Czechoslovak Mathematical Journal

Roksana Stowik
Maps on upper triangular matrices preserving zero products
Czechoslovak Mathematical Journal, Vol. 67 (2017), No. 4, 1095-1103

Persistent URL: http://dml.cz/dmlcz/146969

Terms of use:

© Institute of Mathematics AS CR, 2017

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized

documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/146969
http://dml.cz

Czechoslovak Mathematical Journal, 67 (142) (2017), 1095-1103

MAPS ON UPPER TRIANGULAR MATRICES
PRESERVING ZERO PRODUCTS

ROKSANA SELOWIK, Gliwice

Received August 5, 2016. First published October 9, 2017.

Abstract. Consider Ty (F)—the ring of all n X n upper triangular matrices defined over
some field F. A map ¢ is called a zero product preserver on 7, (F) in both directions if
for all z,y € Tn(F) the condition zy = 0 is satisfied if and only if p(z)e(y) = 0. In the
present paper such maps are investigated. The full description of bijective zero product
preservers is given. Namely, on the set of the matrices that are invertible, the map ¢ may
act in any bijective way, whereas for the zero divisors and zero matrix one can write ¢ as
a composition of three types of maps. The first of them is a conjugacy, the second one
is an automorphism induced by some field automorphism, and the third one transforms
every matrix z into a matrix 2’ such that {y € Tn(F): zy = 0} = {y € To(F): 2’y = 0},
{y € Tn(F): yz =0} = {y € Tn(F): ya' =0}
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1. STATING THE RESULTS
Let A be an algebra or simply a ring. If ¢: A — A satisfies condition
(1.1) =0 = ¢e@ely)=0 VryedA,

then we say that (¢ preserves zero products.
If o: A — A fulfills the condition

ry=0 & @@)ply)=0 Vr,yecA,

then we say that ¢ preserves zero products in both directions.
Problem of describing maps satisfying (1.1) was considered first by Wong in [15] for
the case when A is a finite-dimensional simple associative algebra and ¢ is semilinear.
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Similar but a bit different result was obtained in [3], where the maps preserving the
nilpotent matrices were described. In this paper the considered algebra consists of
matrices with trace 0. Such matrices were also investigated in [12], where the linear
maps preserving square-zero matrices were studied. This was extended in [6] to
the matrices over commutative rings. Quite a lot of authors studied zero product
preservers on Banach algebras, see [1], [5], but also on some Hilbert spaces, see [9],
or topological spaces, see [7].

The notion of a zero-divisor graph was introduced by Beck in [2]. If R is a ring,
then we identify it with a simple graph such that its vertices are elements of R and
two distinct z,y € R are adjacent if and only if xy = 0.

The properties of the zero-divisor graphs of the full matrix rings were studied in [4]
and the zero-divisor graphs of 7, (F)-upper triangular matrices in [10], [11], [8].

One can see that if we know the form of all automorphisms of a zero-divisor graph
of some ring R, then we know the form all the bijective maps that preserve zero
products on R. Therefore such automorphisms are of our interest. In [16] we can
find how the automorphisms of the zero divisor graph of 7,(F') act on rank one
triangular matrices. Using the main theorem of the latter paper and some other
arguments, Wang in [14] described all the automorphisms of the zero divisor graphs
of T, (F). The results from [16] and [14] are valid when F is a finite field. In this
article we will show how we can easily extend them to the case when F' is infinite
and, thanks to it, obtain the description of all the maps preserving zero products
on T, (F).

Before presenting the result, let us mention that by ZD(R) we will denote the set
of zero divisors of R.

Moreover, below we introduce the maps that will appear in our theorem.
> For any invertible t € 7,,(F) the map ¢: T, (F) — T,(F) such that ¢(z) =t~ lat

will be denoted by Znn;. This is simply an inner automorphism of the ring 7, (F).
> If o is an automorphism of a field F, then we will write & for the map on 7, (F)

such that ((z));; = o(z;5). We will call 7 a field automorphism.
> Let € T,(F). Let us introduce the following sets:

N py(@) = {y € Ta(F): ay =0}
WTn(F)(J?) ={y € To(F): yz = 0}.

If for some z1,z2 we have ﬁn(p)(xl) = ﬁ’]‘n(p)(ﬁfg) and Wﬁl(p)(xl) =

WT,,( 7)(z2), then we will say that 1,22 are twin matrices (in [14] analogous
vertices of the zero divisor graphs are called twin points). If a map ¢ on T, (F)
acts in such a way that ¢(z) = y implies that z,y are twin matrices, then we call
it a regular automorphism.
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Now we can present our main result.

Theorem 1.1. Let F be any field and n € N. The bijective map ¢: T,(F) —
T.(F) preserves zero products in both directions if and only if the two conditions
below are fulfilled.

