Applications of Mathematics

Guanyu Zhou; Takahito Kashiwabara; Issei Oikawa

A penalty method for the time-dependent Stokes problem with the slip boundary
condition and its finite element approximation

Applications of Mathematics, Vol. 62 (2017), No. 4, 377-403

Persistent URL: http://dml.cz/dmlcz/146835

Terms of use:

© Institute of Mathematics AS CR, 2017

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized
documents strictly for personal use. Each copy of any part of this document must contain these
Terms of use.

This document has been digitized, optimized for electronic delivery and
O stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/146835
http://dml.cz

62 (2017) APPLICATIONS OF MATHEMATICS No. 4, 377-403

A PENALTY METHOD FOR THE TIME-DEPENDENT
STOKES PROBLEM WITH THE SLIP BOUNDARY CONDITION
AND ITS FINITE ELEMENT APPROXIMATION

GUANYU ZHOU, TAKAHITO KASHIWABARA, ISSEI O1KAWA, Tokyo

Received November 28, 2016. First published July 5, 2017.

Abstract. We consider the finite element method for the time-dependent Stokes problem
with the slip boundary condition in a smooth domain. To avoid a variational crime of
numerical computation, a penalty method is introduced, which also facilitates the numerical
implementation. For the continuous problem, the convergence of the penalty method is
investigated. Then we study the fully discretized finite element approximations for the
penalty method with the P1/P1-stabilization or P1b/P1 element. For the discretization of
the penalty term, we propose reduced and non-reduced integration schemes, and obtain an
error estimate for velocity and pressure. The theoretical results are verified by numerical
experiments.
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1. INTRODUCTION

We consider the time-dependent Stokes problem in a smooth bounded domain
Q C RN (N = 2,3) with boundary Q2 = yUT, where §NT = ) and ~ has positive
(N — 1)-dim measure. The problem reads:

u —vAu+Vp=f, V-u=0 in Q x (0,7),

u=0 on~y x (0,7),
(1.1) (P)

u-n=0, (I—-n®n)o(u,p)n=0 onl x(0,7T),

u(x,0) = ug in Q,
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where 0 < T' < oo, u and p denote the velocity and pressure of the fluid, respectively,
v denotes the viscosity constant, n is the unit outer normal vector to I', and o (u, p) =
—pI +v(Vu + Vu') is the stress tensor.

The slip boundary condition (1.1), has massive applications in the real flow prob-
lems (see [17], [15], [11], [19]). However, there exist some numerical difficulties to deal
with the slip boundary condition when I' is smooth. In the finite element method
(FEM), Q is usually approximated by a polygon or polyhedron €2, with the Dirichlet
boundary ~; and the slip boundary I'j,. It is natural to discretize the slip boundary
condition by uy, - np, = 0, where ny, is the unit outer normal vector to I',. However,
such discretization results in a variational crime and leads to the constraint u;, = 0
on I'y,, because ny, is in general discontinuous at the vertices of I'y,.

To overcome the variational crime, [22], [21] imposed up -n = 0 at the nodes of T'y,
where (2 is assumed to be a spherical shell and n is prescribed. Using the quadratic
approximation, [1] proposed the discretization uy - (n o G) = 0 at all nodes and
barycentres of the boundary elements on I'j,, where GG}, is an abstract transformation
from I'y, to I'. However, in both methods, it is quite hard to compute G} or n for
a general domain. In addition, the implementations of up-n = 0 and up - (noGp) =0
in finite element code require more advanced techniques than the Dirichlet boundary
condition (see [1], [7]). Although one can use some approximation of n or ny in the
above schemes (see [2], [5]), a rigorous error analysis is difficult and some points still
remain unclear in the literature.

On the other hand, a penalty method has also been proposed in order to avoid such
numerical and theoretical difficulties. The penalty method is very simple and easy to
implement by the popular FEM softwares, such as Freefem++ (see [9]) and FEniCS
(see [16]). The idea of the penalty method is to replace the slip boundary condition
by a Robin-type boundary condition (see (2.6)3), which yields a penalty term in
variational form, i.e., e [[(uc - n)(v - n)dl in (2.5) with a penalty parameter e
0<ex ).

In this paper, we consider a penalty method for the time-dependent Stokes prob-
lem. There exist a lot of works on the penalty method for stationary problems.
However, to the best of our knowledge, there is no literature dealing with the time-
dependent problem. The main contribution of the paper is to establish error es-
timates of the penalty method for such a problem. We emphasize that the error
analysis cannot be obtained by a straightforward extension of the analysis in the
stationary case and that there are indeed nontrivial difficulties in the proof, which
is explained below.

Let us pay attention to the error estimate of the penalty method. For the station-
ary Stokes/Navier-Stokes problems, the sub-optimal error estimate of order O( /)
is proved under a priori estimate of the traction tensor in the L? norm; whereas the
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optimal error estimate of order O(e) requires the boundedness of u and p in the H?
and H' norms, respectively. To prove the optimal error estimate, the inf-sup condi-
tions of pressure and Lagrange multiplier have been used (cf. [4], [6], [28]). However,
these arguments are not applicable to the non-stationary problem. We explain the
reasons in the following (see Section 3 for the detailed proof and discussion). First,
owing to the loss of compatibility of the initial value and the boundary condition
for (P) and the penalty problem, we only obtain a priori estimates with weight Vtin
front of uy; and u.y. Moreover, in the non-stationary case, we cannot use the inf-sup
condition to get estimates of pressure and Lagrange multiplier depending only on
velocity, because the time derivative of velocity is also involved.

As a result, we need to construct a new proof for error analysis. In this paper,
we show a priori estimates of (P) and the penalty problem under various regularity
assumptions on given data, with help of which we derive the sub-optimal O(y/¢) and
quasi-optimal O(e|loge|) error estimates for the penalty method.

Now we turn our attention to the finite element approximation for the penalty
problem. For the stationary Stokes/Navier-Stokes problem with the slip boundary
condition, the FEM without penalty has been studied by Verfiirth [25], [26], [27],
Knobloch [14] and Bincsh and Deckelnick [1], and the case of the penalty method
has been investigated by Dione and Urquiza [6] and [12], [28]. The error estimates
of all the above works become sub-optimal if the difference between n and ny is
carefully taken into account (see Introduction of [12] for a comprehensive description
of these works). We mention that the error can be upgraded to optimal in the
two-dimensional case by introducing a reduced integration for the penalty term (see
12, [28).

