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Abstract. Let C[0,t] denote a generalized Wiener space, the space of real-valued con-
tinuous functions on the interval [0,t], and define a random vector Z,: C[0,] — R"*!
by

t1 t

Zn(z) = (m(O) +a(0), [ his)da(s) +2(0) +altn), . | " h(s) da(s) + 2(0) + a(tn)),

where a € C[0,t], h € L3[0,t], and 0 < t; < ... < tn < t is a partition of [0,¢]. Using
simple formulas for generalized conditional Wiener integrals, given Z, we will evaluate
the generalized analytic conditional Wiener and Feynman integrals of the functions F' in
a Banach algebra which corresponds to Cameron-Storvick’s Banach algebra S. Finally,
we express the generalized analytic conditional Feynman integral of F' as a limit of the
non-conditional generalized Wiener integral of a polygonal function using a change of scale
transformation for which a normal density is the kernel. This result extends the existing
change of scale formulas on the classical Wiener space, abstract Wiener space and the
analogue of the Wiener space C|[0, t].
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1. INTRODUCTION

Let Cy[0,t] denote the Wiener space, the space of continuous real-valued func-
tions z on [0,¢] with x(0) = 0. It has been recognized since Feynman introduced
his integrals that there is a close formal analogy with Wiener integrals. One of ap-
proaches to define the Feynman integrals is using an analytic continuation in the
mass parameter (i.e., the scale parameter) rather than in the time, so that we can
treat not only attractive potentials but also repulsive ones. The conditional analytic
Feynman integrals by the analytic continuation of the scale parameter can describe
the Feynman integrals for Wiener paths which pass through a particular position at
each time. To evaluate the conditional analytic Feynman integrals for the Wiener
paths, it is essential to handle the scale parameter in conditional Wiener integrals.
Unfortunately, the Wiener measure and Wiener measurability behave badly under
change of scale and under translation (see [1], [2]) so that we need to change the
scale formulas for the conditional Wiener integrals. Various kinds of change of scale
formulas in [4], [14], [19], [20], [21] for ordinary Wiener integrals of bounded and
unbounded functions were developed on the classical and abstract Wiener spaces
in [15]. Furthermore, the second author of this paper and his coauthors in [6],
[11], [18] introduced various kinds of change of scale formulas for the conditional
Wiener integrals of functions defined on Cj[0,¢t], the infinite dimensional Wiener
space (see [5]) and C0,t], an analogue of the Wiener space (see [13], [17]) which is
the space of real-valued continuous paths on [0, ¢] and will be introduced in the next
section.

Let a € C[0,¢] and h € L3[0,t] with h # 0 a.e. on [0,¢]. Define the stochastic
processes X, Z: C[0,t] x [0,t] = R by

X(z,s) = /OS h(u)dz(u) and Z(z,s) = X(z,s)+ z(0) + a(s)

for z € C[0,t] and s € [0,¢t], where the integral denotes the Paley-Wiener-Zygmund
integral which will be introduced in the next section (see [13]). Define random vectors
X, C0,t] = R, X,,p1: C[0,t] — R*™Y Z,,: C[0,t] = R and Z,,41: C[0,t] —
Rn7+2 by
Xn(z) = (X(z,t1),..., X (x,tn)),
Xnt1(z) = (X(z,t1)y .., X (2, t0), X (2, thy1)),
Zn(z) = (Z(x,10),. .., Z(z,tn))

and

Zni1(x) = (Z(x,t0), ..., Z(x,tn), Z(x,tny1))
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for x € C[0,t], where 0 =ty < t1 < ... < t,, < tp41 = t is a partition of [0,¢]. On
the space C[0,t] the author in [7] derived a simple formula for a generalized condi-
tional Wiener integral given the vector-valued conditioning function X,,;;. Using
the formula with X, 11, Yoo and the author in [12] evaluated a generalized analytic
conditional Wiener integral of the function G, having the form

Gy () = F(:c)w( / Cun(s) da(s), . / t vr<s>dx<s>)

for F' in a Banach algebra which corresponds to the Cameron-Storvick’s Banach
algebra S in [3] and for ¥ = f + ¢ which need not be bounded or continuous, where
feLy(R"),1<p< oo, {v1,...,v,}is an orthonormal subset of Ly[0,¢] and ¢ is the
Fourier transform of a measure of bounded variation over R”. They then established
various kinds of change of scale formulas for the generalized analytic conditional
Wiener integral of G, with the conditioning function X,,;;. Further works were
developed by the second author of this paper. In fact he in [9] evaluated generalized
analytic conditional Wiener and Feynman integrals of the cylinder function G having
the form

