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KYBERNETIKA — VOLUME 53 (2017), NUMBER 5, PAGES 780-802

GLOBAL OUTPUT-FEEDBACK FINITE-TIME
STABILIZATION FOR A CLASS OF STOCHASTIC
NONLINEAR CASCADED SYSTEMS

QIXUN LAN, HUAWEI N1U, YAMEI L1Uu AND HUAFENG XU

In this paper, the problem of global finite-time stabilization via output-feedback is investi-
gated for a class of stochastic nonlinear cascaded systems (SNCSs). First, based on the adding
a power integrator technique and the homogeneous domination approach, a global output-
feedback finite-time control law is constructed for the driving subsystem. Then, based on
homogeneous systems theory, it is shown that under some mild conditions the global finite-
time stability in probability of the driving subsystem implies the global finite-time stability in
probability of the whole SNCS. Finally, a simulation example is given to illustrate the effec-
tiveness of the proposed control design approach.

Keywords: stochastic nonlinear systems, cascaded systems, output-feedback stabilization,
finite-time control

Classification: 68M15,39A13

1. INTRODUCTION

Nonlinear cascaded systems (NCSs) present an important class of nonlinear systems. In
general, a cascaded system can be divided into two or more subsystems with cascaded
structure. And many practical systems can be ascribed to cascaded systems, such as,
material processing systems, chemical processes systems, robots systems, multi-agent
systems, and so on [I7]. Moreover, for many highly nonlinear and strong coupling sys-
tems, cascaded based control strategy usually has the advantage of reducing complexity
of the control law design and the difficulty of the stability analysis. The problems
of global stability analysis and stabilization of NCSs have been received a lot of at-
tentions recently [I, 4, 13, [I7, 34]. Global output-feedback stabilization (GOFS) of
nonlinear systems is a challenging problem in the control field, because the so-called
separation principle usually does not hold for nonlinear systems. In fact, counterex-
amples were given in [23] illustrating that GOFS of nonlinear systems is impossible in
general, without introducing extra growth conditions on the unmeasurable states of the
system. Since then, the GOFS problems for nonlinear systems have received intensive
attentions [111 B0, 34 [38]. At the same time, with the development of stochastic system
theory [22] [32] B3], GOFS for stochastic nonlinear systems (SNSs) has been an active
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area of research [10, [15], 20} [21] ever since the first result on GOFS for SNS was proposed
in [2].

Nonsmooth control method is a new control method developed recently [12] 25| 29].
Compared with smooth control methods, the closed-loop systems under nonsmooth con-
trol law usually demonstrates faster convergence rate, higher control precision as well as
better disturbance rejection properties [12, 29]. In view of these advantages, nonsmooth
control methods have recently received a lot of attentions [7} 111 12 18], and have been
successfully used in practical systems [3, Bl [ [7, 8, O, 24] 26, 27, 28, B1]. Recently,
the definition of finite-time stability and the finite-time stability theorem for SNS were
proposed in [36]. Based on [36], [I4] considered the problem of almost surely finite-time
stabilization for a class of SNSs by using adding a power integrator technique. [35] not
only improved the definition of finite-time stability in probability for SNSs further, but
alse proposed the sufficient condition to ensure the existence of a solution for a stochas-
tic system. [37] and [16] considered the global output feedback finite-time stabilization
(GOFFTS) problem for a class of SNSs. Currently, it is just the underway step on
studying the nonsmooth analysis and synthesis and still needs further investigation.

Consider stochastic nonlinear cascaded systems (SNCSs) described by

d¢ = n(¢) dt + fo(¢,y) dt + gg (¢,y) dw (1)
dov; =z dt + fi(z)dt + gF (2)dw, i=1,...,n— 1,
Az, = udt + fo(z)dt + g% (z) dw (2)
y=u

where (¢7,27) = (C1,. .+, Cm, 1, T2, ..., 2n)T € R™F? 4y € R and y € R are the system
states, input and output of the system, respectively. w is an m — dimensional Brown-
ian motion defined on the complete probability space (2, F,{F;}i>0, P) with Q being
a sample space, F being a o —field, {F;};>0 being a filtration, and P being a probability
measure. The drift terms 7, f; and the diffusion terms g; ¢ = 0,1,...,n, are assumed to
be continuous functions, and satisfy n(0) = 0, f;(0) = 0 and ¢;(0) = 0,i = 0,1,...,n.
A wide class of SNSs can be described by SNCS (|1)) - . In literature, for cascaded (or
interconnected) nonlinear systems, Lyapunov’s method [Il [I7], input-to-state stability
(ISS) [12], stochastic ISS [21], integral ISS [34], small-gain techniques [13], and homoge-
neous techniques [4} [7] are the main fundamental approaches. Among the existing results
about cascaded (or interconnected) nonlinear systems, there is few results regarding to
the finite-time stabilization problems for cascaded nonlinear systems, except [4} 12} [19].
The authors of [T9] consider the finite-time stability for a class of cascaded time-varying
systems firstly, and proposed a forward completeness condition to guarantee the global
finite-time stability of the whole cascaded system. [I2] provides a new framework for
tackling finite-time control problems, and proposed finite-time ISS (FTISS), finite-time
input-to-output stability, and finite-time small-gain theorem for nonlinear cascaded sys-
tems. Recently, based on homogeneous technique and the adding a power integrator
technique, [4] further develops the results of [19]; The merits of this method is that one
does not need to construct proper Lyapunov function to test ISS (or integral ISS) or
matching conditions imposed on the driven subsystem, thus it can be used to solve the
global stabilization problems for a wide class of nonlinear cascaded systems. It is should
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be pointed out that all the mentioned results (i.e., [4, [12] [19]) are focus on the state-
feedback stabilization problem of determined nonlinear cascaded systems. However, to
the best of the authors’ knowledge, the existing results about GOFFTS of nonlinear sys-
tems are mainly focused on the deterministic counterpart with ¢ = 0, such as, [I1] [I§].
There are few results for the GOFFTS problem of SNSs. Motivated by the finite-time
stability theory for SNSs [14], B35 B6], [37] and [I6] consider the GOFFTS problem of
different classes of SNSs by adding a power integrator technique and homogeneous dom-
ination approach. How to design a global output-feedback finite-time control law for
SNCS (1)) — (2) is still an open problem.