All the above results are concerned with the stationary problem. In the present
paper, we consider the P1/P1l-stabilization (or P1b/P1) full-discrete finite element
approximation for the time-dependent problem. Introducing the projection operators
of velocity and pressure from [12], [28], we derive the error estimate O(7 + h + /& +
h/+/€), where T and h are the time and spatial discretization parameters. For the two-
dimensional case with reduced integration for the penalty term, the error estimate
is upgraded to O(7 + h + /2 + h?//€).

The paper is organized as follows. In Section 2, we introduce the penalty prob-
lem (P.), and derive a priori estimates for (P) and (P.) under various regularity
assumptions on the initial value and force. In Section 3, we deduce sub-optimal and
quasi-optimal error estimates for the penalty method. Section 4 is devoted to the
finite element scheme of the penalty method. Numerical experiments are presented
in Section 5.
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Notation. Throughout this paper, the norms of the Sobolev spaces H*(w) and
WHP(w) are denoted by |||z () and ||-||wks(w), respectively. The inner product
of L?(w) or L%(w)¥ is denoted by (-,-),. We will use the abbreviation L™(H"(w))
to mean L™(0,T; H*(w)), L™(0,t; H*(w)), L™(0,t; H*(w)™) or L™(0,T; H*(w)Y).
Sometimes, we omit w in the above notation when w = 2. We introduce the notation
v, =v-n and vr = (I —n ®n)v to represent the normal and tangential component
of v on I',; respectively. We use C to denote generic constants independent of ¢, h,
and 7. We also use C'(a, b) to emphasize that the constant is dependent on a and b.
The volume and surface measures are denoted by |-|.

2. THE PENALTY PROBLEM AND RELATED ESTIMATES

2.1. Function spaces and bilinear forms. We introduce the function spaces

V={veHQ)";, v=00n1v}, Vo={veV;uv,=0onT},

H° = {ve L*(Q"; V-v =0 in weak sense},

Hy ={v e H?; v, =0 holds weakly on I'},

Vi={veV; V.u=0}, VZ=V,NnV?, Q=L*Q),
Q=Li(Q) ={g€ L*(Q); (¢,1) =0}, A=H*T), A" =H D),

where X* denotes the dual space of a Banach space X.
For any w C R, we define the bilinear forms

aw(u,v) = =(E(u), EW))y, foru,ve Hl(w)N,

v
2
bo(v,p) = (=V-v,p),, forve Hl(w)N, p e L*(w),
C(Avﬂ) = AvM)F; for A € AvM € A*a

where £(u) = Vu+ VuT and (-, )r denotes the dual product between A and A*. We
introduce some inequalities for the above bilinear forms.

> Korn’s inequality: there exists a constant C' depending on 2 (note that |y| > 0)
such that

(2.1) aq(v,v) = Clv||3 Vo eV.

> Inf-sup condition: there exists a constant C' depending on 2 such that

b
(2.2) Cllale < sup 22020
vEHL (N V] 2

Vgeq,

where H}(Q) is the closure of C§°(2) with respect to ||| z1(q)-
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At this stage, let f € L?(L?(2)). Then the variational form of (P) reads: Find
(u,p) € (HY(L?) N L*(V,,)) x L?(Q) with u(0) = ug such that for all t € (0,7,

(2.3) {Wt() v) + ag(u(t),v) + ba(v,p(1)) = (f(H),0) Vv € Vp,

ba(u(t),q) =0 VgeQ.

The unique existence of the weak solution of (P) follows from the standard theory
(see §1, Chapter 3 of [24]). In fact, given ug € H? and f € L%(V,°*), there exists
a unique weak solution u € C([0,T]; HZ) N L?(0,T;V,?) to (P), i.e., u satisfies:
u(z,0) = ug, and for all ¢ € (0,7T),

(2.4) %(u(t),v) +aq(u(t),v) = (f(t),v) YveV7.

2.2. The penalty method. Let € be the penalty parameter with 0 < ¢ < 1,

and let u. be an initial value approximating ug. The penalty problem in variational
form reads: Find (ue,p:) € (HY(L?) N L3(V)) x L?(Q) with u.(0) = uco such that
for all t € (0,7,

(2.5) { (uet(t), v) + ag(ue(t), v) + ba(v, pe (1)) + e~ e(uen(t), va) = (f(t),v) YV EV,
‘ b(us(t)7Q) =0 VQ€Q~

The strong form of the penalty problem reads:

Ut — VAU +Vp.=f, V-u.=0 inQx(0,7),

U =0 on v x (0,7),
(2.6) (P:) o

o(ue,pe)n + e tugpn =0 on T x (0,7),

ue(2,0) = ugg in Q.

Proposition 2.1. Given u.g € H° and f € L*(V°*), there exists a unique weak
solution u. € C([0,T); H°) N L*(V?) to (P.), i.e., u. satisfies u.(z,0) = us and for
all t € (0,7),

%(ug(t),v) +aq(uc(t),v) + e (uen(t),va)r = (f(t),v) Yo V.

Proof. In view of the coercivity ag(v,v) + e tc(v,, v,) = C||v||%:, the unique
existence follows from the standard argument (see §1, Chapter 3 of [24]). O
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2.3. A priori estimates for (P) and (P.). To obtain error estimates of the
penalty method, we need a priori estimates for (P) and (P.).

2.3.1. A priori estimate for (P).

Proposition 2.2. Let u be the solution of (P).
(1) Forug € HZ and f € L*(V,2*) we have:

ullZ e (r2) + Ul Zageny < CUFIZ2 g + luollZ2) =: C1(f, o).
(2) Forug € V.2 and f € L*(L?), we have:
luellZa 2y + llullZoo gy < CUIFIT2z2) + luollFn) = Calf, o).
(3) Forug € Ve N H2(Q)N, f € C([0,T]; L?), and f; € L*(0,T; L?) we have:

(2.7a) el oo 2y + el Z2 a1y < Cor(f,u0),
(2.7b) H\/EuttH%Z(LQ) + ||\/Eut||2L2(H1) < C||\/Ef|\%2(L2) + Cs1(f, uo),

where Cs1(f,up) := C(HftH%Q(V;*) + fluoll%2 + |\f|\%([07t];L2)). In addition, if
up € H3(Q)N and £(0) € H(Q)V, then we have:

(2:8) NueelZorey + el Loy < CUIFellZa (o) + lluollEs + 11£(O)Fn) =: Caa(f, uo).

The results of Proposition 2.2 have already been obtained by Heywood and Ran-
nacher, Theorems 2.4 and 2.5 [10] for the Dirichlet boundary condition. By a similar
argument, we can prove Proposition 2.2 for the slip boundary problem.

