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Abstract. In this paper, we consider Lipschitz conditions for tri-quadratic functional
equations. We introduce a new notion similar to that of the left invariant mean and prove
that a family of functions with this property can be approximated by tri-quadratic functions
via a Lipschitz norm.
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1. INTRODUCTION

A generalized stability problem for the quadratic functional equation

Oz +y)+ Qx —y) =2Q(x) +29(y)

was proved by Skof in [11] for mappings from a normed space to a Banach space.
Czerwik et al. in [1] verified the stability of the quadratic functional equations in
Lipschitz spaces. The Lipschitz stability type problems for some functional equations
were also studied by Tabor, see [12], [13]. In Lipschitz spaces we investigated the
stability of cubic functional equations in [2] and the stability of quartic functional
equations in [7] (see also [6], [5]). The stability problem for the quadratic and
bi-quadratic functional equation has been studied by many mathematicians under
various degrees of generality imposed on the equation or on the underlying space;
see, for example, [3], [4], [10], [9] and the references therein. We obtained Lipschitz
criteria for bi-quadratic functional equations in Lipschitz spaces in [8].

The algebra of Lipschitz functions on a complete metric space plays a role in
noncommutative metric theory similar to that played by the algebra of continuous
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functions on a compact space in noncommutative topology. Let H be an abelian
group and W a real vector space. A function Q: H? — W is called tri-quadratic
if Q satisfies the system of equations

Q(J? + y,Z,’LU) + Q(J? - y,Z,’LU) = 2Q($,Z,’U}) + 2Q(y) Z,UJ),
A,y + z,w) + Q,y — z,w) = 2Q(z,y,w) + 2Q(x, z,w),
Q(x7ya z+ U)) + Q(J?,y, g = U)) = 2Q($,y, Z) + 2Q($,y, U))

for all x,y, 2z € H, that is, Q is quadratic in each variable. In this paper, we consider
Lipschitz conditions for tri-quadratic functional equations. We prove that a family of
functions satisfying tri-symmetric left invariant mean property can be approximated
by tri-quadratic functions via a Lipschitz norm.

2. LIPSCHITZ CONDITIONS FOR TRI-QUADRATIC FUNCTIONAL EQUATIONS

In this section, we introduce the notion of tri-symmetric left invariant mean
(TSLIM in brief) and prove that a family of functions with TSLIM property can
be approximated by tri-quadratic functions via a Lipschitz norm.

A family S of subsets of W is called linearly invariant if A+aB € S for A,B € S,
a € Rand x+ A € Sfor A € S, x € W. For example, the family of all closed
balls with center at zero is a linearly invariant family in a normed vector space. We
denote this family by CB(W). Let L(WW) be a linearly invariant family of subsets
of W. By M(H,L(WW)) we denote the family of all functions Q: H — W such that
Im Q C B for some B € L(W).

Definition 2.1. The function Q is called tri-symmetric if
Qz,y,2) = Qy, 2,x) = Qz, 1, 9) = Qz,y,2) = Qx,2,y) = Ay, z,2)

for all x,y,z € H.

Definition 2.2. We say that M(H, L(W)) admits a tri-symmetric left invariant
mean (briefly TSLIM), if the family £(W) is linearly invariant and there exists a
linear operator I': M(H, L(W)) — W such that

(i) if Qg y,» € M(H,LW)) and z,y, z € H, then

F[Qm,y,z] = F[Qy,z,x] = F[Qz,x,y] = F[Qz,y,x] = F[Qm,z,y] = F[Qy,x,z]7

(ii) if Im @ C B for some B € L(W), then I'[Q] € B,
(iii) if @ € M(H, L(W)) and a € H, then I'[Q?] = T'[Q], where Q%(z) = Q(x +a).
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Definition 2.3. Let A: H? x H?> — L(W) be a set-valued function such that

A((z+a,y+b,z+c),(utav+bw+c))
=A(la+z,b+y,c+2),(a+u,b+v,c+w)) =A(x,y, 2), (u,v,w))

for all (a,b,c), (z,y,2), (u,v,w) € H3. A function Q: H> — W is said to be
A-Lipschitz if
Q(xvyaz) - Q(U,U,’U}) € A((x,y,z), (’LL,’U,’U}))

for all (x,y, 2), (u,v,w) € H>.

Let Q: H3 — W be a function. We consider its tri-quadratic difference as follows:
TQ(£7 Y,z, U)) = QQ(l‘a Z, U)) + QQ(y7 Z, ’LU) - Q(J? + Y, =z, ’LU) - Q(J? - Y,z ’LU)
for all z,y,z,w € H.

Theorem 2.4. Let H be an abelian group and let W be a vector space. Assume
that the family M(H,L(W)) admits TSLIM. If F: H3 — W is a function and
TF(t,---): H> — W is A-Lipschitz for everyt € H, then there exists a tri-quadratic
function Q: H3 — W such that F — Q is %A—Lipschitz. Moreover, if InTF C A
for some A € L(W), then Im(F — Q) C A.