In this paper, we will address GOFFTS problem for SNCS 7 (2). To solve the
GOFFTS problem of SNCS (1)) - (), the main difficulty lies: (i) There is no existing
result in literature about the GOFFTS problems for SNCS - , even for its deter-
ministic counterpart. (ii) The drift terms f, f; and the diffusion terms g;,i = 0,1,...,n,
may be not satisfy local Lipschitz condition, which means that SNCS (/1)) — (2) may have
more than one weak solution. (iii) Compared with deterministic nonlinear systems,
SNCS - involves not only the gradient but also the Hessian terms in the design
procedure, so that the control law design for system (|1f) - (2)) is much more difficult and
tedious, even impossible [20]. Therefore, how to global stabilize SNCS - in finite
time by an output feedback control law is more challenging. Motivated by the finite-
time stability theory for SNSs in [14] [35] [36], the sufficient condition for the existence
of the solutions of stochastic system [35] and the homogeneous systems theory [4], it
is shown that GOFFTS problem for SNCS (1)) - (2) is solvable. Specifically, based on
adding a power integrator method and homogeneous system theory, we first construct
a homogeneous output feedback finite-time control law for the nominal driving subsys-
tem . Secondly, for the driving subsystem , a scaling gain is introduced into output
feedback control law to dominate the drift and diffusion terms. Then according to the
conditions imposed on the driven subsystem , we show that the driven subsystem
is global bounded by using homogeneous properties. Finally, a numerical example is
proposed to illustrate the effectiveness of the proposed control method.

2. PRELIMINARIES AND PROBLEM DESCRIPTION

In this section, we introduce some useful definitions and lemmas which will used through-
out the paper.
Consider the following stochastic nonlinear system

dz = h(z)dt + ¢7 (z) dw, 2(0) =z € R" (3)

where € R" is the state, w is a r — dimensional Brownian motion, h(z) : R” — R”
and g7(z) : R® — R™ " are continuous functions, and vanish at the origin, that is,
h(0) =0, g(0) = 0.

Definition 2.1. (Mao [22], Deng and Kristic [2]) For any given V(z) € C2, associated
with stochastic system , the differential operator . is defined as
ov

ZLV(z) = %h(x) + %traee {g(w)%f‘ggT(m)} .
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Definition 2.2. (Khoo et al. [I4]) The trivial solution of (3 is said to be finite-time
stable in probability if the following statements hold:

(i) Finite-time attractiveness in probability: The trivial solution of is said to
be finite-time attractive in probability, if the stochastic system admits a solution
(either in the strong sense or in the weak sense) for any initial data xy € R™,
denoted by x(¢; x¢); moreover, any initial value zo € R™ {0}, the first hitting time
Tzo = inf{t;z(t;x9) = 0}, which is called the stochastic settling time, is finite
almost surely, that is, P{r,, < co} = 1;

(ii) Stable in probability: The trivial solution is said to be stable in probability if
for every pair of ¢ € (0,1) and r > 0, there exists a § = d(e,r) > 0 such that
P{lz(t;z0)| <7, for allt>0} >1—¢, whenever |zg| < 9.

Lemma 2.3. (Yin and Khoo [35]) Suppose that there exists a nonnegative function
V(x) € C?, which is radially unbounded, that is, lim|,| 00 V(2) = +00; moreover,
is autonomous. If ZV(z) < 0,Vz € R™, then has a solution for any initial data.

Lemma 2.4. (Yin et al. [36]) For stochastic system , if there exists a C? Lyapunov
function V : R"™ — R, J class functions gy and pe, positive real numbers ¢ > 0 and
0 < 7 < 1, such that for all x € R™ and ¢t > 0,

p(lz]) < Vi(z) < po(|z]), LV (z) < —c(V(2))?, (4)
then the trivial solution of is finite-time stable in probability.

In what follows, we will introduce the notion of weighted homogeneity and some
useful properties of homogeneous systems [25].

Definition 2.5. For fixed coordinates (x1,...,2,) € R™ and real numbers r; > 0,7 =
1,...,n:

(i) the dilation A.(x) = (e"xy,...,e™xy,),Ve > 0, with r; being called as the
weights of the coordinates( for simplicity of notation, we define dilation weight
A=(ry,...,m) );

(ii) a function V' € C(R™,R) is said to be homogeneous of degree 7 if there is a real
number 7 € R such that Vz € R\{0},e > 0,V(A.(z)) ="V (21,...,2p);

(iii) a vector field f € C(R™,R™) is said to be homogeneous of degree 7 if there is
a real number 7 € R such that for i = 1,...,n Vz € R\{0},&; > 0, f;(A.(x)) =
ET+Tifi($1, R ,xn);

(iv) a homogeneous p-norm is defined as |z[|a, = (30, |2:|P/7)Y/P, V2 € R™, for
a constant p > 1.