G(x) = f((e,2))9((e, 2))

for x € C[0,¢t], where f € L,(R), 1 < p < 00, e is a unit element in L0, ¢], that is, the
Lo-norm of e is 1, and ¢ is the Fourier transform of a measure of bounded variation
over R. He then expressed the generalized analytic conditional Feynman integral of G
as the limit of non-conditional generalized Wiener integrals using a change of scale
transformation. In [10] he introduced a simple formula for a generalized conditional
Wiener integral on C[0, ¢] with the conditioning function X,, and then evaluated the
generalized analytic conditional Wiener and Feynman integrals of G. He expressed
the generalized analytic conditional Feynman integral of G as two kinds of limits of
non-conditional generalized Wiener integrals of polygonal functions and of cylinder
functions using a change of scale transformation. In fact, as a function of §,,11 € R,
the normal density

A 1/2 AEnt1 — &n 2
) el T )

plays a role of the kernel for the transformation, where &, is a real number, A is
a complex number with positive real part and b is a variance function.

On the other hand, the author in [8] introduced simple formulas for a general-
ized conditional Wiener integral on C[0,¢] with the conditioning functions Z, and
Zn+1, and then evaluated the generalized conditional Wiener integrals of functions
including the time integrals which are important in Feynman integration theories,
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in particular, the Feynman-Kac formula. Using these simple formulas with Z, and
Zn+1 we will evaluate the generalized analytic conditional Wiener and Feynman in-
tegrals of the functions F' in a Banach algebra which corresponds to the Banach
algebra S. Finally we will express the generalized analytic conditional Feynman in-
tegral of I’ as limits of non-conditional generalized Wiener integrals of a polygonal
function using a change of scale transformation for which a normal density is the
kernel. These results extend the existing change of scale formulas in [9], [10], [11],
[12], [18] on the classical and the analogue of the Wiener space C|0,t]. While the
choice of a complete orthonormal subset of Ls[0,¢] used in the present transforma-
tion is independent of e in the definition of the cylinder function in [9], [10], [14],
the choices of orthonormal bases of L0, ¢] in the other change of scale formulas in
[9], [10], [12], [18], [21] depend on the orthonormal set {v1,...,v,} which is used in
the definition of the cylinder function. The conditioning functions X,, ;1 and 7,11
contain the present positions of the generalized Wiener paths, but X,, and Z,, do not
contain them. Moreover, the conditioning functions X,, and X, ; do not contain
the initial positions of the generalized Wiener paths, but Z,, and Z,,;1 contain them
so that the results of this paper also extend those in [4].

2. AN ANALOGUE OF WIENER SPACE

Let C and C4 denote the sets of complex numbers and complex numbers with
positive real parts, respectively.

For a positive real ¢ let C|0, t] denote the space of real-valued continuous functions
on the time interval [0,¢] with the supremum norm. For t = (to,ti,...,t,) with
0=ty <t; <...<t,<tlet Jp: C[0,¢] = R""! be the function given by

) = ((to), 2(tr), ... a(tn)).

n
For B;, j = 0,1,...,n, in the Borel class B(R) of R, the subset JEI(HOB]-) of
]:

C[0,t] is called an interval; let Z be the set of all such intervals. For a probability
measure ¢ on B(R), define a pre-measure m,, on Z by

e (T = (M o]

1 G — Uj— 12}
expd —— d(u1, ..., un) de(ug).
R

The Borel g-algebra of C|0,t], B(C]0,t]), coincides with the smallest o-algebra gen-
erated by Z and there exists a unique probability measure w, on C[0,¢] such that
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wy(I) = my(I) for all I € Z. This measure w, is called an analogue of the
Wiener measure associated with the probability measure ¢ (see [13], [17]). Let
{e;: 7 =1,2,...} be a complete orthonormal subset of Ly[0,¢] such that each e; is
of bounded variation. For v € L3[0,¢] and = in C[0, ¢] let

t noop
(v, x) :/0 v(u) dz(u) = nILH;OZ/O (v, e5)ej(u) de(u)
j=1
if the limit exists, where (-,-) denotes the inner product over L2[0,¢]. Then (v,x)
is called the Paley-Wiener-Zygmund integral of v according to z; note that (v,-) is
a mean zero Gaussian random variable with variance ||v||? if v # 0, where ||-|| denotes
the L2-norm on L»[0,1] (see [13]).

Let F': C0,t] — C be integrable and let X be a random vector on C[0,¢]. Then
we have the conditional expectation F[F|X] given X from a well-known probability
theory. Furthermore, there exists a Px-integrable function ¥ on the value space of X
such that E[F|X](z) = (voX)(x) for w, a.e. z € C[0,t], where Px is the probability
distribution of X. The function 1) is called the conditional Wiener w,-integral of F'
given X and it is also denoted by E[F|X].

