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Abstract. We consider a Strang-type splitting method for an abstract semilinear evolution
equation

Oru = Au+ F(u).

Roughly speaking, the splitting method is a time-discretization approximation based on
the decomposition of the operators A and F. Particularly, the Strang method is a popular
splitting method and is known to be convergent at a second order rate for some particular
ODEs and PDEs. Moreover, such estimates usually address the case of splitting the operator
into two parts. In this paper, we consider the splitting method which is split into three
parts and prove that our proposed method is convergent at a second order rate.
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1. INTRODUCTION

Let X be a Hilbert space equipped with a scalar product (-,-)x and a norm ||| x,
let A be an m-dissipative linear operator in X with dense domain D(A) C X.

As is well-known, the operator A generates a contraction semigroup ® 4 () = et if
and only if A is m-dissipative with dense domain. We consider the Cauchy problem
for semilinear evolution equation
(L1) {&u—Au—kF(u), te[0,T],

u(0) = wuy,
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where F': D(A) — D(A) is a nonlinear operator. Typical examples of (1.1) are
complex Ginzburg-Landau equations in Q ¢ R¢

(1.2) dru = (i 4 v)Au + aulul?,
(1.3) Ou = (i +7)Au + aulul* + Bulul*,

where v > 0 and « and [ are complex constants.

The main purpose of this paper is to study the so-called splitting method, which
is a semi-discrete approximation of (1.1) with respect to time variable ¢. The idea
behind the splitting method is as follows. We denote the (nonlinear) solution operator
(1.1) by S(t). That is, the solution of (1.1) is given as u(t) = S(t)uo; see (1.7) below.
Then, we consider the time-discrete approximation to (1.1) at ¢ = nAt as

un, = W(A)"uo,

where At > 0 denotes a time increment and n a positive integer. Typical choices of
U are, for example,

(1.4) U(t) = Da(t)Pr(t) (or U(t) = Dp(t)Da(t)),
(1.5) U(t) = Palt/2)Pr(t)Pa(t/2),

where ®r(t) denotes the solution operator of d,w = F(w). Particularly, (1.4) and
(1.5) are called the Lie and Strang methods, respectively. For some ordinary differ-
ential equations (ODEs) and partial differential equations (PDEs), it is well known
that Lie-type splitting methods are first order convergent numerically or rigorously.
On the other hand, Strang-type splitting methods are second order convergent. That
is, if the time increment At is sufficiently small, then we have

(1.6) |S(nAt)ug — U (AL) up|| < CAL.

Splitting methods are useful when S(¢)ug is difficult to compute, while ® 4 (t)ug
and P (t)up are easy to compute. In addition, if (1.1) has conservation properties,
then splitting methods basically preserve its discrete version.

Analysis of splitting methods for ODEs has been presented in many studies. For
example, see Hairer et al. [5]. Some results on error analysis are also presented for
PDEs. For example, results of error analysis for nonlinear Schrédinger equations can
be found in, e.g., Besse et al. [1] and Lubich [7].

However, to our best knowledge, little is known for the abstract Cauchy prob-
lem of the form (1.1). Decombes and Thalhammer [4] and Jahnke and Lubich [6]
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presented an error analysis for the case in which F' is a linear operator. For nonlin-
ear abstract Cauchy problems, Borgna et al. [2] demonstrated that various splitting
methods involving the Strang method have first order accuracy. However, they did
not demonstrate that the Strang-type splitting method is a second order scheme. It
should be kept in mind that (1.6) is established for the Strang method applied to
particular PDEs; see Besse et al. [1] and Lubich [7]. Therefore, it is worth studying
the Strang method for the abstract Cauchy problem of the form (1.1) and deriving
the second order error estimate.

On the other hand, the majority of previous studies have considered schemes that
are split into two parts; v = Av and Jyw = F(w). As a matter of fact, if such
two-parts splitting is applied to (1.2), then the explicit solution formula for the
ordinary differential equation d;w = aw|w|? is available. However, if the two-parts
splitting is applied to (1.3), then we have to solve the ordinary differential equation
Ow = aw|w|* + fw|w|* by a numerical method, since the exact solution is not
available in this case. Therefore, some researchers have proposed schemes that are
split into more than two parts. However, the convergence properties of such schemes
are not guaranteed in the case of PDEs.

In this paper, we propose a Strang-type splitting method for (1.1) that is split
into three parts. Moreover, we show that it is actually convergent at a second order
rate.

Let us formulate our problem. For given nonlinear operators Fy, Fp: D(A) —
D(A), we set

F(v) = F1(v) + F2(v), ve D(A).

For ug € D(A), we consider the Cauchy problem (1.1) and the corresponding integral
equation

(1.7) u(t) = ®a(t)uo + /Ot DAt — s)F(u(s))ds, te]0,T].

For i = 1,2, we assume that F;: D(A) — D(A) satisfies the following conditions.
(F0) Fi(0) =0.
(F1) [|F{(v)w|pay < L([|vllpeay)lwlpa)y for v,w € D(A).
(F2) Fi(v) € D(A?) and ||F;(v)|[peazy < La(|[vl[peay)[vllp(az) for v € D(A?).
(F3) ||Fi(v) = Fi(w)|p(az) < Ls(max{|[v]|paz), [[w]paz) v = wlpaz) for v,w €
D(A?).
F4) [|F (v)wlx < La(llv] peay)llwl|x for v,w € D(A).
¥5) || (v)(w, w)|x < Ls([|vll pay)llwlx lw]| peay for v,w € D(A).
Herein, F/ and F/" denote the first and second Frechet derivatives, L, Lo, ..., Ls:
[0,00) — [0, 00) are nondecreasing functions.
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We note that it follows from (F1) and (F0) that
(F6) || Fi(v)—Fi(w)||pcay < L(max{[|v]|pcay, [[wl[pa)})lv—wl[p(a) for v,w € D(A);
(FT) 1E)lbw) < Lol o) lolloey for v € D(A).
Moreover, it follows from (F4) that
(F8) IF:(v) — Fiw)llx < La(max{loll pay, lwllpeay Dllo — wlx for v,w € D(A).
For simplicity, we write F”(v)(w,w) = F”(v)w? for v,w € D(A). Before stating
the schemes and main results, we recall a general result for (1.7).