Lemma 2.6. Given a dilation weight A = (rq,...,r,), suppose Vi (z) and Vi(z) are
homogeneous functions of degree 71 and 79, respectively. Then Vi (z)V(z) is also homo-
geneous with respect to the same dilation weight A. Moreover, the homogeneous degree
OfV1 . ‘/2 is T1 + T2.
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Lemma 2.7. Suppose V : R™ — R is a homogeneous function of degree 7 with respect
to the dilation weight A. Then the following holds:

(i) OV/0z; is homogeneous of degree 7 — r; with r; being the homogeneous weight of
Ti;

(ii) there is a constant ¢ such that V(x) < ¢||z||&. Moreover, if V() is positive definite,
clz||a < V(z) for a constant ¢ > 0.

Lemma 2.8. Let f(-) be a continuous vector function on R™ such that the trivial so-
lution « = 0 of system & = f(z) is asymptotically stable. Suppose f(-) is homoge-
neous of degree a with respect to (ri,...,7,). Then for any positive integer p and
any o > p x max{ry,...,,}, there exists a C? homogeneous Lyapunov function V(x)
of degree o with respect to (r1,...,7,). As a direct consequence the time-derivative

V(z) = a‘g—:(f)f(x) is homogeneous of degree o + « with respect to (ri,..., ).

The next three lemmas, which were first introduced in [29], play key roles in con-
structing the control law.

Lemma 2.9. Let ¢ and d be positive constants. Given any positive number v > 0,
then, for z e R,y € R

|c+d + 7c/d|y‘c+d.

cl,,|d c
< -
l2l*yl® < gle pril
Lemma 2.10. Let p be an odd real number and z,y € R, then
|aP — yP| < 217P|x — y|P for p € (0,1), |x — y|P < 2P HaP —yP|, for p > 1.

Lemma 2.11. Let p € Rozdld and x, y be real-valued functions, then, for a constant ¢ > 0
the following inequality holds

|2 —y?| < ple —yl@@P +yP ) <clz —yll(@ -y P
In this paper, the following assumptions are needed.

Assumption 2.1. There are constants 7 € (fﬁ, 0), ¢1 > 0 and ¢y > 0 such that for
t=1,...,n

FON< e (Jeal 5 el 55 o ). (5)

2ri+T 2ritT 2ritT
9O < 2 (loa] 0 + foal =2 o i ) (6)
where 1 € (07 l) is a ratio of two odd numbers, and r; is defined as

2

Ti:Ti_1+T,’Z::2,..."n+1. (7)
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Assumption 2.2. The system
d¢ =n(¢) dt (8)

is homogeneous of degree 71 < 0 with respect to s = (51,..., Sm) and is globally

finite-time stable. For fo(¢,y) = (fo1(¢,¥),-- -, fom(Cy y) = (901(¢;y)s -
gom (¢, )T, there exist continuous functions Fy;(¢,y) 2 ,y) >0, i=1,...,m
<

> )
with Fo;(¢,0) = Goi(¢,0) = 0, such that for ally € R, [fy y)I < FOz(C ) |901(C Yl
Goi(¢,y), and for all e > 0

Foi(e® Gy v s €5 Gy )

aiiinoo e = M1;(¢,y),
Goi(e®*(1y. .., %
lim 0:(E 1, : 77706 bms ) _ M2i(C,y) (9)
g—+400 557’+ Pl

where To = 0 or 7min{51a"-;5m} < 10 < T, Mlz(Cay) > 07 M2z(<7y) > 07 1=
1,...,m, are continuous functions.

For simplicity, we assume that 7 = —§ with p being an even integer and ¢ being an
odd integer. Under this assumption and the definition of r;, r; will always be a ratio of
odd numbers.

For SNCS , , under Assumptions and the control objective is to design
a nonsmooth dynamic output-feedback control law

X =9(x:9), u=o(x;y) (10)

such that the closed-loop system consisting of , and is globally finite-time
stable in probability (GFTSiP).

Remark 2.12. For Assumption [21] there are several points should be pointed out:

(i) The condition that r; € (O, %) is a ratio of two odd numbers plays a key role to
avoiding nonsense terms during the design procedure. According to the systems’ dimen-
sion, the structure of drift and diffusion terms, one can choose appropriate values for rq
and 7.

(ii) If one chooses 7 = 0 in Assumption 2.1} then Assumption [2.1]reduces to Assumption
1 in [I0], and Al and B2 in [21I]. In this case, according to the design methods in this
paper, the proposed control law will render the the considered SNCSs globally asymp-
totically stable in probability.

(iii) The existing results about GOFS problems [2, 10} 20, 2T] of SNS are obtained based
on the assumption that f;(z) and g;(x) are local Lipschitz functions with f(0) = g(0) =
0. However, in this paper, 7 € (—3-,0), this means that fi(z) and g;(z) are allowed to
be non-Lipschitz continuous functions.

Remark 2.13. (Khoo et al. [14]) considered the finite-time stabilization problem of
subsystem as 7 = 0. However, as 7 < 0, the proposed method in [14] is invalid.
Under Assumption2.1] both the methods proposed in [37] and [16] can be used to solve
the GOFFTS problem for SNS 1.} but these two methods do not suitable for SNCS (|1)) -

(2). Under Assumptions n 2.1]and [2.2] how to design a global output feedback finite-time
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control law for SNCS - by partial states feedback, there is no existing results to
refer in the literature. In this case, if we can construct a control law based on y = x; and
the estimations of the other states of system , and design a C? Lyapunov function V/
satisfying the condition of Lemma[2.4] then the trivial solution of the closed-loop system
of SNCS (1)) — (2)) is GFTSIP, that is, the global output feedback finite-time stabilization
problem of SNCS ([I)) - (2) is solvable.