Let 0 =tp < t; <...<ty, < thy1 =t be a partition of [0,¢], where n is a fixed
nonnegative integer. Let h € L3[0,¢] be of bounded variation with h # 0 a.e. on [0, ].
Forj=1,...,n+1let

1
Q; _]h”X(tj_l,tj]h

B ||X(t]71,tj
and let V be the subspace of L[0,t] generated by {ai,...,a,t1}. Let V4 be the
orthogonal complement of V. Let P: L3[0,t] — V be the orthogonal projection

given by
n+1

Pv = Z(v,aj>aj

j=1
and let PL: Ly[0,t] — V+ be the orthogonal projection. Let a € C[0,¢] and define
stochastic processes X, Z: C[0,t] x [0,t] = R by

X(x,s) = /OS h(u)dz(u) +z(0) and Z(z,s) = X(z,s)+a(s)

for z € C[0,t] and for s € [0,t]. Define random vectors X,,, Z,: C[0,t] — R"*! and
Xn+1, Zn+11 C[O,t] — Rn+2 by

(2.1) Xo(z) = (X (2, t0), X(2,t1), .., X (2, tn)),
(2.2 Zn(2) = Xn(z) + (alto), a(tr), ..., a(ty)),
(2.3) X1 () = (X (@, t0), X (@, 11)s -+ ., X (2, 0), X (2, tns1))s
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and

(24) ZnJrl(x) = XnJrl(x) + (a(to), a(tl)v SERE) a(tn)v a’(thrl))

for z € C[0,t]. Let b(s) = [ (h(u))? du for s € [0,¢] and for any function f on [0, ]
define the polygonal function Py, ,,41(f) of f by

n+1 N S
(2.5) Pont1(f)(s) = ZX(tjl,tJ](s){%

+ X{0y(5)£(0)

for s € [0,t], where X(t;-1,t;) @and x{o} denote the indicator functions of the inter-
val [0,¢]. For {nﬂ = (&,&1,- -, &0y €nr1) € R™2 define the polygonal function
Pb7n+1(§_'n+1) of Enﬂ by (2.5), where f(¢;) is replaced by ; for j =0,1,...,n,n+1.
If En = (&,&1,...,&,) € R*ML then Pb,n(gn) is interpreted as X[O,t,L]Pb,n+1(gn+1)
on [0,t]. For z € C0,t] and for s € [0, t] let

(2.6) A(s) = a(s) = Pont1(a)(s),

(2.7) Xpnt1(z,8) = X(2,8) = Pons1(X(,-))(s)
and

(2.8) Zyn+1(w,8) = Z(x,8) = Pony1(Z(z,-))(s).

For a, 8,u € R and )\ € C let

(2.9) U\ u,a,p) = (ﬁ)l/2 exp{—%(u - a)2} with 8 # 0.

For a function F: C[0,t] — C let Fz(x) = F(Z(z,-)) for € C|0,t]. For nota-
tional convenience we restate Theorems 6 and 7 of [8] as the following two theorems.

Theorem 2.1. Let F be a complex valued function on C[0,t] and let Fz be
integrable over C0,t]. Then for Pz, , a.e. np1 € RH2

E[Fz|Zni1)(Ens1) = E[F(Zyni1(2,) + Pons1(Ent1))],

where Zy 41 is given by (2.8), Pz, ., is the probability distribution of Z, 1 on
(R"*2 B(R"*2)) and the expectation is taken over the variable z.
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Theorem 2.2. Let F' be a complex valued function on C[0,t] and let Fz be inte-
grable over C[0,t]. Let Pz, be the probability distribution of Z,, on (R"T! B(R"*1)).
Then for Py, a.e. &, = (£0,61,...,6n) € R

EIFZ1Z0)(E) = [ (1,601 = €avalt) = alta).B(0) ~ bit)

X E[F(Zb,nJrl(xv ) + Pb,nJrl(gnJrl))] d£n+1a

where Enﬂ = (€0,---,&n,&n+1) and Zp py1, ¥ are given by (2.8), (2.9), respectively.

Lemma 2.1. For A > 0 let F2(z) = F;(A\~Y22) and Z)),,(z) = Zp41(A\"Y22)
for z € C[0,t], where Z,1 is given by (2.4). Suppose that E[F}| exists. Then

(2.10) E[F21Z31)(Enn1) = BIFO 2 Xy (2,7) + A+ Pos1 (Gn1)]

for sz+1 a.e. {nﬂ € R"*2, where A, Xy, ,41 are given by (2.6), (2.7), respectively,
and Py is the probability distribution of Z) 4 on (R"F2 B(R™+2)).