Remark 2.1 (Regularity of w). In a similar manner to Theorems 2.4 and 2.5

[10], we can show the regularity sup t*"7"=2||Dl'u||%.,.<oco when Q and f are
0<t<T
sufficiently smooth, which implies that one can obtain any regularity of u in (¢4, 7T)

for t, > 0.

Remark 2.2 (Regularity of p). Consider the stationary Stokes problem with
the slip boundary condition:

—Au*+Vp*=f* V.u*=0 in(,
u*=0 onvy, ui=0 (I-n®n)o(u*,p*)n=0 onl.
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For sufficiently smooth v and I'; we have ||u*|| gm+z +||p*|| gm+1r < C||f*|| gm (cf. [18]).
Hence, Proposition 2.2 (2) implies

llullL2cm2y + [Pl L2y < Co(f, uo).
Moreover, it follows from (2.7) and (2.8) that

(2.92) lullc(o,r);2) + Pl o, m;m1) < C31(f, wo),
(2.9b) lutll L2 a2y + Ipell2 ey < Cs2(f, uo)-

2.3.2. A priori estimate for (P.).

Proposition 2.3. Let u. be the solution of (P.).
(1) For uey € H° and f € L?(V°*), we have:

||Us||2Loo(L2) + ||Us||2L2(H1) + 571”7-"671”%2(L2(F)) < Ci(f ueo).
(2) For uco € V7 with |luco - n r2(r) < Cv/€ and f € L*(L?), we have:
HU'ESH%?(LQ) + HUEH%OC(Hl) + 5_1||uen||%x(L2(r)) < Co(f,ue0) + C5_1||u50||%2(r).

(3) Forucy € VINH*( )N, [|ucon| gri/2ry < Ce, f € C([0,T]; L?) and f, € L*(L?),
we have:

(2-102) flueellFoe(r2y + lluctlF2crey < Ca1(frueo) + Clle™ uco - nllFsz ry,s
(2.10b) ||V buctell72r2) + [VEuet |7 (1) < Caa(fyuc0) + Clle™ uco - 312 -

Proof. Substituting v = u. and v = ug; into (2.5) yields the a priori estimates
(1) and (2), respectively.
In the following, we prove (3). There exists a p.g € H* () satisfying

2.11) (Vpeo, V) = (f(0) + Auco, Vg)  Vq € Hi (),
’ peo = Yuco-n+E(uco)n-n€ H/2) onl, Vpo-n=0 onnr.

Then p.o fulfills the estimate

(2.12) lpeollrr < Ce™ luco - ol prara(ry + llucolla2).
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We define 1.0 := f(0) + Auco — Vpeo. By the definition of p.g, it is easy to verify
that V - 4.9 = 0 in weak sense, i.e., 1.9 € H’. Then we have: for all v € V7,

(2.13) (o, v) + aq(uco,v) + afl(ugo “n,vp)r = (f(0),v).
In fact, (2.12) yields
ol L2 < Cle™Hlueo - nll rrire(ry + llucoll a2 + 11F(0)] £2).-

By Proposition 2.1, there exists a unique weak solution @, € C([0,7T]; H?) N
L?(0,T; V) such that

(et (t), v) + aq(te(t), v)

(2.14) + e (ten(t), vn)r = (fit),v) YveV, te(0,T),
Ue(x,0) = teo in Q,

satisfying

(2.15) e |7 e 12y + el F2arry < Car(fyuc0) + Clle™ uco - | Fa ry-

Define Uc(t) := ueo + fg t:(s)ds. Apparently, we have U.(0) = uc. Integrat-
ing (2.14) with respect to ¢ and using (2.13), we obtain

(Uet(t),0) + aq(U:(t),v) + &~ ({Uen(t), va)r = (f(t),0) Yo e V7, te(0,T).
By the uniqueness of the weak solution, we conclude u. = U, us = Uy = 1. and

(2.16) (ustt(t)7 U) + aq(ue (t), U) + 5_1(Ust(t) "N, Vp )T
= (fi(t),v) YveVe, te(0,T).

Obviously, (2.10a) follows from (2.15). Substituting v = wu.; into (2.16), multiplying
by ¢, integrating with respect to ¢, and combining the result with (2.15), we conclude
(2.10b). O

Remark 2.3 (Regularity of u.). By a similar argument to Theorems 2.4 and 2.5
[10], we can obtain any regularity of u. from ¢ = 0. However, we have a breakdown of
the regularity of u. on 9 at t = 0. In order to derive ||ucs||12(12)<C (by substituting
v = ueyy into (2.16), and integrating with respect to t), we need u.(0) € H*(Q)N
and 1 |lue (0) -n||z2(ry < C, which cannot be realistically assumed. Hence, we only
have v/tucyy € L2(L?).
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Remark 2.4 (Regularity of p.). Consider the stationary Stokes problem with
penalty:

—1,, %

—Aul4+Vpi=f* V-.ul=0 inQ,
uf=0 on~, o(ul,pn+etuf,n=0 onT.

For sufficiently smooth ~ and T', given f* € H™(2) (m € N), we have the regularity
(cf. [28]): ||uk||gm+2 + [Pl gm+1 < C||f*||gm. Then it follows from (2.10) that

(2.17a) |Jucllco,ry;m2) + Ipellcqo, sy < Csi(f;wo) + Clle™ ueo - nll gz ry,
<

(2.17b) [V tuet || L2 a2y + [IVEPetl L2y < Csa(fs o) + Clle™ uc - | grasary.-

3. THE ERROR ESTIMATE OF THE PENALTY METHOD

In the previous section, we have derived variational forms for (P) and (P.) in
(2.3) and (2.5), respectively, and have proved their well-posedness and a priori esti-
mates. However, the formulations (2.3) and (2.5) are not suitable for the derivation
of an error estimate, which is the aim of this section, because the test function
spaces involved are different. Therefore, we need other formulations for (P) and
(P.) which (u,p) and (ue,p.) satisfy. To this end, we introduce Lagrange multipli-
ers A\ = —o(u,p)n-n and A\. = ¢ lu., on I to find that (u,p, \) satisfies: for all
te(0,7),

(ue(t),v) + ag(u(t),v) + ba(v,p(t)) + c(A(t),v) = (f(t),v) YveV,
(3.1) < ba(u(t),q) =0 VqeQ,
c(un(t),n) =0 Ve A,

and that (ue,pe, \c) satisfies: for all ¢ € (0,7),

(uet(t), v) + aq(ue(t), v) + ba(v, p: (1))