Remark 2.14. To ensure that the behavior of the nonlinear terms fo;(¢, y) and go;(¢, y),
i=1,...,m are "not bad” when ( gets large, the homogeneous inequalities @ are intro-
duced in Assumption which is different from the famous ISS (or FTISS) condition.
To illustrate this point, consider the following SNS

d¢ = —¢3 dt + Cydt + Csin(y) dw (11)

where y is considered as an update law. Obviously, SNS is not ISS with y as the
input. However, it is easy to show that system d{ = —( 3 dt is homogeneous of degree
T = —% with respect s; = 3. By choosing Fo1(¢,y) = |¢y| and Go1(¢, y) = |Cy| and 7o =
0, through simple calculations, it is not difficult to obtain that lim._, w =
|Cy| and lim._, o M = |Cy|, which imply SNS satisfies the condition of

s1 42
Assumption 2.2

3. MAIN RESULTS

In this section, we will present a recursive design method to construct global finite-
time stabilizing law via output-feedback for SNCS 7. The design procedure is
composed of two steps: the first step is to design a global output-feedback finite-time
control law for the driving subsystem 7 and the second step is to show that the states
of the driven subsystem are globally bounded.

3.1. Global output-feedback finite-time control law design for driving sub-
system
To achieve the objective, we first consider the following nominal system of the driving
subsystem
le' :ZH_ldt, 1= 1,...,77,71,
dz, =vdt, y = z. (12)

3.1.1. Global output-feedback finite-time control law for system

Theorem 3.1. For any constant 7 € (—5- ) there is a homogeneous output feedback
control law of degree 7 rendering bystem is globally finite-time stable.

Proof. The proof of this theorem is divided into three steps: First, a homogeneous
finite-time control law is constructed for system by using the adding a power in-
tegrator technique. Then, a homogeneous reduced-order observer is constructed whose
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gains to be determined later. Finally, we show that the closed-loop system is global
finite-time stable in probability by choosing appropriate observer gains.

A. Finite-time State feedback control law design

4

Initial Step: For system 1D a Lyapunov function is constructed as Vi(z1) = 52",
ra2

where r; and 7 are defined in 1) Clearly, the virtual control law z5 = —nz;" renders

4—ry 4—ry 4—ry

LVi(z) =2 m=2"" 2 +2" (2—2) < —nTTHE T (2 —25)  (13)

L
— 1
where & = 2" .

Inductive Step: Suppose at step i — 1, there exist a C? Lyapunov function V;_1(z;_1),
which is positive definite and proper, and satisfying

Vier <2604+ &), (14)
with a set of virtual control laws z7,..., 2z} defined as
EE
o O — T 1
21 ) 61 Zi Zl*i (15)
Z;:—ﬂk,1€£il7 é-k:'z];k _Zkrk7 k:27"'7i7

with 81 > 0,...,08;,_1 > 0, such that

LViaEi) S —(n—i+2) (6T + 67+ ) 6T @i —2)). (16)

In what follows, we will show that still holds at step ¢. To prove this claim,
consider the Lyapunov function

1

- z;ri)‘l_” ds. (17)

ke

‘/;(zz) = Vvi—l(zi—l) + Wi(?i), with Wl(zl) = / (3

The Lyapunov function V; has some useful properties collected in the following propo-
sitions:

Proposition 3.2. V;(z;) is C?, positive definite, proper, and satisfy the inequality
Vi(Zi) <208+ + &)

By (7)), we have
LViE)<—(n—i+2) (6T + &+ ) 6T (2 - 2))

+ 5, Gt + Z e Zk+1 (18)
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For the second term in the righthand side of the inequality (I8)), by using Lemmas

and [2.11] we can show that there exists a constant a; > 0 such that
1
GI" < 6 +agt (19)

67 - ) < fgal T2t

Similar to the proof of the proposition 3.2 in [I6], for the last term in the righthand
side of the inequality , we have the following proposition.

Proposition 3.3. There exists a positive constant as > 0 such that
i—1
W,
i ( ;1+T+'..+§?j-17')+a2§;1+7'.
According to the inequalities , , Propositions and we have

LViE) < —n—i+ D) (T +ETT+ G + (e +a2)é T+ i (20)

Clearly, if the virtual control law is chosen as 2}, | = —3;""+! = —(n—i+1+a1+az){ "+,
then it follows from that
LVi(z) S —(n— i+ D) (6T + T+ A GT) T (i~ 2a). (2D)
This completes the inductive proof.
Similarly, as @ = n, there is a virtual control law z, ,; = —0, »" ' and a Lyapunov
function V,,(Z,) such that
(22)

LVuEn) < — (6T +ETH T+ 6T (v 27).

B. Homogeneous reduced-order observer design
Since z3,...,%, in system (12]) are not measurable, in this section, the following

homogeneous observer is constructed for system
a (23)

M= —Li—12i, 2= (i +Lic12i-1) 771, i =2,...,m,
where Z; = z; and gains £; >0, i =1,...,n — 1 to be determined later.
Based on the estimated states, we design an output feedback control law of the form

1 1 rl 1 1 11 Tn+41

U(Z) = Zn n—1 n—1
where Z = (21, 22,..., 2,).
For i =2,...,n, we choose
A-ri—1
% " i1
U, = a-ry | 8TTTIS1 — (771 + giflzifl) dS, (25)
Ti—1

(mit+Li—1zi—1)
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1

and set e; = (2; — 2;)™, i =2,...,n, zpt1 = v(3). Tt is deduced from , and

that

oU; oU; oU;

LU= -~z 2 — 5 —li1%
0z At 521—12 om; 1
4 — Ti—1 -

4-ri1 i1
P =
uL =
= — 2 (Zl o= +€i12i1)) Zit1

4-ri—1 4-ri—1 4-ri—1 4—r;y_q
Ti T4 2~ T T4 2~ T4 .
— éi_leil <Zz o=z ) — éi—leil <Zl = (771' + 51_1Zi_1) Ti—1 > .