Proof. By (2.4), the definition of the conditional Wiener w,-integral and The-

orem 2.1 we have for Py a.e. &ni1 € R7+2

B[F31Z)1](€nr1)

= E[F(\'2X(2,) + a) N2 X1 (2) + (alto), altr), - . altn), a(tns1))](Enga)
= E[F\Y2(X(x,7) = Pons1(X(2,7))) + Pong1(Gnsr) +a— Pynyr(a))]

= E[F(\\"YXpns1(2,) + A+ Pong1 (§ns1))]s

which completes the proof. ([

Lemma 2.2. Under the assumptions given in Lemma 2.1 with replacing Z,
by Z,, which is given by (2.2), we have for Pyx a.e. En = (£0,61,...,&) € R™HL

(211) E[FZ)E,) = / W\ En i1 — Eny alt) — altn), b(E) — b(ta))

X BE[F(A"Y2 Xy i1 (2, ) + A+ Py (Engr))] dénga,s

where £,.1 = (€015 -+, 6n,Enr1), W is given by (2.9) and Py is the probability
distribution of Z} on (R™*! B(R"*1)).
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Proof. By (2.2) and Theorem 2.2

—

E[F2|Z3)(6)
E[FO X () + a) A2 X (@) + (alto), altr), - -, alta)](€n)
E[F(\V2X (2, ) + a)| Xa(@)] (A2 (€0 — alto), &1 = altr), . & — altn)))

/R UL, Enpr, A2 (60 = ), b(t) = b(tn)) EIF (A2 Xy (2, )

+ Pb,n+1(§0 - a(to), §1— a(tl), N a(tn)a /\_1/2§n+1) + a)] d&ny1.

Letting u = A\~ /2¢,,11 + a(t) we have by the change of variable theorem

E[F122)(E)
= [ WO = ). = alt). bO) = b B2 X )
+ Py nt1(&o — alto), & —altr), ..., & —altn),u — a(t)) + a)] du
= [ WO G = 600a(t) = alta).BE) = D BIPO 2K (02) + A

+ Pb,n+1(5n+1))] dépn+1,

which is the desired result. O

Let Ip, (£n41) and K, (£,) be the right hand sides of (2.10) and (2.11), respec-
tively. If Ip (£,41) has an analytic extension J3(Fz)(&,41) on Cy, then it is called
the conditional analytic Wiener w-integral of Iz given Z, 1 with the parameter A,
and denoted by

B [Fg| Zna) () = T3 (Fz) (Ent)

for {nﬂ € R™*2. Moreover, if for a nonzero real ¢, E2™» [FZ|Zn+1](€n+1) has a limit
as A\ approaches —ig through C, then it is called the conditional analytic Feynman
wo-integral of Fz given Z,; with the parameter ¢ and denoted by

E*™[Fy|Zni1)(Gurr) = lim B [Fz|Zysa) ()

A——iqg
Replacing I, (.41) by K3, (€,), we define B2 [Fz|Z,,](&,) and E*a[Fy| Z,](E).-
If E[F2] exists for A > 0 and has an analytic extension J}(Fz) on C, then we call

J5(Fz) the analytic Wiener w,-integral of F' over C[0,t] with parameter A and
denote it by

E*™[Fgz] = JX(Fz).
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The integral E2*«[F] is also defined by

E™[Fy] = lim E*™[Fy]

A——iqg
if it exists, where the limit is taken through C, .

Applying Theorem 3.5 in [13], we have the following theorem.

Theorem 2.3. Let {h1,ha,...,h,.} be an orthonormal system of Ls[0,t]. Then
(h1,+)y..., (hy,-) are independent and each (h;,-) has the standard normal distribu-
tion. Moreover, if f: R™ — R is Borel measurable, then

/ (1,2 () dw ()
clo,4]

. (12 I~
2(2—) fur,ug, ..., u,)exp —52% d(uy, uz, ..., ur),
T RT =1

where = means that if either side exists then both sides exist and they are equal.

Proof. Let{e;: j=1,2,...} be acomplete orthonormal subset of L0, ] such
that each e; is of bounded variation. For | = 1,...,r, denote X;(z) = (hy,z) for
x € C[0,t] and let px, be the characteristic function of X;. By Theorem 3.5 in [13]
and the dominated convergence theorem we have for £ € R

ox,(€) = /C | EPLEN)) )

n—oo C[O,t]

2 n 2
= nh_{go eXp{—% Z(hl, ej>2} = exp{—%}

Jj=1

T é:(hu e [ estu)data) e

so that X; has the standard normal distribution. Moreover, we have by Theorem 3.5
in [13] again
2+ 2(hy, hy) = || + Ry |?