+e(Ae(t),vn) = (f(t),v) VveV,
b(ue(t),q) =0 VqeQ,
c(uen(t), p) = ec(Ae(t), ) V€ A,

(3.2)

In the following, we establish error estimates between (P) and (P.) based on (3.1)
and (3.2). Since p.(t) ¢ Q, we divide the pressure p.(f) into a constant function
k- (t) and a zero-mean function p(t), where

Fe(t) = ﬁ / pe(t)dz,  pelt) = pelt) — ka(t) € O.
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Then we define errors for the velocity, pressure and Lagrange multiplier:

eu(t) = u(t) —uc(t), ep(t) :==p(t) = pe(t),  ext) == A(t) = (A(t) = ke(t))-

Before beginning the detailed proof, we explain the main difference of the error
analysis between the stationary and non-stationary cases. In the stationary case,
the estimates of ||e,||.> and [ex||g-1/2(r) follow from the H'-norm estimate of e,
by the inf-sup conditions of b(-,-) and ¢(-,-) (see [12], [28]). However, for the non-
stationary case, we need to deal with the estimates of e,:, e, and ey at the same
time, which makes the argument of the stationary case inapplicable. In this paper,
we first prove sub-optimal error estimates O(y/¢) of e, and A — A.. Then we improve
the error estimate to the quasi-optimal O(ellogel), by dividing the estimate of e,
into three cases: (1) 0 <t <e¢, (ii) e < ¢ < 1 and (iii) t > 1. Case (i) follows from the
energy estimate of e, and the sub-optimal error estimates. In case (ii), owing to the
a priori estimates with weight v/# and € < ¢t < 1, we get the error bound O(e|loge|).
Moreover, this error bound can be extended to case (iii).

3.1. The sub-optimal error estimate.

Theorem 3.1. Assume that |ug — uco| 2 < Ci1v/E, up € V,¥ and f € L?(L?).
Then we have

(33) H6u||Loo(L2) + HeuHL2(H1) + \/EH)\ - >‘6||L2(L2(1“)) < C\/E

In addition, we assume that ||ug — ucol|m < Citve, [Jueo - nl|2ry < Ce, up €
Ve H3(Q)N, £(0) € HY(Q)N, and f, € L?(L?). Then we have

(3.4) lewtllz2(z2) + lewll oo () + VEIA = Acll Lo (z2(r)) < CVe.
Proof. In view of
ba(v,p:(t)) + c(A= (1), vn) = ba(v, pe(t)) + c(Ac(t) — k(t), vn),
subtracting (3.2); from (3.1); we get:
(3.5) (eut(t),v) + aqlew(t),v) + ba(v, ep(t)) + clex(t),vn) =0 Vve V.

Substituting v = e, (t) into (3.5), by virtue of e, (t) - n = up(t) — uen(t) = 0 — (1)
on I' we calculate

1d

(3.6) §E||eu(t)||2L2 + ag(eu(t), en(t)) + 0+ clea(t), —eA:(t)) = 0.
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Noting that c(k:(t),eAe(t)) = ke(t) (uen (t), 1)r = ke(t)(V - ue(t), 1)q = 0, we deduce

(37)  clea(t), —ex(t) = e A(t) = Ac()lIF2(r) — ec(A(E) = Ac(1), A(2)).
Then (3.6) can be rewritten as

1d

(3.8) 5%

—lewll32 + aq (e, eu) +el|A — A HLQ(F =cc(A — A, N).

Applying the Schwarz inequality to the right-hand side of (3.8), integrating with
respect to t, and using Korn’s inequality (2.1), we obtain

(3.9) lew()]22 + / lew(s)]2p ds + ¢ / IA(8) = Ae(3)|[2 s
<C: / IMS)2y d5 + Cllew(0)]12:.

By Proposition 2.2 (2), Remark 2.2 and the trace theorem, the data ug € V.7 and
f € L?(L?) imply the following regularity for \:

M z2z2ry) < ClIML2m1/2y) < CC2(uo, f)-
Together with (3.9) and the initial error ||ug — uco||r2 < Ci1+/€, we conclude (3.3).

Next, substituting v = e,(t) into (3.5) yields (in view of u, = 0 and ue, = €);)

(3.10) lewt ()22 + %%ag(eu(t), en(t)) + 0+ clex(t), —eAee(t)) = 0.

Similarly to (3.7), we see that

B.11)  clea(t), —era(t)) = || (t) = A )7y — ccA(E) = A (1), Ae(2))-

2dt

Integrating (3.10) with respect to ¢ yields

t
(3.12) /O lews($)1Z2 ds + lew(®)|Fn + ellAE) = Ae ()72 )
t
< CE/O IXs(8)[172(ry ds + llew(0) I3 + €llA0) = A (0)1Z2(r)-

Now we estimate the right-hand side of (3.12). The second term is the initial error
bounded by C;14/¢. To the third term we apply the triangle inequality and estimate
IAe(0)||2(ry and [[A(0) L2(ry separately. By assumption ||uco - 1|2y < Ce, we get
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IAe(0)||2ry < C. For [|A(0)||L2(ry, we see that A(0) = o(uo,p(0))n - n, where p(0) is
the solution to Ap(0) = V- f(0) in © with the boundary condition p(0) = E(ug)n -n
on I and Vp(0)-n =0 on~. As aresult, ||p(0)||z2 < C(||uollzz + | f(0)|| 1), and it
follows from the trace theorem that [|A(0)[/z2(ry < C(|[uo| g2 + || f(0)[|g1). Thus the
second term is bounded by Ce. By Proposition 2.2 (3), Remark 2.2, and the trace
theorem, we have

[Aell2 2y < CllAel L2z @)y < CCs2(uo, f),

which implies that the first term is bounded by Ce. Hence, the right-hand side of
(3.12) is bounded by Ce and we conclude (3.4). O

3.2. The quasi-optimal error estimate. Under stronger assumptions than in
Theorem 3.1, we prove the quasi-optimal error estimate.

Theorem 3.2. We make the same assumption as in Theorem 3.1. Moreover, we
assume that ||uo — uco||L> < Cize, |[uco -1l g1/2ry < Ce, and f € C([0,T]; L?). Then
we have

(3.13)  lewllzo(r2) + llewll L2y + [Vieull oy + [[VEeul 2(r2) < Cellogel.

Remark 3.1. Because of the nonlocal compatibility condition, it is unreal-
istic to assume |[[uc(0)[|g1() < C and thus we only get an a priori estimate
for u.y; with weight v/# (see Proposition 2.3 (3)). Moreover, the initial error || A(0) —
e tuco - n + ko (0)||p2(ry < C/e seems non-trivial to ensure. For the above two
reasons, we obtain the error estimate for e,; with weight v/¢, and derive the error
estimate O(e|loge|) instead of O(e).