(1) There exist an upper triangular invertible matrix t € T,(F), an automor-
phism o of F, and a regular automorphism o of T, (F) such that for every
x € ZD(T,(F)) U {0} we have

(1.2) o(z) =ZInn, -7 - o(x).

(2) The map ¢ cut to T, (F) \ (ZD(T.(F)) U {0}) is a bijection on this set.

2. PROOF

Let us start with a few more remarks about notation. The set F* is meant to be
F\ {0}. By 27 we understand the transpose of a matrix z. We will write e;; for
the matrix whose (7, j) entry is equal to 1 and all the other entries are zeroes. The
symbol 0, x.,», will be used for n x m matrix whose all entries are zeroes. We will
denote by M, xm(F) the set of all n x m matrices over F. We will also write 2® for
the element a~'za.

As we have already mentioned, the proof of our theorem will be based on the
results of Wang in [14] and Wong, Ma and Zhou in [16]. First we cite the theorem

from the former.

Proposition 2.1 ([14], Theorem 1.1). A mapping ¢ on V(T is an automorphism
of T if and only if it can be uniquely decomposed into the product of an inner
automorphism, a field automorphism and a regular automorphism.

Let us now explain the notation and assumptions of paper [14].

T is the set of all zero divisors of T, (F'), i.e. it consists of all noninvertible triagular
matrices. The graph I'(7,(F')) is defined as follows: there is an edge between = and
y if and only if zy = 0 and no loops are deleted. (Note that in the definition of the
zero divisor graph it is assumed that it is simple. However, in our case it is even
more convenient to assume that I'(7,, (F')) contains loops.) The symbol V(T) stands
for the set of vertices of I'(7,,(F)). The field F is finite. The proof is based on the
result from [16] in which this assumption appears and on some results of the author
where this assumption is not necessary. Hence, we can make use of Proposition 2.1
on the condition that the result from [16] will hold for any field. Let us cite it.
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Proposition 2.2 ([16], Theorem 3.3). When n > 3, ¢ is an automorphism of
Rn(q) if and only if 0 = op - 0, where op is an inner automorphism of R, (q) and
ox is a field automorphism of R, (q).

When n = 2, o is an automorphism of R,(q) if and only if ¢ = oy - 0,,, where
w is a permutation on Fy fixing 0, U is a 2 x 2 unit upper triangular matrix (all
diagonal elements are 1) over Fy.

In [16] R, (q) is the ring of all n x n upper triangular rank one matrices over the
field of ¢ elements. Clearly, we wish this theorem would hold for any field. Let
us look closer at the proof. The sufficiency follows immediately. The proof of the
necessity is given in 9 steps (claims). When proving claims 3-9, the authors make
use of claims 1, 2 and lemmas in which the finiteness of the field is not demanded.
In the proofs of claims 1, 2 the assumption that the field is finite is used. Therefore
it suffices to prove that these two claims are true when the field is infinite. Let us
then cite and discuss these claims.

Claim 1. Each X(s,t) is stabilized by ¢ for 1 < s <t < n.

Claim 2. There is a unit upper triangular matrix U such that oy -o fixes each [Fg].

The symbol X(s,t) denotes here the set of all rank one upper triangular matrices
a satisfying condition

(2.1) ast 70, VI, 1<I<t:ayq=0, Vk, s<k<n:ay=0.

By [Est] we understand the subspace of T, (F') spanned by es;.

Thus, it suffices to prove the following.

Proposition 2.3. Let F' be any field and n € N, n > 2. If ¢: T,(F) — To(F)
is bijective and it preserves zero products, then there exists an invertible t € T, (F)
such that

(1) forevery 1 <i < j < n and o € F* there exists o' € F* such that (¢(ae;;))' =
o/eij,

(2) if x is a rank one matrix satisfying (2.1), then (¢(z))" is also a rank one matrix
satisfying (2.1).

Before proving the above proposition we present some lemmas.

Lemma 2.1. Let F be a field, n € N, n > 2. The noninvertible matrix x € T, (F")

satisfies the conditions ﬁ']’n(}?‘) (x) = VTR(F)(J?Q) and ./<\—/'T"(F)(x) = .</\_fﬂr”(p) (z?) if
and only if x is a multiple of some idempotent.
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Proof. The inclusions ﬁm(p) (x) C VTH(F)(J?Q) and .</\—/7—n(p)(x) c .</\_/7—n(p) (z%)

are obvious. Suppose that ﬁfrn(p) () € ﬁﬁl(p) (2%). Then there exists y € T,,(F)
such that for every a € F* we have 2%y = 0 and axy # 0. This yields (22 —ax)y # 0.
Hence y # 0 and 22 — ax # 0. From the latter we get 22 # ax, so the equality can

{—
hold only in the case when 2? = ax. The discussion for N 7, (p)(z) is exactly the
same. This completes our proof. O

From what was proved above we get:

Corollary 2.1. Suppose that F is a field, n € N, n > 2 and that the map
o: To(F) — To(F) is a bijection that preserves zero products. If x is a multiple of
a noninvertible idempotent, then ¢(x) is also a multiple of a noninvertible idempo-
tent.