= / (hi + hj, x)? dw,(z)
Cl0,4]

= [ [0+ (.0 (o)
clo.4]

— 942 /C (0 2) v ()
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so that Cov((h,-), (hj,-)) = fC[O,t] (hi,z)(hj, ) dwy,(x) = 015, where §;; is the Kro-
necker delta function. Now (hq,-),..., (h.,) are independent and ((h1,-), ..., (hr,"))
has the multivariate normal distribution with mean zero and the covariance matrix
which is the r x r-identity matrix. By Theorem 4 of [16] we have the theorem. [

The following lemmas are useful for proving the results in the subsequent sections
(see [12]).

Lemma 2.3. Let v € Ly[0,t]. Then for w, a.e. x € C[0,1]
(v, Pont1(X(,+))) = (PMyv, x) + (v,2(0)) = (PMpv, z),
where My,: Ls[0,t] — L2[0,t] is the multiplication operator defined by

Mpu = hu for u € Ly]0,1].

Lemma 2.4. Let v € Ly[0,1], Ens1 = (0,61, &n, Eng1) € R™T2 and
(0, Pon (&) = D (vay, a;)(& — & 1),

J=1

where &, = (€0,€1, .- -, &). Then

n+1

+

(v, Py i1 (En+1)) =

(]

(vaj, o) (&5 —&i-1)

1

—

U, Pb,n(fn)) + (vant1, @nt1) (Ent1 — &n)-

—_ .

Remark 2.1. (1) The multiplication operator M}, in Lemma 2.3 is well-defined
because h is of bounded variation, which implies the boundedness of h. Throughout
this paper M}, will denote the operator given in the lemma unless otherwise specified.

(2) For &, = (£0,€1,-..,&n) € R™M it is possible that P, ,,(&,) ¢ C[0,1] if &, # 0.
In this case the symbol (v, Pb,n(gn)) does not mean the Paley-Wiener-Zygmund in-
tegral of v € L[0,t]. It is only a formal expression for zn: (vayj, ;) (&5 — &j—1) which

Jj=1
is given in Lemma 2.4.
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3. GENERALIZED ANALYTIC FEYNMAN AND CONDITIONAL FEYNMAN INTEGRALS

In this section we introduce the analytic Feynman, conditional Wiener and Feyn-
man integrals of functions in a Banach algebra.

Let M(L2[0,t]) be the class of all complex valued Borel measures of bounded
variation over Ly[0,¢] and let Sy, be the space of all functions F' which for o €
M(L2[0,t]) have the form

(3.1) F(z) = /L o exp{i(v,z)} do(v)

for w, a.e. x € C[0,t]. We note that S, is a Banach algebra (see [3], [13]).

Theorem 3.1. Let a be absolutely continuous on [0,t]. Let F' € S, and o €
M(L2[0,t]) be related by (3.1). Then for A\ € Cy4

1
E2va[[, :/ expy ——||Mpv 2 dO'a(’U >
F=f {~ g5 1Mwvl?} doa(v)

where do,(v) = exp{i(v,a)} do(v) for v € L3[0,t]. Moreover, for a nonzero real g,
E*4[[] is given by the right hand side of the above equality after replacing \
by —igq.

Proof. We note that (v,2(0)) =0 for v € L2[0,t] and = € C[0,t]. Now we have
for A >0

2 = exp{i(v, \"V2X (z, - a w,(x)do(v
E[F) /Lz[o,ﬂ/cm,t] p{i(v, AV2X (2, ) + a)} dwio(a) dor(v)
- / / exp{iA Y2 [(Myo, 2) + (v, 2(0))]} dw () doa(v)
L»[0,t] JC[0,t]

- / / exp{iA Y2 (Myv, 2)} dw,,(2) dow (v)
L2[0,t] JC[0,¢]

1 2
= exps ——||Mpv dog(v
/LM [ M2} do o)

by Theorem 2.3, the change of variable theorem and the well known integration
formula

(3.2) /[R exp{—au2 +ibu}du = (g)l/Q eXP{_i_z}

for a € C; and b € R. By Morera’s theorem and the dominated convergence theorem
we have the theorem. g
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By Theorem 27 in [8] we have the following theorem.

Theorem 3.2. Let Z,1 be given by (2.4). Under the assumptions given in

—

Theorem 3.1 we have for A € C;. and a.e. {11 € R7+2

B [Fg| Zn1] ()

1 . .
— [ ewp{ =L IP M + 0. Prnia Ens))} doa(0)
L2[0,t]

where do4(v) = exp{i(v, A)} do(v) forv € L2[0,t] and A is given by (2.6). Moreover,
for nonzero real q, E**a [FZ|Zn+1](gn+1) is given by the right hand side of the above
equality after replacing \ by —igq.

