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Abstract. A classification of dihedral folding tessellations of the sphere whose prototiles
are a kite and an equilateral or isosceles triangle was obtained in recent four papers by
Avelino and Santos (2012, 2013, 2014 and 2015). In this paper we extend this classification,
presenting all dihedral folding tessellations of the sphere by kites and scalene triangles in
which the shorter side of the kite is equal to the longest side of the triangle. Within two
possible cases of adjacency, only one will be addressed. The combinatorial structure of each
tiling is also analysed.

Keywords: dihedral f-tiling; combinatorial propertie; spherical trigonometry; symmetry
group
MSC 2010: 52C20, 52B05, 20B35

1. INTRODUCTION

By a folding tessellation or folding tiling (f-tiling, for short) of the sphere S? we
mean an edge-to-edge pattern of spherical geodesic polygons that fills the whole
sphere with no gaps and no overlaps, and such that the “underlying graph” has even
valency at any vertex and the sums of alternate angles around each vertex are 7.

Folding tilings are strongly related to the theory of isometric foldings on Rieman-
nian manifolds. In fact, the set of singularities of any isometric folding corresponds
to a folding tiling. See [13] for the foundations of this subject.

The study of this special class of tessellations was initiated in [5] with a com-
plete classification of all spherical monohedral folding tilings. Ten years later, Ueno
and Agaoka in [14] established a complete classification of all triangular spherical
monohedral tilings (without any restriction on angles).

This research was partially supported by Fundagdo para a Ciéncia e a Tecnologia (FCT)
through projects UID/MAT/00013/2013 and UID/Multi/04621/2013.

DOI: 10.21136/CMJ.2017.0610-15 891



Dawson has also been interested in special classes of spherical tilings, see [10], [11],
[12], for instance.

A complete classification of all spherical f-tilings by rhombi and triangles was
obtained in 2005, see [9]. A detailed study of triangular spherical folding tilings
by equilateral and isosceles triangles is presented in [8]. Spherical f-tilings by two
noncongruent classes of isosceles triangles have been recently obtained, see [6], [7].

Concerning dihedral folding tilings by kites and an equilateral or isosceles triangle,
the classification was obtained recently, see [1], [2], [3], [4]. In this paper we initiate
the classification of dihedral folding tilings of the sphere by kites and scalene triangles:
we shall obtain all the dihedral f-tilings of the sphere by kites and scalene triangles
in which the shorter side of the kite is equal to the longest side of the triangle. Our
aim is to obtain a complete classification of spherical f-tilings by any kite and any
triangle.

We recall that a spherical kite K (Figure 1-I) is a spherical quadrangle with two
congruent pairs of adjacent sides, which are distinct from each other. Let us denote
by (a1, a2,a1,03), as > as, the internal angles of K in cyclic order. The side
lengths are denoted by a and b, with b > a. From now on T denotes a spherical
scalene triangle with internal angles § > ~v > ¢§ and side lengths ¢ > d > e, see
Figure 1-II.

I II
Figure 1. A spherical kite K and a spherical scalene triangle T'.

Taking into account the area of the prototiles K and T, we have
200 +as +az3 >2n and SB+y+06> T

As as > a3, we also have
a1 + g > T

After certain initial assumptions are made, it is usually possible to deduce se-
quentially the nature and orientation of most of the other tiles. Eventually, either
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a complete tiling or an impossible configuration proving that the hypothetical tiling
fails to exist is reached. In the diagrams that follow, the order in which these deduc-
tions can be made is indicated by the numbering of the tiles. For j > 2, the location
of tile j can be deduced directly from the configurations of tiles (1,2,...,j — 1) and
from the hypothesis that the configuration is a part of a complete tiling, except where
otherwise indicated.

We begin by pointing out that any f-tiling using K and T has at least two cells
congruent to K and T', such that they are in adjacent positions and in one and only
one of the situations illustrated in Figure 2.

Figure 2. Distinct cases of adjacency.

Using spherical trigonometric formulas and a = ¢, we obtain

cos B+ cosycosd  cos(as/2) + cosay cos(az/2)

(1.1)

sin «y sin § sin aq sin(a2/2)

In this paper, the case of adjacency I will be addressed.

2. CASE OF ADJACENCY I

Suppose that any f-tiling using K and T has at least two cells congruent to K
and T, such that they are in adjacent positions as illustrated in Figure 2-1.

Concerning the internal angles of the kite K, we have necessarily one of the fol-

lowing situations:

Q] 2 Qg >3 Or Qg >y, Qo > Q3

(the latter includes the cases ag > a1 > a3 and as > ag > a1).

The following propositions address these distinct cases.
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Proposition A. If a3 > as > ag, then there is an f-tiling using K and T if and
only if

T T
a1 +d=m, 625, as+2y=mn a1 +az3=mn and 6:E,k23,

or
g, as+2y=r1n and agzg,k>3.

In the first situation, for each k > 3, there exists a unique f-tiling, say M¥*, with

a1+5:ﬂ7 ﬁ:

v = arcsin(cos(n/k)/ cos(n/2k)). A planar representation of M¥ is illustrated in
Figure 9. For 3D representations of M? and M?* see Figure 10.

