Commentationes Mathematicae Universitatis Carolinae

Lajos Soukup; Adrienne Stanley
Resolvability in c.c.c. generic extensions

Commentationes Mathematicae Universitatis Carolinae, Vol. 58 (2017), No. 4, 519-529

Persistent URL: http://dml.cz/dmlcz/146994

Terms of use:

© Charles University in Prague, Faculty of Mathematics and Physics, 2017

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz



http://dml.cz/dmlcz/146994
http://dml.cz

Comment.Math.Univ.Carolin. 58,4 (2017) 519-529 519

Resolvability in c.c.c. generic extensions

LAJOS SOUKUP, ADRIENNE STANLEY

Abstract. Every crowded space X is w-resolvable in the c.c.c. generic extension
VEn(IX1.2) of the ground model.

We investigate what we can say about A-resolvability in c.c.c. generic exten-
sions for A > w.

A topological space is monotonically wi-resolvable if there is a function f :
X — wi such that

{z e X: f(x)>a} clense X
for each @ < w1.

We show that given a T} space X the following statements are equivalent:

(1) X is wi-resolvable in some c.c.c. generic extension;

(2) X is monotonically wi-resolvable;

(3) X is wi-resolvable in the Cohen-generic extension yFn(w,2),

We investigate which spaces are monotonically wi-resolvable. We show that
if a topological space X is c.c.c., and w1 < A(X) < |X| < ww, where A(X) =
min{|G| : G # 0 open}, then X is monotonically wi-resolvable.

On the other hand, it is also consistent, modulo the existence of a measur-
able cardinal, that there is a space Y with |Y| = A(Y) = R, which is not
monotonically wi-resolvable.

The characterization of wi-resolvability in c.c.c. generic extension raises the
following question: is it true that crowded spaces from the ground model are
w-resolvable in VFn(w,2)?

We show that (i) if V' = L then every crowded c.c.c. space X is w-resolvable
in VFn(w,2), (ii) if there are no weakly inaccessible cardinals, then every crowded
space X is w-resolvable in VFn(w1,2),

Moreover, it is also consistent, modulo a measurable cardinal, that there is a
crowded space X with | X| = A(X) = wi such that X remains irresolvable after
adding a single Cohen real.

Keywords: resolvable; monotonically wi-resolvable; measurable cardinal

Classification: 54A35, 03E35, 54A25

1. Introduction

Notion of resolvability was introduced and studied first by E. Hewitt [4], in
1943. A topological space X is k-resolvable if it can be partitioned into x many
dense subspaces. X is resolvable iff it is 2-resolvable, and irresolvable otherwise.

DOI 10.14712/1213-7243.2015.226
The second author was supported by the Fulbright Scholar Program.
The preparation of this paper was supported by OTKA grant no. K113047.



520 Soukup L., Stanley A.

Irresolvable spaces with many interesting extra properties were constructed, but
there are no “absolute” examples for crowded irresolvable spaces, because if X is
a crowded space, then clearly

V(X2 = X s w-resolvable.

In this paper we investigate what we can say about A-resolvability in c.c.c.
generic extensions for A > w.

To characterize spaces which are wi-resolvable in some c.c.c. generic extension
we introduce the notion of monotone k-resolvability.

Definition 1.1. Let x be an infinite cardinal. A topological space X is monoto-
nically k-resolvable’ if there is a function f : X — & such that

{zeX: f(z)>a}clne x
for each o < k. We will say that f witnesses that X is monotonically x-resolvable.

Clearly a space X is monotonically x-resolvable iff X has a partition {X, : { <
k} of X such that

int (| {Xc:¢<€})=0
for all £ < k.
Theorem 1.2. Let X be a T; topological space. The following statements are
equivalent:

(1) X is wy-resolvable in some c.c.c. generic extension,
(2) X is monotonically wy-resolvable,
(3) X is wy-resolvable in the Cohen generic extension VF(«1:2),

Which spaces are monotonically w;-resolvable?

Theorem 1.3. If a topological space X is c.c.c., and w; < A(X) < |X| < wy,
then X is monotonically wi-resolvable.

Theorem 1.4. If k is a measurable cardinal, then there is a space X with
|X| = A(X) = k which is not monotonically w1-resolvable.

What about spaces of cardinality w,?

Theorem 1.5. It is consistent, modulo the existence of a measurable cardinal,
that there is a space X with |X| = A(X) = w, which is not monotonically
wy-resolvable.