Proposition 1.1. Assume (F0)—(F1). Then, for any uo € D(A), there exist
Tmax(to) € (0,00] and a unique solution

u € O([0, Tiax(u0)), D(A)) 0 CH([0, Tinax(u0)), X)
of (1.7) such that either (i) or (ii) holds, where

(i) Tmax(ug) = 00,  (ii) Tmax(uo) < 00 and lim  |lu(t)][pa)y = 0.
tTTmax (“O)

Moreover, if ug € D(A?), then

u € C([0, Tmax(uo)), D(A2)) N CH([0, Tnax(uo)), D(A)).

For the proof of Proposition 1.1, see e.g., Section 4.3 of [3].
In order to state our scheme, we consider an auxiliary Cauchy problem

Oyw; = Fi(wi), te [O,T],
(1.8) i=1,2,
w;(0) = w o,
and the corresponding integral equation
t
(19) wz(t) = W;,0 +/ Fz(wl(s)) ds, te€ [O,T], 1 =1,2.
0

(lf) = (I>F7: (t)ww.

We denote the solution of (1.9) by w;
~ S(t)up reads

Then, our scheme to find ¥(t)ug
(1.10) U(t)ug = Pa(t/2)Pp, (t/2)Pr, (1) Pr, (t/2)PA(t/2)up.

We are now in a position to state the main results.

Theorem 1.2. Assume (FO)—(F5). Let ug € D(A?), T € (0, Tax(uo)), and set

mo =8 max 15 (t)uollpcay-
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Then there exists a positive constant ho which depends only on T', mg, and ||ug|| p(a2)
such that

(1.11) 1% (h) uoll peay < mo, W (h)"uollprazy < "™ |luollpraz),
(1.12) [.S(nh)ug — W (h)"uoll p(ay < K1hlluoll peazy,
(113) HS(nh)uo - \Il(h)”u0||x < IighQHU()”D(Az)

for all h € (0,ho] and n € N satisfying nh < T, where v, is a positive constant
depending only on mg, and k1, ke are positive constants depending only on T' and my.

The rest of this paper is organized as follows. In Section 2, we collect some lemmas
that are needed to prove Theorem 1.2. In Section 3, we give local estimates for the
error between S(h)ug and ¥(h)up in D(A). In Section 4, we give local estimates for
the error between S(h)ug and ¥(h)ug in X. In Section 5, we complete the proof of
Theorem 1.2. Finally, in Section 6, we present a numerical experiment that illustrate
the convergence rate of the scheme numerically.

2. PRELIMINARIES
2.1. Estimates on the contraction semigroup ®4(¢).
Lemma 2.1. Let k = 0,1. Then,
[@4(t)vo — Pa(s)vollpeary < (t = s)[lvol par+r)

for vg € D(A*1) and 0 < s < t.

Proof. Setv(t) = ®4(t)vg. Then we have

D4 (t)vg — Pa(s)vg = v(t) —v(s) = / V' (r)dr = / Av(t)drT.

Since
[Av(T) I pary = [®a(T)Avol| pary < || Avoll p(ark)

for 7 > 0, we have
t
@At = a(s)oollpgary < [ [Av(r)]ppary dr
S
< (t = s)[[Avollpeary < (t = s)[[voll par+r)-
This completes the proof. (I
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Lemma 2.2. Let w € C'([0,T],D(A)) N C([0,T], D(A?%)). Then we have

/ [Pa(t — s)w(s) — Pa(t/2)w(s)]ds
0 X

t3(||’(U||Cl([O7T],D(A)) + ||w||c([07T],D(A2))) fort € [O,T].

(2.1) ‘

Proof. For0<s< ¢<T, by Taylor’s formula, we obtain
Ba(t — 5)u(s) — a(t/2uls) = (t/2 — $)®a(t/2) Au(s)
(/2= )2 /01(1 —0)BAO(t — 5) + (1 — 0)t/2) A%w(s) 6.
Let v(s) = ®4(t/2) Aw(s). Then we have
[V ()]l x < [[Aw'(s)|[x < [[w'(s)l|p(a)

¢ t/2
/ (t/2 — s)v(s)ds = / (t/2 = s)[v(s) —v(t — s)]ds.
0 0

Moreover, for 0 < s < t/2, since

u(s) — v(t — s)||x = H/ 005+ ( 1—9)@—5))(19“

X
< (t—2s)/0 [/ (85 + (1 — 0)(t — 5))|| x 46

< 2(t/2 = s) |1Vl 0,17, x)

we get

/0 (t/2 —s5)Pa(t/2)Aw(s)ds

t/2
< 2/ (t/2 = s)*ds||v'||cqo,11,x) < [lwl e o177, pea))-
0

(2.2) ‘

X

t/2
/0 (t/2 — 8)[v(s) — v(t — 5)] ds

X

Furthermore, since

/O1 (1= 0)DA(B(t — ) + (1 — 0)t/2) A%w(s) dQH

X

1
< / (1 - 0)[[A%w(s)]|x 46 < [[wlleqor.peam).
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we have

¢ 1
(2.3) ‘ / (t/2 — 5)2/ (1—0)PA(0(t —s) + (1 — 0)t/2)A%w(s) df ds
0 0 b's
¢
< ||wHC([0,T],D(A2))/O (t/2 = 8)*ds < £||wlleqpo,m,p(42)-
Thus, by (2.2) and (2.3), we obtain (2.1). O

2.2. Estimates on the nonlinear flows ®p,.

Lemma 2.3. Assume (F0)—(F1). For any M > 0, there exists a positive constant
T(M) such that if ||vo|| pay = M, then

@5, (ool pay < 2M,  |S(H)vollpay <2M for te[0,7(M)], i=1,2

Moreover, if vi,ve € D(A) satisfy max{[|vi| p(a), |v2llp(a)} < M, then

[ 5, (o1 — P g, (E)va|| pray < XM

[S(t)vr — S(t)v2llp(a)

lvr —v2|lpay, i=1,2,

2L(2M)t| for t € [0,7(M)].