In the second situation, the angles v and ¢ satisfy cosd = cos(n/2k)sin~y and, for
each k > 3, there exists a continuous family of f-tilings, say S, with é € (5§lin, §fnax),
where 1

ok . = arccos (0052 %) and 6% = arctan m.
(k —1)n/2k). A planar representation of S¥
is illustrated in Figure 12. For 3D representations of S§, S} and S§ see Figure 14.

Equivalently, we have that v € (6%

max?

Proof. Suppose that any f-tiling using K and T has at least two cells congruent
to K and T, such that they are in adjacent positions as illustrated in Figure 2-1 and
= ag > az (ap > 1/2).

With the labeling of Figure 3-1, we have

912,8 or 91:5.

Figure 3. Local configurations.

A.1. Suppose first that 6 = 8. Then, we have necessarily a1 + 8 < =, as the case
a1 + B = 1 leads to an incompatibility between sides (see Figure 3-II).

Assuming a1 + 8 < 1w, we have necessarily a; + 8 + kas = n for some k > 1. As
before, we are led to an incompatibility between sides; see Figure 4-1.

894



[e5) : Qo
t Y
[e5} [e%) ~
E3 1
= 1 2 8 2
0 asg ay | o 8
Ht
as ap |90 Qs al | g, =§ B
it h=08 3 3
a3 E3 4
ay as | ¥ 0o 5
1 11

Figure 4. Local configurations.

A.2. Suppose now that #; = ¢ (Figure 3-I). Then we must have oy + = 7 or
a1 +0 < T

A.2.1. If ¢ + 6 = nt (Figure 4-1I), then, taking into account the edge lengths, we
reach a vertex surrounded by the cyclic sequence of angles (a1, aq,6,0). With the
labeling of this figure, we have

0, =0 or 6O =nr.

A.2.1.1.If 0, =5, thenas + f=mor az+ 3 < .

A.2.1.1.1. First, suppose that as + 8 = n. In this case we also have v+ 6§ = =&
(forced by the side lengths). Now, in an adjacent vertex surrounded by (8, 5,7, ...)
we obtain 4 v < © which is impossible (note that 5 > §).

A.2.1.1.2. Assuming as + 8 < = (Figure 5-I), we observe that the vertex sur-
rounded by (8, 8,7, . ..) must have valency four, otherwise 8+~ + kag = n for some
k > 1. But, in this case, an incompatibility between sides occurs. And so §+v = 7.
On the other hand, as as + 8 < w, we get v > g, which determines tiles 7 and 8
(Figure 5-II). However, we reach a contradiction since 28+ 6 > S+ v+ 0 > = (see
side lengths).

A.2.1.2. We assume now that 03 = v (Figure 4-1T). Then we get 5+ 8 < w. If the
equality is not satisfied, then 5+ 3+ kas = n for some k > 1. But this situation leads
to an incongruence among sides. Therefore, § + 5 = n, i.e., 8 = n/2 (Figure 6-I).

A.2.1.2.1. Suppose that as +v = n. Then, we obtain the local configuration
illustrated in Figure 6-II, where a; + kag = © for some k > 1. In Figure 7, the planar
configuration for k£ > 1 is represented. However, we have no way to avoid a vertex
surrounded by three consecutive angles oy, which is impossible since ay > n/2. And
S0 a1 + ag = T, i.e., ag = §. This information enables us to extend in a unique way
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1
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03
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Figure 6. Local configurations.

the last configuration illustrated in Figure 6-II to get a closed one, where

ap >ap>F>7>a3 =9,

with oy +d=m, 623, as+v=71 and o +a3=m

As0< 0 <y <n/2, by (1.1) we have

cos(nt/2) 4 cosycosd _ cos(8/2) + cos(n — §) cos((r —7)/2)

sin~y sin d sin(n — ) sin((n —v)/2)
M = cosé —cosésinl
2sin(vy/2) 2 2
)
& (;OS(S(COS’y—|—2sin2 g) = 25111%(:035

)
& COS&—QSin%COS§ =0,
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Figure 7. Local configurations.

which means that
cos 0

2c080/2
In Figure 8, the graph of this function for 0 < § < 1t/2 is outlined.

v =(d) = 2arcsin

N

.
NERGE

N y>0

<
N R

AN §

N
Y+o=357

Figure 8. The function v = v(4) = 2arcsin(cos §/(2 cos(6/2))).

Analysing the graph of the function v = v(d), we conclude that there is no feasible
region, since v+ d > w/2 and v > 0. And so, in this case, the closed planar
representation does not correspond to a spherical f-tiling.