Do we really need to add | X|-many Cohen reals to make X resolvable?

In [13] a “monotonically w-resolvable” space is called “almost-w-resolvable”. However, in
[12] a space X is almost-k-resolvable if it contains a family of k dense sets with pairwise nowhere
dense intersections.
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Theorem 1.6. (1) It is consistent, modulo a measurable cardinal, that there is
a crowded space X with | X| = A(X) = w1 (so X is monotonically wq-resolvable)
such that

yin@2) = «x js irresolvable.”
(2) If V = L, then every crowded space with | X| = A(X) = cf(|X|) is monotoni-
cally w-resolvable, and so it is w-resolvable in VFn(«:2),
(3) If the cardinality of a crowded c.c.c. space X is less than the first weakly
inaccessible cardinal, then X is w-resolvable in VF»(@1.2)§,

The almost resolvability of c.c.c. spaces was investigated by Pavlov in [11]:
on page 53 Pavlov writes that mimicking Malykhin’s method, by using Ulam
matrices, he showed that every crowded c.c.c. space of cardinality w; is almost
resolvable. In [3, Theorem 2.22] a stronger result was proved: a crowded c.c.c.
space is almost resolvable if its cardinality is less than the first weakly inaccessible
cardinal. Theorem 1.6(2) is a further improvement of this result because monotone
w-resolvability implies almost resolvability.

In [1, 3.12 Problem (2)] the authors ask if every space with countable cellularity
and cardinality less than the first inaccessible non-countable cardinal is almost-w-
resolvable. As we will see Theorem 1.6(3) gives a positive answer to a weakening
of this question.

2. Characterization of w;-resolvability in c.c.c. extensions

Instead of Theorem 1.2 we prove the following stronger result. We say that
a function g : X — k witnesses that X is k-resolvable if

{reX:g(x)=a}cine X
for each o < k.

Theorem 2.1. Assume that X is a crowded topological space and « is an infinite

cardinal. If k = cf([]¥,C) then the following statements are equivalent:

(1) X is k-resolvable in some c.c.c. generic extension;

(2) there is a function h : X — [k]“ such that | Jh"U = k for each non-empty
open U C X;

(3) X is k-resolvable in the Cohen-generic extension V¥n(%:2),

PROOF: First we show that (1) — (2). Assume that P is a c.c.c. poset such that
there is a function g € V¥ witnessing the x-resolvability of X.
For each x € X define

h(z) ={a < k:3p e P(pl I+ g(&) = &)}

Since the conditions {pZ : « € h(x)} are pairwise incomparable and P is c.c.c.,
the set h(z) is countable.

w1 is not a misprint here.
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We now show that the function h defined above satisfies (2). Fix v < k and U
an open subset of X. We need to show that there exists « € U such that a € h(x).
Since

VIP’ ': g—l({a}) Cdense X
it follows that there is € U such that

Vi Eg(@) = a
Thus, there exists p € P such that
plk “g(%) = &

Then « € h(x).
Next we show that (2) — (3). Let A be a cofinal subset of [k]* with |A| = k.
Let {Aq : o < Kk} be an enumeration of A, and for each x € X pick

h*(x) € A such that h*(x) D U Aq.
ach(z)

Then for all non-empty open U
(+) {h*(z) : x € U} is cofinal in [k]“.

Next we note that forcing with Fn(k,2) is the same as forcing with Fn(k,w).
Further, Fn(k,w) is isomorphic to

P={peFn(A k) : VA e dom(p) p(A) € A}.

Indeed, for each A € A fix a bijection ps : w — A, and then for ¢ € Fn(k,w)
define ¢(q) € P as follows:
(i) dom(p(q)) = {As : @ € dom(q)}, and
(i) ©(q)(Aa) = pa, (q(a)) for An € dom(p(q)).
Then ¢ is clearly an isomorphism between Fn(x,w) and P.
We will proceed using P.
Let G be a P-generic filter, and let g = (JG. Then g € VP and g : A — & is
such that g(A) € A.
We claim that f = go h* witnesses that X is k-resolvable.
Fix a < k and an open U C X.
Let ¢ € P be arbitrary. Then, by (+), there is € U such that

{0} U dom(g) € h*(2).
Then h*(x) ¢ dom(q), and « € h*(z), so

p=qU{(h"(z),a)} € P1,
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and

plk(goh*)(Z) = a.
Thus, by genericity, there is p € G and = € U such that

pl-(goh*(7) = ).
Hence
VP = X is k-resolvable.
Finally (3) — (1) is trivial. O

Problem 2.2. Can we drop the assumption x = cf([x]*, C) from Theorem 2.17

3. On monotone w;-resolvability of c.c.c. spaces
We start with an easy to prove observation.

Lemma 3.1. Let X be a topological space and B C P(X). If every B € B is
monotonically rk-resolvable, then so is UB. So every space contains a subspace
which is the greatest monotonically k-resolvable subspace (this subspace can be
empty, of course).