(26)

Next, we estimate the nonlinear terms in right-hand side of (26)). First, by Lemma
1
and e; = (z; — 2;) 7, we have

b1 — 4—ri_4 4—ri_q

li_ 127 f“” <Ul;_q1€; <zi A ), 1=2,...,n. (27)

To estimate the remaining terms of , we introduce the following propositions, the

proof of which are omitted here for the space limitations, the interested reader can refer
[16] for more details.

Proposition 3.4. There exist a constant «; > 0 and a %, function h;(-) such that

d—r;_ T
i=1l g i1
i

4—ri- 2 1 T T T T T
Tllzi (z; " —si)zig1 < 12(§4+ + &4t +§ﬁ1)+a, T hi(lioy)ef T

Proposition 3.5. There exist a constant @ > 0 and a %, function h,(-) such that

4—r, Ty —
n-1_1 n—1

Zn (zn™ —sp)v(2) < 8Z§4+T+a264+7+h (ln—1)e +1

=2

4—7“n_1

T'n

Proposition 3.6. There exists a %5, function h;(-) such that

4—r; 1 d-rj_1 1
Ti (2 T4 Ti—1 4+1
—liie' (5 7 = N T

EFT €T+ hillima)e T i=3,...,n.
Consider U = Y"1 , U;, in conjunction with Propositions 7 leads to
"1 dtr roptry—4 _ . drr
ZU :Zigl — <€12 T2 — Q9 70[7h3(€2) 7}13(62)) €5
i=1

n 7‘1+77 1—4 ~
- Z < 120 7 o= l—a—hip(6) — hi+1(€i)) e T

rntr,_1—4
_ <£n_12m : —1—a> A7 (28)
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C. Determination of the homogeneous observer gains

Since 22, ..., 2z, are not measurable, the control law v = v(Z2) results a reductant term
E=ra(v(2) —v (z)) in . For this term, we have the following estimation.

Proposition 3.7. There exists a constant & > 0 such that
A (p(2) — 07 (2)) < ; ig;w + ; Gt
It follows from , and Proposition that
Z Learr _ (6227 —a—a—a— hylla) — ha(ts)) e
_ Z ( 127

rntrp_1-4 4
— £n712 n — 1 —a — d{ en+T, (29)

l+7l 14

—o—1l—-a—a— hi+1(£i) — ]AIZ‘Jrl(&‘)) €?+T

where the Lyapunov function W =V, + U.
Obviously, if we choose

d—rn—rn_q 5 -
by =2 (4 +a+ a)

i— 5 - A~ .
bi1=2 7 <4+ai+a+a+hi+1(€i)+hi+1(£i)>aZ:n_lw"a?’

d=rpg=ry (] 7
(=2 (4+a2 +a+&+h3(€2)+h3(52))7 (30)

then in conjunction with lead to
1 n n
LW = —- T T 31
(e ey 3)

From the construction of W, one can show that W is positive definite and proper with
respect to Z = (21,...,2n,M2,...,Mn) " . Moreover, the closed-loop system composed by
, and can be written as the following compact form

dZ =Z2(Z)dt = (22, ..., 20,0, frtts- s fon_1)T dt (32)

with fo1; = —€;2;41, i = 1,...,n — 1. In fact, by choosing the dilation weight A =

(r1,72, ..y Tn, 71,72, ..., Tn—1), with r; defined in (7)), it can be shown that system (32]),
for Z13..092n, for N2,.-sMn

W and the right hand side of is homogeneous of degree 7, 4 and 4 + 7, respectively,
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with respect to A. By Lemma [2.7] we can show that there exist two constant 6; > 0
and #5 > 0 such that
oW _ -
W<aZla, £W=523(2) <=0 2|57, (33)
thus there exists a constant ¢ > 0 such that ZW < —cW?7, with v = € (0,1).
Therefore, it can be concluded that the closed-loop system composed by , and
is globally finite-time stable. g

Remark 3.8. To design and analysis of the control law for deterministic systems, a
C! Lyapunov function is enough [18, 29]. However, for stochastic systems, due to the
appearance of Hessian term, if one still use a C! Lyapunov function rather than a
C? one, there will lead to some nonsense terms. This can be avoid, if one chooses a
appropriate C? Lyapunov function, which can be shown by the proof of Proposition
For GOFFTS prblem of system (12)), both the methods proposed in [37] and [16] can
be used. Here, the analysis and design methods are different from [16] [37], by choosing
appropriate dilation weight, homogeneous degree, less design parameters are needed,
thus the proposed homogeneous Lyapunov function has more simple structure.

