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Abstract. Given a distribution T on the sphere we define, in analogy to the work of
Lojasiewicz, the value of T at a point £ of the sphere and we show that if T has the value
T at £, then the Fourier-Laplace series of T" at £ is Abel-summable to 7.
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1. INTRODUCTION

Consider the periodic distribution 7" with period 2r defined by

2n—e

T(p) := lim cot(3t)p(t) dt

e—0+ c

for all test functions ¢ (T is the principal value of cot(1¢)). Its Fourier coefficients,
given by FT(k) := T(e **)/2n, are equal to —i for k > 0, 0 for k = 0 and i for
k < 0. Hence, the Fourier series of T,

> FT(k)e™,

kez

does not converge at any ¢ € [—=,7]; generally, one only reads that it converges
to T in the sense of distributions. In fact it is possible to reconstruct T from FT
using pointwise convergence only (and no test functions); the Fourier series of T is
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Abel-summable to cot(4t) at every ¢ # 0:

o0 o0
: k| ikt _ s (s itk | —it\k
rlg{liz:r FT(k)e _rligl,( i) Z(re ) +1Z(re )
kez k=1 k=1
. L et o oreit
B rl—lgl_ (=9) 1 — reit + et
2rsint
- limm —
r—1_ 1412 — 2rcost
= cot(3t).

This result is general: Walter [9], page 146, proved that if a periodic distribution T'
in one variable has the value 7 at a point ¢ (in the sense of Lojasiewicz), then the
Fourier series of T' at ¢ is Cesaro- and hence Abel-summable to 7. A complete
characterization for Fourier series and Fourier integrals on R was given in [8]. Note
that the pointwise convergence or summability of expansions of distributions has
been investigated with respect to other orthogonal systems, such as wavelets (see [5],
9], [10)).

If we want to generalize Walter’s result to the spheres S, n > 2, we must
define the notion of value at a point for distributions on the sphere. In Section 2,
after introducing useful notation we give a definition which is analogous to the one
of Lojasiewicz, but which only uses the Laplace-Beltrami operator and its iterates
instead of more general differential operators. We are then able in Section 3 to show
that if 7 has the value 7 at £ € S®~!, then the Fourier-Laplace series of T at ¢ is
Abel-summable to 7.

2. PRELIMINARIES

We write S"~! for the unit sphere in R”, n > 2, and 0,,_; for the measure on S*~!
induced by the Lebesgue measure on R”, so that

211"/2

Wp—1 = /Sni1 do,—1(n) = Tn/2)

We define a distance d on S"~! by d((,n) := 1 — (¢|n), where (-|-) is the euclidean
scalar product in R™. A spherical harmonic of degree I on S"~1, | € Ny, is the
restriction to S~ ! of a polynomial on R™ which is harmonic and homogeneous of
degree [. We write SH;(S"~!) for the vector space of spherical harmonics of degree [;

its dimension is

n . ne 204 n—-2)(n+1-3)! 22 e
if = dime S5 = (n —)é)!u - i O
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Two spherical harmonics of different degrees are orthogonal with respect to the scalar
product (-|-)2 of L2(S" ™1, 0,,—1). If f € L*(S"!) and I € Ny, we write II;(f) for the
orthogonal projection of f onto SH;(S"~1); the series

called Fourier-Laplace series of f, converges to f in square mean. Given ¢ € S 1,
the unique spherical harmonic Z;((, ) of degree [ such that

WO = [ 26 ) doa ()

is the zonal with pole { of degree l; it is the reproducing kernel of the Hilbert space
SH(S"1). If f is a function defined on S"~!, we write f1 for the homogeneous
function of degree 0 defined on R™ \ {0} by (f1)(x) := f(z/||z||). Conversely, if g
is a function defined on R™ \ {0}, we denote by g/ its restriction to S*~!. We say
that a function f on S"~!is in C!(S"~1) (where | € Ny) if f1 € C'(R™\ {0}). When
f € CY(S"~1), we can define for every multiindex a € N? with |a| == a;+...+a, <,

olel
Ozt ... Oxn (

Dgf = (D (1= ( )

In this way we can obtain from the Laplacian A on R™ the Laplace-Beltrami operator
on S"71, Ag; it is self-adjoint with respect to (-|-) and SH;(S""!) is an eigenspace
associated to the eigenvalue —I(I +n — 2) (for all this, see [1] and [4]).

We write D(S"~ 1) for the space of functions C°°(S"~!) with the topology given
by the family of seminorms

pm(p) == sup sup [Dgp(n)l,
|a]<m nesn—1

where m € Ny (note that ||¢]|cc = po(p)). If ¢ € D(S*71), its Fourier-Laplace series
converges to ¢ in this topology [2], page 265.