Proof. Instead of (3.7) and (3.11), we deduce that

(3.14a)  clex(t) —eAe(t)) = ellex(t) ey — celex(t), M(t) + Ko (1))
(3.14b)  c(ex(t), —eAet(t)) = eclex(t), ext(t)) — eclex(t), Ae(t) + ket (t))
= a1 aqey — ece(t) Aelt) + (1),

It follows from (3.6), (3.10) and (3.14) that

1d
5 gglleullzz + anleu(®), eu(t)) + ellex®)llZay = cc(ea(®), A + ke(t)),

1d ed
(3.15b)  [lews(t)[|7= + 5 qpleleu eu) + §E||6A||2L2(r) =ec(e(t), Ae(t) + ket (1))

(3.15a)
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For wg, ueo and f satisfying the assumptions, we have a priori estimates (2.9) and
(2.17). By the trace theorem, we see that

(3.16a) e C([0,T); HY*(I)), k. e C([0,T);R),
(3.16b) Vi € L2(0,T; HY2(T)),  Vtke € L*(0,T;R).

Owing to the weight /¢ of (3.16b), we divide the estimate into three cases:
(i)0<t<e, (i) e <t <1, and (iii) t > 1.
(i) For 0 < t < ¢, the right-hand side of (3.15a) is bounded by

(3.17) ecex(t), A(t) + k(1)) < %|\6A(f)|\%z(p) + %H)\(t) + k(022 (ry-

It follows from (3.15a), (3.17), and Korn’s inequality (2.1) that

(3.18) lea(®)Z + /Ot lew(s)ll7n + ellex(s)l1Z(r) ds
<c: [ IAG) + ke (5) B ds + o — weoll
< Ce?  (by (3.16a) and t < ¢).
In addition, by (3.4), we have |le,(¢)|| g2 < C+v/€ for all ¢ € (0, €], which implies
[Vteu ()| s < Celloge| Vi e (0,¢].

(ii) For e < t < 1, we need a function w whose trace equals A + k. on I' x [0, 7.
To this end, we consider the elliptic problem

Ap(t) = ﬁ /1“ (AMt) + ke(t))dl in Q, V() -n=At)+k(t) onT.
Setting w = V¢, we see that
(3.19) wp(t) = A+ ke, wi-n=XM+ky onT.
By (3.16), we have ¢ € C([0,T]; H?) and v/typ; € L?(H?), which implies
(3.20) we C([0,T]; HY), tw; € L*(0,T; HY).

Substituting v = w and v = wy into (3.5), together with (3.19) and (3.20), we deduce
that

(3.21a) eclex, A+ ke) = —e(up — ugt, w) — caq(u — ue, w),

(3.21b) eclex, vt + ket) = —e(ur — uer, wr) — eaq(u — ue, wy).
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With the help of (3.21a) and Korn’s inequality (2.1), integrating (3.15a) from ¢ to ¢
yields

(3.22) %”eu(t)”%? +/ (Cllew()l7n + ellex(s)llizry) ds
< %Heu(E)IIQm - 5/E [(us = Ues, w) + ag(u — ue, w)] ds
< %H@u(f)HZw —e(ew(t), w(t) +eleu(s), w(e))

¢ ¢
+€/ (eu,ws)ds—e/ agq(eqy,w)ds,

where we have applied integration by parts. By (3.18), the first and third terms in
the right-hand side of (3.22) are bounded by

(3.23) lew(@)lIZ: < O, el(eu(e), w(e))] < Ce.

Applying the Schwarz inequality to the second and last terms gives
1

(3.242)  |e(eu(t),w(®))| < Zllew(®)llZz +&*[lw(®)lIZz,

t c ot 2t
(3.24b) 6/ aq(ey(s), w)ds < 5/ ||eu(s)||§{1 ds—f—%/ ||w(s)||§{1 ds.

It remains to estimate & f;(eu, ws) ds, which is bounded by

325) < [ (eww)ds < [ len(o)llavFlun () ds

11 ‘1
< gl / <llew(s)lZz ds + Ce*log el VEwe|Fa 12,

Since ey(s) = eu(e) + [ Opeu(r) dr for s € [e, ], we calculate

/( Orey(r)dr

lew(s)llze < lew(@)ll e + \
L2

< lew(®)llze + / 18seu ()] 2 dr

51 1/2 s 1/2
<letelle+ ([ 2ar) ([ ol ar)
1/2 / [$ 1/2
< e+ 0(10g) (/ r||8reu(r)||2L2dr) .
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By f; s toges 1ds = 1(logts™!)?, e <e !, and 0 < e <t < 1, we deduce
‘1 1. s ¢
(3.26) / g||eu(s)|\%2 ds < Ce?|loge] —|—/ gloggds/ )| Orewn(r)||22 dr

t
<C|1og6|2(52+/ s[10seu(s)]a ds).

€

Putting together (3.26) and (3.25), we obtain

t t
(3.27) E/e (cu,ws) ds < c<62+/6 5]10seu(s)2 ds) + Ce2log e 2|5, |2 12
Combining (3.23), (3.24a), (3.24b), and (3.27) with (3.22) yields
1 t
(3.28) Sllea(®)lZ2 +/ (Clleu(s)lIF +ellex(s)lZar)) ds
< C¢ <€2 + / 5)|0seu(s)]22 ds> +Ce 2 |logel?.

€

Multiplying (3.15a) by ¢ and integrating from 0 to ¢ yields (by (3.21b), (2.1), and
(3.19))

t
tCllea(®)lZn + etlex(®)z=r) +/O slleus(s)[Z2 ds
t
<C/0 (lew(s)IF + ellex(s)122(r)) ds

- E/O [s(eus(s), ws(s)) — aalew(s), ws(s))] ds

t t 1/2
<0 [ el + ellealay) s+ Ce( [ sllewnsas)
0 0

t 1/2
+Ce (/ sllewl%: ds) .
0

This together with (3.18), (3.28) (with sufficiently small £) implies
t
lew(®)Z- +/ (leu(s) 17 + ellex(s)1Z2(r)) ds
t
+/ sllews(s)[1Z2 ds + tllew ()| 7 + etllex(®)]| 22y < Ce*[logel*.
0
(iii) When ¢ > 1, according to Remarks 2.1 and 2.3, we have the regularity A\; €