<
<

e lv1 — v2l[ p(a)

Proof. See Proposition 4.3.3 of [3]. O

Remark 2.4. We can assume that 7: (0,00) — (0, 00) is a nonincreasing func-
tion.

Lemma 2.5. Assume (F0)—(F3). Let vy € D(A?) and set M = ||| p(a). Then
(2.4) 1@, (t)voll prazy < e“2MD!||vg | prazy  for t € [0,7(M)], i=1,2,
where (M) is defined above in Lemma 2.3. Moreover, we have

(2.5) [0 (t)vo| pazy < L2 |vg|| pazy  for t € [0,7(4M)].
Proof. First, we note that it follows from (F0)—(F3) that (1.7) is locally well-

posed in D(A?). For i = 1,2 we set v;(t) = @, ()vo.
By (1.9) and (F2), we have

t
ol asy < lvollpeas) + / | F:(0s() | pazy dr
t
< ||v0|\D(Az)+/O Lo([lvi(T) | pay)llvi(T) | peazydr, i=1,2.
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It follows from Lemma 2.3 that
t
lvi() || pazy < llvollpeazy + L2(2M)/ lvi(T)l[p(azydr, i=1,2,
0

for t € [0,7(M)]. Thus, Gronwall’s lemma implies (2.4) for ¢ € [0, 7(M)].
Next, since || @, (t/2)Pa(t/2)volpay < 2M for t € [0,7(M)] and

(2.6) ||(I>F2(t)q>pl (t/2)<I>A(t/2)v0||D(A) <4M fort € [O,T(ZM)],
it follows from (2.4) that

[¥(#)vollpazy < [[Pr1(t/2)Pr, (8)Pr, (8/2)Pa(t/2)voll D(a2)

P22 D, (1)@ 1 (1/2)P a(t/2)v0]| D(a2)

NN

for ¢ € [0, 7(4M)]. Similarly, we have
1@ 5, ()@ r, (8/2)Pa(t/2)v0]| p(az) < P2 EMHE2EMI 40| 1y g2y
for t € [0,7(2M)]. Therefore, we obtain

¥ (t)vollpaz) < oL2(8M)t/2+4 Lo (AM)t+L2(2M)t/2 o2L2(8M)t

lvoll peazy < llvoll pa2)

for t € [0,7(4M)]. This completes the proof.

2.3. Lipschitz property of S(t).
Lemma 2.6. Assume (F0)—(F4). Let ug € D(A), T € (0, Tmax(uo)) and set

. (m —aL(2m
my =2 max [S(thuollpeay, o =mm{71, mye 2L I)T}-

If ||’U() — S(tO)UOHD(A) S 50, then
(2.7) 1S(t)vollpay < 2my for t € [0,T — to).

Moreover, if ||vy — S(to)uo||p(ay < do and [|ve — S(to)uo||pcay < do, then

fort € [0,T — to].

[1S(t)v1 — S(t)va|l peay < e2EC™ oy — v p(a)
<e

IS(t)or — S(t)vz]lx < 1™ op —va|x
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Proof. First, we show (2.7). Since
m
llvollpay < llvo — S(to)uollpeay + [1S(to)uoll peay < do + 71 < my,

it follows from Lemma 2.3 that ||S(t)vo||pay < 2my for t € [0,7(my)]. Here, we
define

T = sup{7 € (0, Tmax(v0)); [IS(t)vollpay < 2my for t € [0, 7]}

and suppose T < T — to. Then we have
t ~
S(t)vo = Pa(t)vo —|—/ Dt —T)F(S(T)vg)dr  fort €[0,T].
0

Since 0 < 7 < T and 7+t < T for 7 € [0,T], we have
[S(T)vollpay < 2ma,  IS(7)(S(to)uo)llpay = IS(7 + to)uollp(ay < ma.
Thus, by (F6), we have
[1S(t)vo — S(t)(S(to)uo)llp(a)
< lvo = S(to)uollp(a) + /Ot [F(S(T)vo) = F(S(7)S(to)uo)ll p(a) d7

t
< 6o+ 2L(2m1) / 1S (r)vo — S()S(to Yol peay dr
0

for t € [0, T]. By Gronwall’s lemma, we have
||S(t)1}0 — S(t)S(tQ)U0||D(A) < 5062L(2m1)t < 5062L(2m1)T <my
and

1S()vollpay < [[S(H)vo — S(t)S(to)uollpay + [1S(t)S(to)uollp(a)

1 ~
<mq + §m1 <2m; forte [O,T]

This contradicts the definition of 7. Thus, we conclude T — ty < f, which im-
plies (2.7).
Next, we show (2.8). By (2.7), we have

(29) ||S(t)’l)1||D(A) < 2m1, ||S(t)1)2||D(A) < 2m1 fort € [0, T— to].
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Thus, by (F6), we have

[1S(t)v1 — S(t)v2|lp(ay

< lor —vallpeay + /Ot [ F(S(T)v1) — F(S(T)v2)ll p(a) dT
< lvr = w2l pay + 2L(2my) /Ot [S(7)v1 = S(7)val| pay dr
for t € [0,T — to]. By Gronwall’s lemma, we have
|S(t)v1 — S(t)vallpeay < 2L @mty 1y, va||pay fort € [0,T — to).
Moreover, by (2.9) and (F8), we have

[S(@)vr = S(t)va||x

< lor = vallx + /Ot [F(S(T)v1) = F(S(T)v2)|| x d7
< |lvr — val|x + 2L4(2mq) /0lt |S(T)vy — S(T)ve||x dr for t € [0, T — o).
Hence, we obtain
1S(t)vr — S(t)va||x < e21CmIt||y) —uy||x  for ¢ € [0,T — to].