A.2.1.2.2. Suppose now that as + v < n. With the labeling of Figure 6-1, we
have necessarily

03 =a1 or 6O3=24.
A.2.1.2.2.1. Assuming 03 = a7, we obtain a; + tas = n for some ¢t > 1. We shall

distinguish two distinct cases: t =1 and ¢ > 1.
A.2.1.2.2.1.1. For t = 1, the local configuration extends in a unique way to get
the configuration illustrated in Figure 9 (observe that after tile 14 is placed, we get
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2y 4+ ay < 7, and so 2v 4+ ag + kag = n, k > 0; however, if & > 0, we obtain an
impossible configuration by analysis of the side lengths).

a as |y NN
10 ES 1
B 24 )
6] 6
7| a2 al | ag a1 | o
23 o + o a5 Hit 9= W i) B
7y 1= B
3
9 ES 4
5 20 17 5 5
5 8/8 oglon . osjoa o V0y=n ‘ A\E
s BN\S e a3 [03=a; @\ ' 5/ .
19 18 15 g
8 E3 7
14
21 ”; J| ao , o | as w ai|§ 8 &)
Al a2 ay |z ar g 3 8
B 16
22 | 12 E3 11 13
0| ay as | ap s |V
e ,

Figure 9. Planar representation.

In short, we have a planar representation in which the sums of alternate angles
are

ay +9 =m, B:g, as+2y=1n, ar+az=mn and 6= -, k>3.

As 0 < n/k =8 <y < n/2, k > 3, using spherical trigonometry, we obtain

cosycos(n/k)  cos(n/2k) — cos(n/k) sin~y

sinysin(n/k) sin(n/k) cosy
2
s

sin -y ) BT

& cosg(sinfy—i—

And so
cos(n/k)

—F, k=3

cos(rt/2k) )

For k = 3,4,5 we obtain v =~ 35.26°, v =~ 49.94° and vy =~ 58.28°, respectively.
Observe that, if £ > 6, then v > /3 > ay (in fact, v is increasing with &, and tends
to n/2).

v = arcsin (
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Figure 10. 3D representations of M?> and M?*, respectively.

We shall denote such family of f-tilings by M¥, k > 3. In Figure 10, 3D represen-
tations of M? and M* are illustrated (z = 0 is a line of symmetry).

A.2.1.2.2.1.2. If t > 2, we get the local configuration presented in Figure 11,
which leads to a contradiction as we get three consecutive angles oy surrounding

ﬁ d/ar
BN 14
5 13 12 )
Qo 6 6 N v Q2
Al ay ' (63
TN\ 15
aq
11
ES 1
a a3 2 6
10 @ @ Hit a0 # AN, H# LN zS
ap| @3 119 =§ B8/ B ! 3
2 3 5
9 ES 4 1
< %/q 16
a3 (e %1 (a2} %)
e %) + a2
Qs O3=0a1 @2 | (g aq
g
ES 7 1
ap |3 " ay| a9
a3 a1\V
17

Figure 11. Local configuration.

a vertex. Observe that, as seen in the previous case, the situation 27y + as < =
implies 2v + as = =, by analysis of the side lengths, which determines tile 15. On
the other hand, after tile 17 is placed, we obtain 2as + v + ... = 1. Analysing the
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side lengths, the remaining angles in this sum of alternate angles can only be as’s
(or nothing). However, this leads to an incongruence at vertex v since ay + a3 > T.

A.2.1.2.2.2. Suppose now that 03 = ¢ (Figure 6-I). It is a straightforward exercise
to show that the local configuration extends in a unique way to get the configuration

illustrated in Figure 12, where

ar+0=m, Bzg, as+2y=n and agzg for some k > 3.

21
B 19
BB
s 18 >
16 15 i 20
5 gl gl ol d R U g
V| Q2 a1l a (%)
B 2 s NG
Iew 17 13
! ES 1 T aq
2 6
Qs
g ay | § A\J3 N axds
ag| &3 1|0 =6 B8/ B st [e%}
«
3 sl 3 5 y
B 23 11 E3 4 b
6@4W
J| a2 Q| ay Qa2 7
v, 3 t 5 -5 t o 12
ANy 9 _Q3 . -
24 BB
10 3 B 8
oo 1
aq
4§ aq

Figure 12. Planar representation.

Using (1.1), we obtain cos d = cos(n/2k)sin~, i.e.,

cos 0

—, k>3
cos(n/2k)’ 5

(2.1) ~ = arcsin

The above condition implies § > ©/2k. In Figure 13, the graph of this function for
n/2k < § < /2 is outlined.
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Figure 13. The function v = v(4) = arcsin(cos §/ cos(n/2k)), k > 3.

For any 6 € (n/2k,n/2), i.e., for any v € (0,1/2), we may obtain an f-tiling whose
planar representation is illustrated in Figure 12. However, it is not always within
the scope of this paper. Using (2.1), we have

T (k—1)rn & T &
Qg > a3 & =2y > A =>7< ok = Vmax & 0 > arccos((;052 ﬁ) = 0pmin-
Moreover,
§ <y 6 <arct ! OF ax € 7 > arct : y
arctan ———~ = arctan ——— = Y, in-
7 cos(n/2k) max *7 7 cos(n/2k) Tmin

The cases as = a3 and § = v were studied in previous papers.
The values of 68, = ~k. for k = 3,4 and 20 are 49.1°, 47.3° and 45.1°, respec-
tively. The values of 6¥. for k = 3,4 and 20 are 41.4°, 31.4° and 6.3°, respectively.

We shall denote such family of f-tilings by S¥, k > 3. Figure 14 illustrates S3, Si
and S (the reflection through the line # = 0 is a symmetry of S¥).