Corollary 3.2. Let X be a topological space. Let Z be a dense subset of X. If
Z is monotonically k-resolvable, then X is also monotonically k-resolvable.

Before proving Theorem 1.3 we prove the following “stepping-down” theorem.
The proof uses ideas from [8].

Theorem 3.3. If X is a k-c.c., monotonically x*-resolvable space, then X is
monotonically k-resolvable as well.

PROOF: Since an open subspace of a s-c.c., monotonically xT-resolvable space is
also k-c.c. and monotonically xk*-resolvable, by Lemma 3.1 it is enough to show
that

(x) every k-c.c., monotonically xT-resolvable space X has a monotonically
k-resolvable non-empty open subset.

Ulam [14] proved that there is a “matrix”
(Mo, :a<rt,(<r)C Pk

such that
(i) MaenNMge=0for {a, 3} € [kT]? and € € &,
(ii) MaeN My =0for a € kT and {&,(} € [K]?, and
(i) [My | < K, where My = r"\ ;. Ma for a <w*.
Fix a partition {Y;, : n < k*} witnessing that X is monotonically k" -resolvable.
Let

Zae = J1Vy :n € Mo}
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for < kT and ¢ < K, and let

Zo =\ Zav

(<K

Since Z, = {Y; : n € 1\ M }, assumption (iii) implies that every Z, is dense
in X.

Case 1. There is a < x7 such that for all { < &

U Za,§ Cdense Za
¢<¢

Then (Za,c)c<x witnesses that Z, is monotonically k-resolvable and so by
Corollary 3.2, X is also monotonically x-resolvable.

Case 2. For all a < k% there is {, < & and there is a non-empty open set
U, € T7x such that

(T) U Za,g NnNU, = 0.
Ca <€

Then there is a set I € [Ii+]'{+ and there is an ordinal ( < k such that (, = ¢
forall a € 1.
Fix an arbitrary K € [I]®. By (iii) we can find p < k™ such that

U M, Cp.
aceK
Let Z = Up<77 Y,. Then Z cdense X and Z € Z, for all a € K.
Claim. If L € [K]* then
ﬂ U,NZ=0.
acl

PROOF OF THE CLAIM: Assume on the contrary that z € ()., Ua N Z. Then
z €Y, for some p < 7.

Let a € L. Thenn e rt\pC Ug<r Mae. Pick & <k with n € Ma¢,. Then
Y, C Zag,, 50 Zag, NUs # 0,50 & < (o = ¢ by ().

Since ¢ < k = |L|, there are a # 3 € [L]? such that &, = &3. Thus n €
Ma.¢, N Mpg e, which contradicts (i) because &, = £3. O

Fix an enumeration K = {x¢ : { < x}, and let V¢ = U, Uy.. Then the

sequence (V¢ : ¢ < k) is decreasing and

(Venz=0

(<K
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by the Claim. L
Since X is s-c.c. there is £ < & such that Vi = V¢ for all £ < ( < k.
We can assume that & = 0. Let

Vo\Z if ¢ =0,
T, =
(Necc VONVOINZ i ¢>0.

Then

UTcovenz ctrew.
£<¢

Thus the partition {T; : { < x} witnesses that V' is monotonically x-resolvable.
O

PROOF OF THEOREM 1.3: Let Y ={Y e 7x : [Y| = A(Y)}.

Then |JY is dense in X, and every open subset of every Y € ) is also in Y.
Thus by Lemma 3.1 it is enough to prove that a c.c.c. space Y with w; < |Y| =
A(Y) < w,, is monotonically wy-resolvable.