This completes the proof. O

3. LOCAL ERROR ESTIMATES IN D(A)

In this section, we estimate local errors in D(A) between the solution u(t) of (1.7)
and ¥ (t)up which is defined by (1.10).

Proposition 3.1. Assume (F0)—(F3). Let ug € D(A?) and set M = |[ug||p(a)-
Then there exists a positive constant K1(M) depending only on M such that

||S(t)U,Q — \I/(t)UOHD(A) < Kl(M)H’U,QHD(Az)tQ for t S [0, T(4M)]
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In what follows, we put
(3.1) u(t) = S(t)ug, v(t) = U(t)uo.
We define wy (s, t), wa(s,t) and ws(s,t) by

w1 (s,t) = Pp, (8/2)PA(t/2)ug, wa(s,t) =P, (s)Pr, (t/2)PA(t/2)uo,
ws(s,t) = Pp, (5/2)Pp, (6)Pp, (£/2)P A (t/2)uo.

Then we have

(32) wils 1) = ®a(t/2uo + 3 /0 "By (wn () dr,
ws(s,8) = wn (t,4) + /0 Fy(ws(r, £)) dr,
ws (s 1) = wa(t, 1) + 3 /0 Fi(ws(r, £)) ds.

Therefore, v(t) can be written as

v(t) = Qa(t/2)Pr (6/2)Pm ) Pr, (1/2)Pa(t/2)uo
= D4(t/2)ws(t,t) = Pa(t)uo + G1(t) + Ga(t) + Gs(t),

where
G (t) = % /O Ba(t/2)Fy(wi(s,0))ds, Ga(t) = /0 B a(t/2) Fy(ws(s, 1)) ds,
Gs(t) = %/Ot D4 (t/2)Fy(ws(s,t))ds.
By using the expression (1.7), we have
(3.3) u(t) —o(t) = /0 D4t — 8)[F(u(s)) — F(v(s))] ds + R(t),

where

R(t) = /0 DAt — s)F(v(s))ds — [G1(t) + Ga(t) + G3(t)].

We divide R(t) as R(t) = Ry(t) + Rz(t), where
Ri(t) = [ ®a(t= )R (0(9)ds = (G1(0) + Galt),
Ry(t) = /Ot DAt — s)Fa(v(s))ds — Ga(t).
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Moreover, we split Ry (t) and Ra(t) as R1(t) = R14(t) + R1p(t) and Ra(t) = Raa(t) +
Rop(t), respectively. Here,

(3.4) Rla(t)z/o @A(t—s)[Fl(v(s))—%Fl(wl(s,t))—%Fl(wg(s,t)) ds,

1

(35)  Ru(t) = 5/0 (@a(t —s) = Pa(t/2))[F1(wi(s, 1) + Fr(ws(s,t))] ds,

(3.6) Rau(t) = /0 DA(t — s)[Fa(v(s)) — Fa(wa(s,t))] ds,

t
(3.7)  Rxp(t) = / (Pa(t—5) — Pa(t/2))Fo(wa(s,t))ds.
0
First, we prove the following lemma.

Lemma 3.2. Assume (FO)~(F3). Let ug € D(A?) and set M = |ug||p(a). Then
there exists a positive constant C1o depending only on M such that

(3.8) |R2(6)] p(ay < Chrzlluollp(az)yt®  for t € [0, 7(4M)].

Proof. First, we show that there exists a positive constant C12, depending
only on M such that

(39) ||R2a(t)||D(A) g 012a||uO||D(A2)t2 fOI‘ t e [O,T(4M)]
By Lemma 2.3, we have
(3.10) (s, )| pay < 4M,  [[o(s)]|pay < 8M  for s,¢ € [0, 7(4M)].

Thus, by (F6), we have

1) I Rea@lpiay < HEM) [ 1006) —wals Doy ds. for ¢ € 0,742
Since
o(5) = ®a(s/2)r, (5/2)wals, )
—0a(s/2{uwals5)+ [ " B @ (s, 5) ar}.
we have
lo(s) = wals, ) Loy < 1®a(s/2)uwa(s,5) — ws(s, )b

s/2
+ / |2 (@, ()wn(s, )| pia) dr-
0
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By Lemmas 2.1 and 2.5, we have

S
(3.12)  [[®a(s/2)wz(s,s) — wa(s,s)|[pa) < §||w2(5a5)”D(A2)

< feL2(4M)s+L2(2M)s/2 feQL2(4M)7—(2M) HUOHD(A2)

[[uollpaz) < 5
for s € [0,7(2M)]. Moreover, by (F7) and Lemma 2.3, we have

[ F1(®y (T)w2 (s, 8)) | pay < LUPF (T)wa (s, $)[[pa)) |Pr (T)wa (s, s)[ D(a)

<
< 8L(8M)M < 8L(8M)||uol| p(a2)
for 7,5 € [0, 7(4M)]. Thus, we have

S
l[o(s) — wa(s, s)l[pa) < 5(62L2(4M)T(2M) +8L(EBM))|[uollp(azy for s € [0, 7(4M)],

which implies (3.9).
Next, we show that there exists a positive constant Ci9, depending only on M
such that

(313) ||R2b(t)||D(A) < Clgb||u0||D(A2)t2 fOI' t e [0, T(2M)]

By (F2) and Lemmas 2.1 and 2.5, we have

t
t
Rt < [ [5 = | IPa(un(o. ) logas ds
t
t
< / 5 = 8| La(AM)el2 D=L CADL | 1 g2 ds
0
t
t
< /0 37 dsLo(4AM el UMM |1y 1l b 4oy for ¢ € [0, 7(2M)],

which implies (3.13).
Finally, (3.8) follows from (3.9) and (3.13). O

Lemma 3.3. Assume (FO)~(F3). Let ug € D(A?) and set M = |ug||p(a). Then
there exists a positive constant C1; depending only on M such that

(3.14) ||R1(t)||D(A) < Cll||UO||D(A2)t2 fort € [O,T(4M)]
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Lemma 3.3 can be proved in the same way as Lemma 3.2, so we omit the details.
By Lemmas 3.2 and 3.3, we obtain the following lemma.