3.2. Global output-feedback finite-time control law for the driving
subsystem

Consider the following coordinate transformation

€Z; (3 . 1
oD U_Ln’ t=

where L > 1 is a constant to be determined. Under , driving subsystem is
transformed into the system

Yoy T, (34)

2

dz; = Lzjp1 dt + i(_z dt—i—%iEl) dw, i=1,...,n—1,
. T(.
dzn = Lodt+ 22D ap 4 90 g (35)

Ln—l Ln—l
For system , we design the following reduced-order homogeneous observer
M= —Lli12, Zi= (i +lic12i1)7 -1, i=2,...,n, (36)
and the output feedback control law with the same structure as 7

1 1 1 1 1

1 1 1 1 1 1 1 Tnt1
v(2) = —0n (25” + 08 (2;211 +... 4+ 653 (252 + 072 z{1> )> , (37)
where the gains ¢; > 0, i =1,...,n — 1 are the same as those selected in Theorem

Theorem 3.9. For the driving subsystem , if Assumption holds, then the closed-
loop system composed by (2), and v = L"v(2) is GFTSiP.
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Proof. The closed-loop system consisting of , and can be written as the
following compact form

dZ ==2(Z)dt + F(Z)dt + GT(Z) dw, (38)
where 2(Z) is defined in (32), F(2) = (fi, £2,..., 21,0,...,0)" and G(2) = (g1, %,

cy s 0,...,0).
) LTI' 19 9 )
It follows from W (Z), Definition and that

ow 1 92w
< 4+7 - T
LW < —L8||ZIIA™ + 57 F(Z)+2trace{G( ) 572G (2 )} (39)

Under the coordinate transformation , we deduce from Assumption and the
fact L > 1 that

AN Ti+T ritT
sz(,z < ClLl_m (|2’1| 1 .+ |Zz| 2 ) < ClLl Ai1 7 24»7'7 (40)
i\ 27+ 2r; 47
}q—;g < CzL%_‘l(ifll)T‘F? (|21| 2r1 4+ ‘zl|27'r1) < 02L2_)\72HZ r7+2 (41)
— 1 _ 1
where A\;; = m,)\ig Ty c (0’ 1)_

As 2—‘2 is homogeneous of degree 4 — ;. By Lemma it is easy to show that there
is a d;1 such that
n
<D aLTMIZIET < L MIZ)RT, (42)
i=1

ow

o7 ") =2z

i()
i—1

where A\; = minj<;<,{Xi1} > 0 and §; > 0.
Similarly, it can be shown that

Linace {62267 (2)) < v 3 |20 iGu2)l64(2)
g e 022 = 2"V 2 [0z,07;| g
S *meZLl Aig— )\Jg Z ||Z||4 T-L*TJHZ T1+2||ZH’I”]+2
5,j=1
< &L 2|5, (43)

where Ao = mini<; j<n{Ni2 + Aj2} is a positive constant.
Substituting and into (39) yields
LW < —LOo||Z| X7 + 61 L' M| Z|| A + 6212 Z) 57
< L0~ (51 + B)L ) |25 (14)

where A\g = min{A1, A\2}. Obviously, if we choose L > L* = max {(((51 + 52)/92)% ,1},

then we have

LW <~ Z|I5, (45)
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for a positive constant i . By and Lemma it is not difficult to show that there
is a constant p > 0 such that ;.Z”W < uW“’ with v = T € (0,1). By Lemmas .
and-, the closed-loop system (35| , and . is GFTSIP

Note that coordinate transformation does not change the properties of system, there-
fore, the closed-loop system consisting of (2), and u = L"™v(2) is GFTSiP. This
completes the proof of Theorem [3.9] O

Now, we are in the position to propose our main results of this paper.

Theorem 3.10. For SNCS 7 , if Assumptions and hold, then under the
control law u = L™v(2), the closed-loop system is GFTSiP.

Proof. According to Theorem we know that the subsystem can be globally
stabilized by v = L™v(Z2) in finite-time in probability. To show the global finite-time
stability of the closed-loop system composed by , , and u = L"v(%). We
only need to show that the states of driven subsystem are bounded on the finite
time interval [0, Tp] (here we assume that Tp is the stochastic settling time of driving
subsystem ) In fact, based on Assumptions and we can prove the global
boundedness of driven subsystem (T]).

By Assumption and Lemma for system (g8) we have that for all o > r x

max{sy,...,Sm}, there exist constant ¢ > 0 and a C" Lyapunov function V;(¢) such
that
o+
ZLVo(C) < —aVy ° (46)
and
Vo(AZ) = Vo (C) (47)
with s = (s1,...,8m,) and € > 0.

Consider Lyapunov function

V(6. Z) = Vol(¢) + §W<Z> (48)

where b > 0 is a positive constant to be defined later.

By and , we have

LV((, Z) <= ¢1(Q) — bpa(Z ZFm Coz1) a‘gjé@‘
1 OV,

where

o+T1

p1(Q) =aVy 7 (Q), v2(2) = | ZIIA (50)
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Let o(¢, Z) = ¢1(¢) + byp2(Z). By (46)), it is easy to show that

P1(LL0) =71 (Q) (51)
Similarly, we also can show that
p2(DLZ) = e7H Ty (Z) (52)
with [ = (l17 e ,lgn_l), ll = ... lgn_l = %.
It follows from and that
P(ADLZ) = 7 T p((, Z). (53)
Let
A%
¥, 2) ZFm ) |7
9?Vo(¢
Goi(C, 21)Go; (¢, 21), 54
m/m Z W@ 00(¢: 21)Gos (€. 21) (54)

and D = {(¢7, ZT)|g0(§ Z) =1, ((T 7ZT) € R2vtm=11 Obviously, D is a bounded
closed set. Let ¢ = sD"*” (¢, 2), by (b , we have

(P((E_l)81<17 RN} (5_1)smcm’ (E_l)llzlv BN (6_1)l2nilz2n*1)