Figure 14. 3D representations of Sg, Sgl and Sg , respectively.
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A.2.2. Suppose now that a3 + § < n (Figure 3-I). Taking into account the edge
lengths, we get the local configuration illustrated in Figure 15-1, where

0, =0 or 6O =nr.

A.2.2.1. If §; = 3, we shall obtain as + 8 < n. Note that if as + § = =, then we
also have v + § = &, by analysis of the side lengths. That is impossible (since 5 > ~
and ag > 0).

1) 1)
aq : az |y & 4 aq : @z |y 02=0 4
5
ES 1 2 B ¥ 1 2 B a3
5 515
‘ ) . ) '
g (651 s aq
i 9=6 3 i =6 3
Y Y
I 11

Figure 15. Local configurations.

With the labeling of Figure 15-II, the vertex surrounded by (8, 5,7,...) must
satisfy 0 + v = =, otherwise 8 + v + kag = =« for some £ > 1, which leads to an
incompatibility between sides.

Now, as as + < m and 8 4+ vy = 7, we have v > ay. Such information allows us
to extend the previous configuration to the one illustrated in Figure 16. We achieve
a vertex surrounded by (8,8, 5, . ..), which is a contradiction since 28 > 8+ v = 1.

A.2.2.2. If §; = ~, then 28 < n. Taking into account the edge lengths, we get
B = n/2, leading us to the planar configuration illustrated in Figure 17-I. We shall
distinguish

as+v=mn and az+v<T

A.2.2.2.1. First suppose that as+v =7, a1 = ag > 8 =1n/2 > v > §. This situ-
ation is presented in Figure 17-II. Considering the edge lengths, we get a1 + kasg =
for some k > 1 (note that § cannot be part of this sum of alternate angles). On the
other hand, we must have oy + td = 1 for some ¢ > 2, and consequently 37 = 1 as
illustrated in Figure 18. Now, one has a; > as = 21/3, and so § < n/(3t) < /6.
This implies 8+ v+ d < /2 + n/3 4+ /6 = &, which is impossible.

A.2.2.2.2. We assume now that as + v < n. We shall distinguish two distinct
situations, namely

ag =2y and a9 <.
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14y 77 8
2 /B 7/ 12
B B 13 6 3 8 11
15 s h) J
SNI/8
) t o (G2=0 4 10
~
S 1 2 3> 5 7 775 ﬁ7
B
Q3 Qaq 3
i 6,=6 3 9
%)
8
) 0 8
Y

Figure 16. Local configuration.

Hit

[e% [e%
5] ’ NS
f bo=7 4 6
aq (6] ¥ 4 5
E= 1 2 a1 o s 2 92:7»1 BN\B ol
5 as|ap ' as |y B/ B Y
Qa3 aq 0 2 3
Y
4 1| as ay 0 >
I 11
Figure 17. Local configurations.
A.2.2.2.2.1. First suppose that ay > 7. According to the labeling of Figure 19-1,

the angle x in tile 6 must satisfy
T=a3 O T=aQy Or x=7 or x =24

A.2.2.2.2.1.1. If z = a3, there exists o € {a1,a2,7,d} such that the sum of
alternate angles not containing x (i.e., containing y) is a1 +v+ 0>+ +0 > T,
which is not possible.

A.2.2.2.2.1.2. If x = a, we get the local configuration illustrated in Figure 19-II.
It gives rise to a vertex surrounded by the cyclic sequence (aq, 1,96,4,...). Now, if
a1 +20 < 1, then 1+ 71> 202 +7) + (@1 + 29) = (a1 + ag) + (a2 + v + 26) > 2r,
which is a contradiction. And so a1 + 0 + kas = 7, k > 1. Taking into account the
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12 13 8
B
5 B
Q-
i i g 14
| a3 ay 5
8 6
| A 5 \ 15
az|ag ) az|f=7 A\ 8 N 6
azlar T a2y B8/ B viv s
2 7,
3
. L ’ 16
5 A
Q1| Qg Qy 11
0%} (651 5 9
- 3
8/0
9 10 3
(e31 ag |
Figure 18. Local configuration.
6 6,
S
7 X ) 7 Q;‘)
Yy (5] ) Qg 6 B
o ' oz |5 bo=v 4 o ' o |y 277
Q3
S 1 - 2 P T 2 1 . 2
5 8
1 1
g Qaq Qs aq
- =5 3 a <=0
9
I I

Figure 19. Local configurations.

side lengths, we must have one more angle oy around such a vertex, leading us to
2a; < m, which is impossible.
A.2.2.2.2.1.3. Suppose now that x
The first situation is similar to the previous case where x = as, and also leads to
a contradiction. Therefore, y = v, i.e, v+ as + v < n. Now, this sum of alternate
angles cannot contain the angle § as v+ a2 +v+ 0 = 2(y+ ) > n. On the other
hand, if a3 is part of this sum of alternate angles, then «; appears in the sum of

904
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alternate angles containing y (by an analysis of the edge lengths), which is also not
allowed. And sovy+as+v=m.