The dual D'(S"~1) of D(S"~1) is the space of distributions on S*~1. The Fourier-
Laplace series of a distribution T on S~ is

where for ¢ € S,
IL(T)(C) =T = Zi(¢m);

it converges to T' in the sense of distributions [2], page 265.
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To find how we can define the value of a distribution 7" on S~ ! at a point ¢ in S~ 1,
we must consider the original definition on R™ of Lojasiewicz: a distribution .S on R"
has the value 7 at a point zg in R™ if and only if one of the following equivalent
conditions is satisfied [6] on pages 15, 25, 21:

(a) )\li%lJr S(zo + A\x) = 7, distributionally, in a neighbourhood of z;

(b) )\l_i)r(r)l_k S[z = A""p((x — 20)/\)] = 7 for all p € D(S"~ 1) with fu{e olx)de = 1;

(c) there exist & € N7 and a continuous function F such that S = D*F and
F(x) = 7(z — 20)*/a! + o(||x — x0||!*!) in a neighbourhood of .

Since there is no natural dilation on S"~!, conditions (a) and (b) are not adequate
here. Condition (c) is more promising. In fact, it is heuristically quite clear: S is on
a neighbourhood of xy the derivative D, up to a “negligible” term, of 7(z —x0)*/a!
and D(7(x — x9)*/al) = 7. However, in saying this we use the fact that the
derivation of distributions on R is a generalization of the derivation of functions on
R™: if T is the distribution defined by the function f € C™(R™), then DTy = Tpey
for every a € Nij with |a| < m, which is a consequence of the equality

| e@pv@de = (-1 [ Dpapia) da.

n Rﬂ/

true for all ¢, € D(R™). Now, such an equality is in general false on S"~! for the
differential operators D¢: there is no constant ¢ such that

/Sn_l e DG ¢(n) don—1(n) = c - D% o(n)tb(n) don_1(n)

for all ¢, 1 € D(S"~ 1), where e; is the multiindex given by (e;); = §;; (take p = 1 and
¥(¢) = ¢;). Instead of general D we therefore use the Laplace-Beltrami operator
and its iterates, because these are self-adjoint.

There is still a point we cannot transpose without modification on S*~!: in R™
we have D*(7(z — 209)*/al) = 7 everywhere. On the contrary, there is no function
f € C?(S"1) such that Agf =7 if 7 € C, 7 # 0. We are thus led to the following.

Definition 2.1. A distribution 7' € D’(S*"1) has the value T € C in ( € S"~ 1 if
there exist p € Ng, ' € C(S" 1) and f € C?(S"~!) such that
(1) in the sense of distributions, T'= A F on a neighbourhood of ¢;
(2) F(n) = f(n) + old(¢, n)P] for n — ¢
(3) ALf(Q) =T

Remark 2.2. Tt is not difficult, using the criterion (b) above, to show that given
S € D'(R™), xp € R™ and 7 € C, if there exist p € Ny, F € C(R") and f € C?P(R")
such that S = APF on a neighbourhood of 2, F(z) = f(x)+o(||z—z0|?*") for z — x¢
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and AP f(z¢) = 7, then S has the value 7 in x¢ (and this conclusion is no more true
when assuming o(||z — x¢]|?) instead of o(||z — x¢[|??)). The discrepancy between the
exponents in this o(||z —z¢||??) and in o[d({, n)P] of (2) above is only superficial. Take
two points ¢,n € S*~! and let ¢ be the angle between ¢ and 7 seen as vectors in R™.
Then d(¢,n) = 1 — (¢ln) = 1 - cos(p) = 2sin(p/2) = 2(IC — nll/2)? = I — nl*/2
and o[d(¢,n)"] = o([[¢ — nl[*) as n — .

Remark 2.3. It immediately follows from the definition that if 7" is equal in the
sense of distributions to a continuous function F' on a neighbourhood of ¢, then T
has the value F({) in (.

3. FOURIER INVERSION ON THE SPHERE

Let T € D'(S"1). Since S"~! is compact, T is of finite order; that is, there exist
C > 0 and m € Ng such that

(3.1) T ()] < C sup sup |DGp(n)]

la|<m nesn—1

for all o € D(S"71).
Let us now study the derivatives, with respect to 7, of

(3.2) ZCom) = 2 P2 (¢l

Wn—1

for a fixed ¢ € S"~!, where Pl(n_Q)/ % are polynomials in one variable (see [7], Theo-
rem 2.14, page 149). We know (see [3], page 762) that if [ > 1,
Al _(n-2)/2 dp*? /2
€j n— — n €5
Dg ——P, ((Cln)) = 2m —— " PZE(Cm) DG (Cln).-
n