Lemma 3.4. Assume (FO)~(F3). Let ug € D(A?) and set M = |ug||p(a). Then
there exists a positive constant Cy depending only on M such that

(3.15) IR pa) < Cilluollpiazyt®  for t € 0, 7(4M)).

Now, we give the proof of Proposition 3.1.

Proof of Proposition 3.1. It follows from (3.3), (F6), and Lemma 3.4 that

[u(t) = v(t)[pa) < /O [E(u(s)) = F(v(s))lpeay ds + [[R({) [ D)

< / 2L(max{|[u(s)]| by, [[v() Dy Dlluls) = v(s)llpca) ds
0

+ Ci||uo|| prazyt® for t € [0,7(4M)).

Moreover, by Lemma 2.3 we have |lu(s)||pa)y < 2M and [[v(s)||pay < 8M for
s € [0, 7(4M)]. Thus, we have

¢
[u(t) = v(®)llpay < 2L(8M)/0 lu(s) = v(s)llp(a) ds + Cilluoll p(az)t?
for t € [0,7(4M)]. By Gronwall’s lemma, we obtain
[u(t) — v(t)| peay < EEMIC |ug|| pazyt® < e2EEMTEM Oy |lug|| p(az)t?

for t € [0,7(4M)]. This completes the proof. O

4. LOCAL ERROR ESTIMATES IN X
In this section, we prove the following local error estimates in X.

Proposition 4.1. Assume (F0)—(F5). Let ug € D(A?) and set M = |[uo|| p(a)-
Then there exists a positive constant Ko(M) depending only on M such that

1S (B0 — U)ol x < Ko(M)|uoll pazyt® for ¢ € [0, 7(4M)].
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This proposition is a readily obtainable consequence of

(4.1) [R1a(t)]|x < Coralluoll paz)t®,
(4.2) [R1p(t) ||l x < Canplluoll paz)t?,
(4.3) | Raa(t)l|x < Cazalluollpeaz)t®,
(4.4) [ Rap(1)[| x < Coaplluol prazyt?,

for t € [0,7(4M)]. Here Ca14, Co1p, Ca24, Cazp are positive constants depending only
on M and Ri4(t), R1p(t), Raq(t), Rop(t) are defined by (3.4)—(3.7).
The proofs of these estimates are given below.

4.1. Proofs of (4.4) and (4.2). We only consider the case (4.4). It follows from
Lemmas 2.3, and 2.5 that

(4.5) wa(s, )l pay < 4M,  |wa(s, )] paz) < 2P2HOTEM |y b2

for s,t € [0,7(2M)]. Moreover, by Lemma 2.2 we have

a5 - wate/2l s ) 05|

< (|| Fa(w2)llero,r @), peay) + I1F2(w2)lle(o,r2an),p(az)))  for t € [0, 7(2M)].

It follows from (F7) and (4.5) that

(4.6) [F2(wa(s, 1)l p(ay < L(l[wa(s, 1) peay) wa(s, 1)l peay

<
SAL(AM)M < AL(4M)|uo|| paz)

for s,t € [0,7(2M)]. Moreover, by (F2) and (4.5),

[ Fa(wa(s,t))|Ipazy < La([lwa(s, )l peay)llwa(s, )| p(az)

<L
< Lo(AM)el2(MTEM) 10| b yay - for s,t € [0, 7(2M)].

Thus, there exists a positive constant C.,, depending only on M such that

[ F2(w2)ll ¢ (j0,7(20)),0(42)) < Cuwy U0 Da2)-

Next, since 9q(Fa(wa(s,t))) = Fa(wa(s,t))0s(wa(s,t)) = Fy(wa(s,t))Fa(wa(s,t)), it
follows from (F1), (4.5), and (4.6) that

105 (F2(w2(s, ) [ pay < L(llw2(s, )| pay) [ F2(w2(s, 1) pa)

<
<AL(AM)*M < AL(AM)?||uo|| p(az) for s,t € [0,7(2M)).
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Thus, there exists a positive constant C;,, depending only on M such that

[ F2(w2)l| e (0,7 20)1, D)) < Cuy 0] Da2)-

This completes the proof of (4.4).

4.2. Proof of (4.3). In order to prove (4.3), we divide R, (t) into several parts.
By Taylor’s formula, we can express Ra,(t) as

6
RQa (t) = Z Q] (t)a
=0
where .
/0 D4 (t — s)Fy(uo)[Pa(s)ug — Pa(t/2)uglds, j=0,
Q;(t) = { (=1 /t Da(t —s)J;(s,t) ds, i=12,
0
/0 DA (t — s)F5(uo)Jj(s,t)ds, Jj=3,4,5,6.
Here
1
Ji(s,t) = /0 (1 —0)Fy (0% (s)up + (1 — 0)uo)[¥(s)ug — ug)? db,
1
Jo(s,t) = /0 (1 = 0)Fy (Qwa (s, t) + (1 — 0)ug)[wa(s,t) — ug]* db,
Js(s,1) = /O "B a(5/2) Fa(wa(r, 5)) dr — /O " By(ws(r, 1)) dr,
1 S

N}

Ju(s,t) = = /OS D a(s/2)F1(ws(T,s))dr — %/0 D 4(s/2)F1(wi(T,s))dr,
Js(s,1) = /0 " @ a(s/2) Fi (wn (7, 5)) dr — /0 " Fy(wn (r, 1)) dr,
Jo(s,1) = /O Fi(wn (7)) dr — %/0 Fy(wi(r,8)) dr.

Estimation for Qo(t).
In the same way as in the proof of (4.4), we can show

1Qo(®)l|x < (L(M) + La(M))||uo|| pazyt® for t > 0.