Let Y € Y such that w, = |Y|. Clearly, Y is monotonically w,-resolvable
because |Y| = A(Y) = w,,. Since Y is c.c.c. then Y is w;,—1-c.c. By Theorem 3.3,
Y is monotonically w,_1-resolvable. By repeating the application of Theorem 3.3
n — 2 times we conclude that Y is monotonically wi-resolvable. (I

Problem 3.4. Is it true that every crowded c.c.c. space with A(X) > wy is
monotonically wi-resolvable?

4. Spaces which are not monotonically w;-resolvable

If X is a topological space, and D C P(X), we write
D={D:DeD}

Lemma 4.1. Let X be a topological space. Assume that Dis point-countable
for each point-countable family D C P(X). Then X does not contain any mono-
tonically wi-resolvable subspace Y .

PRrROOF: Assume that {Y; : ( < w1} is a partition of Y. Let De = [ J{Y: : £ < (}
for £ < wy. Then the family D = {D¢ : £ < w1} is point-countable. Hence D
is also point-countable. So Dg¢ is not dense in Y for all but countably many &.
Therefore the partition {Y: : ¢ < wi} does not witness that Y is monotonically
wi-resolvable. O

To prove Theorems 1.4 and 1.5 we recall some definitions and results from [6]
and [5].
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Definition 4.2 ([6, Definition 3.1]). Let & be an infinite cardinal, and let F be
a filter on k. Let T be the tree k<%. A topology 7 is defined on T by

r={VCT:VteV{aer:t"aeV}eF},
and the space (T, 7x) is denoted by X (F).

PROOF OF THEOREM 1.4: Let U be a k-complete non-principal ultrafilter on «.

The space X = X () is monotonically normal by [6, Theorem 3.1].

An ultrafilter U is A-descendingly complete if (\{Uc : ¢ < A} # 0 for each
decreasing sequence {U¢ : ( < A} CU.

A o-complete ultrafilter is clearly w-descendingly-complete. In the proof of [6,
Theorem 3.5] the authors prove Lemma 3.6 which claims that D is point-countable
for each point-countable family D C P (X (F)) provided that F is a w-descendingly

complete ultrafilter. So D is point-countable for each point-countable family D C
P(X), and so X is not monotonically w;-resolvable by Lemma 4.1. (]

Instead of Theorem 1.5 we prove the following theorem which is a slight im-
provement of [5, Theorem 5].

Theorem 4.3. If it is consistent that there is a measurable cardinal, then it is
also consistent that there is an w-resolvable monotonically normal space X with
|X| = A(X) = w, such that if a family D C P(X) is point-countable, then the

family D = {D : D € D} is also point countable. Hence X does not contain any
monotonically wi-resolvable subspace.

PrOOF: In [5, p.665] the authors write that “starting from one measurable,

Woodin ([15]) constructed a model in which R,, carries an wy-descendingly com-

plete uniform ultrafilter. Woodin’s model Vi can be embedded into a bigger ZFC

model Va so that the pair of models (V1,Va) with k = R, satisfies the two models

sttuation”, i.e.

(1) WYI = w}/z,

(2) there is a countable subset A of w,, in V5 such that no B € V; of cardinality
< w, covers A,

(3) for the filter G on w,, defined in Vo by B € G iff A\ B is finite, we have
gNnvi e .

(The “two model situation” is defined in [5, Theorem 4.5]).

Let F = GNV; and consider the space X = X (F). As it was observed in [6],
spaces obtained as X (H) from some filter H are monotonically normal and w-
resolvable.

In [5, Theorem 4.1] Juhdsz and Magidor showed that the space X (F) is actually
hereditarily wi-irresolvable. They proved the following lemma:

Lemma 4.2 ([5]). For any D C X(F) and t€D there is a finite sequence s of
members of A such that t™seD.
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Using this lemma we show that D is point-countable for each point-countable
family D C P(X), and so X is not monotonically w;-resolvable by Lemma 4.1.

Indeed, let D C P(X) be an uncountable family such that ¢ € (pcp D. Then,
by [5, Lemma 4.3], for each D € D we can pick a finite sequence sp of members
of A such that t~spé€D. Since there are only countable many finite sequences of
elements of A there is s such that sp = s for uncountably many D € D. Then
t™ s is in uncountably many elements of D, so D is not point-countable.

We have thus proved that no subspace of X is monotonically wi-resolvable. [

5. w-resolvability after adding a single Cohen real

Before proving Theorem 1.6 we need some preparation.