L?(1,T; H/*(T)) and k. € L?(1,T;R), which yields w; € L*(1,T; H'). Now, we
see that

t t
[ enwds <= [ entll (o) ds
1 1
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which is much simpler than (3.25). Hence, the argument is easier than that in case
(ii) and we have

t
Heu(t)llifr/ (lew(s) 17 + ellex(s)1Z2(r)) ds

t
+/ sllews ()12 ds + tllew ()7 + etllea®)lliz(r) < Ce*[logel*.
0

Combining the estimates obtained for the cases (i)—(iii), we conclude (3.13). O

4. THE FINITE ELEMENT APPROXIMATION

We introduce a regular triangulation 73, to €, where h := Inax diam(K') denotes
h

the mesh size. In this paper, the P1/Pl-stabilization (or P1b/P1) finite element
approximation is considered. We set the finite element spaces for P1/P1 (or P1b/P1)
element as follows:

Vi = {vn € COU)N; vy € PI(K)N VK € Ty,vn =0 on v} for P1/P1,
Vi = {vn € C(U)N; v, € PL(K)N @ B(K)Y VK € T, v, =0 on v} for P1b/P1,
Qn="{an € COUN; gne PI(K) YK T}, Qn=QunnLiQ),

where P;(K) is the set of linear polynomials in a triangle K and B(K) stands for
the bubble function space on K. We denote by S, the triangulation of I'j, inherited
from 7. The Dirichlet boundary condition u|, = 0 has been approximated by
Uply, =0, the error of which has been well studied in the literature. In this paper,
we focus on dealing with the slip boundary condition. For simplicity, we ignore the
difference between v and ~;, (namely, we assume v = 73) in the following argument.

We consider the backward approximation for time differentiation. For an integer
M e Ny (M > 1), we denote by 7 := T/M the time-step size. For ¢; = jr with
j=0,1,..., M, we set (u/,p?) := (u(t;),p(t;)), and use O;u’ := (u! —u/=1)/7 to
denote the backward approximation. Given the initial value ug; € V4, the finite
element approximation problem reads

find (u%,p%) EVy xQp, j=1,...,M, such that
(0r s o), + sy, (uf, vn) + bey, (vn, 1)

+6*10h(u§; SN,V Mp) = (fj,vh)gh Yo € Vi,
ba, (uf,, qn) = nh*(Vp),, Van)a, Van € Qn,

392



where f is a continuous extension of f to (note that © # Q) and 7 is a pressure
stabilization parameter, which is set to be 0 for the P1b/P1 element and to be 1 for

M ~

the P1/P1 element. We assume f € C([0,T]; L?) so that 7 > ||f3|\%2(9h) < C. The
j=1 '

bilinear form ¢, (-, -) is defined below.

We counsider two types of ¢y (-, ) to approximate c(-,-): for any A, up € Ay =
{vn - np on Ty; vy € Vi1,

N Ay pin) == (A, pn)Ts (non-reduced integration),
on(Mn, pin) = {cﬁ(/\h,uh) = Y |S|An(ms)pn(ms) (reduced integration),
S€ESy

where mg denotes the barycentre of a boundary element S. We set ||usl|2, :=
cn(tin, pn)- Note that ¢f(-,-) is the barycentre formula approximation to ¢ (-, ).

For the bilinear forms agq, (+,-) and bg, (-, -), the following inequalities hold:

> Korn’s inequality (cf. [3], [13]): there exists a constant C' such that
(4.2) aqy, (vn,vn) = Cllonllip g,y Von € V.
> Inf-sup condition (cf. [8], [20]): there exists a constant C' such that

ba, (vp, 5
(4.3) sup W + Cnh||Vanlrz,) = Cllanllzz,) ¥ an € Qn,
vp €Vh h

where Vj, := {vn € Vi; v, =0 0on '}

Proposition 4.1. There exists a unique solution {(u}*,py)}M_, C Vi, x Qp, to
(Pe..n) satisfying

m
. - . ,
(@4)  NuillZeg@,) +27 Db —uh e, + luilin @, + 202 1VPL)1220,)]
j=1

m m
+et2ry -l < Cllubliza,) + 07 ) 1711220,
j=1

Jj=1

Assume that uj satisfies e~ *||uf) - np|2, < C. Moreover, for the P1/P1 element,
we assume there exists a pY € Qy, such that bg, (u?,qn) = nh*(VpY,Vay)q, for all
qn € Qp. For the P1b/P1 element, we assume bg, (u$,qn) = 0 for all g, € Qp,. Then
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we have
45) 7Y _N0:udlF 2, + lunllm @) + el - nall2, + 0h2 VDR 122,
j=1
.71 _ . -
Y P2V @], = o ey e I —ud ) a2,
]:1 . .
-1
+ g, =g, e o))

m
< C(TZ 1P 12y + 16820y + LS a2, + nh?HVp(zuiw).
=1

Proof. Since (P.}) is a finite dimensional linear problem, it is sufficient to
show that u) = 0 and fm = 0 for all m implies (upt,pp*) = (0,0). For m = 1,
(P.,n) is equivalent to: for all (vi,qn) € Vi, X Qn,

1
(4.6) ;(u}” vh)e, + aq, (uh,vn) + ba, (v, pp) — ba, (U}, n)
+ nhQ(Vp}lw th)ﬂh + 6_1Ch(u}17, *Mp,Vp * nh) = 0.

We prove that (4.6) implies (uj,, p;) = (0,0). In fact, substituting (v, gn) = (u, q)
into (4.6) yields (by Korn’s inequality (4.2))

1 _
;||u}L||%2(Q;L) + CHU}L”%{l(Qh) + 77h2||Vp}LH%2(Qh) +e Y u - ”h”zh <0

which implies uh 0 and nVp;, = 0. It remains to prove p;, = 0.
Case 1. For the P1/P1 element (n = 1), Vp; = 0 means p}, is a constant function,
i.e., p; = C. Since u}, = 0 and nVp} = 0, we see that p; satisfies

0 = bq, (vn,p},) =C vp-npdly Vop € Vi,
Ty

which yields C' = 0. Therefore (u},p}) = (0,0).

Case 2. For the P1b/P1 element (n = 0), it follows from u} = 0 that 0 =
ba, (vn, pj,) for all vy, € Vj,. By the inf-sup condition (4.3), we get ||p}L||L2(Qh)/R =0,
which means p; = C. Then, by an argument similar to Case 1, we have C' = 0.
Thus, (u},p1) = 0.