Estimations for Q1(t) and Q2(t).
We only consider the case of Q1(t). We notice the following holds by Lemma 2.3:

(4.7) [wi(s,)llpay < 2M,  |lws(s,t)||pay <8M  for s,t € [0, 7(4M)].
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Since ||W(s)uol|pay < 8M for s € [0, 7(4M)], it follows from (F5) that

t
(48) @&l < / 11(5) 1 ds
t pl
< // EY (09 (s)uo + (1 — 0)uo)[¥(s)o — ol x 0 ds
0J0
t
< / La(8M) - [ W(s)uo — wollx - [¥(s)tt0 — uol| peay ds
0
for t € [0,7(4M)]. Moreover, by (3.3) and Lemma 2.1, we have

W (s)uo — uollpay < |Pa(s)uo — uollpa)
+ 1G1(s)|Ipcay + |G2(3)|Ip(a) + |G5(5) || p(a)
< slluollpeazy + 1G1(8)lIpay + 1G2(8) [ peay + |G3(s) || peay-

for s > 0. By (F7) and (4.7),

S
(49) 16 < [ IR s)loey dr

<2L(2M)Ms < 2L(2M)|uo|| p(azys
for s € [0,7(M)]. Similarly, for s € [0, 7(4M)], we have
1G2(s)llpay < AL(AM)]|uol[p(azys;  [|G3(s)l[pcay < BL(8M)[[uol| p(az)s-
Thus, there exists a positive constant C’ depending only on M such that
19 (s)uo — wollpgay < Ch luollpgazys for s € [0, (4M)].
Similarly, there exists a positive constant C; depending only on M such that
W (s)uo — uollx < C% s forse [0,7(4M))].

Therefore, we have

t
(@10) Q@) < La(8}) [ C5,C unllpianys*ds

0
< L5(8M)thcfj'1||u0||D(A2)t3 for t € [0, 7(4M)].

Similarly, we can prove that there exists a positive constant Cg, depending only on
M such that

(4.11) 1Q2(t)]lx < Cqslluollpazyt®  for t € [0, 7(4M)).
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Estimations for Qs(t), Q4(t), and Qs(t).
We only consider the case Q3(t). By (F4), we have

1Qs(t)x </0 La([luollpcay) | J3(s, 1) || x ds.

We see that
Js3(s,t) = /05 [‘I)A(S/Z)Fg(wg(T,s)) — Fa(wa(r, s))] dr
+ /0 [Fy(wn(r, ) — Fy(wa(r,1))] dr.

Moreover, by Lemma 2.1 and (4.6), we have

Furthermore, by (F8) and (4.5), we have

By (3.2), we see that

/ (@ a(s/2) Fawa(r. 5)) — Fa(ws(r. )] dr

0

®s
< [ 1Bt )l dr
X 0

2L(4M)Ms*> < 2L(4M)||ug| p(azys®  for s € [0, 7(2M)].

/0 (Ba(ws (7, 8)) — Fa(ws(r, )] dr

< / La(4M)|Jwa (7, 8) — wa (7, )| x dr
X 0

< / Ly(4M)|lwa(7, 8) — wa(T,t)|| paydr for s,t € [0,7(2M)].
0

wa (7, 8) —wa(T,t) = Pa(s/2)ug — Pa(t/2)up + = / Fi(wyi(r,s))dr

T 1 t
+/ FQ(U)Q(;,S))CI;_—\/ F1 U)l Tt d’T—/ F2 U)Q 7' t
0 2 Jo 0
By Lemma 2.1,
1
[@a(s/2)uo — Pa(t/2)uollpeay < §|8 — t[|luoll peaz)-
By (F7), (4.5) and (4.7),
[ Ej(w; (7, )| pay < 4L(AM)M < AL(4M)|[uol|p(az), Jj=1,2,

for 1,5 € [0,7(2M)]. Thus, there exists a positive constant C';, depending only on M
such that

175(s, )l pay < Cuylluollpeazy(s® + st)  for s, € [0,7(2M)].
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Therefore, we have
t
Qu(Ollx < [ LaODCy ol pany(s* + 1) ds
0
< L4(M)CJ3 ||u0||D(A2)t3 fort e [0, T(2M)]
Similarly, we can prove that there exist positive constants Cp, and Cg, such that
1Qs®)llx < Caulluollpazt®,  1Qs(®)lx < Cqslluollpazt®  for t € [0, 7(4M)].

Estimation for Qe(t).
We split Js(s,t) into
.]6(8, t) = Js1 (S, t) + Jgo (t),

where

s t/2 t
JGl(S,t)_/t/QFl(wl(T,t))dT, Jﬁg(t):/o Fl(wl(T,t))dT—%/O Fl(wl(T,t))dT.

First, we estimate fg D 4(t — s)F5(ug)Je1(s,t) ds. By Taylor’s formula, we obtain
Jﬁl(s, f,) = (S - t/2)F1(w1(t/2, t)) + (S - t/2)2.]61b(8, t),
where

Jo1p(s,t) = % /0 (1 —0)F] (wi(0s + (1 —0)t/2,t)) - Fy (w1 ((@s + (1 — 0)t/2),t)) db.

In the same way as in the estimate of Qo(t), we can show

for t € [0,7(M)]. By (F1), (F7), and (4.7), we have

| @t =Py — 2 Ra(n/2) 5] < LEMPuolgae

X

[ J616(s, )l x < | Je1n(s, )l peay < L(2M)*M < L(2M)>?||uoll pa2)

for s,t € [0,7(M)]. Thus, by (F4), we obtain

(4.12) ‘ /01t (5 —t/2)*®A(t — 8)Fy(uo)Jo1p(s,t) ds

X
t
< / (5 — £/2)°La (M) Joro (s, )] x ds
0
< L(2M)2Ly(M)||uo|| p(azyt®  for t € [0,7(M)).
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Therefore, there exists a positive constant Cs; depending only on M such that

(4.13) ‘ < CGlH'U'OHD(AQ)t?) fort € [0, T(M)]

/ B At — ) FY(uo)Jor (s,1) ds
0 X

Next, we estimate f(f D 4(t — 8)F5(uo)Js2(s, t) ds. We rewrite Jgo(t) as

t/2 t/2
J(;Q(t):/o Fl(wl(T,t))dT—/O Fl(wl(QT,t))dT.

