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Abstract. By introducing polynomials in matrix entries, six determinants are evaluated
which may be considered extensions of Vandermonde-like determinants related to the clas-
sical root systems.
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1. INTRODUCTION AND PRELIMINARIES

The Vandermonde determinant

(1) 053’0@[9?51 = JI @ —=)

is well-known for its wide applications in mathematics, in particular, to symmetric
functions [1], [2], [9] and constant term identities [5], [7], [8]. It can be derived from
the denominator formula associated with the root system of the classical Lie alge-
bra A,,. For the other three classical root systems B,,, C,, and D,,, the corresponding
determinant identities (see [4] and [6], Exercises A52, A62 and A66 for example) may

be reproduced as

j—1 1-j57 _
(2) K(}f;tgn[xz +z; ] =2V(X),
|
J_ .70 — k
j—1/2 1/2—j57 |
(4) 1<(11.c}t<n[xi +z;/7 ] =V(X) H R
’ k=1 T
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where for the sake of brevity, we have adopted the notation

V(X) — H (l‘z‘ - le?z(xlj_ J?il‘j) — H (-131 _ m] — zx; /H J)

1<i<j<n 1<i<j<n

By introducing polynomials in the matrix entries, the author in [3] has recently ex-
tended the three determinants in (2), (3) and (4). This paper investigates further
these determinants with the entries involving polynomials. Two classes of determi-
nant identities will be presented in the rest of the paper.

2. THE FIRST CLASS OF DETERMINANT IDENTITIES

For the indeterminates {yx}r>1, define a polynomial sequence by

m

= [ —2y) =D (—2)*or(ylll, m])

k=1 k=0

where o (y|[m, n]) stands for the kth elementary symmetric function in {y;}7 ..
This section will present three determinant identities, which contain those dis-
played in (2), (3) and (4) as particular cases when all the polynomials P,,(x) are
identically equal to one (i.e., yp =0 for k =1,2,...).
Theorem 1 (Determinant identity).
—1

det [ad7 ' Py _o(z;") + 2} 7 Pyja(@)] = 2V(X H {1 + Hyl}

1<i,j<n kel

Proof. Due to the expression
J
1 .
2l Py Z zf ok (yl[1,25 — 2)
k=2—j
we can reformulate the matrix entries as
] Py 2(%—1) + ;7 Poja(x;)

= Y ()T wl Mok (w1, 25 - 2))
=2—

k J

J
z¥ +J? . i
=3 (-1~ kHi{gj_k(yHL 2j —2]) + oj4u—2(y[[1,25 — 2])}
k=1 X{k=1}
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J J 0
where we have splitted the bilateral sum > into >, and ). and then inverted
k=2—j k=1 k=2—j
the summation index k — 2 — k for the second sum.

Then the determinant in question becomes the product

det_ [(=1)"""{oj-r(yl[1,2) = 2]) + 0ju—2(yl[1, 25 — 2))}]

xf_l + x%—k
- ><
1<k, j<n

det [
1<i,k<nl 1+ X{k=1}
where the second matrix is upper triangular with the jth diagonal entry equal to

2j—2
(1 + 11 yi). Evaluating the first determinant by (2), we prove the theorem. [
i=1

Theorem 2 (Determinant identity).

n 2k

i i |
det (2] Pyj(a; ') — 277 Poy(i)] = V(X) [ & {1—Hyz}-
k=1 Tk i=1

1<i,5<n

Proof. Analogously, we have the expression
] Py ) = ) (=1 Fatosn(ylll, 24])
k=—j

from which we can reformulate the matrix entries as

2l Pyj(a ') — a7 Pyjas) = D (=17 F(af — 270k (yl[1,24])
k=—j

(=177 F(@F — 2;7%){ 05—k (yl[1, 25]) — o4 (yl[1,25])}

J
=1

k

J J 1
where we have splitted the bilateral sum ) into ). and ), and then inverted
k=—j k=1 k=—j
the summation index k — —k for the second sum.

Then the determinant in question can be factorized into

et [of = ot det (<17 oy u (L 20) - oy (oL 27))

where the second matrix is upper triangular with the jth diagonal entry equal to

2j
(1 + 11 yz) Evaluating the first determinant by (3), we prove the theorem. O
i=1
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Theorem 3 (Determinant identity).

2k—1
_ _j T+ 1
det [z 2 Py (a77) + )27 Py i (a0)] ZV(X)H kl/Q {1— H yz}

1<i,j<n iy

Proof. Writing similarly the expression

7
7Py (e = Y (1R T o ([, 25 — 1))
k=1—j

we can restate the matrix entries as
i—1/2 _ 1/2—j
ey (a7 ) + 2T Py ()

J
= 2 T P el 2] - 1)

k=1—j
! k 1/2 1/2—k

)7 + ;"7 ok, 25 = 1]) — o1 (y[[1, 25 — 1))}
k:l

J J 0
where we have splitted the bilateral sum Y into > and > and then inverted
k=1—j k=1 k=1—j
the summation index & — 1 — k for the second sum.

Therefore the determinant in question admits the decomposition

k—1/2 1/2—k j— . .
(et 2ol det (<17 Moy k(01,2 — 1) = oo w1 25 1))

where the second matrix is upper triangular with the jth diagonal entry equal to

2j—1
(1 - 11 yi). Evaluating the first determinant by (4), we prove the theorem. [
i=1

3. THE SECOND CLASS OF DETERMINANT IDENTITIES

In a recent paper, the author in [3] extended (2), (3) and (4), respectively, to the
following three determinant identities.

Lemma 4 (Chu [3], Theorem 25: m < n).

det [&/ ' Pl ) + 2 Pu@)] =2V(X) [ (1 —wyy).