The notion of almost resolvability was introduced by Bolstein [2] in 1973:
a topological space is almost-resolvable if it is a countable union of sets with empty
interiors. The notion of monotone w-resolvability was first considered in [13] under
the name almost-w-resolvability.

Clearly almost w-resolvable (i.e. monotonically w-resolvable) spaces are almost
resolvable.

Lemma 5.1. Let X be a crowded topological space.
(1) If X is monotonically w-resolvable, then X is w-resolvable in V¥n(«:2),
(2) If X is resolvable in VF*(“»2) then X is almost-resolvable.

PRrROOF: (1) Assume that the function f : X — w witnesses the monotone w-
resolvability of X.

If G is the V-generic filter in Fn(w,w), and g = |J G, then the function h = go f
witnesses that X is w-resolvable.

We need to show that {y € X : (go f)(y) = n} is dense in X.

Indeed, let p € Fn(w,w) and § # U € 7x. Since f : X — w witnesses the
monotone w-resolvability of X there is y € U such that

f(y) > max dom(p).

Let

q=pU{(f(y),n)}
Then ¢ < p and

glF(ge f)(y) =n.
So we proved that go f witnesses that X is w-resolvable in the generic extension.

(2) Assume that
yFn(@2) = X has a partition {Dg, D1} into dense subsets.”
For all p € Fn(w,2) and i < 2 let

Dl ={zeX:plzecD}.

527
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Then X = [J{D? : p € Fn(w,2),i < 2}, and we claim that int D¥ = () for each
p € Fn(w,2), and i < 2.

Indeed, fix p and 7 and let U be an arbitrary non-empty open subset. Then
plFUND_; # 0, so there is ¢ < p and y € U such that ¢ I y € D1_;. Then
qIFy ¢ Di, hence p Iff y € D;, and so y ¢ DP. Thus U ¢ DY. Since U was
arbitrary, we proved int DY = (). O

After this preparation we can prove Theorem 1.6.

PROOF OF THEOREM 1.6: (1) Kunen [7] proved that it is consistent, modulo a
measurable cardinal, that there is a maximal independent family A C P(w1)
which is also o-independent.

In [9, Theorems 3.1 and 3.2] the authors proved that if there is a maximal
independent family A4 C P(w) which is also o-independent, then there is a Baire
space X with | X| = A(X) = wy such that every open subspace of X is irresolvable,
i.e. the space X is OHI.

It is well-known that a crowded OHI Baire space X is not almost resolvable:
X, then int X, # () for some n € w.

Indeed, if int X,, = 0, then X \ X, is dense, so U,, = int(X \ X,,) is dense in X
because every open subset of X is irresolvable. Thus [ U, # 0 because X is
Baire. However

ncw

N Unc NENX) =X\ Xa =0,

ncw ncw new

which is a contradiction.
Thus X is not almost resolvable, so it is not w-resolvable in the model VFn(«:2)
by Lemma 5.1(2).

(2) In [10] the authors proved that if V' = L, then there are no crowded Baire
irresolvable spaces. Hence, by [13], if V' = L, then every crowded space X is
almost-w-resolvable (i.e. monotonically w-resolvable).

So these spaces are w-resolvable in the model VF*«:2) by Lemma 5.1(1).

(3) Let X be a crowded c.c.c. space.
We can assume that | X| = A(X).
By induction we define a strictly decreasing sequence of cardinals:

Roy,K1y.+.yKRn ..

as follows.
(1) o = A(X),
(ii) if K, is singular, then x;11 = cf(k;),
(iii) if ; > w is regular, then x; = AT (because |X| is below the first weakly
inaccessible cardinal,) and let x;4+1 = A,
(iv) if K; = w or k; = w1, then we stop.

Assume that the construction stopped in the nth step.
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Then we can prove, by finite induction, that X is monotonically k;-resolvable
for all ¢ < n by Theorem 3.3. Thus X is monotonically w-resolvable or monotoni-
cally wi-resolvable, and so either X is w-resolvable in VF*(«:2) by Lemma 5.1(1),
or X is wi-resolvable in VF*(«1:2) by Theorem 2.1. O

Problem 5.2 ([13, Questions 5.2.]). Are almost resolvability and almost-w-
resolvability equivalent in the class of irresolvable spaces?

Problem 5.3. Is there, in ZFC, a crowded topological space X which is irresolv-
able in the Cohen generic extension VF"(«:2)?
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