Proof. For every (z,y,2) € H? we define ¢, (-,y,2): H — W by
1 1
@x('vyaz) = 5‘7( +£L',y,2:) + §‘F( - x,y,z) - F(,y,Z)
We prove that Im ¢, (-, y, 2) C A for some A € L(W). We have for (z,y,z) € H3,

1 1
@x('a?ﬁz): —.7:(-+x,y,z)+§]:(-—a:,y,z)—]-'(-,y,z)—f(a:,y,z)

2

1 1
—if(-,y,z)—5}'(~,y,z)+}'(-,y,z)+J’:(O,y,z)
+]:(J),y72’)—]:(0,y72:)

1 1
= §T}—('70ayv'z)_ iT}'(-,x,y,z)—k}'(x,y,z)—F(O,y,z).

By assumption, since T F(t,-, -, ) is A-Lipschitz for every t € H, Im ¢, (-,y,2) C A,
where A := $A((0,y,2), (z,y,2)) + F(z,y,2) — F(0,y,z). The family M(H, L(WV))
admits TSLIM, so there exists a linear operator I': M(H, L(W)) — W such that
(i) Tlpa(,y,2)] = Tley(,2,2)] = Tle.(2,9)] = Tloy(,2,2)] = Tlpa(,2,9)] =
[[¢. (-, y,z)] for every (x,y,2) € H3
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(i) T[ez(-,y,2)] € A for some A € L(W) and every (z,y,2) € H3,
(iil) ifu € H and ¥(-,y,2z): H — W defined by ¢%(-,y, 2) := @z (-+u,y, 2) for every
(2,9,2) € H2, then @(,y, 2) € M(H, LOV)) and T (., 2)] = Tlalc, 3, 2)].
Define the function Q: H3 — W by Q(z,v, 2) := [[p.(-, v, 2)]. In view of prop-
erty (i) of I, Q is tri-symmetric. We prove that F — Q is %A—Lipschitz. Since
TF(t,-,-,-) is A-Lipschitz for t € H,

(21) T]:(ta z,Y, Z) - T]:(ta U, v, U)) € A(({E, Y, Z)v (ua v, w))
for all (x,y, 2), (u,v,w) € H> and so

Im (%T]:(-,x,y,z) - %T}"(-,u,v,w)) C =A((z,y, 2), (u,v,w)).

N =

In view of property (ii) of I', we find that
1 1 1
F[ET}'(-,J:,y,z) - in(-,u,v,w)} € EA((m,y,z), (u,v,w))

for all (z,v, 2), (u,v,w) € H3. Note that M(H, L(W)) contains constant functions.
Property (ii) of I' entails that for a constant function C: H — W, I'[C] = C. For
every (z,y,z) € H* we define the constant function Cy . H — W by Cy,.(-) ==
F(z,y,z). We see that

(F(z,y,2) — Qz,y,2)) — (F(u,v,w) — Q(u,v,w))
= (T[Cay,: ()] = Tlea(,y,2)]) = (C[Cupw,w(-)] = Tleu(-; v, w)])
=T1Cay2() = 02 (,4,2)] = T[Cuo,w () = @ul:, v, w)]
= F[%T]:(-,x,y,z) - %T]:(-,u,v,w)

for all (z,v, 2), (u,v,w) € H3. This shows that
(]:(xvya Z) - Q({E, Y, Z)) - (]:(U,U,U)) - Q(u,v,w)) € %A((l‘,y, Z)a (U,U,U)))

for all (z,vy,2), (u,v,w) € H3, ie, F—Qis a %A—Lipschitz function. Applying
property (iii) of I' and the definition of I', we find that

(2.2) 2Q(z, z,w) +2Q(y, 2, w) = 20 [pa (-, 2, w)] + 2Ty (-, 2, )]
=Tlpi (s z,w)] + Tle, Y (- 2, w)] + 2T [y (-, 2, w)].
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On the other hand, we have

(23) Tleh(zw)] 4+ Tl (5 2,w0)] + 20wy (-, 2, w)]
:F[%]—"(-+m+y,z,w}+ %]—"(- —r+y, z,w) —]-'(-—i—y,z,w)}
+F{%f(-+x—y,z,w)+ %]—'( —z—y,zw)— F( —y,z,w)}
+TF( 4y, z,w)+ F(-—y,z,w) — 2F(-, z,w)]
= Llpaiy (2, 0)] + Tlpa—y (- 2, 0)]
=Qz+y 2w+ Qr —y,z,w).

From (2.2) and (2.3) it follows that Q is quadratic in its first variable. Since Q
is tri-symmetric, Q is quadratic in its second and third variables and hence Q is
tri-quadratic. Moreover, if ImTF C A, then

Im (%T]-'(~,x,y,z)) C Im (%T}') C %A.