On the other hand, we must have oy +d 4+ ... = n (Figure 19-I). If two angles
d are part of this sum (i.e., @1 +2 < n), then 2n > (v + a2 +7v) + (aq + 20) =
(o1 + a2) + (2 + 20) > 2n, which is a contradiction. And so a; + § + kaz = =« for
some k > 1, as illustrated in Figure 20-I. However, we get a vertex surrounded by
three consecutive angles oy, which is impossible.

B 2 0 6
N\
Y 7 PA ) R q (3 )
(113 0 'Z/:'Y 0 =~ N\ (e %1 s
ap| o1 Q2 |y 2 4 . 0 By
(e %) Qo 5 2 4
10 ¥ 1 2 i
5 E3 1 2 BB
asl as ap |6 3 5
(o3 Hit @ =6 az N ar |6 - 3
1=
9 o3 ¥
8 U
I 11

Figure 20. Local configurations.

A.2.2.2.2.1.4. Finally, we assume that © = § (Figure 19-I). In this case we get
as+v+d+kas=mk >0.

Note that if & > 1, taking into account the edge lengths, the cyclic sequence
of angles surrounding such a vertex is (1,0, 0, ag,7,7y, a1, as,...), as indicated in
Figure 20-11. Adding all these angles, we obtain 2aq + 27y + 20 + as + ag > 21, which
is impossible.

Therefore, k =0, ie., o +7+d =7, a1 > =7/2> az =7 > 0. We will also
distinguish two situations: y = ¢ and y = ay (Figure 19-I).

A.2.2.2.2.1.4.1. If y = 6, then we obtain o1 + v + tas = = for some ¢ > 0, as
illustrated in Figure 21-1. Supposing that oy + v = = (i.e., t = 0), the union of the
tiles 1, 2 and 7 is a spherical quadrilateral of area 8 + 8+ ag + (a1 + d) > 2x, which
means that a; + 0 + a3 > n. And so, at vertices v; and v9, we have a1 + nd = =
for some n > 2. Now, it follows that v = nd and we extend in a unique way the
local configuration to obtain the one represented in Figure 21-II. From this we obtain
3y < m, leading us to the conclusion that §+ v+ ¢ < n/2 + n/3 + n/(3n) < w, since
n > 2. This is a contradiction.

If oy +v+taz =7, witht > 1, then a1 > 8 =17/2> ay > v > § > ag, and we
get the local configuration illustrated in Figure 22, where 3y = n.
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NG 8
6
9 /B @»\\d
7 o
77 y.:(5 2 7
aq ' 2 2=7
E3 1
a3 (5] 1
Hi 91 =0
U1
I

13

7a1 8 aq Ué
6
9 /B N § 3
Y 77 Qo 6
ay v Y=o (=
(5] ' Qo ~ 2= 4
E: 1 2 BB
Bl s
) )
Q: «
S S
’Ul(s(s
A 10 iy
v B\B v
13
)
11

18 19 o
17 \ds a\
3
o\ as 20
J
5 ZB 67 1 8 i (“5 .
10 ﬂ @\\ 5 .
v T N2 ’ 8
Y=
t =7 4
asg " Qzly B 5
21
E3 1 g 2 BB
5
. 0
ay | @3 aq
1 — " - = 3 22
3 5\o
14 . 15 v\
B\B 7
16
/8

Figure 22. Local configuration.

14

Now, one gets o + a1 + as + a3z < 21/3 + 2n/3 + a2 + 0 < 4n/3 + 27/3 = 2x,

which is impossible.

A.2.2.2.2.1.4.2. If y = a9, we also have a3 + v < m and a1 + ndé = = for
some n > 2, as illustrated in Figure 23-1. As as > +, the tile labeled by 15 is also
completely determined. This information allows us to conclude that v = n/3 (see

the vertex surrounded by six angles 7).
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Now, if a3 +v = =, then v = nd. This implies 8 + v 4+ § < =, which is impos-
sible. Therefore, ay + v + tag = n, with ¢ > 1, and we get the local configuration
illustrated in Figure 23-11. However, there is no way to avoid a vertex surrounded by
(a1,a3,a1,...), which is impossible.

0\d 0\d
16
13 14 13 14
s\s 17 Qs s\s
e u AN
Q3 AT 2 8 5 L) AT 2 8 5
X 5 2 \ 5
o y=alk)d 18 a1 Y=a2 g
Al aye=7 4 g ad2=7 4
% 1 2 B> 115 a1 1 2 B>18 115
9 B 5 B 9 B 5 B
1 1
ap| a3 [e31 ap|as ay
= 3 = 3
(e} Qs i 0116 601 [eD)] 6% i 0[15 691
10 11 2 ) 10 11 2
“ az 8 a “ az 8 7
12 12
d d
I II
Figure 23. Local configurations.
A.2.2.2.2.2. Now we shall suppose that v > 2. Recall that we also have

a;+d<rmand as +7v < T
With the labeling of Figure 24-1, we begin by assuming that tile 6 is a spherical kite.
In this situation, taking into account the edge lengths, we must have oy +§+kaz = =

0
0 _
5 FETREARTTY IS O2=7 4
f b2=7 4
" N : 1 2 s
Bls
1 2 ﬁ ﬁ as ()qvl k)
5 a Hi as o 91 =0 3
Qa3 " (a5} d T—s 3 8 s 1 o 5
v [ ay 7 11 0
’Y'Y o1 aq|as 6 a2 ~ o 3
Q2 () af 10 B
6 T N B3
9 (5) 12
(65} (o) 7
I I

Figure 24. Local configurations.