We have proved (uj,p},) = (0,0). By induction, it is not difficult to verify that
(uj*, pp*) = 0 for any m. Hence, we conclude the unique existence of the solution to
(Pen).
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Next, we show the a priori estimates (4.4) and (4.5). In view of

(4.7) (a;b,a)w:%[(a,a)w—k(a—b,a—b)w—(b,b)w],

substituting (vp,qn) = (ui,p%) into (P, ) and summing up with respect to j im-
plies (4.4). Substituting (vp,qn) = (9ruj, 0-pj)) into (P, ;) and summing up with
respect to j yields (with help of (4.7)):

m
21 Y [|0ruh 1720, + ac, (ufl's uil)
j=1

—1
+Zam —Uh ’U?L_uh )+77h2HvPh ||L2(Q,)

o e
+nh22|\v(pi—pi Wiz, +& Hlup' - nall2

ch
IZH f o) 2

Ch

Ch*

m
Z F1.0:u))a, + aq, (uh,uf) + nh2|Vph|[3 2, ) + e Hlul) - a2

Combining this with (f7,9,u])a, < %HaTU'Z'LHHI(Qh) + %||fj||2L2(Qh) and Korn’s in-
equality (4.2), we obtain (4.5). O

Now we turn our attention to the error analysis of discretization. First, we in-
troduce a projection lemma, which directly follows from [12], [28] for the stationary

case.

Lemma 4.1 (Theorems 4.1 and 5.1 of [12]). Let (@™, p™) be a continuous exten-
sion of (u™,p™) to Q := QU Qy, with fm = at —vAT™ +Vp™ form=1,..., M.
There exists a unique (P“a™, PPp™) € V}, x Qy, such that

aqy, (Puﬁmv Uh) + th (Uha Ppﬁm) + 6_1Ch(Puﬁm *Mhy Uh - nh)
= (me — ﬂ:”,vh) Yop €V,
th (Puﬁma (Ih) = nh2(vppﬁmv th)ﬂh th S Qh~

Moreover, the following error estimates hold:

> For the non-reduced integration cy(-,-) = ¢ (-, ),
1PYa™ — @™y, + 1PPF™ — 5™ gy /m + nhl VP75 120y < Clh + VE + /7).
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> For the reduced integration cj(-,-) = cl*(-,-),

1P —a™ v, + [|PP5™ = 5" llq, /& + k| VPPE™ | 2(,) < C(h + Ve + h7/Ve),

where § =2 if N =2and =1 if N =3.

We make the following assumptions on (u, p) and the initial error ||ig — u} || L2(q,):
(Ael) u € C2([0,T); L%) N CH([0,T); W2™), where r = oo if ¢i(+,-) = c£(-,) with
N = 2, otherwise r = 2.
(Ae2) uo — uf)|r2(,) < Ch. For the P1b/Pl-element, by, (u),qn) = 0 for all
an € Q-

Remark 4.1 (Regularity assumption for FEM). As stated in Remark 2.1, the
assumption A.1) requires nonlocal compatibility conditions for f(0) and ug. How-
ever, (Ael) can be satisfied in a time interval (¢,,7T) for some t, > 0 with smooth
f and wp. Analogously to [23], we assume (A1) and deduce the error estimate for
finite element discretization.

Defining the discretization errors of velocity and pressure by
Chy = up —a™, ey, =pp —p,
where (a™,p™) is stated in Lemma 4.1, we state the results of error estimate.

Theorem 4.1. Under the assumptions (Ael) and (Ae2), for 1 < m < M we
have

m
(4.83)  llertulltaio,) + 7 lleh Y, < O +h+Ve+ 1P /VE)?,

Jj=1

m m
(48) 7> timal0reh ullZa) + tmoilefully, + 73 ti-l19rel, 1, e
j=1 j=1

<C(r+h+Ve+hP/e)?,
where 3 = 1 for ¢, (+,) = ¢l (-,-) with N = 2,3, and ¢, (-,-) = cf(-,-) with N = 3.
It can be improved to 3 = 2 when ¢y (-, ) = c?(-,-) and N = 2.

Proof. With the decomposition e% w = ugl — P 4 P%% — @7 and eip =
Py, — Prpi 4+ PPpi — p7. and by virtue of Lemma 4.1, we only need to estimate
Ei,u = uy — Pug? and Efl’p =p) — prpi,
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Obviously, {(Efw, Ei’p) 7L, satisfies: for all (vn,qn) € Vi, X Qn,

(4.9&) (aTEi,uv Uh)Qh + agq, (Ei,u’ Uh) + ba, (Vn, Ei,p)
+ 5_1Ch(Ei7u “Np, Vp nh) = (’&% — &—Pu’&j, 'Uh)Qh,
(4.9b) b, (Ei,pa an) = nhQ(VEi,pv Van)a,-

Substituting v, = Efw into (4.9) and summing up with respect to j, with help of
(4.7) and Korn’s inequality (4.2), we calculate:

. — .
(4.10) 1B 200y + DB = Bl T2, +27C D IE] Wi )
j=1 j=1
m . m .
+2mh® Y (IVE] 72 +2re ™ Y NIE], - mall?,
j=1 j=1

m
<IER W2, + 27 ) (@] = 0-PY& B} ,)a,.
j=1

The estimate of |\E27u||2Lz(Qh) follows from (Ae2) and Lemma 4.1:
1ER w1720, < 20 = uhllzz(y) + [0 — P doll2(,) < Ch+ C(h+ Ve + 17 /).

We divide @ — 8, P“@’ into two parts:

(4.11) @ — 8, P ! = (] — 9,4’ + (0,4 — P 0, 0)) = I/ + I.
In view of I/ = 1 ttjj_l (t —tj—1)Uu(t) dt, we deduce that
(4.12) 1T L2y < CTllUlle2 (e, t50:02)-

Lemma 4.1 yields the estimate of Ig:
11120 < ClO7@ [war (b + VE + BP/V/E) < Ch+ VE + b [/ + 7).