In other words, 1TF(-,z,y,2z) € M(H,LOW)) for all (z,y,z) € H3. Thus, prop-
erty (ii) of ' implies

1 1
‘F(xayvz) - Q(x,y,z) = I‘bT}'(,x,y,z) € §A

for all (z,y, z) € H3. Therefore, Im(F — Q) C 1 A. U

Definition 2.5. Let (H3,0) be a metric group and W a normed space. A
function mz: RT — RT is a module of continuity of F: H3 — W if o((x,y, 2),
(u,v,w)) < ¢ implies [|F(z,y,2) — F(u,v,w)|| < mzr(d) for every § > 0 and
(1,9, 2), (u,v,w) € H>.

Definition 2.6. A function F: H? — W is called a Lipschitz function of order
a > 0 if there exists a constant L > 0 such that

(2'4) ||.7-"(a:,y,z) - ]:(’U,,U,UJ)H < LQO‘((Z‘,y,Z), (u,v,w))

for every (z,y, 2), (u,v,w) € H>.

For a metric group (H?3, 0), a normed space W, and a € (0,1], let Lip, (H?, W)
be the Lipschitz space consisting of all bounded Lipschitz functions of order a > 0
with the norm

[Flla == I1Fllsup + Pu(F),
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where ||-||sup is the supremum norm and

H]:(x,y,z)—]:(u,v,w)ﬂ

sy, 2), (w0, w 3
0“((z,y, 2), (u,v,w)) t (s )a( » Uy )€H7

Pu(F) = sup {
(z,y,2) # (u,v,w)}.

Definition 2.7. Consider an abelian group (H3,+) with a metric o invariant
under translation, i.e., satisfying the condition

o((x+a,y+b,2+c), (ut+a,v+bw+c))
=o((a+z,b+y,c+2z),(a+u,b+v,c+w)) =o((x,y,2), (u,v,w))

for all (a,b,c), (z,y, 2), (u,v,w) € H3. A metric D on H? x H is called a metric pair
if it is invariant under translation and the following condition holds:

D(({I), y7 Z7 a)’ (u7 U7 w7 a)) = D((a7 x7 y’ Z)’ (a7 u) /U) w)) = Q((x7 y’ Z)) (u7 U7 w))
for all a € H, (z,y, 2), (u,v,w) € H>.

Theorem 2.8. Let (H?,+,0,D) be a metric pair, W a normed space such
that M(H,CB(W)) admits TSLIM, and F: H> — W a function. If TF €
Lip, (H x H3, W), then there exists a tri-quadratic function Q such that

1
|7 = Qlla < 5T Fa-

Proof. Assume that mrr: RT — RT is the module of continuity of T'F with
the metric pair D. Define the set-valued function A: H3? x H3 — CB(W) by

A((z,y, 2), (u,v,w)) := mrr(0)B(0,1),

inf
o((z,y,2),(u,v,w))<é

where B(0,1) is the closed unit ball with center at zero. The following inequality
shows that T F(t,-,-,-) is A-Lipschitz:

TF(t,xz,y,z)—TF(t,u,v,w)| < inf mrr(d
1772, 2) ( L L L0
= inf m 1)
o < ™ O)

for all t € H, (z,vy, 2), (u,v,w) € H3. Thus, there exists a tri-quadratic function Q
such that F — Q is %A—Lipschitz by Theorem 2.4. Hence,

I(F = Q)(w,y,2) — (F — Q)(u, v,w)]| < nf -

o((@,2) w,0)) < 2

342



which entails that mz_g = impz. Moreover, ||TF ||z < co and clearly InTF C
|ITF|lsupB(0,1). Using the last part of Theorem 2.4 we get

1
(2.5) [F = Qllsup < EHT}-”sup-

Define the function w: Rt — RT by w(t) = Py(TF)t*. In view of TF €
Lip, (H x H3, W), we have

|‘Tf(t7 x7 y’ Z) - T’F(t7 ’U;, U, w)H g w(D((t7 x7 y) Z)) (t7 ’U;, /U) w)))

which ensures that w is the module of continuity of the function T'F and consequently

mr—go = %w. Then,

H(]:_ Q)(x,y,z) - (}__ Q)(’LL,’U,U})” < w(g((m,y,z), (u,v,w)))

Py (TF)o“(z,y, ), (u,v,w)).

N = N =

This inequality implies that F — Q is a Lipschitz function of order o and P, (F — Q) <
1P, (TF). From inequality (2.5) it follows that

1]
2]
3]
[4]
[5]
[6]
[7]

8]

||~7:_ QHa = ||~7:_ QHsup "‘Pa(]:_ Q)
1 1 1
< = - == ,
<5 ITFlup + 3 Pa(TF) = SITF ]
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