—lan—1

= G(P(C Z2) TGy 0(C Z) TR G 0(C Z) T 21,y (G, Z) T 20 1)
= (&, 2)7 )7 p((, Z) = 1. (55)
Define
C_:(éla"'aéfn)T7 Z (217 . z277, 1)T
C_l = @(Caz)ﬁgh ey Em - (C Z)(H—T'; CWH (56)
51280(C,Z)ﬁ217 ceey Zamo1=((Z) o Zon—1-

By ( ., it is clear that ¢((,Z) = 1, and (¢',Z7) € D. By , we obtain
that for all (¢T,27T) € R2"+m=1\{0}, there exist ¢ = gof’*ﬂ (¢,Z) and (¢T,27) =
(CiyevyCmy 21y - -+ Z2m—1) € D such that

(CT,ZT):(Cl,...,cm,zl,...,ZQn_l):(85151,..., S’"C 6 21,...,&‘[2" 122n 1)

= (A, ALZ). (57)
Thus, we have

Foi(C, 21) = Foi( A, e 21), Goi(C,21) = Goi( A, e %) (58)
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with (¢T, Z") € D, which also implies

Foi(NSC, 71) Foi(e*1Chy .y Cm, 21)

. . _
EETOO esitTo EEI_POO esitTo ’

. Goi(A:C, %) . Goi(e (85, 71)

im ——=—* = lim — (59)
e—+o00 531,4'7 e——4o00 ESH- >

with 70 = 0 or —min{sy,...,s,} < 7o < 7. According to Assumption we have

Foi(e51Ch, .. &% Gy 21)

EEI-‘POO g8i+To = Mu(C, 1),
lim GOi(5 Clv-“f mCmazl) :MQZ‘(&Zl)- (60)
g——+00 esitz
Let
V(¢ 1 9?Vh(¢)
= = 61
G (Z ’ o D T e | 2" 90 o
By , it is can be proved that
0< X< ! ! } (62)
min ,
0 2k1 \/2ky
there exist a constant €, such that for all € > €,
FiAgiZ - GiA§7,5 _
y — My(C, 21)| < Xo, ()(.7201) — M3(¢, z1)| < Ao (63)
657’ T0 63,L+ )

If we choose €y = max{ey,, 1}, then it follows from that for all € > ¢,

Foi(A2C, 21) < (Mi(¢ 1) 4 X0)e® T, Goi(ASC, 21) < (Mai(C, 21) + Ao)e™ 7 (64)

Let
= V(0 - _ 9Vo(0)
¢1z(<) - 8@ ’ ¢21(C) 8@3@ ’ (65)
then we can verify that
P1i(AL0) = 7 p1i(() =77 8?§(f)7
R
Bau(220) = 75, ) = e 1) (66)
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Combining , , and together, we obtain from that fore >¢9 > 1
V(¢ 2) = W(AK, DLZ)

= (D3 ALZ) = Y Foi(D3,21) [61( D)
=1
— SV 3 [9n(A0)| Co(AX 3Gy (43, 2)
i,j=1

m

g7 p(C, Z) — Tt (Z(Mli(C, Z1) + Ao)

i=1

Vo (¢) ’
¢
9?Vo(C
3@3%

(M2i(C, 21) + Xo)(M2;(C, 21) + o) | - (67)

Next, we show that for all € > ¢, the following inequality holds

MG Z) =0(C, Z) ~ Z Mii(C, 21) + o)

i=1

L

o(¢) '
9Gi

0*Vo(C

5@5@ (Ma;(C, 21) + Xo)(M2;(C, 21) + Ao) > 0. (68)

Define Q@ = {(¢, 2)|A((,Z) > 0, € > &0, ((,Z) € D}, Dy =DNQ, Dy = DNQC, where
Q¢ is a complementary set of Q. It follows that D = D; UDy, Dy N Dy = ().
By the definition of D, we can show that for all € > ¢,

A, Z) >0, Y((, Z) €Dy. (69)

Next, we show that for all € > ¢, A((,Z) >0, V({,Z) € Dy. Let T'y = minger z7yep
{¢2(Z)}, then we have I'y > 0. If I'; = 0, then we have ¢5(Z) = 0, which means that
Z = 0. Thus, there exists D = {(¢, Z)|¢ #0, Z =0} C Dy =DNQ° Let (¢F,0)|z,40 €

D, then we have ({f,0) € D and ({,0) € QC. By ,jf Z =0, then one has Z = 0.
According , if Z =0, then we have z; = 0 and M7,;((,0) = M2;(¢,0) = 0. It means

_ _ m _ m 5 _
that (G0 0) = 1 and ¢(Gy,0) < (zl Yo | 2540+ gy 3 |50 A%) e By
= i,j=
the definition of (¢, Z), it follows that ¢;({y) = 1 and
* oA% *Vo (¢
(PI(CO; ) (E Ao ‘ U(C)‘ + m\/i Z ‘ a@(é%) )\%) |C_:50'

By , we have 1({p,0) < Aok + Agkg < 1, which is a contradiction. Therefore,
we have I'1 > 0. Note that ¢ and Z are bounded, thus there exists a constant I's such
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that
;Mlv ¢, 71) + o) a?éC)‘
-2 fZ 1) (M2;(C, 21) + Xo) (Mz;(C, Z1) + Ao) > T
3 8@6@ 2i(C, 21 0)(M2;(C, z1 0) = I'g,

i,j=1

which means that I's < 0. Then we have

A((, Z) =e1(C) + ba(Z) = Y (Mi(C, 21) + Xo)
i=1

O*Vo(C

2 o

> bl 4+ Ty, V(CT, ZT) € Dy. (70)

Vo(C) ‘
A

(M2:(C, 21) 4+ Xo) (Ma; (¢, 21) + Ao)

lfz

2

Let b= %ﬁrri", I's > 0. By , we have that for all € > g,
A, Z)>T3>0, V(T ZT) € Ds. (71)

By (69) and (71]), we have that Ve > ¢, A(C, Z) > 0. It follows from that for all
e>eo, V¢, Z) > > 5"+T°A(C Z).