907



for some k > 1 (vertex v1). On the other hand, as v > ag, we have ay + v > n,
leading us to the conclusion that v 4+ as + v < & as indicated in Figure 24-II. Now,
if ay +26 < w, then 2n > (27 + ag) + (a1 + 20) = (a1 + a2) + (27 + 20) > 2m,
which is a contradiction. And so we also have oy + § + kas = n around vertex vs.
However, taking into account the edge lengths, we will obtain (at least) three angles
ay surrounding ve, leading to a contradiction (aq + a1 > ).

Suppose now that tile 6 is a spherical triangle. Then, it is a straightforward
exercise to see that it is uniquely positioned as indicated in Figure 25-I. We also
obtain a3 + 26 < n and 2y < n. Now, if 3y < wor 2y + ay < w, then similarly to
previous cases we get a contradiction (note that we are assuming v > «3). And so
27+ 6 +tas = 7, t > 0. Taking into account the side lengths, we must have ¢t = 0,
i.e.,, 2y + 0 = n. The planar configuration extends now to get the one illustrated
in Figure 25-II (observe that tile 14 is uniquely determined, since v # «s). It gives

rise to a vertex surrounded by the cyclic sequence of angles (a2,7v,7,0,9,4,9, ..., az),
accordingly to the side lengths. A new vertex (say v) surrounded by (a1,7,7,...)
appears, which is impossible, since a1 +v > a1 + as > . (]
o
0 6!
19 ; 17
7
21 ﬁﬂ v )
0 18 16
VAR 14 o
v \/vy D)
aq ' az|y bo=v 4 ay 20 [ 77 15
22 J)
a3
1 2 BB aq ! o Oa=~ 4
5
az 1|9 s 3 1 2 8 55
S\0
.yy a3 ap |0 s 3 10 12
6 ’Y'y S\ = 0
By s s, s
] é
77 5 8 : 6 > 755
9 38 11 13
J g <8
{ 9
§ Y
I II

Figure 25. Local configurations.

Proposition B. If as > a3, as > ag, then there is no f-tiling using K and T.

Proof. Suppose that any f-tiling using K and T has at least two cells congruent
to K and T, such that they are in adjacent positions as illustrated in Figure 2-1 and
ag > ag, ag > as, ag > /2.
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With the labeling of Figure 26-1, we have necessarily
0, =08 or 6;=nr.

B.1. Assume first that §; = 5. Then, we must have as + 8 =nor as + 8 < T

o)
as [ ?
t & 0= 3
™ A2 |y N ay ' a2 |y &
4§
¥ 1 2 B = 1 2 8
Qs 751 J a3 g d
i i
I II

Figure 26. Local configurations.

B.1.1. If as + 8 = =, then we also have v+ § = © by analysis of the side lengths.
But this is not possible since § > v and ag > §.

B.1.2. If as + 8 < 1, then as 4+ 8 + kas = « for some k > 1. However, we get an
incompatibility between sides (Figure 26-1T).

B.2. Suppose now that 6; = ~ (Figure 27-I). Then one gets as + v < w or
g +7y =T

7= 5
o a7 3 6 a% o 5
1
B ! b=
E3 1 2 6 aq (%] ¥ 3
B
a3 (%} 0 4 = 1 2 5
it
Y [e%} aq 4
Hit
I II

Figure 27. Local configurations.

B.2.1. Suppose first that as+v < n. If 5 > a9, then we have no way of positioning
the angle 3 in tile 4, and so 8 < ay. This information implies that as +v+ kasz = =
for some k£ > 1, as illustrated in Figure 27-II. Concerning the other sum of alternate
angles around such a vertex, we have a1 + v+ a1 + (k — 1)ag = 7, leading us to the
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conclusion that a; < n/2. Now, with respect to the internal angles of K, one gets
20 4 (a2 + a3) < ©+ 1 = 2x, which is impossible.
B.2.2. Supposing ag + v =7, ag > a3 >y > 4§, with the labeling of Figure 28-1,
we must have
92 = ﬂ or 92 =9.

B.2.2.1. Assume first that 03 = 8. The case a1+ = w leads to an incompatibility
between sides, while the case a; + 8 < 7 implies a1 + 8 + kag = = for some k > 1,
as oy > . However, again we get an incompatibility as illustrated in Figure 28-II.

it

Qs (5]
o "“ « )
3 1
0 ES 4 T
ES 4 T 3
3 [e51 Qs (6= 8
a as [ =~ B ai ' as [y B/5
a7 ' g |y B 9
ES 1 T
£ 1 1l 2 5
as o |9 0=p !
5 Hit
a3 Qi q2 . ?
Hit+ a3 :
I 11

Figure 28. Local configurations.