Hence, by (F6) and (4.7), we have
/2
[ J62(t) ]| p(a) </ [FyL(wi (7, 1)) = Fi (w1 (27, 1)) pay dT
0

t/2
< / L2M)||wy (7, t) — w1 (27, t)||D(A) dr
0

t/2
L2M)||®p, (7/2)Pa(t/2)uo — P, (T)Pa(t/2)uol| p(a) dT

<

/
t/2 T

/ L(ZM)/ 2L(2M)M d7dr < L(2M)** M
0 T/2

< L(2M)?||uo|| paz)t?

for t € [0,7(M)]. Thus, it follows from (F1) that

(4.14) ‘ /Ot ‘I)A(f, — S)Fé(uO)Jgg (t) ds /Ot @A(t — S)FQI(UQ)JGQ(t) ds

< ‘

X D(A)

t
< / LOD||Joa(8) | by ds < LEM) [uollpazyt®  for ¢ € [0, 7(M)].
0

Summing up these estimates, we obtain that there exists a positive constant Cg,
depending only on M such that

(4.15) 1Q6(t)|x < Coslluollpazyt®  for ¢ € [0, 7(M))].
4.3. Proof of (4.1). To derive an estimation for Ry, (t), we divide Ry, (t) into
R14(t) = Ri114(t) + Ri24(t),

where

Rlla(t) = /0 ‘I)A(f, — S){Fl(\I’(S)UO) — F1 (U)Q(S,f,))} dS7
Rioa(®) = 5 [ (e = s)2Pi(wa(s.6) = {Fa(un(s.0) + Fiw (s, 0)} s
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Then, in exactly the same way as in the proof of (4.3), we can prove that there exists
a positive constant Cs11, depending only on M such that

|R11a(t)]| x < 0211a||uO||D(A2)t3 for t € [0, 7(4M)].

We proceed to show that there exists a positive constant Cs12, depending only on
M such that

(4.16) ||R12a(t)||x < 0212a||UQ||D(A2)t3 for t € [0, T(M)]

To do this, we divide R12,(t) into several parts. By Taylor’s formula, we have

Ri2a(t) = %/0 DAt — 5)[2F (wa(s, 1)) — Fi(ws(s, b)) — Fi(wi (s, 1)) ds
= %/0 DAt — 9)[Q*(s,t) +2J5(s,t) — Ji(s,t) — J{(s,t)] ds,
where

Q*(s,t) = F}(uo)[2wa(s,t) — ws(s,t) —wi(s, )],

J3i(s,t) = /0 (1 — 0)F) (Ow;(s,t) + (1 — O)ug)[w;(s,t) —upl*dd, j=1,2,3.

In exactly the same way as in the estimates of Q1 (¢) and Q2(t), we can prove that
there exists a positive constant C' i (j = 1,2,3) depending only on M such that

Hence, it remains to derive the following estimate. There exists a positive con-

/t Bt - 5)77(s) ds
0

< Oyt |luollpazyt®  for t € [0, 7(4M)], j =1,2,3.
X

stant Cp- depending only on M such that

< CQ*HU0||D(A2)1§3 for ¢ € [0, 7(4M)].
'

(4.17) ‘ /0 "Bt — 5)Q"(s) ds

We rewrite fot Dyt —5)Q*(s)ds as

3

/0 DAt —5)Q"(s)ds =Y _ W;(t)ds,

Jj=1

425



Wjt) = (=17 [21;(s,t) = ;(6,0)] (G =1,2), Ws(t) = [Li(s,1) = Is(s, )],

s s/2
I2(Svt) = /O F2(w2(7—a t)) dr, Ij(svt) = /O Fl(wj(27—v t)) dr, j=13.

First, in the same way as in the proof of (4.15), we can prove that there exist
positive constants Cyy, , Cyy, depending only on M such that

(4.18) [W; (1)l x < Cw, lluollpazyt® for t € [0,7(2M)], j =1,2.

)

In the following, we show that there exists a positive constant Cyy, depending only
on M such that

(4.19) IWs ()]l x < Cws lluoll peazyt®  for t € [0, 7(4M)].

By (F4),

IWa(0)1x = H [ #att = 9F )it (s,0) = 1 0]

X

< [ 0l 0 - Bs. Dl
y (4.7), we have
(4.20) lw;(s,t)|pay < 8M  for s,t € [0,7(4M)], j=1,3.
In view of (4.20) and (F'6), we obtain

[11(s, 1) 13(8 Dllx < i(s,t) = I3(s,t)||p(ay

H (Fy(wn (1)) — Fi(ws(r, 1)) dr

D(4)

g/ 5 L(8M)||wi(7,t) —w3(7,t)||paydr  for s,t € [0, 7(4M)].
0
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By (3.2),

lwi(7,t) — ws(7,t)||p(ay

= [wrr st - [ mawaz. @ -3 [ opar

D(A)

In the same way as in the estimates of Jga2(t), we have
lwy (7, t) —wi(t, )| pay < L(M)M|t — 7| for 7,t € [0, 7(M)].
By (F7), (4.5), and (4.20), we have
[E2(w2(7,8) [l pay < ALMAM)M,  [[Fi(ws(7, 1)) pa) < 8L(8M)M

for 7,t € [0, 7(4M)].

Thus, there exists a positive constant Cr,, depending only on M such that
[11(s,2) = I3(s,t) [ x < CryM(s +t)s < Cplluolpaz)(s +1)s
for s,t € [0,7(4M)]. Therefore, we obtain (4.19).

Summing up these estimates, we get (4.16) and, therefore, (4.1).
By (4.1)—(4.4), we obtain the following lemma.