Wn—1

We get similarily for every multiindex o # 0

|| n+2j _
(33) D3l Zi¢m) = 2_rP Qu¢m o= P (CI)),
j=1 T

where Q;(¢,n) is a linear combination of products of Dg(dn) (with 8 < «) which
does not depend on I. Now, according to [7], Corollary 2.9, page 144,

n

d
Z < —L
|Z1(¢,m) o
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for any ¢,n € S*~!. Comparing this with (3.2), we deduce that
P2 ((cm] < 1

for any (,n € S"!. Therefore each term in the sum of (3.3) can be majorized in

absolute value by
n+2j
A dl*j

J
Wn—1+2j

where A; > 0 does not depend on [. Moreover d?fﬁj < le"+2j_2, where B; > 0
does not depend on . Put Ag = By := 1. Then for all n € S"~! and o € Ng,

ID$Zi(¢,n)l < (la| +1) max A;B;m+2lel=2,

0<i<| e

We deduce that for 0 < r < 1 and ¢ € S ! fixed the series
Z Tl Zl (Ca 77)
1=0

converges as a function of 7 for the semi-norm p,,. It follows from (3.1) that

o L
> I(T)(Q) = lim 37 I(T)(Q)
=0 =0

L—o0

|
5
~
33
1
IMh
%N
N
~
=

exists and is equal to
T |:77 = Z rlZl(Cv 77):| )
1=0

that is, by [7], Theorem 2.10, page 145, to

1 1—r? }

A et (T e T

We are now ready to state our main result.
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Theorem 3.1. Let T € D'(S" 1), ¢ € S" Y and 7 € C. If T has the value T in &,
then

oo

lim > (T () =
=0

Proof. We divide it in two parts.

First part. For x € R™ with ||z| <1 and n € S"~! we put

11— =)

P = i | N
(z,n) o=l

this is the well known Poisson kernel; among its many properties we will use the
following two: if f € C(S"~!) and ¢ € S"~1,

(34) tm [ PG o) = 1O

z—( [z <1

(see [1], Theorem 1.17 page 13); and for all z € R™ with ||z| < 1,

(3.5) | pamdo, i =1

(see [1], Proposition 1.20, page 14).
If we write = r( with 0 <7 < 1 and ¢ € S"1, we get

& —nl|™ = (r¢ = nlr¢ —n)™/?

= ((rclr¢) — 20r¢l) + ()"

= (2 —2r(cm) + 1)
Hence,
1 1—r2
P(r(,n) =
(TC 77) Wn1 (1 o 27"(C|77) + r2)n/2
and

> IL(T)(Q) = Tl = P(r¢,m)].
=0

We will calculate Dg[n — P(r(,n)]. Using the equality

0
oz, (1= 2r(¢l) 2l 7" +72) = =2 (Gllz) ™t = (Clo)zllz]7)
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we find that

iP( x ) 1= r*)r n(Gllzl = = (a)a; =] 7%)
9z, "l wn1 (1 =2r(Cla)llz] 7t 4 r2)ttn/2

and, by induction,

la| 2\..7 e —1
1— J R*((,z, ||z
() = S L e
I/ = wnr (L=2r(C2) 2] 7t 4 r2)I
where o € NI, o # 0, r > 0, ¢ € S"! and R$(¢,z, |lz||~1) is a polynomial in
CiyeovsCny 1y, Ty, ||z]| 7! which does not depend on 7. Restricting it to S"~! we
deduce that

Z (1 —7r2)rd R?(Ca 1)

Dg[n— P(r¢,n)] = wn1 (1=2r(Cln) + 7~2)j+n/2’

where R]a (¢,m) is a polynomial in (1,...,¢pn, M1, ..., Ny which does not depend on r.
Let

M, = ma su R
o 1<j<>‘<a|<negg BF (G

and observe that

1=2r(Cln) + 7% = (1= r)* +2r(1 = (¢In) = 2r(1 = (CIn)) = 2rd(C,n).

Therefore

lex|

2 A
(3.6) DS — Pr¢m] < (1wn—1) 2r d(cj\i)]jmﬂ'

Jj=1

Similarily, to calculate AL[n — P(r(,n)] we use the equalities

S (Gl = (€l el =) = 2 =2 = (Cla)? ]|,

Jj=1

3%], (1= () ll2lI72) = =2(cla)ll=lI7" (¢ill= ™ = (Cla)a; =)~

Qv‘QJ

(lelwl\ = (o)l )| 7%) = —2Gs el = (o)l 7 + 325 (Sl 1],

3

Z (=2l = (Cla) [l 2 + 35 ()| ~°) = (1 = n)(Cla)l|2] 2,

J=1
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and find, after tedious but straightforward calculations, that for every [ € N,

