = 2. Then,

=T(,y) = T(x,y) = u, a contradiction. Hence, for any y € (u,v) with x < y, we
have that « A7 y, i.e., z € K.
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Conversely, let x € Kr but ¢ (u,v). Then, z < uw or x > v. For any y € [a,1]
with z < y, since T'(z,y) = min(z,y) = x, we have that  <r y, which contradicts that
x € Kp. Then, we obtain that Kr = (u,v).

By Corollary it is obtained that Ky = K, U Kg,, = Kr UKg,, = (u,v) U =
(u,v).

Let (u,v) C (0,a). Consider the following function S on [0,a] such that for any
z,y € [0,a],

Yy x=u and y € [u,v],
oz y=u and z € [u,v],
S =9y (2.9) € (u,v]?,
max(x,y) otherwise.

It can be easily shown that S is a t-conorm on [0,a]. Also, take the minimum t-norm
Ty on [a,1] defined by T (z,y) = min(z, y) for any x,y € [a, 1]. By [9], the function V
defined by

S(z,y) (z,y) € [0,a]?,
V(l’,y) = TM(x7y> (l',y) € [CL, 1]27
a otherwise,

is a nullnorm on [0,1]. It can be easily seen that Ko, = K7,, = 0 and Kg, = Kg =
(u,v). By Corollary we have that Ky = Kg U Kr,, = (u,v). O

5. CONCLUDING REMARKS

In this paper, it has been shown that two nullnorms are equivalent if and only if their
corresponding underlying t-norms and t-conorms are also equivalent. Defining the set
of all incomparable elements w.r.t. the order induced by nullnorms, denoted by Ky , the
set has been characterized. The open problems posed in the study [I] have been exactly
solved.

(Received December 29, 2016)

REFERENCES

[1] E. Asict: An order induced by nullnorms and its properties. Fuzzy Sets and Systems 325
(2017), 35-46. DOI:10.1016/j.fss.2016.12.004

[2] M. Baczyiiski and B. Jayaram: Fuzzy Implications. Springer 2008.
[3] G. Birkhoff: Lattice Theory. Providence 1967. DOI:10.1090/coll/025

[4] T. Calvo, B. De Baets, and J. Fodor: The functional equations of Frank and Alsina for uni-
norms and nullnorms. Fuzzy Sets and Systems 120 (2001), 385-394. DOI1:10.1016/s0165-
0114(99)00125-6

[5] D. Dubois and H. Prade: A review of fuzzy set aggregation connectives. Inform. Sci. 36
(1985), 85-121. DOI:10.1016/0020-0255(85)90027-1

[6] U. Ertugrul, M. N. Kesicioglu, and F. Karagal: Ordering based on uninorms. Inform. Sci.
380 (2016), 315-327. DOI:10.1016/j.ins.2015.10.019

[7] M. Grabisch, J.-L. Marichal, R. Mesiar, and E. Pap: Aggregation Functions. Cambridge
University Press 2009.


http://dx.doi.org/10.1016/j.fss.2016.12.004
http://dx.doi.org/10.1090/coll/025
http://dx.doi.org/10.1016/s0165-0114(99)00125-6
http://dx.doi.org/10.1016/s0165-0114(99)00125-6
http://dx.doi.org/10.1016/0020-0255(85)90027-1
http://dx.doi.org/10.1016/j.ins.2015.10.019

About the equivalence of nullnorms on bounded lattice 891

(8]

D. Hlinéna, M. Kalina, and P. Kral: Pre-orders and orders generated by conjunctive
uninorms. In: 12th International Conference on Fuzzy Set Theory and Its Applications.
Communications in Computer and Inform. Sci. 444 (2014), 307-316.

F. Karagal, M. A. Ince, and R. Mesiar: Nullnorms on bounded lattices. Inform. Sci. 325
(2015), 227-236.

F. Karagal and R. Mesiar: Uninorms on bounded lattices. Fuzzy Sets and Systems 261
(2015), 33-43. DOI:10.1016/.fss.2014.05.001

F. Karagal and M. N. Kesicioglu: A T-partial order obtained from t-norms. Kybernetika
47 (2011), 300-314.

M. N. Kesicioglu, U. Ertugrul, and F. Karacal: An Equivalence relation based on the
U-partial order. Inform. Sci. 411 (2017), 39-51. DOI:10.1016/j.ins.2017.05.020

M. N. Kesicioglu, F. Karagal, and R. Mesiar: Order-equivalent triangular norms. Fuzzy
Sets and Systems 268 (2015), 59-71.

M. N. Kesicioglu and R. Mesiar: Ordering based on implications. Inform. Sci. 276 (2014),
377-386.

E.P. Klement, R. Mesiar, and E. Pap: Triangular Norms. Kluwer Academic Publishers
2000. DOI:10.1007/978-94-015-9540-7

Z. Ma and W.M. Wu: Logical operators on complete lattices. Inform. Sci. 55 (1991),
T7-97.

M. Mas, G. Mayor, and J. Torrens: t-operators. Int. J. Uncertainty Fuzziness Knowledge-
Based Syst. 7 (1999), 31-50. DOI:10.1142/50218488599000039

M. Mas, G. Mayor, and J. Torrens: The modularity condition for uninorms nd t-operators.
Fuzzy Sets and Systems 126 (2002), 207—218. DOI:10.1016/s0165-0114(01)00055-0

R.R. Yager: Aggregation operators and fuzzy systems modelling. Fuzzy Sets and Systems
67 (1994), 129-145. DOI:10.1016/0165-0114(94)90082-5

M. Nesibe Kesicioglu, Department of Mathematics, Recep Tayyip Erdogan University,
53100 Rize. Turkey.
e-mail: m.nesibe@gmail.com


http://dx.doi.org/10.1016/j.fss.2014.05.001
http://dx.doi.org/10.1016/j.ins.2017.05.020
http://dx.doi.org/10.1007/978-94-015-9540-7
http://dx.doi.org/10.1142/s0218488599000039
http://dx.doi.org/10.1016/s0165-0114(01)00055-0
http://dx.doi.org/10.1016/0165-0114(94)90082-5

		webmaster@dml.cz
	2018-05-25T14:37:14+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