We will focus on idempotents for a moment.
Let us note that we have:

Lemma 2.2 ([13], Lemma 2.3). Let F be any field. If x € Too(F) is an idempo-
tent, then there exists an invertible matrix t € Too(F) such that t~ 'zt is a diagonal

matrix.

From the above lemma we get immediately:

Corollary 2.1. Let F be any field and n € N. If x € T,(F) is an idempotent,
then there exists an invertible matrix t € T, (F) such that t~'xt is a diagonal matrix.

Clearly, the same is satisfied for multiples of idempotents.
Now we can prove the following.

Lemma 2.2. Let F be a field, n € N, n > 2. If x € T,(F) is a noninvertible
multiple of some idempotent, then there exists another multiple y € T, (F') of some
idempotent such that

(1) rank(z) < rank(y),

(2) ﬁn(F) (y) € ﬁﬁ,(F)(x),
— —

3) Nrm () & N7p)(2).

Proof. By Corollary 2.2, x can be diagonalized by some ¢ € T,(F). Consider
then z¢ that is equal to « Y e;; for some aw € F* and ) C I C {1,2,...,n}. Define

i€l
y' as Y ei; +ej;, where j is not in I (since I # {1,2,...,n}, such j exists). We can
i€l
see that for z!, y* all the claims (1), (2), (3) hold, so y is the matrix from the claim
of the lemma. O
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Let us note that we also have:

Lemma 2.4 ([14], Lemma 2.4). Let A € V(T) be a nonzero zero-divisor of
T(n,q). Then r(A) > 2 if and only if there is certain B € V(T) such that ﬁT(A) -
NzT(B), where r(A) refers to the rank of A.

From the proof it follows that this lemma is also satisfied for matrices over infinite
fields.
Now we prove a fact about (non)invertible matrices.

Lemma 2.5. Assume F is a field and n € N. The matrix x is in ZD(T,(F))U{0}
if and only if it is noninvertible.

Proof. Suppose first that z is invertible. If xy = 0, then we have z 'zy =
y = 0. Since y = 0, z cannot be a zero divisor. Analogously, it can be shown that
yx = 0 implies y = 0.

Let now = be noninvertible. Then rank of x is equal to some k that is less than n.
Let § = (§1,---,9n)T € Myux1(F). As rank(z) < n, the equation z§ = 0,x; has
a nonzero solution §. We define y € 7,,(F) as follows.

Yij = .
0 otherwise.

Now we see that xy = 0, so z is a zero divisor. ]

Using the above results we can prove Proposition 2.3.

Proof of Proposition 2.3. The proof will be given in seven steps.
Step 1. For any number 1 < ¢ < n and a € F* there exist a natural number
1 < (i, ) < m, an element §(i, ) € F* and an invertible matrix ¢, o € 7,(F) such
that
50(046“') = (6(17 a)ew(i,(y)w(i,a))ti’a'

ti,a
From Corollary 2.1 we know that ¢(ae;;) = (ﬁ > ekk) for some § C S(i) C
kES(4)
{1,2,...,n}, B € F and t;o € To(F). If |S(Z)| > 1, then by Lemma 2.3 we

would have ﬁﬁl(p)(w(aeii)) C ﬁ’]‘n(p)(a) # ﬁ’]‘n(p)(o) for some multiple of some

idempotent—a contradiction. Since N 1.7 (aei) # To(F), we cannot also have
p(ae;;) # 0. Thus, the claim follows.
Step 2. For all 1 < i< nandaec F* we have m(i,a) =7(i,¢/) and ¢, o = t; o-

Let us fix 4 and consider for a moment ¢’ := Znn,, . - . Then

ia

N 1t (aei)) = {y € Ta(F): 2 7(6,0), ynioan; = 0}
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Hence
ﬁn(F)(W(O/eu)) ={y e Tu(F): j = 7(i,q), Yn(ia); =0} -
However, from the latter it follows that ©'(a/ei) = ' ex(i,a)r(i,0)-
Since this moment we will write 7(¢) instead of 7(i, &) and ¢; instead of ¢; 4.

Note that as ﬁﬂrn(p)(em-) # ﬁn(p)(ejj) for ¢ # j, m is a permutation of
{1,2,...,n}.