Lemma 3.1. Let ¥ be given by (2.9). Then for o, 8,y € R and A € C

/R U\ u,a, ) exp{iyu} du = exp{—%'y2 + ia’y} with § # 0.

Proof. By (3.2) and the change of variable theorem

/R\I/()\,u,a,ﬂ) exp{iyu}du = (ﬁ)lm/u{eexp{_)‘(uzi;ﬂ)z +i’yu} du

_ (AN o 1y
7<m) /Rexp —ﬁ—i—l'yu—i—la'y U

which completes the proof. O

Theorem 3.3. Let Z,, be given by (2.2). Under the assumptions given in Theo-
rem 3.2 we have for A € C, and a.e. £, € R"+!

E*™[Fy|Z,)()

1
= eXP{—ﬁ[HPLMhUHQ +[b(t) = b(tn)] (vant1, nt1)?]
L2[0,¢]

(0, Pon(§0)) + [0(0) = alta)] (vans1,0011)]} doa(v),

where (v, Pbm(f_’n)) is given in Lemma 2.4. Moreover, E*a [FZ|Zn](En) is given by
the right hand side of the above equality after replacing A\ by —igq.
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Proof. For A > 0 and 5n = (&0,&1,...,&) € R"! we have by Lemma 2.4 and
Theorem 3.2

K3, 60 = [ WO = ualt) = altn).be) =t ) EPO X 1 (,)
+A+ B, n+1(gn+1))] d§n+1
= o el A} [ RO € a0 att).b0)
— b(t0)) ex{i(0, P2 (1))} s doa (1)
(=P M0l 4160, Pon( &)} [ WO 61 = 6t

R
—a(tn),b(t) — b(tn)) exp{i(vani1, ant1) (a1 — &n)} déngr doa(v),

where U is given by (2.9). Since the Lebesgue measure on R is translation invariant
we have by Lemma 3.1

K@) = [ el =gyl P M i B} [ 9Onesa)
- a(tn), b(t) - b(tn)) eXp{i<UO‘n+1v an+1>§n+1} dént1doa (U)
— [ exp{= gL IIP Mol + ot) = blta)] v, i)
L2[0,t] 2

+il(v, Py (6n) + [alt) - a(tn)]<van+1,an+1>]} doa(v).

By Morera’s theorem and the dominated convergence theorem we have the theorem.
O

Since b(tg) = 0, (v,&) = 0 for v € L3[0,t] and for { € R, we have the following
corollary.

Corollary 3.1. Under the assumptions given in Theorem 3.3 with one exception
n = 0 we have

B [Fy| Zo (&) = /L o eXp{—;—A[H,PLMhU“Q + b(t)(vay, 051>2]
+ifa(t) - a(0))(vas, a1) b doa(v)

and E*Ma[Fy|Zo)(&) is given by the right hand side of the above equality after
replacing A by —igq.
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4. CHANGE OF SCALE FORMULAS USING THE POLYGONAL FUNCTION

In this section we derive change of scale formulas for the generalized conditional
Wiener integrals of functions in a Banach algebra on the analogue of Wiener space
using other functions in the same Banach algebra given in the previous section.

Throughout this paper let {e1, ea, ...} be a complete orthonormal basis of L0, ¢].
For v € Ly[0,1] let

(4.1) cj(v) =(v,e;) forj=1,2,....

For m € N, A € C and z € C[0,¢] let
(4.2) K\ z) = eXp{u i(e a:)Q}
5 2 = 7

Lemma 4.1. Let K, be given by (4.2). Then for m € N, A € C, and any
v e LQ[O,t]

E[Kn(\ ) exp{i(v,2)}] = A2 eXp{—%B(m, A, v)}7

(13) Bm A = S les 0 +[10l - Sl 0]

J=1 j=1
and the c;s are given by (4.1).

Proof. Suppose that {ei,...,en,v} is linearly independent. By the Gram-
Schmidt process and Theorem 2.3

E[Kn(\ z) exp{i(v,2)}]

1- A&
= expy —— e;, +1vx}dw x
Lo, > ey 40 pawio)
1 \(m+1)/2 - A&, &
= (2—]_[) /[Rerl exp{—2 Zuj +1ch(v)uj
7j=1 j=1
m 1/2 1 m—+1
#iflol? = S @F] e =3 D st
j=1 j=1
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1\ (m+1)/2 A &
) e R e
j=1 j=1

] IofP - i[cm)ﬂwumﬂ ~ gt f A1t ti)
—xmzepf - [é[c;«v)}? # [0l - jfjl[cj(v)]?” }

1
= \"m/2 eXp{—ﬁB(m7 A, v)}

m
by (3.2). If {e1,...,em,v} is linearly dependent, then |[v]|> = 3~ [cj(v)]? so that it

Jj=1
is not difficult to show

1
E[K (X ) expli(v, 2)}] = A"/ exp{ ~ < B(m.0,0) |
1
=\m/2 exp{—ﬁB(m, )\,v)},
which completes the proof. ([

Theorem 4.1. Let m be a fixed positive integer, let K,, be given by (4.2) and
let ' € S, be given by (3.1). Then for A € Cy

ElK (A z)Fz(z)] = xm/z/

1
exp{__B(m, A, th)} doa(v),
LQ[O,t]

2\

where B is given by (4.3) and o, is given in Theorem 3.1.