Then, applying the Schwarz inequality to the last term of (4.10), and using the
estimate of [|I{[|12(q,) and ||I3]|12(q,), We obtain the error estimate for B

m m
(4.13) 1B T2y +27C DN EL (o, + 27002 Y IIVE] 7200
j=1 j=1
m
+27e Y BT, nall?, S C(r+h+ Ve + 1P )VE)
j=1

Together with Lemma 4.1, we conclude (4.8a).
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To prove (4.8b), substituting v, = 87Ei,u into (4.9) and multiplying (4.9) by t;_1,
we have
tj—1||aTEi,u”%2(Qh)
ti_q . . . _ ]
+ 5~ D(aa, (B, Bj, ) + nh*D(|VE;}, 1 2(0,)) + ' DUE],, - nall2,)]

= tj—l(a{ - 87'Pu’aj7 8TEZ,u)Qm
where

D(G’Qh, (EZJN Eil,u)) = agqy, (Eil7u7 EiL,H) +agq, (E;L,U - Ei;ul’ Ei,u - Ei;ﬂl)
1 .
- G’Qh, (Eil,,u 7Eil7u1))

D(| B7|f?) = [|E7||* + | B — B — || B2

Summing up the above equality with respect to j gives (note that ¢y = 0)

27 thfl ||aTEiL7u||2L2(Q,L) + tm71||5(EfTu)||%2(Qh)
=1

+> tiallEEL, - B DI 2@

Jj=1

+ B2t 1 |[VER | 2oy + 2mh® Yt 1 IV(E] , — Bl D720
j=1

m
e B a2, e (B, — B a2,
J=1

m—1 m—1 m—1
<7D 00 (B B) 4007 3 IVE, iz +e77 30 1B, -l
j=1 Jj=1 J=1

+27 )t (@] — 0, P i, 0. B, ),
j=1

Noting that C”Ei,u”%ﬂ(m) < ”Ei,uHQL?(Qh) < C1||Ei’u||%,1(m) and applying the
Schwarz inequality to the last term, we obtain (using (4.11)—(4.13))

414) 20> tl0-E] 32

j=1
+ tmfl[”Eerr,lu”%-Il (2n) + nh2||VEerr,lp”i2(Q) + 671||Ef7,lu ’ nh”i;L]
< CT(T+h+ e+ R/ E)2
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By inf-sup condition (4.3) and (4.9a), we derive the error estimate of pressure (note
that v, = 0 on I for vy, € ‘D/'h):

Bl 22 () /m

< sup ((a" = 9, PUa™,vp)a, — (0 Efy o), — an, (ERy o)) /vl m o)
VR EVYy

+nCh|VEY,||L2@,)
< C10-ER |l 2 + 1ER 5 @) + 13" — 0- P a™ || L2q)) + nChIIVER, | L2(0,)-

Then, applying (4.13) and (4.14) to the right-hand side, we find that

m
thj—lHEi,pHQL%m)/R < CT(T +h+ \/g—l- hﬁ/\/g)Q

j=1
Together with (4.14) and Lemma 4.1, we conclude (4.8b). O

Remark 4.2. The error estimates (4.8a) and (4.8b) indicate the optimal choice
of € and h, which is stated as follows

> For the non-reduced integration (cp(-,-) = ¢ (-,-)), we choose ¢ = Ch and have
the error O(vh+7).

> For the reduced integration (c (-, ) = ¢Z(-,-)), when N = 3 we choose ¢ = Ch and
obtain the error O(\/E—H'). When N = 2, setting ¢ = Ch? the error is upgraded
to O(h+T).

5. THE NUMERICAL EXPERIMENT

We consider (P) in an annular domain Q = {(z,y); 1 < 22 + y? < 4} with
boundaries I' = {(x,y); 22 + y?> = 4} and v = {(x,y); 2? + y?> = 1}. Here, f and
ug are chosen so that the exact solution is given by

u(z,y,t) = (2 +)y(a® +y* = 1), = + Da(2® +y* ~ 1)), plz,y,t) = (£ + ay.
We easily see that n = §(z,y)” and u,, = 0 on T. Since g := (I — n ® n)o(u,p)n # 0
on I', we need to add [.g - vrdl to the right-hand sides of (3.1); and (3.2);.
Correspondingly, we add th g™ - vpr dI'y to the right-hand side of (4.1);, where

g" = (I —np@np)o(u(tm), p(tm))ny is an approximation of g(t,,).
We solve (P) by the penalty method with finite element approximation, and test
both the non-reduced (cV(-,-)) and reduced (c?(-,-)) integration schemes for the

penalty term. In the following, we show the errors of numerical solutions for the case
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of the P1/P1 element. The numerical results of the P1b/P1 element are not shown,
because they are almost identical with those of the P1/P1 element.

First, fixing h and 7, we plot the errors of the non-reduced and reduced schemes in
Figure 1, where N and R stand for the non-reduced and reduced scheme, respectively.
From this, we can observe that the orders of the convergence of both the schemes
are almost O(e), which verifies our theoretical results (see Theorem 3.2). Note that
the error saturates as ¢ decreases because h and 7 are fixed. Moreover, we observe
that the non-reduced integration scheme fails to converge for ¢ < h, which does not
occur for the reduced integration scheme. It suggests that the reduced scheme is
more stable for small € than the non-reduced one.

h=0.053, 7 =0.01, N h=0.053, =001, R

[ uL? —%— ] [ WL? —%—

'qu_’_ ] :qu_’_

[ pL? 1 pL?

0.1k | 0.1F 5

~ ~ i
S} S}
g g
/= /=

\\\ 0.01}
0.01} i
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0.01 0.1 0.001 0.01 0.1
€ €

| P
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Figure 1. The errors of velocity in the L? and H' norms and pressure in the L? norm
(denoted by uL?, uH' and pL?, respectively) are plotted for different ¢ with h
and 7 fixed. The slopes of the triangles represent the order O(e).

Next, we plot the errors depending on A in Figure 2. According to Theorem 4.1
and Remark 4.2, the optimal choice is to let ¢ = Ch for the reduced scheme (N = 3)
and the non-reduced scheme (N = 2,3) and ¢ = Ch? for the reduced scheme (N = 2).
We observe that the convergence orders of the non-reduced scheme are O(h), which is
better than our theoretical result O(v/h) (see Remark 4.2). For the reduced scheme,
we see that the convergence order of the velocity in the H' norm is O(h), which
corresponds to our theoretical result (see Remark 4.2). Moreover, the numerical
experiment shows the convergence order of the velocity in the L? norm is O(h?). It
is noted that the L? error of the velocity saturates as h decreases in the graph on
the right of Figure 2, because we have fixed 7 = 0.01.
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Figure 2. The relative errors are plotted for different h. We set ¢ = 0.1h for the non-reduced
scheme and & = 0.1h? for the reduced scheme and fix 7 = 0.01. The slope in the
left figure represents the order O(h). The lower slope in the right figure represents
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the order O(h), the higher one represents O(h?).

Finally, we verify the errors depending on 7. Theorem 4.1 shows that for fixed ¢
and h, the convergence orders are estimated to be O(7), which is confirmed by our

numerical examples, see Figure 3.

h=0.053,¢=0.1h, N

Error

0.01}

Figure 3. The errors are plotted for different 7 with h and e fixed. The slopes represent

the order O(T).
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