Step 3. There exists an invertible ¢ € 7, (F') such that forall 1 < ¢ <nand o € F*
we have

plaei) = (B(i, )exin)"

We will construct ¢ inductively.
Let us put t(1) = tz-1(1) and o) = Inng,, - . We have

ga(l)(aew—l(l)ﬂq(l)) = ﬂ(ﬂ'il(l), a)ery Vo € F*

and

) m . B
e (aej;) = (5(.7,04)67r(j)7r(j))tﬂ VYa € F*, j# 7 1)

and some t§»1) € To(F).

Next we put t(9) = t;l_)l(Q) and @g) = Inny,, - ¢@a)-

Notice that since ej; € ﬁn(p)(ga(l)(aejj)) for all j # w7 !(1), the matrices
@) (aej;) satisfy the condition (¢)(aejj))ir = 0 for & = 1. Thus (f(2))1x = 0
for all k£ > 1. Hence

P(2) (aeﬂ-—l(l)ﬂ-—l(l)) = ﬂ(w_l(l),a)eu Vo € F*
P(2) (aeﬂ—l(Q)ﬂ—l(Q)) = ﬂ(ﬂ'il(Q), a)eas Va € F*

and

pay(aes;) = (Br(), Qexiymi) Vo€ FY, j#x (1), m(2)

and some t;z) € Tn(F).

Performing this way we find ¢ = £(,,_1)-...-t(2)-t(1) satisfying the desired condition.

Now we will define ¢; as Znn; - ¢ and consider ;. Obviously, for every o € F*
and 1 <4 < n we have pr(ae;;) = B(i, ®)ex(i)r(s)-

Step 4. For all 1 < i < j < nand a € F* there exists (i, j,a) € F* such that
pr(aei;) = B(i, J, a)eﬁ(i)ﬂ(j)'
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This follows from the facts that e;; € ﬁ']’n(p)(ekk) for all £ # j and e;; €
./T['Tn(p)(ekk) for k # 1.

Step 5. For all 1 <4 < n we have 7(i) = i.

Note that for every ¢ < j and o € F* the matrix ae,(;)r(;) is upper triangular.
Hence, from Step 4 we conclude that 7 (z) < m(j) for i < j. Clearly, there is only one
permutation of {1,2,...,n} satisfying 7(1) < n(2) < ... < 7w(n) — the identity.

In the above five steps we have proved the first claim of the proposition. In the
next two we will prove the second claim.

Suppose that z is a rank one matrix satysfying (2.1), then ¢;(x) is a rank one
matrix satisfying (2.1).

From Lemma 2.5 we conclude that x € ZD(T,(F)). Thus, from Lemma 2.4 it
follows that ¢ (x) is a rank one matrix.

Since x satisfies (2.1), we have e;; € WT,L(F) (x) for all 1 < i < s and e; €
ﬁn(p)(x) for all t <i < n. As or(z) = B(i,1)esi, we get that or(z) satisfies (2.1).

Step 7. Suppose that = is a rank one matrix satysfying (2.1). Then ¢(x) is a rank
one matrix satysfying (2.1).

Since ¢; = Inn, - p, it suffices to show that the sets of matrices satisfying (2.1)
are invariant under conjugation.

O(t—1)x (t—1) ‘a?/
Let u € T,(F) be invertible. Write x as | , where 2/ €
x//
u/ u//
M—1)xn-t+1)(F), 2" € Tot11(F) and u as < /,/> , where v’ € T;_1(F),
u

’U,H S M(tfl)x(n,prl) (F), ’LL/” S 7—n—t+1(F)- Then

O—1)x(¢=1) ‘ (w')~ra’ — (u) " (2" )"

(2.2) |

"

(x//)u
x|

li "

, where 2 € Ty(F), 2 € Myx(n—t)(F)
Uy Uy

Analogously, if we write x as <

up | uf
and u as ( , where u} € Ti(F), uf € Myyn—t)(F), uf’ € Tn_t(F), then

uf’

23) 1 <(a¢’1>“'1 \ (u’l)‘lfciui’>
2.3 ¥ = .
| O(n—t)x (n—1)

From (2.2) and (2.3) we get the claim. O
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Now it is easy to prove Theorem 1.1.

Proof of Theorem 1.1. It suffices to prove the necessity.
From Propositions 2.1, 2.2 and 2.3 it follows that for all noninvertible x € T, (F')

the matrix ¢(x) is given by formula (1.2). Moreover, as ¢ is a bijection and
Lemma 2.5 is satisfied, we have o(T,(F)\ ZD(T.(F))) = To(F)\ ZD(T,(F)) and ¢
is a bijection on this set. Clearly, for all the invertible matrices z, condition (1.1) is

satisfied, so we are done. O
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