21

(1 =727 Q;((¢Im)[1 = (¢ln)?)maxt=L0)
(3.7 Al sln— P(r¢,n)] Z (L 2r () + 22

with @; a polynomial in one variable depending on ! but not on r. But since
1—2r(¢n) + 72 = 2r(1 — (¢|n)), we have

L L (S 1)) P N Sl (1)) S

ST—2r @+ Spra-Cmy S

Moreover |1 + (¢|n)| < 2 for any ¢, € S"~1. We deduce

d(C,)'|ASP(r¢,m)| = [ = ()] AgP(r¢,m)|

zl: 1— 72 Q((¢lm)[L = €)™ r7[1 = (¢In)l’
wn—1 (L=2r(Cln) +72)"/2 (1 =2r(Cln) +72)I

21— Q)L+ P L= )P

j=1

' jeip1 Wn-t (1 —=2r(¢ln) +r2)n/2 (1 —2r(¢ln) +1r2)7
l
02 | $- 10217 1
< x ’
<Z 2% ; w1 (1= 2r(CJn) + 1)
that is
(3.8) d(¢,n) AL P(r¢, )| < CiP(r¢,n)

with C; > 0 a constant depending only on . Set Cj := 1, so that (3.8) is true for all
[ € Np.
Finally, from

. (1 —1r?)rd (1 —7r2)rd
T (1= 2r(Cln) + )2 (20 d(G, )T

it follows by (3.7),

r—1_

(3.9) lim / ALP(r¢, )| dow—1(n) = 0
nesm=1,d(¢,m) >4

if 0 < < 2forallleNjg.
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Second part. Choose € > 0 arbitrary. By assumption there exist p € Ny, F €
C(S"!') and f € C?P(S"1) such that T'= AL F on a neighbourhood of &, F(n) =
f(n) +old(§,n)P] as n — & and AL f(€) = 7.

Hence there exists 0 < d; < 1 such that 7' = A%F on B(§,261) and there exists
0 < 2 < 2 such that for all n € S"~1 with d(&,n) < J2 we have

d(& )

17— f] < =55

Let 0 := min(d1,d2). Since the support of 7' — ALF is included in S"~1 \ B(,24),
there exists a constant C > 0 such that

(T — ARF)(p)| < C sup  sup |D%o(n)|
|| < d(n,€) >

for all ¢ € D(S"™'), where m is the order of the distribution 7 — AL F. In view
of (3.6), we can then find 0 < 71 < 1 such that 7 < r < 1 implies

(T = ALF)in = P(rém)]| < =

By (3.9) there exists 0 < 72 < 1 such that ro < r < 1 implies

g
| AL P(ré,n)| do,-1 (1) < .
/d@,n»a 5 4| F oo + 4] flloo + 1

Finally, since f € C?P(S"™1), AL f € C(S"™1), by (3.4) we get

tim [ ALS) Pl dooa(n) = AL = 7

z—¢, ||l <1

Therefore there exists 0 < r3 < 1 such that r3 < r < 1 implies

AL f(n) P(ré&,m)don_1(n) — 7| < =

3.10
(3.10) - 1

Put ro := max(ry,r2,73). For all 1o < r < 1 we have

= |T[n+ P(r&,n)] — 7

S AT () - 7
=0
< (T = ALF)y = P(ré,m))| + |ALF[y — P(ré,n)] - 7]
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A

+ |Fln = AGP(ré,m)] — 7]

A

n) ALP(ré,m)don—1(n) — 7

‘ S§n—1

+] / () ALP(E ) o1 )

N
»Jklm plklm plklm

+ f(n) AGP(ré,m) doy—1(n) —

sn—1

S [ 1P — FIALP )l o)
d(&,m)<é

N

+/ (IFEmI+ [fmDIAGP(ré,n)| don—1(n)
d(&mn)=6

N

“ / o (40 )d(€ nP INLP(r€, )| o1 (n)

+ / (1F oo + [1/11o0) AR P (1€, )| dor 1 (1)
d(&,m)=

< = + = + Z= €
2 4 4
(In the fifth inequality we can use (3.10) because Ag is self-adjoint; in the last
inequality we use (3.8) and (3.5) to majorize the integral over B(¢,0).) O

Remark 3.2. The theorem shows that if the value of T" in £ exists, it is unique.

Remark 3.3. The converse of the theorem is false: take n = 2 and T the principal
value of cot(3t). Then its Fourier-Laplace series is Abel-summable to 0 at ¢ = 0:

. 2rsin0
1 ‘k‘ ; lko = 1 _— — = 1 =
rl—lgl_ Z rFT (ke rl—lgl_ 1472 —2rcos0 rl—lgl_ 0=0

but T has no value at ¢t = 0.
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