Proof. By the change of variable theorem and Lemma 4.1

E[Km (A 2)Fz(2)]

S
L2[0,] JClo,1]

{ 1— A i(ej, 2)? +ilv, X (z,) + a)} v, () do ()
B /Lz[O,t] /C[O exp{¥ i(ej’ z)* +i(Myv,) +i(v, 3?(0))} dwy(z) dog(v)
{

12 Z(@ja z)? + i(Mpv, x)} dwy(x) dog(v)

which proves the theorem. O
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Theorem 4.2. Let A and Zp ,4+1 be given by (2.6) and (2.8), respectively, let m
be a fixed positive integer and K, be given by (4.2). Let F' € S, be given by (3.1).
Then for A\ € C4 and &, 41 € R 2

(44) E[Km (>‘a x)F(Zb,nJrl (QC, ) + Pb,nJrl(gnJrl))]
= /\_m/Q/ eXP{i(Ua Pons1(Eni1)) — %B(ﬂ% )\,PLMW)} doa(v),
L»[0,]

where B is given by (4.3) and o4 is given in Theorem 3.2.

Proof. By Theorem 2.3, Lemma 2.3 and the change of variable theorem

E[Kym(N 2)F(Zbnt1(z, ) + Pb,nJrl(gnJrl))]
= E[Kn(\2)F(Xpni1 (@) + A+ Py g1 (€nra))]

= / exp{i(v, A+ Py ps1(Ent1))}
Lz[o,t]

y /C » exp{¥ zm:(ej,a:)? + i(Pith,x)} dw, () do(v)

j=1

= / eXp{i(U,Pbm—i—l(gn-i-l))}
L3[0,t]

X / exp{u Z(Gj,l‘)Q+i('PLMhU,$)}dW¢($) doa(v),
co,4] 2

j=1

where Xj 41 is given by (2.7). Now the theorem follows from Lemma 4.1. O

Theorem 4.3. Let A and Z, ,,+1 be given by (2.6) and (2.8), respectively, let m
be a fixed positive integer and K, be given by (4.2). Let F' € Sy, be given by (3.1).
For A € Cg and &, = (£0,&1,...,&,) € R Jet

PEmAE) = [ ¥OEr1 = €avalt) = alta) b0) = bita) [ (1. 2)
X F(Zpnt1(z,-) + Pb,n+1(gn+1))] dén+1,
where &1 = (€0, &1, -+ -1 &n, Eng1) and VU is given by (2.9). Then
L(F,m, A, &)
=X [ exp{ =SB AP M) + blE) = blta)] vt )]
L2[0,4]
+i[(v, Pon(€)) + [a(t) — altn))(vam 1, an+1>]} doa(v),
where B is given by (4.3) and o4 is given in Theorem 3.2.
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Proof. By (4.4) and Lemma 2.4
T(F,m, A &)
1
= /\—m/Q/ exp{——B(m, )‘a ,Pth’U)} / \II()‘a fn-i—l - §n7 a(t) - a(tn)a
L2[0,¢] 2\ R
b(t) = b(tn)) exp{i(v, Pons1(6nr1))} dénsr doa(v)
1 o
= /\_m/Q/ exp{——B(m7 A\, PLEMyw) +i(v, Pbm(gn))}
L2[0,t] 27

X / WA, &nt1,a(t) — altn), b(t) — b(tn)) exp{i{vanti, ant1)&nt1} dényr doa(v)
R
since the Lebesgue measure is translation invariant on R. By Lemma 3.1
L(F,m, &)
1
—x 2 [ exp{ = Bm A P M) + b0) = blta)] v, i)
La[0,4] 2\

0, Pya(E) + [a(t) — alt)](wan .00 )]} doa (o),
which is the desired result. (I

Since b(tg) = 0, (v,&) = 0 for v € L3]0,¢] and & € R, we have the following
corollary.