Lemma 4.2. Assume (FO)~(F5). Let ug € D(A?) and set M = |ug||p(a). Then
there exists a positive constant Co depending only on M such that

(421) ||R(t)||D(A) < CQ||U0||D(A2)t3 fort € [0, T(4M)]

Now, we can proceed with the proof of Proposition 4.1 in the same way as in the
proof of Proposition 3.1 by using Lemma 4.2.

427



5. PROOF OF THEOREM 1.2

This section is devoted to the proof of the main result, Theorem 1.2. We set

(5.1) Y1 = 2L2(8m0), K1 = e{QL(QmO)-F’Yl}TKl(mQ)T, R3 = H1||u0||D(A2),
Ky = el2La@mo)+m}T f, (mo)T.

We assume that hg > 0 satisfies

7
(5.2) h() S T(4m0), 2L(2m0)h0/€3h0 (507 I€3h0 S %,

where my = 8 nfzu%] |S(t)uol| p(ay and 6o was defined in Lemma 2.6. We note that
te

s

kgh < e2L@molhc.p < 6, for h € (0, hol.
In what follows, we assume h € (0, hg]. By induction, we will show

) 1% (h) uoll paz) < €7 ||uol| p(az),

) W (h) uoll pay < mo,

) [1S(jh)uo — ¥ (h)Y uol peay < Ksh,

) 1S(jh)uo — ®(h)Y uollx < kalluoll peazyh?

ol ool

(5.3
(5.4
(5.5
(5.6
for j € NU {0} satisfying jh < T

In the case j = 0, it is clear that (5.3)—(5.6) hold. We assume nh < T and

(5.3)—(5.6) hold for j =0,1,...,n — 1.
First, it follows from Lemma 2.5 and (5.3) that

19 (h)™uol| pazy = % ()% (h)" ol piazy < F2E | W(R)"  ug| paz

<MD g | pasy = € ol pa-

By the triangle inequality, we obtain

IS (nh)uo — W (h)"uollp(ay < ZIIS (n—j = Dh)S(h)®(h) ug

= 8((n = j = D)W (R)T(h) uol p(a)-

Moreover,
1@ (R) ug — S(jh)uollpiay < Kah < do

for 7 =0,1,...,n — 2. Thus, it follows from Lemma 2.6 that

1S ()W (h)Y uo — S((7 + 1)h)uollpray = [S(h)¥(h) uo — S(h)S(jh)uol p(a)
< e2FCmOR |y (h)Tug — S(jh)uol| peay < €M ksh < 8o
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for j =0,1,...,n — 2. Moreover,
[ (R)¥(h) uo — S(( + 1)h)uo pay = 1T (h) ug — S((j+ 1)h)uol| peay < wsh < &g
for j =0,1,...,n — 2. Hence, it follows from Lemma 2.6 that

[S((n = j = D)R)S(h)¥(h) ug — S((n — j — 1)h)W(h)¥(h) uol| p(a)
2L Emo)(n=I=Dh S (R)W (h) ug — W (h) ¥ (h) ug|| p(a)

<
< PLEMITYS(h)W () uo — U (h) U (R uol| p(a-

Hence, we have

n—1
1S (nh)uo = W (h) uo|| pray < ™" " |[S(R) ¥ (h) g — U (R)¥(h) ug|| p(ay.
7=0

Moreover, it follows from (5.4) that || ¥ (h) ug||p(ay < mo for j =0,1,...,n—1. By
Proposition 3.1 we obtain

[1S(R)®(h)Y uo — W (h) U (h) ugl pay < K1(mo)|[¥(h) uoll paz)h?
<K

m
1(mo)e™ |uol| p(azyh?

for 7 =0,1,...,n — 1. Therefore, we have

1S (nh)uo — ¥ (h) uol| p(ay < e*HEmT il K1(mo)e™ Jug|| paz)h?
j=0
< e{%(?moHJM}TKl(mo)||u0||D(Az)nh2 < Ksh.
Finally, it follows from (5.2) that
[ (h)"uollp(ay < [[W(R)" uo — S(nh)uol[p(ay + [[S(nh)uol|pay < K3h+mo/8 < mo.

We can also prove (5.6) in the same way as in the proof of (5.5).

Therefore, we showed (5.4) holds for j = n. This completes the proof. O
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6. NUMERICAL EXAMPLES

In this section, we present numerical examples. Let I = (0,1). We consider

Opu = 10%u — i|ul?u — 2|ul*u, tel0,T], z€l,
(6.1) u(t,0) = u(t,1) = 0, te 0,7,
u(0,x) = uo(x), zel.

By letting

A=i02, X =L*), D(A)=H*I)nH;(),
D(A*) ={ve H*I); v=0*v=0o0ndI}, F(v)=—iv|*v —2v|*v,

the equation (6.1) fits into the framework of Proposition 1.1. Hence, we can directly
apply Theorem 1.2 to (6.1) if ug € D(A?). It is difficult to obtain the exact solution
of (6.1). Therefore, instead of (1.13), we numerically investigate the quantity

ey = sup ||[U(h)"ug— \I/(/z/Z)Q"uOHY7
0<tn <T

where Y = L>(I), L*>(I) or H*(I). In Figures 1 and 3, we present (logh,loger ),
(log h,logerz2) and (log h,log ey1). Figure 1 shows that the second-order convergence
occurs with the initial value ug(x) = sin(nz) which is a D(A?) function. On the other
hand, Figure 3 shows that the first-order convergence occurs with the initial value
Uo(z) = |z— 4|3 sin(nz) for z € I which is a D(A) function but not a D(A?) function.
Hence, we see that (1.12) and (1.13) are optimal numerically. Moreover, (1.1) has

the following dissipative property

d 1/2
- 2 <
(6.2) % </I [ul dx> <0.

In Figures 2 and 4, we demonstrate that the scheme (1.10) preserves the prop-
erty (6.2).

Acknowledgment. The authors thank the reviewers for their valuable com-
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