1<i,j<n ¢
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Lemma 5 (Chu [3], Theorem 19: m < n+ 1).

det [27 Pp(a;t) — 277 P H

1<2,5<n
SIS k=1 1<i<y<m

Lemma 6 (Chu [3], Theorem 22: m < n).

det [V 2P (27 Y) + 227 Py ()]

1<, j<n

n m

T+ 1

=V I =% I O-ww) [TO-w).
k=1 T 1<i<y<m k=1

It should be pointed out that Theorem 16 in [3] is, in fact, the limiting case
Ym — 00 of Lemma 5 (Theorem 19 in the same paper). The last three determinants
will be generalized further in this section by increasing polynomial degrees.

Theorem 7 (Determinant identity: m < n).

det (277 Poyja(z; ) +a; Popyoa(a)] =2V(X) [ (1 -wwy).

1<i,j<n

Proof. Using the expression
J
i1 _ i _ . _
2 Py () = DO (-1 Rl oy (ylim o+ mt = 1) Pl )
k=1
we can reformulate the matrix entries as

j—1 . -1 1—j . )

T Pryj—1(2;) + 37 Py (@)
J
=D (1 Foiwyllm+1,m+j — ){a} ™ P (e !) + ;" Po(2:)}-
k=1

Then the determinant in question becomes the product

k—1 -1 1—k ) _1\i— k. i —
et [T Py ) @l P ()] x| det (<17 oy (ylfm + 1m o+ = 1)

where the second matrix is upper triangular with the diagonal entries equal to one.
Evaluating the first determinant by Lemma 4, we prove the theorem. O
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Theorem 8 (Determinant identity: m < n + 1).

. 3 iy o2 1
1<<}ejt<n[$§Pm+jfl($i D=2 Py (@) =VX) [ Q-wyy) [T 22—

Proof. Analogously, we have the expression

x{PmH,l(x;l) - x;ijﬂ-,l(xi)
J
=Y (=1 Fojk(ylm +1,m+ j = ){af P (a; ') — ;7" Po ()}
k=1

which enables us to factorize the determinant in question into

k -1\ _ .~k . _1\i—k . ;o
et (o Po(o; ) = o @) x| det (<17 oy (ylim+ Lm o+ - 1)L

Then the determinant identity displayed in the theorem follows from Lemma 5. [

Theorem 9 (Determinant identity: m < n).

(et ] P () P P ()

m n
TE + 1
= v I -ww) H Hl—/Q'

1<i<y<m k=1 k=1 Tk

Proof. Writing similarly the matrix entries as

—1/2 _ 2—
TP (a7 + 2P Py (20)
J
=3 (~1Foyk(ylm + Lm 4§ — )PP () + 22T P (20)}
k=1

X

which leads the determinant in question to the decomposition

1;71/2 -1 }/2719 ] V=K. .
(et TR (o) el P ] x| det [(<1)7 eyl o+ L+ = 1)

Recalling Lemma 6, we get the determinant identity in the theorem. O

It is clear that when y; = 0 for £ > m, the determinant identities displayed
in the last three theorems reduce respectively to those in Lemmas 4-6. Instead,
specifying y1 = y2 = ... = Y, = 0 in the last theorems, we deduce the following
three interesting determinant identities, which can also serve as extensions of (2),
(3) and (4), resembling those displayed in Theorems 1-3.
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Corollary 10 (Determinant identity).

det [277'Pj_y(a;Y) + ) Py ()] = 2V(X).

1<, 5<n”

Corollary 11 (Determinant identity).

. . n 2 _
det [21P; 1(27Y) — 277 Py ()] = V(X) [[ =L

1<i,j<n i Tk
Corollary 12 (Determinant identity).
Dorp 1
i—1/2 - 1/2—j k
1<<}f;t<n[$g PP + 2P P @) = VX) T Ve

References

G. Bhatnagar: A short proof of an identity of Sylvester. Int. J. Math. Math. Sci. 22
(1999), 431-435.

W. Chu: Divided differences and symmetric functions. Boll. Unione Mat. Ital., Sez. B,
Artic. Ric. Mat. (8) 2 (1999), 609-618.

W. Chu: Determinants and algebraic identities associated with the root systems of clas-
sical Lie algebras. Commun. Algebra 42 (2014), 3619-3633.

W. Chu, L. V. Di Claudio: The Vandermonde determinant and generalizations associated
with the classical Lie algebras. Ital. J. Pure Appl. Math. 20 (2006), 139-158. (In Italian.)
F. J. Dyson: Statistical theory of the energy levels of complex systems. I. J. Math. Phys.
3 (1962), 140-156.

W. Fulton, J. Harris: Representation Theory. Graduate Texts in Mathematics 129,
Springer, New York, 1991.

I J. Good: Short proof of a conjecture by Dyson. J. Math. Phys. 11 (1970), 1884.

K. I. Gross, D.St. P. Richards: Constant term identities and hypergeometric functions
on spaces of Hermitian matrices. J. Stat. Plann. Inference 84 (1993), 151-158.

I. G. Macdonald: Symmetric Functions and Hall Polynomials. Oxford Mathematical
Monographs, Clarendon Press, Oxford, 1979.

Author’s addresses: Wenchang Chu, School of Mathematics and Statistics, Zhoukou

Normal University, Wenchang Road, Zhoukou 466001, Henan, People’s Republic of China,
and Dipartimento di Matematica e Fisica “Ennio De Giorgi”, Universita del Salento,
Via Prov. Lecce — Arnesano, P.O. Box 193, Lecce 73100, Italia, e-mail: chu.wenchang@
unisalento.it.

987



		webmaster@dml.cz
	2020-07-03T22:56:39+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