Corollary 4.1. Under the assumptions given in Theorem 4.3 with one exception
n =0 we have

T(Fym A €)= A/ /

1
eXp{—ﬁ[B(m, A, PLEMLv) + b(t) (v, a)?]
L2[0 t]

+ila(t) — a(0)](var, a1>} doa(v).

By Parseval’s identity we have for v € L2[0,¢] and A € C

m

lm B(m,A0) = lim [2 oAl - i[cjw)PH ~ Il

m—00 m—»o0
=1 j=1
where the ¢;s are given by (4.1). From the above equation we have the following
theorem by Theorems 3.1, 3.2, 3.3, 4.1, 4.2, 4.3 and the dominated convergence
theorem.

Theorem 4.4. Let A € C, q be a nonzero real number, {\,,}5°_; be a sequence

in Cy converging to —ig as m approaches oo and let a be absolutely continuous
on [0,t]. Let F € S, be given by (3.1).
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(1) Under the assumptions given in Theorems 3.1 and 4.1

EanwA[FZ]: lim )\m/QE[Km()\,J))FZ(JT)]

m—o0

Moreover, E**4[F;] is given by the right hand side of the above equality after
replacing A by A,.

(2) Under the assumptions given in Theorems 3.2 and 4.2, we have for a.e. £,41 €
Rn+2

BN Fy| Zpi1)(Engr) = Jim A2 E(K (A ) F(Zy i1 (2, ) + Py g1 (Ensr))]-

Moreover, for a.e. £,41 € R™2, B[y Z, 1](€,41) is given by the right
hand side of the above equality after replacing A by Ap,.
(3) Under the assumptions given in Theorems 3.3 and 4.3, we have for a.e. 5n =

(§Oa€15' .. afn) S Rn+1

m—r0o0

E™Fy|Z,)(6,) = lim /\m/Q/R\I'()‘afn+1 — &nsya(t) — altn), b(t) — b(tn))

X E[Km(% x)F(Zb,n+1(xv ) + Pb,n+1(€n+1))] d&ny1,

where Enﬂ = (%,...,&n,&ny1) for 41 € R. Moreover, for a.e. &, € RHL
Eantq [FZ|Zn](gn) is given by the right hand side of the above equality after
replacing A by A, .

Letting A = 0~ 2 in Theorem 4.4 we have the following change of scale formula
for the generalized conditional Wiener integral on the analogue of the Wiener space
using the polygonal function.

Corollary 4.2. Let ¢ > 0 and let F' € S, be given by (3.1).
(1) Under the assumptions given in Theorems 3.1 and 4.1

E[F(Z(ox,)] = lim o ™ E[Kn(¢™* 2)F(Z(x,))].

m—r0o0

(2) Under the assumptions given in Theorems 3.2 and 4.2, we have for a.e. Enﬂ €
Rn+2

E[F(Z (0w, )| Zn+1(02)](€n41)
= lim o " E[Kn(0™%2)F(Zmni1(2,-) + Pont1(€nr))]-

m—ro0
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(3) Under the assumptions given in Theorems 3.3 and 4.3, we have for a.e. En =
(50;51; s agn) € Rn+1

B[F(Z(0x,-))| Zn(0x))(€n)
= lim o™ /R U(1,&nt1 — &nsalt) — altn), 0°[b(t) — b(tn)])

X E[Km (0% 2)F(Zons1(2, ) + Ponri(Engr))] dénr,

where gnJrl = (50; .- '7§na£n+1) for £n+1 € R.

Remark 4.1. (1) When n = 0, that is, Zo(z) = x(0) + a(0), Corollaries 3.1
and 4.1 say that E*™W[F|Zo](&), B2 4[Fz7|Zo](&) and T'(F,m, A, &) are constant
functions as functions of £, on R. This means that all conditional integrals given
Zo(x) = & in the corollaries are equal even though of the initial distribution ¢ on
(R, B(R)) is arbitrary.

(2) The conditioning functions X, and Z,11 contain the present positions of
the generalized Wiener paths, but X,, and Z, do not. Moreover, the conditioning
functions X, and X,,11 do not contain the initial positions of the generalized Wiener
paths, but Z,, and Z,,4; contain them.

(3) If h =1 and a = 0, then Z,41(z) = (z(to),z(t1),...,2(tn),2(tn+1)) and
Zn(x) = (x(to), z(t1),...,2(t,)) so that the change of scale formulas for I € Sy,
in this paper are exactly those in [11]. If h = 1, a = 0 and ¢ = Jy is the Dirac
measure concentrated at 0, the formulas for F' in this paper are reduced to those
in [18]. Moreover, if a = 0 and ¢ = do, then the change of scale formulas in [9], [10],
[12] can be applied to F.

(4) All the results of this paper do not depend on a particular choice of the initial
distribution ¢ on (R, B(R)).
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