B.2.2.2. Suppose now that 65 = §. In this situation we obtain the local con-
figuration presented in Figure 29-I (observe that we must have § = n/2, otherwise
we get an incompatibility between sides). It follows immediately that v+ § > n/2.
Taking into account the area of the spherical kite K, we also observe that

(2.2) a > g or oo+ az >

Now, with the labeling of Figure 29-I one has
0s=ay or O3=~ or f3=a; or 6O3=04.

B.2.2.2.1. Assuming that 3 = a9, according to the edge lengths we have as +
d + as < w, as indicated in Figure 29-II. And so, by (2.2), we get a3 > /2. On
the other hand, using again the edge lengths, we have no way to avoid at least two
angles a7 surrounding such a vertex, which is a contradiction.
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as Qas
ES 4 E3 4

aq (€3]

(051 ' (e 5] '
ES 1 ES 1

[€%:] [€%:]

Hit Hit o
8
I II

Figure 29. Local configurations.

B.2.2.2.2. Suppose that 03 = v (Figure 30-I). After the tile labeled by 8 is
placed, we conclude that a3 + v + 6 < n. Therefore, a1 < /2. Now, by (2.2), one
gets as + a3 > m. And so

s >az3 >y >0 and a2>5:g>a1>7>5.
It follows that oy +y+d+0 > 2vy+26 > nfor all p € {a1, a2, a3,6,7,d}. In order
to verify the angle folding relation, we must have a; + v + & = n, which determines
tile 9. We also get as + kd = & for some k > 2.

Hit
asg
E3 4
o a1 fy=os
94 aq
12
E3 1
(6%
Qs a2
ag " 13
F 9 a
Hit
Qq
I 11

Figure 30. Local configurations.
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With the labeling of Figure 30-1, if 4 = a1, then 207 < 1= a3 +v+ 9 < 207 + 9.
And so we necessarily have 6, = a3, as illustrated in Figure 30-II.

Now, a1 + a3+ > a1 + v+ 0 = © implies that a1 + a3 = n. This additional
information allows us to write

T
a2>043>6:§>a1>'y>6.

As a result, we can determine tile 14 (and the remaining ones). It follows that
2v+ a1 >n>2y+ 4, and so 3y = n. As v = kd for some k > 2, it follows that
B+v+d=1/2+1/3+1/(3k) < n/2+ /3 + /6 = =, which is impossible.

B.2.2.2.3. Suppose now that 03 = a;. With the labeling of Figure 31, we have
94 = (3 Or 94 = 1.

Ht
as
E 4
aq
07| aq
E3 1
96 a3
Hit
05
9

Figure 31. Local configuration.

B.2.2.2.3.1. If 6, = a3, then, in order to fulfill the angle folding relation, we
have ag +d + a3 < n. As ap +v = w, then as + a1 + (v + 0) + ag < 2%, which
implies a3 > v+ 6 > /2 (since az + a1 + a1 + ag > 2n). Now, one has 65 = ay, and
fs = oy or 07 = aq, leading to a vertex with a sum of alternate angles containing
two angles o, which is impossible.

B.2.2.2.3.2. If 04 = oy (see Figure 32), then, in order to verify the angle folding
relation, we have a1 + 04+ a1 < . As aa+7v =, we have ao + a1 +aq + (y+6) < 2,
which implies @z > v+ > /2. Now, one has as > az > 5 =1/2 > a1 > v >,
which determines tile 10 and also implies a3 + a3 = nand a1 + 6 + a3 = 7.

This configuration gives rise to a vertex surrounded by the cyclic sequence of angles
(a3, 1,9,6,0,...), with ag+kd = &, k > 2. We immediately conclude that this leads
to an incompatibility (by considering the edge lengths).
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Figure 32. Local configuration.

B.2.2.2.4. Finally we will assume that 63 = §. By the analysis of the previous
cases we also assume 6} = ¢ (Figure 33). This allows us to get v = 1/3; and, in short,
we have ag =21/3 > =1/2>~vy=1/3>0 > /6, as > a1 > and ay > as.

N
13
0 AN
' 14
it av 0L =4 A
a3 1 (5 8
ES 4
6
3 § 9
aq Q2|0 =7 B\ N Y )
a; az |y B8/8 N 0,
A 0|
1 1 2 5 10
s ay |6/62=6 7
i 0,=0 3
v N\J By 12
5/
11
v,

Figure 33. Local configuration.
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With the labeling used in Figure 33, and in order to fulfill the angle folding relation,
at vertices v and v’, we have

a1+ k16 + koas =7 for some ki >2 and ko > 0.

Now, if ko > 0, then a3 4+ 26 + ag < m. On the other hand, we have as + v =1
leading to ag+aq+(7+20)+a3 < 2n. And so ag > y+2§ > 1/34+21/6 = 21/3 = ao,
which is a contradiction. Thus, we conclude that ks = 0. As oy > n/3 and § > /6,
we also obtain

ki=2 or Kk =3.

B.2.2.2.4.1. We shall assume first that k; = 2, i.e., a3 + 25 = n. With this
assumption we easily get the local configuration presented in Figure 34, where

0s=a1 or 04=as.