Define Q = {(¢7,Z2T)|(¢T,Z7) = (AT, ALZT), e > eo, ((T,ZT) € D}, then we
have £V (¢, Z) < —¥((, Z) <0, (¢T,ZT) € Q, which implies that the states of system
are bounded. This completes the proof of the Theorem. O

Remark 3.11. Obviously, when 7 = 0, Assumption [2.I] reduces to the 1ower—triangular
linear growth condition. Then the closed-loop system composed by (2| ., and u =
L"v(2) is globally asymptotically stable in probability, instead of GFTSiP. T hus in thls
case, the whole closed-loop system is globally asymptotically stable in probability.

3.3. Discussions and Extensions

It should be pomted out that Theorems [3.9] and [3.10] are obtained based on the assump-
tion that system (2]) is in the lower- trlangular form. In fact, many practical systems
may not have 1ower—triangu1ar structures. Next, we will show that the result obtained
in the preceding subsection can be further extended to a more general class of SNCSs
which do not need driving subsystem in the lower-triangular form. Due to the dom-
ination nature of the homogeneous domination approach, the results obtained can be
extended if the driving system (2)’s equivalent system (35) meets the following more
general assumption.
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Assumption 3.1. There are constants 7 € (
that fori =1,...,n

[£i ()l
Li—1
19: ()]

i—1

0), ¢1 > 0,0 > 0 and a € (0, 1) such

_ 1
2n?

<elLo <|zl| S 2o e e |2

=), (72)

9 2r; +7 2r; +7 2r; +7
S A P e e e (73)

— o~

where rq € (0 is a ratio of two odd numbers.

)
Theorem 3.12. For SNCS (/1) - (2)), if Assumptions and hold, then the closed-
loop system composed by , , (36) and v = L™v(2) is GFTSiP.

Proof. Under Assumption we use the same coordination , observer
and control law for stochastic nonlinear system (35). Under the new growth
condition, the relations , , , and consequently need to be re-

vised. Similar to that of Theorem we can prove that by choosing L > L* =

1

max{((51 +02)/02) T2 ,1}, the closed-loop system consisting of , 1} and u =
L"v(%2) is GFTSiP. Following the same line of the proof of Theorem [3.10}

difficult to show that the closed-loop system consisting of , , and u = L"v(Z)
is GFTSiP. This completes the proof of Theorem [3.12 ]

Remark 3.13. It should be pointed out that the control parameters 3; and ;_1,i =
1,...,n will increase significantly along with the dimension augment of each subsys-
tem due to the nature of the adding a power integrator technique and the domination
approach. The proposed design method is quite conservative for the neatness of the
proof. The high-gain parameter L is utilised to dominate the drift and diffusion terms.
Following general rules provided by the design procedure, one can choose some smaller
parameters by trial and error methods in practice.

4. SIMULATION EXAMPLE

Consider the following stochastic nonlinear cascaded system

3.1 3
d¢ = —§C§ dt + ¢y dt + TOCsin(y) dw (74)
dzry = o dt + %1‘}0/11 dw
dry = x5 dt + 1—3036;/9 dt — % sin(y) dw (75)

dos = udt + % cos(ml)x§/7 dw,y = z1
In this simulation, we choose r; = %, T = —%, which imply that ro = %7 ry =
% and ry = 25—3 It is easy to show the nonlinear terms in subsystem 1’ satisfy
Assumption Noticed that, we have verified that the nonlinear terms in subsystem

satisfy Assumption in Remark Therefore, by Theorem [3.10} the global
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output feedback finite-time control law for stochastic nonlinear cascaded system ([74) —
can be designed as

5/23
w= =Ly (527 0327 (5 4 67y
Mg = —Ll1 29, 25 = (o + l1y)?/ 1
iy = —Lls23, 23 = (13 + la222)™/?

(76)

where by, ba, b3, £1, ¢3 and L (L > 1) are appropriate positive constants. The simulation
is carried out with following choice: by = 0.8, bo = 1.5, b3 =2, {1 =8, lo =5, L =
2.5, and (¢(0),x1(0),x2(0),x3(0),72(0),n3(0)) = (5,1.5,2,—10,—3,—2). The closed-
loop responses of - - are shown in Fig.1.

12

State
States

xr3
-2
0 2 4 6 8 10 4 6 8 10
Time (sec) Time (sec)
10 150
: 100 u
5

] 50
g 5
= 0 o 0
0 i
5] — -50
z 2
g > ER
o
o K O -150

-10 .

-200
-15 -250
0 2 4 6 8 10 0 2 4 6 8 10
Time (sec) Time (sec)

Fig. 1. Response curves of the closed-loop system — — .

5. CONCLUSIONS

In this paper, we have investigated the global output-feedback finite-time stabilization
problems for a class of stochastic nonlinear cascaded systems based on the recently
developed finite-time stability theory for stochastic nonlinear systems [14] 35} [36]. By
utilizing the adding a power integrator technique and homogeneous system theory, it has
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been proved that global output-feedback finite-time stabilization problems for a class of
stochastic nonlinear cascaded systems can be solved by partial state feedback. Although
the obtained result is preliminary at this stage, it is hoped that the results obtained pave
a way to study the output-feedback finite-time stabilization for more general stochastic
nonlinear cascaded systems.
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