17
Qs
Hit
[e%}
19 E3 4
J
94 Qg ) g\ @1 Qs
ay ' /| "
0
ES 1
[€%:]
Hit
Qg
16
Qg § g
Qg
(5] A

Figure 34. Local configuration.
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B.2.2.2.4.1.1. If 4 = oy, then a; < n/2, and so az + ag > n (by (2.2)). This
means that ag > ©/3 > §. Now, 2aq +J > a1 + 20 = T, leading us to the conclusion
that @3 = ©/2 (in order to fulfill the angle folding relation). On the other hand,
if 2a3 + § = w, one gets an incompatibility between sides. Therefore, we also have
ag = 1/2. But is easy to verify that equation (1.1) is not satisfied for ay = 2n/3,
o =7/2, a3 =1/2, B =1/2,y=n/3 and § = /4.

B.2.2.2.4.1.2. Suppose now that 8, = a3. In this situation, we get a1 + a3z < .
We shall see that it must be a; + az = 7. In fact,

(1) if a1 < /2, @1 > v = 1/3, then as + a3 > w, i.e., ag > 1/3; now, as the sum
of alternate angles a1 + ag + 0 = nt leads to an incompatibility between sides, we get
apt+az=m

(ii) if oy > n/2, then o +nag = n for some n > 1. The case n > 1 is illustrated in
Figure 35 and also leads to a contradiction (e +v =1t =~v+7); and so a; + a3 = 1.

a1

(%)
(%)

TN
18
13
17
(6%
t Hit
(e} a1 | g
T 19 ES 4
J
ai Oi=a3 | oy s\ 1 ag
239/ ’1 as i ' s lar Mag
77042 [e % )
2"14 aq "L asz
B a1 20 ES 1
@, 22
aq o as "
a2 a3
16

Figure 35. Local configuration.
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In short, we have ag +v =1, 3y =m, 28 =17, a1 +20 = nand a1 +ag =1
(as the sums of alternate angles around vertices). Using now (1.1) for ag = 2n/3,
a1 =1 —26, az =26, B =7/2 and v = /3, one gets 6 = /5 = 36°. We denote this
f-tiling by M. In Figure 36, the corresponding 3D representation is illustrated.

Figure 36. 3D representation of M.

B.2.2.2.4.2. We suppose finally that k& = 3, ie.,, a3 + 30 = n. With this
assumption, we easily extend the previous local configuration (Figure 33) to the one
presented in Figure 37 (from tile 15 to tile 36; note that, analogously to the previous
case, we must have a; + a3 = ). One gets a vertex surrounded by (at least) eight
angles 0. As n/6 < § < n/4, in order to fulfill the angle folding relation, we must
have 56 = n (by taking into account the edge lengths). And so,

2n 3n T 2n
= >0 =

> > > > = T
o = — « = = — a1 = — = — —.
2T 2 M TE 7773 5

From here it is a straightforward exercise to show that this configuration extends in
a unique way to obtain a closed one (with 100 tiles). However, such complete planar

representation does not correspond to any f-tiling since the relation (1.1) fails. O

3. COMBINATORIAL STRUCTURE

Concerning the combinatorial structure of the f-tilings M*, k > 3, the group
of symmetries that fix (0,0,1) is the kth dihedral group Dy, generated by R} /k
(a rotation through an angle 2n/k around the z axis) and o¥* (the reflection on the
coordinate plane yz). In fact, neither the reflections on the vertical great circles
bisecting triangles nor the rotations of the form Rf,, ) (n € Z) are symmetries
of M*. The map a = Rﬁ/kgﬂ”y = gmyR]f/k is a symmetry of M* that maps (0,0,1)
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(e )]

Figure 37. Local configuration.

into (0,0, —1) allowing us to get all the symmetries that map (0,0, 1) into (0,0, —1).
Now, one has

a®t gV = R(sz—nn/ké’xygyz = R(ZQk—l)n/kRz{ = Rng./k = QyZQIny./k = 0%%a.

On the other hand, a has order 2k and ¢¥* ¢ (a). It follows that a and p¥* generate
G(MF) (the group of all symmetries of M*). And so it is isomorphic to Day. Finally,
MPF has three transitivity classes of tiles, which means that M¥ is 3-isohedral.
Concerning the combinatorial structure of the f-tilings Sf;“ , k > 3, we have that
any symmetry of S¥ fixes (1,0,0) or maps (1,0,0) into (—1,0,0). The symmetries
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that fix (1,0,0) are generated by the rotation R? Ik and the reflection p*¥, giving

rise to the dihedral group Dsj. The symmetries that map (1,0, 0) into (—1,0,0) are

obt

wit

ained by composing each one of these elements with p¥?. Since p¥* commutes
h R? Ik and ¢, we conclude that G(S¥) is isomorphic to C x Dgy. It follows

immediately that SF is 2-isohedral.

I
Mo

1]
2]
3]
[4]

[5]
[6]

[7]
8]
[9]
[10]
[11]
[12]
[13]

[14]

t is now obvious that the group of all symmetries of M is isomorphic to Dg.
reover, M has three transitivity classes of tiles and so it is 3-isohedral.
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